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NOTES ON A CHARACTER SUM FOR COUNTING
PRIMITIVE ROOTS

SHUGUANG LI

RÉSUMÉ. Pour un nombre naturel n, soit λ(n) l’exposant de (Z/nZ)∗ et D le
plus grand diviseur libre de carré de λ(n). Soit

E(n) = {a ∈ (Z/nZ)∗ : aλ(n)/D ≡ 1 mod n}.
Si un caractère de Dirichlet est trivial sur E(n), il est appelé caractère élémentaire.
En comptant les modules pour une racine primitive a, on arrive à une somme de ca-
ractères de la forme

∑
ord (χ)=d χ(a), où d est un diviseur de D et les caractères en

question sont élémentaires. Dans cet article, on obtient une formule pour cette somme
peu importe le module, généralisant un résultat connu pour cette somme dans le cas où
(Z/nZ)∗ est cyclique, et conduit à une formulation de la conjecture d’Artin.

ABSTRACT. For a natural number n, let λ(n) be the exponent of (Z/nZ)∗ and D
the largest squarefree divisor of λ(n). Let

E(n) = {a ∈ (Z/nZ)∗ : aλ(n)/D ≡ 1 mod n}.
A Dirichlet character is called an elementary character if it is trivial onE(n). Counting
moduli for a given primitive root a leads to a character sum of the form

∑
ord (χ)=d χ(a)

where d is a divisor of D and the involved characters are elementary. In this paper, we
obtain a formula for the sum for any modulus, which extends a known result of the
sum when (Z/nZ)∗ is cyclic, and leads to a formulation for Artin’s conjecture.

1. Introduction

Let n be a natural number. The maximum order of the residue classes in the multi-
plicative group (Z/nZ)∗ is known as λ(n). The values of λ(n) can be easily determined
[8] from the prime factorization of n. Indeed, λ(n) = lcmpe ‖n{λ(pe)} where pe ‖n
means that pe divides n but pe+1 does not, and λ(pe) = ϕ(pe), for all prime powers
pe except that λ(2e) = 1

2ϕ(2e) for e ≥ 3, where we denoted by ϕ the Euler’s totient
function. All of the residue classes and the covered integers with order λ(n) in the mul-
tiplicative group are referred as primitive λ-roots by Carmichael [1]. These are actually
primitive roots when (Z/nZ)∗ is cyclic, namely when n equals 2, 4, pr or 2pr for any
odd prime p.

Regarding problems on primitive roots, Artin’s conjecture received the most atten-
tion. Let a be a fixed integer, and Pa(x) be the number of primes up to x for which
a is a primitive root. If the moduli counted in Pa(x) are extended to arbitrary natural
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numbers and primitive roots are extended to primitive λ-roots, then the number of such
moduli is denoted by Na(x). Artin conjectured that, if a is not a square nor −1, then

Pa(x) ∼ A(a)x

log x

as x → ∞, where A(a) > 0 is a constant depending on a. Hooley [5] proved the con-
jecture under the assumption of Extended Riemann Hypothesis (ERH) for Dedekind
zeta functions over certain Kummerian fields and he explicitly determined A(a). Gold-
feld [3] and Stephens [17] proved the conjecture unconditionally on average. It was
also proved in [4, 16] that Pa(x) is unbounded for all a not in a set of density 0, al-
though we do not know a single value of a for which Pa(x) has the property. Research
on primitive λ-roots reveals a different pattern for Na(x).

It was proved unconditionally in [12] that the average order of Na(x) oscillates
between a constant multiple of x and o(x) as x increases. Let E denote the set of
integers a which are a power higher than the first power or a square times a member of
{±1,±2}. Then function Na(x) follows its average order (see [9, 11]) in the sense that

lim inf
x→∞

Na(x)/x = 0

for every integer a, and

lim sup
x→∞

Na(x)/x > Aϕ(|a|)/|a|

under the assumption of the Generalized Riemann Hypothesis (GRH) for all a 6∈ E ,
where A is a positive number. It remains open for unconditional result on

lim sup
x→∞

Na(x)/x,

see [11].

In Stephens’s work on the average of Pa(x), an important function of characters
was introduced. Let χ be a Dirichlet character modulo prime p. Define

c(χ) =
1

p− 1

′∑
a

χ(a),

where the prime symbol in the sum indicates that the sum is taken over all the primitive
roots a modulo p. Obviously the function can be extended to arbitrary moduli n with
p−1 replaced by ϕ(n) and primitive roots replaced by primitive λ-roots. The extended
function in turn brings up a few notions that we cannot avoid. Let rad(m) denote the
largest squarefree divisor of m. Let

E(n) =
{
a mod n : aλ(n)/rad(λ(n)) ≡ 1 (mod n)

}
.

Obviously E(n) is a subgroup of (Z/nZ)∗. Another way to obtain E(n) is through
the factorization of (Z/nZ)∗ into a direct product of cyclic subgroups whose orders are
powers of primes. For each prime factor q of λ(n), let vq be the exponent such that
qvq ‖λ(n). Then after replacing each cyclic factor of order qvq with its subgroup of
order qvq−1, we obtain a factorization of E(n).

We say that a character χ mod n is elementary if it is trivial on E(n). Clearly the
order of an elementary character is squarefree. In the case where (Z/nZ)∗ is a cyclic
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group, this condition is also sufficient. Indeed, if g is a generator of (Z/nZ)∗, then
grad(λ(n)) is a generator of E(n). If χ is a character mod n whose order is a factor
of rad(λ(n)), then χ(grad(λ(n))) = 1 and χ acts trivially on E(n). If (Z/nZ)∗ is not
cyclic, then there are characters mod n whose orders are squarefree, but they are not
elementary characters. For example, (Z/259Z)∗ can be factored as a direct product
of (Z/7Z)∗ and (Z/37Z)∗. Note that 38 ≡ 3 mod 7 and 38 ≡ 1 mod 37, while
113 ≡ 1 mod 7 and 113 ≡ 2 mod 37. Since 3 and 2 are primitive roots for 7 and
37 respectively, 38 and 113 generate (Z/259Z)∗. Consider two characters χ1 and χ2

modulo 259 so that χ1 takes 38 to a primitive 6-th root of unity and 113 to 1 while χ2

takes 113 and 38 to the above roots of unity respectively. Both characters have order 6.
But χ2 is an elementary character while χ1 is not since E(259) contains the subgroup
generated by 38.

Let us use ∆q(n) to denote the number of cyclic factors of order qvq in the above
factorization of (Z/nZ)∗. For each squarefree number h | ϕ(n), let ρn(h) be the
number of elementary characters mod n of order h. It is not hard to see that

ρn(h) =
∏
q|h

(
q∆q(n) − 1

)
.

It was proved (see [10]) that

(1)
∑

χ mod n

c(χ)χ(a) =

{
1 if a is a primitive λ-root mod n ,
0 otherwise.

We can write
Na(x) =

∑
n≤x

∑
χ mod n

c(χ)χ(a).

This formula also holds for Pa(x) if the moduli are restricted to primes and primitive
λ-roots are replaced by primitive roots. In [12] we obtained that, for each Dirichlet
character χ modulo n,

(2) c(χ) =


(−1)ωR(n)/ϕ(n)

ρn(ord (χ))
if χ is elementary,

0 if χ is not elementary,

where R(n) is the number of primitive λ-roots modulo n and ω is the number of prime
factors of ord (χ). Thus c(χ) remains a constant for all of elementary characters with
the same order. It would be helpful to obtain a closed form for the sum∑

χ mod n
ord(χ)=d

χ(a)

in order to provide an alternative way of counting the moduli in Pa(x) or Na(x). And
it is only necessary to involve elementary characters in the closed form because of (2).
The character sum is a Ramanujan sum and was studied in many papers [6, 13, 14, 15].
One can find a nice proof of a closed form for the sum in [14] when the modulus is a
prime.

The goal of this paper is to obtain such a closed form for the character sum for
arbitrary modulus n. First, let us state the following lemma.
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Lemma 1. Let d > 1 be a squarefree divisor of ϕ(pe), where p is a prime and
e ≥ 1. Suppose that a is not divisible by p. We define d̄ as the largest divisor of d such
that a ≡ bd̄ mod pe for some integer b if p is an odd prime or p = 2 and e = 2, 3.
When p = 2 and e > 3, d̄ is the largest divisor of d = 2 such that a ≡ ±5d̄l mod 2e

for some integer l. Then d̄ = gcd(d, λ(pe)/ord (a)).

Thus d̄ actually depends on p, e, d and a, although the notation d̄ only shows its
connection with d. Now we can introduce a closed form for the character sum for the
modulus n = pe.

Lemma 2. Let p, e, d > 1, a and d̄ be the same as before.

(a) We have ∑(E)

χ mod pe

ord (χ)=d

χ(a) = µ

(
d

d̄

)
ϕ(d̄)

except for p = 2 and e = 3, where (E) in the sum indicates that the sum is taken over
all elementary characters modulo pe.

(b) If p = 2 and e = 3, the identity in (a) still holds for d̄ = 1, and the following
identity holds for d̄ = 2 (namely a ≡ 1 mod 8):∑(E)

χ mod 8
ord (χ)=2

χ(a) = 3.

To extend the lemma to arbitrary moduli we need to introduce another notation.
Recall that qvq ‖λ(n) for each prime divisor q of λ(n). Let us define

sq = #{pe : pe ‖n, qvq |λ(pe) and a 6≡ bq mod pe for any b}

for all odd q and q = 2 if 16 - n. When 2e ‖n and e > 3, we define

s2 = #{odd pe : pe ‖n, qvq |λ(pe) and a 6≡ bq mod pe for any b}

except in the case where 2v2 |λ(2e) and a 6≡ ±52l mod 2e for any integer l, for which
s2 is equal to 1 plus the above number. Thus sq is actually a function of n, pe, q and
a, although the notation only shows its connection with prime q. It should be noted
that 23 = 8 is counted in s2 if 8 ‖n, 2v2 = λ(23) = 2 and a 6≡ 1 mod 8 although,
in the factorization of (Z/nZ)∗ into a direct product of cyclic subgroups, (Z/8Z)∗

and (Z/2eZ)∗ have different structure. This case leads to a different handling of the
character sum considered in Lemma 2, and will be dealt with separately.

It should also be noted that the maximum of sq is the number of powers pe for which
pe ‖n, qvq |λ(pe), and the minimum could be 0. For example, when n = 17 · 109 · 433,
λ(n) = 16 · 27, v2 = 4 and v3 = 3. It can be verified that, within prime factors of n

and a ∈ {2, 3, 7}, a
p−1
q ≡ 1 mod p only if a = 2 and q = 2 for p = 17, 433, or a = 3

and q = 2 for p = 433. Thus s2 = 0 for a = 2, s2 = 1 for a = 3 and s2 = 2 (the
maximum of s2) for a = 7. Similarly, s3 = 0 for a = 2, s3 = 1 for a = 19 and s3 = 2
(the maximum of s3) for a = 3.

Now we can introduce the following theorem as an extension of Lemma 2.
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Theorem 3. Let n > 1 be a natural number and a 6= 0 be an integer. Let d be a
squarefree divisor of ϕ(n). Then

∑(E)

χ mod n
ord (χ)=d

χ(a) =

∏
q | d
sq>0

(−1)


∏

q | d
sq=0

(
q∆q(n) − 1

) .

The symbol (E) in the theorem and in part (a) of Lemma 2 is unnecessary when
(Z/nZ)∗ is cyclic or p is odd, due to the comment following the definition of elemen-
tary character.

As a consequence of Lemma 2 and Theorem 3, we will present an alternative way
to count the moduli in Pa(x) or Na(x). Although Theorem 3 can be used to get a
formula for Na(x), a deep investigation of such an application has yet been carried out.

2. Proof of Lemma 1 and Lemma 2

Proof of Lemma 1. Case I. Let p be an odd prime, or p = 2 and e = 2. Since
(Z/peZ)∗ is a cyclic group, ϕ(pe) = λ(pe) and the following congruences are equiva-
lent:

(3) a ≡ bd̄ mod pe and a
ϕ(pe)

d̄ ≡ 1 mod pe

for some integer b. The last congruence is equivalent to

ord (a) |ϕ(pe)/d̄ or d̄ |ϕ(pe)/ord (a).

Let us write
ϕ(pe)

ord (a)
= d̄ · k

for some integer k. We must have gcd(k, d/d̄) = 1 since otherwise d̄ would not be the
largest divisor of d satisfying the congruences in (3). Thus d̄ = gcd(d, ϕ(pe)/ord (a)).

Case II. Let p = 2 and e ≥ 3. In this case, d = 2 is the only squarefree divisor of
λ(2e) that is bigger than 1. For e > 3, if d̄ = 2 then

aλ(2e)/2 ≡ (±52l)λ(2e)/2 ≡ 1 mod 2e.

Thus

ord (a) |λ(2e)/2 and d̄ = gcd(d, λ(2e)/ord (a)).

If d̄ = 1 then l is odd and

ord (a) = ord (±5l) = λ(2e).

We still have d̄ = gcd(d, λ(2e)/ord (a)).

For e = 3, it can be verified directly from a ≡ bd̄ mod 8 that the above identity
about d̄ holds. This concludes the proof. �
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Proof of Lemma 2. Case I. Let p be an odd prime, or let p = 2 and e = 2. Then
(Z/peZ)∗ is a cyclic group. Let g be a generator modulo pe. We have a ≡ gm mod pe

for some positive integer m ≤ ϕ(pe). From the definition of d̄, we can take m = r · d̄
where (r, d/d̄) = 1. Now, if χ is a character module pe with order d, then χ(g) is a
primitive d-th root of unity, and vice versa. So we can write χ(g) = e

(
t
d

)
for some

positive integer t ∈ [1, d] coprime to d, where e(u) = e2πiu. By the comment following
Theorem 3, we have∑(E)

χ mod n
ord (χ)=d

χ(a) =
∑

χ mod n
ord (χ)=d

χ(a)

=
∑

1≤t≤d
(t,d)=1

e

(
rd̄ t

d

)

=
∑

1≤t≤d
e

(
rd̄ t

d

) ∑
d1 | (t,d)

µ(d1)

=
∑
d1 | d

µ(d1)
∑

1≤t≤d
d1 | t

e

(
rd̄ t

d

)

=
∑
d1 | d

µ(d1)
∑

1≤t2≤d/d1

e

(
rd̄ t2
d2

)
.

Here t = t2 · d1 and d = d2 · d1. Note that, if d2 - rd̄ then the last sum is equal to(
e

(
rd̄

d2

)d/d1

− 1

)/(
e

(
rd̄

d2

)
− 1

)
= 0,

and, if d2 | rd̄, then it is equal to d/d1. Since (r, d/d̄) = 1, d/d1 = d2 | rd̄ is equivalent
to d/d̄ | d1. Thus,

(4)
∑

χ mod n
ord (χ)=d

χ(a) =
∑
d1 | d
d/d̄ | d1

µ(d1)
d

d1
= d

∑
d1 | d
d/d̄ | d1

µ(d1)

d1
·

Furthermore, if we write d1 = (d/d̄) · d′ for some integer d′, then d1 | d is equivalent to
d′ | d̄ and the quantity in (4) is equal to

µ(d/d̄) · d̄
∑
d′ | d̄

µ(d′)

d′
= µ

(
d

d̄

)
ϕ(d̄).

We have proved the lemma for Case I.

Case II. Let p = 2 and e > 3. In this case (Z/2eZ)∗ is a direct product of cyclic
subgroups of orders respectively equal to 2 and 2e−2 (see [2]). In addition, −1 and 5
are generators of the two subgroups. Thus each odd number a verifies

a ≡ (−1)k · 5l(mod2e),

for unique integers k mod 2 and l mod 2e−2. Each character mod 2e can be factored as
χ1χ2, where χ1 is a character for the subgroup generated by −1 and χ2 is a character
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of the subgroup generated by 5. If χ is elementary, then χ1 is the principal character
since χ needs to be trivial on the subgroup

E(2e) = {b mod 2e : b2
e−3 ≡ 1 mod 2e}.

Thus χ(a) = χ2(5l) = (−1)l. The value of χ(a) only depends on the parity of l. This
proves the lemma for case II.

Case III. Let p = 2 and e = 3. The above conclusions about (Z/2eZ)∗ still hold.
If χ is an elementary character modulo 8 of order 2, then either χ1(−1) = −1 or
χ2(5) = −1. Thus there are three such characters in total. Therefore, if a ≡ 1 mod 8,
namely d̄ = 2, then ∑

χ mod 8
ord (χ)=2

χ(a) = 3.

If a 6≡ b2 mod 8, namely d̄ = 1, then either k or l is odd. No matter which parity
combination for k and l is considered, the character sum is equal to

(−1)k + (−1)l + (−1)k+l = −1.

We are done for this case and thus for the lemma. �

Remark 4. Note that although it is possible to deal with the character sum in
Lemma 2 without restricting χ to elementary characters, the corresponding result will
be irrelevant to its application in Theorem 3.

3. Proof of Theorem 3

It would be convenient to introduce some notations and properties related to the
structure of (Z/nZ)∗. Let n = pe11 · · · perr , where p1 = 2, e1 ≥ 0 and p2, . . . , pr are
distinct odd primes. Then

(Z/nZ)∗ = (Z/pe11 Z)∗ ⊗ · · · ⊗ (Z/perr Z)∗.

Using this factorization, each character χ modulo n can be factored as χ = χ1 · · ·χr in
the sense that χ(a) = χ1(a) · · ·χr(a), where χi is a character modpeii . It should also
be noted that if χ mod n is an elementary character and q | ord(χi), then qvq |λ(peii )
where qvq ‖λ(n). Conversely, for each set of squarefree natural numbers d1, . . . , dr
satisfying that q | di implies qvq |λ(peii ), any character χ = χ1 · · ·χr with ord(χi) = di
is an elementary character modulo n with order d = [d1, d2, . . . , dr], the least common
multiple of d1, . . . , dr. Therefore,∑(E)

χ mod n
ord (χ)=d

χ(a) =
∑

(d1,...,dr):
d=[d1,...,dr]

q | di ⇒qvq |λ(p
ei
i )

∑(E)

χi mod p
ei
i

ord (χi)=di

χ1(a) · · ·χr(a)

=
∑

(d1,...,dr):
d=[d1,...,dr]

q | di ⇒qvq |λ(p
ei
i )

r∏
i=1

 ∑(E)

χi mod p
ei
i

ord (χi)=di

χi(a)

 ,(5)
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where (E ) over the sums indicates that the characters involved in the sums are elemen-
tary characters for the corresponding moduli.

Note that pi is an odd prime for i ≥ 2. By Lemma 2, if i ≥ 2, the inner sum in (5)
is equal to  ∏

q | di
a6≡bq mod p

ei
i

(−1)

 ·
 ∏

q | di
a≡bq mod p

ei
i

ϕ(q)

 .

Moreover, χ1 is an elementary character modulo 2e1 if χ modulo n is an elementary
character and 2 | ord (χ1) (or d1 = 2). By Lemma 2, the above formula for the inner
sum in (5) still holds for i = 1 (the congruences in the above product formula for the
inner sum in (5) should be replaced by a 6≡ ±52l mod 2e1 and a ≡ ±52l mod 2e1

respectively if e1 > 3) except when d1 = 2, e1 = 3 and a ≡ 1 mod 8 for which the
corresponding sum is equal to 3. Let us introduce the function ψi(q) for each i and each
prime q | d as follows. For i ≥ 2, we define

ψi(q) =


1 if q - di,

−1 if q | di but a 6≡ bq mod peii for any b,

ϕ(q) if q | di and a ≡ bq mod peii for some b.

Note that the only possible order for χ1 is either 1 or 2 if χ mod n is elementary. And
since a ≡ b2 mod 2e1 is equivalent to a ≡ 1 mod 2e1 for e1 ≤ 3, we define

ψ1(2) =


3 if d1 = 2 and a ≡ 1 mod 2e1 for e1 = 3,

−1 if d1 = 2, but a 6≡ 1 mod 2e1 for e1 ≤ 3, or a 6≡ ±52l mod 2e1

for any l and e1 > 3,

1 otherwise.

Note that the last case in the definition of ψ1(2) includes d1 = 1, or d1 = 2 but
a ≡ 1 mod 4, or d1 = 2 but a ≡ ±52l mod 2e1 for e1 > 3 and some integer l.

Then for each i, we have ∑
χi mod p

ei
i

ord (χi)=di

χi(a) =
∏
q | d

ψi(q).

Plugging this formula into (5), we have

(6)
∑(E)

χ mod n
ord (χ)=d

χ(a) =
∑

(d1,··· ,dr):
d=[d1,··· ,dr]

q | di ⇒qvq |λ(p
ei
i )

r∏
i=1

∏
q | d

ψi(q).

After the interchange of the order of the double product, we can write the double prod-
uct as

(7)
∏
q | d

(−1)s
′
qϕ(q)t

′
q3uq .
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Here s′q is the number of i’s for which q | di but a 6≡ bq mod peii for prime q and any
integer b except the count of i = 1 in s′2 when e1 > 3 for which i = 1 will be counted
in s′2 if and only if e1 > 3, 2 | d1, a 6≡ ±52l mod pe11 for any integer l (namely s′2
counts i = 1 if d1 = 2, e1 = 3 and a 6≡ b2 mod 8). Moreover, t′q is the number of i’s
for which q | di and a ≡ bq mod peii for prime q and some integer b except the count
of i = 1 in t′2 when e1 ≥ 3 for which i = 1 will be counted if and only if e1 > 3 and
a ≡ ±52l mod pe11 for some integer l (namely t′2 does not count i = 1 even if d1 = 2,
e1 = 3 and a ≡ 1 mod 8). Finally uq = 0 for all primes q except when q = 2, d1 = 2,
e1 = 3 and a ≡ 1 mod 8 in which case u2 = 1.

Simplifying the sum in (6) is now reduced to counting the number of the products
(7) for all possible values of (s′q, t

′
q, uq) where q | d.

Obviously, s′q, t
′
q and uq are functions of d1, . . . , dr, n, q and a even though the

notations only show their dependence on q. Recall that n = pe11 · · · perr where p1 = 2
and e1 ≥ 0. Since sq is defined before Theorem 3, let us define tq as the number of i’s
such that qvq |λ(peii ) and a ≡ bq mod peii or a ≡ ±52l mod pe11 in the case of q = 2
and e1 > 3 for some integer b or l. But i = 1 is excluded from t2 even if e1 = 3,
2v2 |λ(pe11 ) and a ≡ 1 mod pe11 . Then we have sq + tq = ∆q(n) except q = 2, e1 = 3
and 2v2 |λ(pe11 ) for which case s2+t2 = r−1 = ∆2(n)−2 if a ≡ 1 mod 8 (s2+t2 = r
if a 6≡ 1 mod 8). We also have the ranges for s′q and t′q:

0 ≤ s′q ≤ sq and 0 ≤ t′q ≤ tq

except s′q = 0 = t′q because that is the case where q - di for any i 6= 1 (when q = 2
or i = 1, the case to be excluded is s′2 = t′2 = u2 = 0). Uniformly, we just need
to exclude the case where s′q = t′q = uq = 0 since uq is always 0 if q 6= 2. Let us
regroup the sum in (6) into a double summation so that the inner sum is over all of
(d1, d2, . . . , dr), for which s′q and t′q remain the same. Then the inner sum is equal to

∏
q | d

(
sq
s′q

)
(−1)s

′
q

(
tq
t′q

)
ϕ(q)t

′
q3uq ,

and (6) can be written as

∑(E)

χ mod n
ord (χ)=d

χ(a) =
∑

(s′q ,t
′
q): 0≤s′q≤sq
0≤t′q≤tq

except s′q=t′q=uq=0

∏
q | d

(
sq
s′q

)
(−1)s

′
q

(
tq
t′q

)
ϕ(q)t

′
q3uq

=
∏
q | d

∑
0≤s′q≤sq
0≤t′q≤tq

except s′q=t′q=uq=0

(
sq
s′q

)
(−1)s

′
q

(
tq
t′q

)
ϕ(q)t

′
q3uq .(8)
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Note that if q 6= 2, the inner sum in (8) is equal to∑
0≤s′q≤sq
0≤t′q≤tq

(
sq
s′q

)
(−1)s

′
q

(
tq
t′q

)
ϕ(q)t

′
q − 1 = (1− 1)sq (ϕ(q) + 1)tq − 1(9)

=

−1 if sq > 0 ,

q∆q(n) − 1 if sq = 0.

When q = 2, we will deal with the sum in two cases:{
e1 6= 3 or 4 |λ(n),

e1 = 3 and 2 ‖λ(n).

In the first case we have u2 = 0 because either e1 6= 3 or e1 = 3 but 2v2 - λ(2e1) = 2,
which implies d1 6= 2. Thus (9) still holds for q = 2. Plugging (9) into (8), we get the
theorem.

In the second case, 2v2 = 2 |λ(2e1). Then a 6≡ 1 mod 8 or a ≡ 1 mod 8. If
a 6≡ 1 mod 8, by definition, u2 = 0, t2 does not count the modulus 23‖n but s2 does.
The inner sum in (8) for q = 2 is still given by (9), which is equal to −1. Plugging
(9) (including the case for q = 2) into (8), we get the theorem. If a ≡ 1 mod 8, by
definition, u2 = 1, and both s2 and t2 do not count the modulus 23‖n. The modulus
n can have elementary characters χ = χ1 · · ·χr, for which 2 | d1 = ord (χ1). Thus
depending on whether or not 2 | d1, the quantity in (8) can be split into two sums:∑(E)

χ mod n
ord (χ)=d

χ(a) =
∑

(s′q ,t
′
q): 0≤s′q≤sq
0≤t′q≤tq

except s′q=t′q=0 if q 6=2

31 ·
∏
q | d

(
sq
s′q

)
(−1)s

′
q

(
tq
t′q

)
ϕ(q)t

′
q

+
∑

(s′q ,t
′
q): 0≤s′q≤sq
0≤t′q≤tq

except s′q=t′q=0

30 ·
∏
q | d

(
sq
s′q

)
(−1)s

′
q

(
tq
t′q

)
ϕ(q)t

′
q

=
∑

(s′q ,t
′
q): 0≤s′q≤sq
0≤t′q≤tq

except s′q=t′q=0 if q 6=2

31 ·
∏
q | d

(
sq
s′q

)
(−1)s

′
q

(
tq
t′q

)
ϕ(q)t

′
q

+
∑

(s′q ,t
′
q): 0≤s′q≤sq
0≤t′q≤tq

except s′q=t′q=0 if q 6=2

30 ·
∏
q | d

(
sq
s′q

)
(−1)s

′
q

(
tq
t′q

)
ϕ(q)t

′
q

−
∑

q>2 and (s′q ,t
′
q):

0≤s′q≤sq and 0≤t′q≤tq
except s′q=t′q=0

30 ·
∏
q | d
q>2

(
sq
s′q

)
(−1)s

′
q

(
tq
t′q

)
ϕ(q)t

′
q ,
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where the last two sums after the second equal sign split from the last sum before the
second equal sign, depending on whether to exclude the case s′2 = t′2 = 0 in the sum
or not. Then, we get

∑(e)

χ mod n
ord (χ)=d

χ(a) =
∑

(s′q ,t
′
q): 0≤s′q≤sq
0≤t′q≤tq

except s′q=t′q=0 if q 6=2

4 ·
∏
q | d

(
sq
s′q

)
(−1)s

′
q

(
tq
t′q

)
ϕ(q)t

′
q

−
∑

q>2 and (s′q ,t
′
q):

0≤s′q≤sq and 0≤t′q≤tq
except s′q=t′q=0

30 ·
∏
q | d
q>2

(
sq
s′q

)
(−1)s

′
q

(
tq
t′q

)
ϕ(q)t

′
q .(10)

Note that here s′2 and t′2 do not count the case i = 1 because i = 1 is dealt with in
the factors 31 and 30, and the same for s2 and t2. Thus s2 + t2 = r − 1. Similar to the
simplification of the inner sum in (8), we can write the difference of the two sums in
(10) as

(
(1− 1)s2 (ϕ(2) + 1)t2 · 4− 1

)
·
∏
q | d
q>2

(
(1− 1)sq (ϕ(q) + 1)tq − 1

)
.

Note that if s2 = 0 then t2 + 2 = s2 + t2 + 2 = r + 1 = ∆2(n). So the first factor of
the last product above is equal to 2∆2(n) − 1 if s2 = 0, and −1 if s2 > 0. Combining
this and (9) with (8) and (10) proves the theorem for the second case. That concludes
the proof of the theorem.

4. Formulation of Pa(x) by Lemma 2

As an application of Lemma 2, we would like to present a formula for Pa(x), the
number of prime moduli up to x for which a is a primitive root. Recall that, for a
squarefree divisor d of p − 1, d̄ is the largest divisor of d for which a ≡ bd̄ mod p for
some integer b. In such a situation, we will write “p passes d̄-test”.

Since every character modulo p with a squarefree order is elementary, by Lemma
2, we have ∑

χ mod p
ord (χ)=d

χ(a) = µ(d/d̄) · ϕ(d̄).
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Thus, by (1) and (2), we have

Pa(x) =
∑
p≤x

∑
χ mod p

c(χ)χ(a)

=
∑
p≤x

∑
d | p−1

µ(d)

ϕ(d)
· ϕ(p− 1)

p− 1

∑
χ mod p

ord (χ)=d

χ(a)

=
∑
p≤x

∑
d | p−1

µ(d)

ϕ(d)
· ϕ(p− 1)

p− 1
· µ(d)

µ(d̄)
ϕ(d̄)

=
∑
d≤x

µ2(d)

ϕ(d)

∑
d̄ | d

µ(d̄)ϕ(d̄)
∑
p≤x

p≡1 mod d
p passes d̄−test

ϕ(p− 1)

p− 1
·(11)

We can write
ϕ(p− 1)

p− 1
=
ϕ(d)

d
·
∏
q | p−1
q-d

(
1− 1

q

)
,

and ∏
q | p−1
q-d

(
1− 1

q

)
=

∑
d′ | p−1
(d′,d)=1

µ(d′)

d′
·

Since dd′ | p− 1 and p ≤ x, we have that d′ ≤ (x− 1)/d. Thus,

Pa(x) =
∑
d≤x

µ2(d)

d

∑
d̄ | d

µ(d̄)ϕ(d̄)
∑
p≤x

p≡1 mod d
p passes d̄−test

∑
d′ | p−1
(d′,d)=1

µ(d′)

d′

=
∑
d≤x

µ2(d)

d

∑
d̄ | d

µ(d̄)ϕ(d̄)
∑

d′≤(x−1)/d
(d′,d)=1

µ(d′)

d′

∑
p≤x

p≡1 mod d·d′
p passes d̄−test

1.(12)

This formula results from a straight application of Lemma 2.

Because of involvement of extra variables d and d′ in the formulation for Pa(x),
(12) seems to be more complicated than the formula for Pa(x) in Hooley’s conditional
proof of Artin’s conjecture [5] (where only the variable d̄ is involved), but there is a
factor 1

d·d′ in front of the inner sum in formula (12), which could have a positive impact
in estimation of sums of certain error terms separated from the inner sum. Although
the two formulas for Pa(x) are different, the idea to deal with the inner sum of (12)
is similar. Hooley splits the inner sum into two sums; one sum takes into account
the primes which satisfy the same conditions plus that every prime factor of d̄ is less
than 1

6 log x and the other sum takes into account the rest of primes. The first sum
is estimated by an asymptotic formula, which is obtained under assumption of ERH,
while the second sum is handled for an upper bound with unconditional arguments.

In order to apply formula (12), we can split the inner sum differently. Note that the
primes counted in the inner sum are the primes up to x which split completely in the
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field L = Q( d̄
√
a, d·d′√1). Let nL = [L : Q] and let dL be the discriminant of L over Q.

If we denote the inner sum of (12) by P (a, x), by a result of Lagarias and Odlyzko [7],
we have ∣∣∣∣P (a, x)− li(x)

nL

∣∣∣∣ ≤ li(xβ)

nL
+ c1x · exp

(
−c2

(
li(x)

nL

)1/2
)

(13)

for all x ≥ exp(10nL ln2 dL), where li(x) =

∫ ∞
2

dt

log t
, c1 and c2 are positive con-

stants, and β is a real zero of the Dedekind zeta function of L and in the range

1− 1

4 ln dL
≤ β ≤ 1− 1

c d
1/nL

L

with c > 0 being an absolute constant; the requirement of a, for which (13) holds, is
that |a| is not a q-th power for any prime factor of d̄ or not twice of a square if q = 2.
It can be determined that nL is equal to d̄ · ϕ(d d′), or to half of the number depending
on the structure of a. In order to meet the condition x ≥ exp(10nL ln2 dL), we would
need that nL or d d′ ≤ (lnx)δ for some positive number δ < 1/6. This equivalently
splits the inner sum into two sums depending on whether or not dd′ ≤ (lnx)δ (such a
split would be eventually carried out somehow on the summation over d and d′). Let us
call them as

∑
1 and

∑
2. Then

∑
1 can be estimated using (13).

However,
∑

2 could not be handled using Hooley’s argument in [5] because dd′

can be close to (lnx)δ, way too small from what is handled in [5]. A convenient way
is to introduce a conjecture to the inner sum of (12) similar to the Brun-Titchmarsh
inequality [18] for the arithmetic progression. That is,∑

p≤x
p≡1 mod dd′

p passes d̄−test

1� li(x)

nL
(14)

uniformly for all ofD = dd′ and x, where the involved constant is an absolute constant.
Computations on lower values of D and d̄ shows that this constant can be 3 at most.
With (14), the above argument would lead to Pa(x) = A(a)li(x) + o(li(x)) where the
constant A(a) is the same as in Hooley’s formula for Pa(x) in [5].

Although Na(x) counts the number of positive moduli n ≤ x for which a is a
primitive λ-root, Na(x) shares the same counting mechanism as Pa(x), namely

Na(x) =
∑
n≤x

∑
χ mod n

c(χ)χ(a).

By formula (2) for c(χ), we can write

Na(x) =
∑
n≤x

∑
d |ϕ(n)

µ(d)

ρn(d)
· R(n)

ϕ(n)

∑(E)

χ mod n
ord (χ)=d

χ(a),

where an application of Theorem 3 to the inner sum of the concerned equation leads to
a formula for Na(x). Because of the complication of the formula in Theorem 3, further
investigation is necessary to determine if such a formula could lead to any development
of an unconditional estimate for the magnitude of Na(x).
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