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THE COMPOSITION PRODUCT ON POLYNOMIALS
AND HERMITE BASIS POLYNOMIALS

DAN GEFROH

RÉSUMÉ. Une structure de produit, appelée produit de composition, est définie
sur les polynômes. Le produit de composition est une généralisation d’une structure
de produit classique due à N. G. de Bruijn. Nous en donnons des applications pour
la localisation des zéros pour le produit de composition, la divisibilité algébrique et
géométrique pour ce produit, et nous étendons ces propriétés aux fonctions entières.

ABSTRACT. A product structure, termed the composition product, is defined on
polynomials. The composition product is a generalization of a classic product struc-
ture defined on the Laguerre-Pólya class, by N. G. de Bruijn. Applications are given
to location of zeros of the composition product, to formulations of algebraic and geo-
metric divisibility for this product, with extensions to entire functions.

1. Introduction and background

N. G. de Bruijn introduced an implicit form of the composition product applied to
functions in the Laguerre-Pólya class [5]. This class consists of all entire functions that
are uniform limits on compacta of polynomials having only real zeros. The composition
product developed here generalizes de Bruijn’s product for polynomials [3] by remov-
ing the restriction that their zeros be real, and by introducing a real valued parameter.
De Bruijn’s product is then a special case of the composition product. To this end, the
Weierstrass operators eνD

2
and e−νD

2
, ν ≥ 0, are both employed in defining the com-

position product. These operators were introduced by I. I. Hirschman and D. V. Wid-
der who studied these operators with the emphasis on obtaining an inversion formula
for eνD

2
, appropriately denoted e−νD

2
, for various classes of functions [9]. In other

sources, the integrals defining the operators eνD
2

and e−νD
2

are the (parametrized)
Weierstrass transform and inverse Weierstrass transform, respectively [19]. The author
has investigated the composition product for the case ν ≥ 0 in [7]. This work showed
closure of the composition product for entire functions in Korevaar classes [6], with
applications to eνD

2
, for ν ≥ 0. In contrast, the results below remove the restriction

ν ≥ 0 by restricting the investigation of the composition product to polynomials, and
formulating the notion of division for this product.
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424 THE COMPOSITION PRODUCT AND HERMITE BASIS POLYNOMIALS

If λ is complex, then the translation operator is defined by

eλD :=
∞∑
k=0

λk

k!
Dk,

where D denotes differentiation. For polynomials P (z) =
n∑
k=0

akz
k, translation gives

the series

eλDP (z) =
n∑
k=0

λk

k!
(DkP )(z) = P (z + λ).

For ν > 0, formally replacing the variable z with operator D in the integrals

eνz
2

=
1√
4πν

∫ ∞
−∞

e−τz−τ
2/4ν dτ and e−νz

2
=

1√
4πν

∫ ∞
−∞

eiτz−τ
2/4ν dτ,

defines operations on polynomials, given by


eνD

2
P (z) =

1√
4πν

∫ ∞
−∞

P (z − τ)e−τ
2/4νdτ,

e−νD
2
P (z) =

1√
4πν

∫ ∞
−∞

P (z + iτ)e−τ
2/4νdτ.

The Cauchy integral formula [4] applied to these integrals yields Weierstrass operators


eνD

2
P (z) =

1√
4πν

∫ ∞
−∞

P (t)e−(z−t)
2/4ν dt,

e−νD
2
P (z) =

1√
4πν

∫ ∞
−∞

P (it)e−(iz+t)
2/4ν dt,

which clearly exist for polynomials. In view of these integrals, it is seen that

(
e−νD

2
P (z)

)̃
= eνD

2
P̃ (z),

where P̃ (z) := P (iz).

Applied to ordinary basis polynomials, these operators yield the parametrized Her-
mite polynomials

e±νD
2
zn = e∓z

2/4ν(±2νD)ne±z
2/4ν =

√
∓νnHn

(
z√
∓4ν

)
,



D. Gefroh 425

where Hn(z) := ez
2(−D)ne−z2 , n = 0, 1, . . . , is the n-th Hermite polynomial [10].

The first few are given by

e−νD
2
1 =
√
ν
0
H0

(
z√
4ν

)
= 1,

e−νD
2
z =
√
ν
1
H1

(
z√
4ν

)
= z,

e−νD
2
z2 =

√
ν
2
H2

(
z√
4ν

)
= z2 − 2ν,

e−νD
2
z3 =

√
ν
3
H3

(
z√
4ν

)
= z3 − 6νz,

e−νD
2
z4 =

√
ν
4
H4

(
z√
4ν

)
= z4 − 12νz2 + 12ν2,

e−νD
2
z5 =

√
ν
5
H5

(
z√
4ν

)
= z5 − 20νz3 + 60ν2z,

and 

eνD
2
1 =
√
−ν0H0

(
z√
−4ν

)
= 1,

eνD
2
z =
√
−ν1H1

(
z√
−4ν

)
= z,

eνD
2
z2 =

√
−ν2H2

(
z√
−4ν

)
= z2 + 2ν,

eνD
2
z3 =

√
−ν3H3

(
z√
−4ν

)
= z3 + 6νz,

eνD
2
z4 =

√
−ν4H4

(
z√
−4ν

)
= z4 + 12νz2 + 12ν2,

eνD
2
z5 =

√
−ν5H5

(
z√
−4ν

)
= z5 + 20νz3 + 60ν2z.

Since the relationship between transforms e±νD
2
zn is a formal exchange of param-

eter −ν ↔ ν, for n = 0, 1, . . . , the presentation is simplified if ν is taken to be real. If
ν is real, then the transforms for polynomials P (z) =

∑n
k=0 pkz

k are given by

e−νD
2
P (z) =

n∑
k=0

pke
−νD2

zk =

n∑
k=0

pkH
ν
k (z),

by denoting parametrized Hermite polynomials

Hν
n(z) := e−νD

2
zn =

√
ν
n
Hn

(
z√
4ν

)
,

for n = 0, 1, . . . . Denoting the operator

Dν := e−z
2/4ν(2νD)ez

2/4ν = z + 2νD,
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it follows that (Dν)j1 = H−νj (z), and more generally

(Dν)jH−νk (z) = H−νj+k(z),

for j, k = 0, 1, . . . . The Weierstrass operator has the operational property

(Dν)k eνD
2

= eνD
2
zk,

for k = 0, 1, . . . , whenever ν is real. Thus, for P (z) given above, the polynomial
operator

P (D)ν := P
(
Dν

)
=

n∑
k=0

pk(Dν)k,

gives the operational property

P (D)νe
νD2

= eνD
2
P (z).

The Weierstrass operator has a series representation

eνD
2

=
∞∑
k=0

νk

k!
D2k,

whenever ν real. Indeed, it suffices to validate this result for zn, n = 0, 1, . . . . The
result clearly holds for n = 0. Assuming the result holds for zn−1, it follows that

eνD
2
zn = Dνe

νD2
zn−1

= (z + 2νD)
∞∑
k=0

νk

k!
D2kzn−1

= zn +
ν

1!

(
zD2 + 2D

)
zn−1 +

ν2

2!

(
zD4 + 4D3

)
zn−1 + . . .

= zn +
ν

1!
D2zn +

ν2

2!
D4zn +

ν3

3!
D6zn + . . .

=

∞∑
k=0

νk

k!
D2kzn.

The result now follows by induction. Thus, for P (z) given above, this represenation
gives

eνD
2
P (z) =

n∑
k=0

νk

k!
P (2k)(z),

whenever ν real. In view of this representation, we have eνD
2
P (z) −→ P (z) as ν → 0,

uniformly on compacta, where the identity operator corresponds to ν = 0. Operators
eν1D

2
, eν2D

2
, with ν1, ν2 real, compose by additivity

eν1D
2
eν2D

2
= e(ν1+ν2)D

2
.
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Indeed, applied to polynomials, these operations are finite sums, so that

e(ν1+ν2)D
2

=

∞∑
k=0

(ν1 + ν2)
k

k!
D2k =

∞∑
k=0

1

k!

[
k∑
l=0

(
k

l

)
νl1ν

k−l
2

]
D2k

=

∞∑
l=0

νl1

[ ∞∑
k=l

1

k!

(
k

l

)
νk−l2 D2k

]
=

∞∑
l=0

νl1
l!

 ∞∑
j=0

νj2
j!
D2j

D2l

=
∞∑
l=0

νl1
l!
D2l

∞∑
j=0

νj2
j!
D2j = eν1D

2
eν2D

2
.

The inversion formulae, given by

e−νD
2
(
eνD

2
P
)

= P and eνD
2
(
e−νD

2
P
)

= P,

now follow directly. For polynomials P , it is a routine exercise to verify that the Weier-
strass operator commutes with the translation and reflection operators, so that eλD

(
eνD

2
P
)

= eνD
2(
eλDP

)
,(

eνD
2
P
)−

= eνD
2
(P−),

with λ complex and ν real, where P−(z) := P (−z).

For ν real, the composition product of two polynomials P1 and P2 is denoted by[
P1, P2

]
ν
, and defined by[

P1, P2

]
ν

= eνD
2
[(
e−νD

2
P1

)(
e−νD

2
P2

)]
.

The extension of these products to polynomials Pk, for k = 1, 2 . . . , n, is given recur-
sively by [

P1, P2, . . . , Pn
]
ν

=
[[
P1, P2, . . . , Pn−1

]
ν
, Pn

]
ν
,

for n = 3, 4, . . . . Since the Weierstrass operator commutes with the translation and
reflection operators, the composition product inherits the commutative property, for
polynomials Pk, k = 1, 2 . . . , n, so that eλD

[
P1, P2, . . . , Pn

]
ν

=
[
eλDP1, e

λDP2, . . . , e
λDPn

]
ν
,[

P1, P2, . . . , Pn
]−
ν

=
[
P−1 , P

−
2 , . . . , P

−
n

]
ν
,

with λ complex and ν real. For polynomials P1 and P2, the expression P1(D)νP2 is
given in terms of the composition product. Indeed, in view of the operational property
for P (D)ν given above, it follows that

P1(D)νP2 = P1(D)νe
νD2
[
e−νD

2
P2

]
= eνD

2
[
P1e
−νD2

P2

]
=
[
eνD

2
P1, P2

]
ν
,

whenever ν is real. The next two lemmas are needed in the next section, and give the
composition product in terms of Hermite expansions.
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Lemma 1.1. If ν is real,

P1(z) =
n∑
k=0

p1kH
−ν
k (z) and P2(z) =

n∑
k=0

p2kH
−ν
k (z),

then the composition product
[
P1, P2

]
ν

is given by the Hermite expansion

[
P1, P2

]
ν
(z) =

2n∑
k=0

rkH
−ν
k (z),

where rk =
∑

p1k1p2k2 , with k = k1 + k2, is the Cauchy product of the coefficients
of P1 and P2.

Proof. Since e−νD
2
P1(z) =

n∑
k=0

p1kz
k and e−νD

2
P2(z) =

n∑
k=0

p2kz
k, it follows

that [
P1(z), P2(z)

]
ν

= eνD
2
[
e−νD

2
P1(z), e

−νD2
P2(z)

]
=

2n∑
k=0

rkH
−ν
k (z),

where rk, k = 0, 1, . . . , 2n, is the Cauchy product of p1k and p2k, k = 0, 1, . . . , n. �

The last lemma extends by an induction argument to generalized Cauchy products
of the coefficients of polynomials.

Lemma 1.2. If ν is real, and if Pl has a Hermite expansion

Pl(z) =
n∑
k=0

plkH
−ν
k (z),

for l = 1, 2, . . . ,m, then the composition product
[
P1, P2, . . . , Pm

]
ν

is given by the
Hermite expansion [

P1(z), P2(z), . . . , Pn(z)
]
ν

=
mn∑
k=0

rkH
−ν
k (z),

where the generalized Cauchy product of the coefficients is given by

rk =
∑

k1+···+km=k

p1k1p2k2 · · · pmkm ,

for k = 0, 1, . . . ,mn.

The composition product gives an alternate formulation of divisibility. The division
algorithm for polynomials states that if P (z) and S(z) are polynomials with S(z) 6= 0,
then there exist unique polynomials Q(z) and R(z), called respectively the quotient
and remainder, such that

P (z) = S(z)Q(z) + R(z),

where R(z) = 0 or deg(R(z)) < deg(S(z)) [15]. The next theorem is an equivalent
formulation of this algorithm in terms of the composition product. It is convenient
below to employ the notation P−ν = eνD

2
P and Pν = e−νD

2
P , for ν real.
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Theorem 1.3. Let ν be real. If P (z) and S(z) are polynomials with S(z) 6= 0, and
Q(z) andR(z) are the corresponding quotient and remainder polynomials given above,
then{

P (z) = S(z)Q(z) + R(z) ⇐⇒ P−ν(z) =
[
S−ν(z), Q−ν(z)

]
ν

+ R−ν(z),

Pν(z) = Sν(z)Qν(z) + Rν(z) ⇐⇒ P (z) =
[
S(z), Q(z)

]
ν

+ R(z).

Proof. The proof of the first equivalence follows directly by applying the Weier-
strass operator eνD

2
to both sides of the division algorithm. Replacing P , S, Q, and R,

with Pν , Sν , Qν , and Rν in the first equivalence yields the second equivalence. �

The first equivalence is obvious in view of the formula (Dν)jH−νk (z) = H−νj+k(z)

for j, k = 0, 1, . . . , whenever ν is real. Indeed, putting

S(z) =
n∑
j=0

sjz
j and Q(z) =

n∑
k=0

qkz
k

gives the Cauchy product form[
S−ν(z), Q−ν(z)

]
ν

= S(D)νQ−ν(z)

=

n∑
j=0

sjD
j
ν

n∑
k=0

qkH
−ν
k (z)

=

2n∑
j+k=0

sjtkH
−ν
j+k(z),

which is also the product form of S(z)Q(z). An example of the first equivalence for
linear factors S(z) = z − τ = S−ν(z) and R(z) = P (τ) = R−ν(z), where τ is
complex, is given in Corollary 1.4 below. An example of the second equivalence for
linear factors S(z) = z − τ = Sν(z) and R(z) = Pν(τ) = Rν(z), is detailed below in
Theorem 3.4.

Corollary 1.4. Let ν be real, τ be complex, and let eτDP (z) =
∑n

k=0 pkz
k. If

S(z) = z − τ and R(z) = P (τ), then S−ν(z) = z − τ , R−ν(z) = P (τ) and

Q−ν(z) =

n∑
k=1

pkH
−ν
k−1(z − τ).

Proof. The formula for the quotient follows from

Q−ν(z) = eνD
2

[
P (z)− P (τ)

z − τ

]
= eνD

2

[
e−τD

P (z + τ)− P (τ)

z

]

= e−τDeνD
2

[
P (z + τ)− P (τ)

z

]
= e−τDeνD

2

[
n∑
k=1

pkz
k−1

]

=

n∑
k=1

pkH
−ν
k−1(z − τ),

and the other formulae follow directly from S−ν = eνD
2
S and R−ν = eνD

2
R. �
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The operational property preceeding Lemma 1.1 yields an alternate calculation of
the quotient formula in Corollary 1.4. Indeed, this property gives

P1(D)νP2 = P1(D)νe
νD2
[
e−νD

2
P2

]
= eνD

2
[
P1e
−νD2

P2

]
=
[
eνD

2
P1, P2

]
ν

and [
S−ν(z), Q−ν(z)

]
ν

= (D − τ)νQ−ν(z) =
(
2νD + (z − τ)

)
Q−ν(z).

The division algorithm is equivalent to the first order equation(
D + (z − τ)/2ν

)
Q−ν(z) =

(
P−ν(z)− P (τ)

)
/2ν,

which yields an expression for the quotient, given by

Q−ν(z) =
e−(z−τ)

2/4ν

2ν

∫ z

τ
e(s−τ)

2/4ν
(
P−ν(s)− P (τ)

)
ds + Q−ν(τ)e−(z−τ)

2/4ν .

A routine calculation verifies the integral formula∫ ω

0
et

2/4νH−νk (t)dt =

 2νeω
2/4νH−νk−1(ω) for k = 2j,

2νeω
2/4νH−νk−1(ω)− κk for k = 2j − 1,

where κk = 2νH−νk−1(0), for j = 1, 2, . . . . Substituting these formulae into the above
expression yields the quotient formula, and the value

Q−ν(τ) =
∑

k=1,3,...

pkH
−ν
k−1(0).

The next corollary addresses divisibility for the second equivalence in Theorem 1.3
for quadratic factors. For this case, let ν ≥ 0 and β > 0, and put γ =

√
β2 + 2ν and

S(z) = (z−α)2+γ2, with α real, so that Sν(z) = (z−α)2+β2. IfR(z) = Rν(z) = 0,
then

Pν(z) = Sν(z)Qν(z) ⇐⇒ P (z) =
[
S(z), Q(z)

]
ν
⇐⇒ Sν(D)νQ(z) = P (z),

by Theorem 1.3. Thus, divisibility of Pν(z) by Sν(z) is equivalent to solvability of the
differential equation

Sν(D)νQ(z) = P (z),

where Sν(D)ν =
(
(D− α)2 + β2

)
ν
. Factoring the translation operator out of Sν(D)ν

simplifies articulation of a solution to the differential equation, given below. Indeed, it
follows that [

(z − α)2 + γ2, Q(z)
]
ν

=
[
e−αD(z2 + γ2), Q(z)

]
ν

= e−αD
[
z2 + γ2, eαDQ(z)

]
ν

= e−αD(D2 + β2)νe
αDQ(z),

giving that(
(D − α)2 + β2

)
ν
Q(z) = P (z)⇐⇒ (D2 + β2)νe

αDQ(z) = eαDP (z),

where
(D2 + β2)ν := (D2

ν + β2) = 4ν2D2 + 4νzD + (z2 + γ2).
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Without loss of generality, assume that

P̂ (z) = eαDP (z) =
2n∑
k=0

p̂kz
k and Q̂(z) = eαDQ(z) =

2n−2∑
k=0

q̂kz
k,

by putting p2n = 0, if necessary. Substitution into the equation above yields the recur-
sive relations

8ν2q̂2 + β2ν q̂0 = p̂0,

24ν2q̂3 + (4ν + β2ν)q̂1 = p̂1,

4ν2(k + 2)(k + 1)q̂k+2 + (4νk + β2ν)q̂k + q̂k−2 = p̂k, for k = 2, 3, . . . , 2n− 4,(
4ν(2n− 3) + β2ν

)
q̂2n−3 + q̂2n−5 = p̂2n−3,(

4ν(2n− 2) + β2ν
)
q̂2n−2 + q̂2n−4 = p̂2n−2,

q̂2n−3 = p̂2n−1,

q̂2n−2 = p̂2n.

Consider the (n+ 1)× n matrix

Sνn =



2ν + β2 8ν2 0 · · · 0

1 10ν + β2 48ν2 · · · 0

0 1 18ν + β2 · · · 0

0 0 1 · · · 0

...
...

...
. . .

...

0 0 0 · · · 4ν2(2n− 2)(2n− 3)

0 0 0 · · · 2ν(4n− 3) + β2

0 0 0 · · · 1


and the n× (n− 1) matrix

T νn =



6ν + β2 24ν2 0 · · · 0

1 14ν + β2 80ν2 · · · 0

0 1 22ν + β2 · · · 0

0 0 1 · · · 0

...
...

...
. . .

...

0 0 0 · · · 4ν2(2n− 3)(2n− 4)

0 0 0 · · · 2ν(4n− 5) + β2

0 0 0 · · · 1


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and the vectors P̂e =
[
p̂0 p̂2 p̂4 . . . p̂2n−2 p̂2n

]
T , P̂o =

[
p̂1 p̂3 p̂5 . . . p̂2n−3 p̂2n−1

]
T ,

Q̂e =
[
q̂0 q̂2 q̂4 . . . q̂2n−4 q̂2n−2

]
T , Q̂o =

[
q̂1 q̂3 q̂5 . . . q̂2n−5 q̂2n−3

]
T .

The recursion relations translate as an uncoupled system of two matrix equations,
given by

SνnQ̂e = P̂e and T νn Q̂o = P̂o.

A possible solution is obtained by back-substitution of bottom values q̂2n−3 = p̂2n−1
and q̂2n−2 = p̂2n, and verifying top equations

8ν2q̂2 + (2ν + β2)q̂0 = p̂0 and 24ν2q̂3 + (6ν + β2)q̂1 = p̂1.

If the solution to the system exists, then Pν(z) is divisible by (z − α)2 + β2, with
Q(z) = e−αD

∑2n−2
k=0 q̂kz

k and with quotient

Qν(z) = e−νD
2
Q(z) = e−αDe−νD

2
2n−2∑
k=0

q̂kz
k =

2n−2∑
k=0

q̂kH
ν
k (z − α).

Moreover, a solution to the matrix system exists if and only if vectors P̂e and P̂o are in
the column subspaces of the matrices Sνn and T νn , respectively.

Performing elementary column operations, the matrices Sνn and T νn reduce to the
matrices

Uνn =



−Hν
2 (iβ) −Hν

4 (iβ) −Hν
6 (iβ) · · · −Hν

2n−2(iβ) −Hν
2n(iβ)

1 0 0 · · · 0 0

0 1 0 · · · 0 0

0 0 1 · · · 0 0

...
...

...
. . .

...
...

0 0 0 · · · 1 0

0 0 0 · · · 0 1


and

Vνn =



iH̃ν
3 (iβ) iH̃ν

5 (iβ) iH̃ν
7 (iβ) · · · iH̃ν

2n−3(iβ) iH̃ν
2n−1(iβ)

1 0 0 · · · 0 0

0 1 0 · · · 0 0

0 0 1 · · · 0 0

...
...

...
. . .

...
...

0 0 0 · · · 1 0

0 0 0 · · · 0 1


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respectively, where H̃ν
k (iβ) = β−1Hν

k (iβ), for k = 3, 5, . . . , 2n− 1. If Q̃e and Q̃o are
quotient vectors, corresponding to new basis polynomials, for the matrices Uνn and Vνn ,
respectively, then

P̂ν(z) = Ŝν(z)Q̂ν(z) ⇐⇒ P̂ (z) =
[
Ŝ(z), Q̂(z)

]
ν

⇐⇒ UνnQ̃e = P̂e and VνnQ̃o = P̂o,

where Ŝ(z) = eαDS(z), so that Ŝν(z) = z2+β2. Some details of the discussion above
are employed in the proof of the next corollary.

Corollary 1.5. Let ν ≥ 0, β > 0, and let α be real. Let

P (z) =
2n∑
k=0

pkz
k and Pν(z) = e−νD

2
P (z) =

2n∑
k=0

pkH
ν
k (z).

Put

P̂ (z) = eαDP (z) =

2n∑
k=0

p̂kz
k, P̂e(z) =

2n∑
k=0

p̂2kz
2k

and

P̂o(z) =
2n∑
k=0

p̂2k+1z
2k+1.

A necessary and sufficient condition for having the equalities

Pν(z) =
(
(z − α)2 + β2

)
Qν(z)

is given by P̂eν(iβ) = 0 and P̂oν(iβ) = 0, where

P̂eν(z) = e−νD
2
P̂e(z) =

n∑
k=0

p̂
2k
Hν

2k(z)

and

P̂oν(z) = e−νD
2
P̂o(z) =

n−1∑
k=0

p̂
2k+1

Hν
2k+1(z).

Moreover, denoting basis polynomials by

Bk(z) =


Hν
k (z − α)−Hν

k (iβ)

(z − α)2 + β2
for k = 2, 4, . . . , 2n,

Hν
k (z − α) + i(z − α)H̃ν

k (iβ)

(z − α)2 + β2
for k = 3, 5, . . . , 2n− 1,

the quotient is given by Qν(z) =
∑2n

k=2 pkBk(z).

Proof. The divisibility of Pν(z) by (z−α)2 +β2 is equivalent to the solvability of
the system of matrix equations UνnQ̃e = P̂e and VνnQ̃o = P̂o. Back-substitution of these
matrix equations from bottom to top, yields quotient vectors Q̃e =

[
p2 p4 . . . p2n

]
T
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and Q̃o =
[
p3 p5 . . . p2n−1

]
T . Substitution of these values into the top equations

gives equations

−
n∑
k=1

p
2k
Hν

2k(iβ) = p0 and
n−1∑
k=1

p
2k+1

iH̃ν
2k+1(iβ) = p1 ,

or equivalently P̂eν(iβ) = 0 and P̂oν(iβ) = 0, respectively. This proves necessity.

Conversely, if P̂eν(iβ) = 0 and P̂oν(iβ) = 0, then

Pν(α+ iβ) = P̂ν(iβ) = P̂eν(iβ) + P̂oν(iβ) = 0.

The replacement β → −β yields P̂eν(−iβ) = 0 and P̂oν(−iβ) = 0. Similarly, it
follows that Pν(α− iβ) = 0. Thus, Pν(z) is divisible by (z − α)2 + β2, which proves
sufficiency. To establish the quotient, let

Ae(z) =
[
1 z2 . . . z2n

]
and Ao(z) =

[
z z3 . . . z2n−1

]
.

Then

P̂ (z) = Ae(z)P̂e + Ao(z)P̂o

= Ae(z)UνnQ̃e + Ao(z)VνnQ̃o

=
n∑
k=1

p̂
2k

(
z2k −Hν

2k(iβ)
)

+
n−1∑
k=1

p̂
2k+1

(
z2k+1 + izH̃ν

2k+1(iβ)
)
,

and thus

P̂ν(z) =

n∑
k=1

p̂
2k

[
Hν

2k(z)−Hν
2k(iβ)

]
+

n−1∑
k=1

p̂
2k+1

[
Hν

2k+1(z) + izH̃ν
2k+1(iβ)

]
.

Since P̂ν(z) = e−νD
2
eαDP (z) = eαDPν(z), the polynomial Pν(z) = e−αDP̂ν(z) is

given by the expression

n∑
k=1

p̂
2k

(
Hν

2k(z−α)−Hν
2k(iβ)

)
+

n−1∑
k=1

p̂
2k+1

(
Hν

2k+1(z−α) + i(z−α)H̃ν
2k+1(iβ)

)
,

from which the quotient formula follows. �

2. Zeros of the composition product

The next lemma, expressing the composition product as a sum, is due to N. G. de
Bruijn [3].

Lemma 2.1. Let ν be real. If P1 and P2 are polynomials, then[
P1, P2

]
ν

=
∞∑
k=0

(2ν)k

k!
(DkP1)(D

kP2),

where the sum eventually truncates.
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Proof. In the sum, subsequent terms employ derivatives of the polynomials of in-
creasing order, so the sum eventually truncates. Putting P1(z) = eνD

2
T (z), where

T (z) =
∑n

j=0 cjz
j , gives[

P1, P2

]
ν
(z) =

[
eνD

2
T, P2

]
ν
(z) = T (D)νP2(z) =

n∑
j=0

cj
(
Dν

)j
P2(z),

where (
Dν

)j
P2(z) = (2ν)je−z

2/4νDj
(
ez

2/4νP2(z)
)

= (2ν)je−z
2/4ν

j∑
k=0

(
j

k

)
Dj−k(ez2/4ν)DkP2(z),

for j = 0, 1, . . . , n, and where

Dj−k(ez2/4ν) = ez
2/4ν

(
1√
−4ν

)j−k
H−νj−k

( z√
−4ν

)
,

for k = 0, 1, . . . , j. It follows that[
P1, P2

]
ν
(z) =

n∑
j=0

cj(2ν)j

[
j∑

k=0

(
j

k

)(
1√
−4ν

)j−k
H−νj−k

( z√
−4ν

)
DkP2(z)

]

=
n∑
k=0

(2ν)k

k!

[
n∑
j=k

k!

(
j

k

)
cjH

−ν
j−k(z)

]
DkP2(z),

where the last bracketed expression is

DkP1(z) = eνD
2
DkT (z) =

n∑
j=k

k!

(
j

k

)
cje

νD2
zj−k =

n∑
j=k

k!

(
j

k

)
cjH

−ν
j−k(z),

which yields the result. �

Lemma 2.1 yields the limit
[
P1, P2

]
ν
→ P1P2, uniformly on compacta, as ν → 0.

For several polynomials, an induction argument gives that[
P1, P2, . . . , Pn

]
ν
−→ P1P2 · · ·Pn,

uniformly on compacta, as ν → 0, for n = 2, 3, . . . . The composition product is thus a
parametric extension of the ordinary product.

Denote the closed half-planes by
∧

[σ′,∞) =
{
z| <(z) ≥ σ′

}
and

∧
(−∞, σ] =

{
z| <(z) ≤ σ

}
,∨

[ρ′,∞) =
{
z| =(z) ≥ ρ′

}
and

∨
(−∞, ρ] =

{
z| =(z) ≤ ρ

}
.

and closed strips by∧
[σ′, σ] =

{
z| σ′ ≤ <(z) ≤ σ

}
and

∨
[ρ′, ρ] =

{
z| ρ′ ≤ =(z) ≤ ρ

}
.

If the zeros of a polynomial P are located in
∧

(−∞, σ], then the Gauss-Lucas theorem
[12] gives that the zeros of DP are located in

∧
(−∞, σ]. A variation of this result is

given in the next lemma.
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Lemma 2.2. If the zeros of polynomials P and Q are located in
∧

(−∞, 0] and∧
(−∞, σ], respectively, then the zeros of P (D)Q are located in

∧
(−∞, σ].

Proof. First, let P (z) = z + τ , with <(τ) ≥ 0. Since P (D)Q is given as the limit

P (D)Q(z) = (D + τ)Q(z) = e−τzD
(
eτzQ(z)

)
= e−τzD

(
lim
m→∞

(
1 +

τz

m

)m
Q(z)

)
= e−τz lim

m→∞
D
((

1 +
τz

m

)m
Q(z)

)
,

where convergence is uniform on compacta, the result now follows by the Gauss-Lucas
theorem and Hurwitz’s theorem [4]. The general case for P (z) = γ

∏n
k=1(z + τk),

with γ complex and <(τk) ≥ 0, k = 1, 2, . . . , n, follows by induction on n. �

The original proof of the next lemma from [3] is based on a generalization of a
classic composition result for polynomials [2]. A direct proof is given to avoid this
digression.

Lemma 2.3. If the zeros of polynomials P and Q are located in
∧

(−∞, 0], then
the zeros of

[
P,Q

]
ν

are located in
∧

(−∞, 0], for all ν ≥ 0.

Proof. The case ν = 0 clearly holds, since this case is the ordinary product. Let
ν > 0, and let w be complex, with σ = <(w) > 0. Since P and Q are polynomials,
the expansions

P ′(z) = P (2νz + w) =
∞∑
k=0

(2νz)k

k!
(DkP )(w)

and

Q′(z) = Q(z + w) =
∞∑
k=0

zk

k!
(DkQ)(w)

eventually truncate. It follows that P ′(z) and Q′(z) are polynomials having all zeros
in
∧

(−∞, 0] and
∧

(−∞,−σ], respectively. By Lemma 2.2, the zeros of P ′(D)Q′ are
located in

∧
(−∞,−σ], so that P ′(D)Q′(0) 6= 0. A calculation allows to verify the

relation

P ′(D)Q′(0) =
∞∑
k=0

(2ν)k

k!
(DkP )(w)(DkQ)(w),

which gives P ′(D)Q′(0) =
[
P,Q

]
ν
(w), by Lemma 2.1. Thus, the zeros of

[
P,Q

]
ν

are all located in
∧

(−∞, 0]. �

Theorem 2.4. Let the zeros of polynomials P1 and P2 be located in
∧

[σ′, σ] and∨
[ρ′, ρ]. Then, the zeros of

[
P1, P2

]
ν

are located in
∧

[σ′, σ] for all ν ≥ 0, and are
located in

∨
[ρ′, ρ] for all ν ≤ 0.

Proof. Let ν ≥ 0. The zeros of the polynomials

P ′1(z) = eσDP1(z) and P ′2(z) = eσDP2(z)
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are in the half-plane
∧

(−∞, 0]. By Lemma 2.3, the zeros of the composition
[
P ′1, P

′
2

]
ν

are in the half-plane
∧

(−∞, 0]. By the translation property of the composition prod-
uct, the zeros of the composition

[
P1, P2

]
ν

= e−σD
[
P ′1, P

′
2

]
ν

are in the half-plane∧
(−∞, σ]. Since the zeros of the polynomials

P−1 (z) = P1(−z) and P−2 (z) = P2(−z)

are in
∧

(−∞,−σ′], it follows that the zeros of the composition
[
P−1 , P

−
2

]
ν

are in
the half-plane

∧
(−∞,−σ′]. By the reflection property of the composition product,

the zeros of the composition
[
P1, P2

]
ν

=
[
P−1 , P

−
2

]−
ν

are in the half-plane
∧

[σ′,∞).
Thus, the zeros of the composition

[
P1, P2

]
ν

are in the strip
∧

[σ′, σ]. Let ν ≤ 0.
Since the zeros of the polynomials P̃1(z) = P1(iz) and P̃2(z) = P2(iz) are in

∧
[ρ′, ρ],

it follows that the zeros of the composition
[
P̃1, P̃2

]
−ν are in

∧
[ρ′, ρ]. The relation[

P1, P2

]
ν
(z) =

[
P̃1, P̃2

]
−ν(−iz) follows from Lemma 2.1, and gives that the zeros of[

P1, P2

]
ν

are in
∨

[ρ′, ρ]. �

In view of Theorem 2.4, the composition product is a parametric extension of the
ordinary product that preserves the location of the zeros to closed half-planes and strips.
A routine induction extends Theorem 2.4 for arbitrary composition products, given in
the next corollary.

Corollary 2.5. Let n = 2, 3, . . . , and let the zeros of the polynomials Pk, for
k = 1, 2 . . . , n, be located in closed strips

∧
[σ′, σ] and

∨
[ρ′, ρ]. Then, the zeros of[

P1, P2, . . . , Pn
]
ν

are located in
∧

[σ′, σ] for all ν ≥ 0, and are located in
∨

[ρ′, ρ], for
all ν ≤ 0.

A result in terms of Hermite expansions, that corresponds to Theorem 2.4, is given
in the next corollary.

Corollary 2.6. Let ν be real, and let P1 and P2 have the Hermite expansions

P1(z) =

n∑
k=0

p1kH
−ν
k (z) and P2(z) =

n∑
k=0

p2kH
−ν
k (z).

Then, the composition product
[
P1, P2

]
ν

is given by the Hermite expansion

[
P1, P2

]
ν
(z) =

2n∑
k=0

rkH
−ν
k (z),

where rk =
∑

p1k1p2k2 , with k = k1 + k2, is the Cauchy product of the coefficients
of P1 and P2. Moreover, if the zeros of P1 and P2 are located in

∧
[σ′, σ] and

∨
[ρ′, ρ],

then the zeros
[
P1, P2

]
ν

are in
∧

[σ′, σ] for all ν ≥ 0, and are in
∨

[ρ′, ρ] for all ν ≤ 0.

Proof. The result follows directly from Lemma 1.1 and Theorem 2.4. �

In view of Corollary 2.6, the Cauchy coefficients play the same role for the compo-
sition product of Hermite-basis polynomials, as for the ordinary product of polynomials
in the usual basis. A special case further illustrates this result in the next corollary.
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Corollary 2.7. Suppose that the zeros of the polynomials

P (z) =
n∑
k=0

pkHk(z) and Q(z) =
n∑
k=0

qkHk(z)

are located in
∨

[ρ′, ρ]. Then the zeros of the polynomial

R(z) =
2n∑
k=0

rkHn(z),

where rk =
∑k

j=0 pjqk−j , for k = 0, 1, . . . , 2n, are located in
∨

[ρ′, ρ].

Proof. The zeros of the polynomials P ′(z) = P (z/2) and Q′(z) = Q(z/2) are
located in the strip

∨
[2ρ′, 2ρ]. By Corollary 2.6, the zeros of R′(z) = R(z/2) are in

the strip
∨

[2ρ′, 2ρ]. Thus, the zeros of R are located in
∨

[ρ′, ρ]. �

The following extension of Corollary 2.6 follows directly from Lemma 1.2 and
Corollary 2.5.

Corollary 2.8. Let ν be real, and let Pl have Hermite expansion

Pl(z) =

n∑
k=0

plkH
−ν
k (z),

for l = 1, 2, . . . ,m. Then, the composition product
[
P1, P2, . . . , Pm

]
ν

is given by the
Hermite expansion [

P1(z), P2(z), . . . , Pn(z)
]
ν

=
mn∑
k=0

rkH
−ν
k (z),

where the generalized Cauchy product of the coefficients is given by

rk =
∑

k1+···+km=k

p1k1p2k2 · · · pmkm ,

for k = 0, 1, . . . ,mn. Moreover, if the zeros of Pl are located in
∧

[σ′, σ] and
∨

[ρ′, ρ],
for l = 1, 2, . . . ,m, then the zeros of

[
P1, P2, . . . , Pm

]
ν

are in
∧

[σ′, σ] for all ν ≥ 0,
and are in

∨
[ρ′, ρ] for all ν ≤ 0.

3. Algebraic formulation of ν-divisibility

Let ν be real and τ be complex. If P (z) is a polynomial, then P (z) is called
ν-divisible by z − τ , which we denote by z − τ

∣∣
ν
P (z), provided that

P (z) =
[
z − τ,Q(z)

]
ν
,

for some polynomial Q(z), called the ν-quotient. Clearly, ordinary divisibility corre-
sponds to ν = 0.

Lemma 3.1. Let ν be real and τ be complex. Let P (z) be an n-th degree polyno-
mial. If P (z) is ν-divisible by z− τ , then the ν-quotient Q(z) has degree n− 1, and is
unique.
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Proof. Put Pν(z) = e−νD
2
P (z) and Qν(z) = e−νD

2
Q(z). By Theorem 1.3, it

follows that
Pν(z) = (z − τ)Qν(z),

and thus Q(z) has degree n − 1. For uniqueness, let Q1(z) and Q1(z) be ν-quotients,
so that

[
z − τ,Q1(z)

]
ν

=
[
z − τ,Q2(z)

]
ν
. Applying the operator e−νD

2
to both sides

of this relation gives

e−νD
2
Q1(z) = e−νD

2
Q2(z),

which implies Q1(z) = Q2(z). �

The next lemma gives the correspondence between ν-divisiblity and ordinary di-
visibility.

Lemma 3.2. Let ν be real and τ be complex. If P (z) is an n-th degree polynomial,
P ∈ Cn+1 is the associated polynomial vector, and Pν(z) = e−νD

2
P (z), then

(z − τ)
∣∣Pν(z) ⇐⇒ Pν(z) = (z − τ)Qν(z)

⇐⇒ P (z) =
[
z − τ,Q(z)

]
ν

⇐⇒ (z − τ)
∣∣
ν
P (z),

where quotients Q(z) and Qν(z) = e−νD
2
Q(z) are unique polynomials having degree

n− 1. The case ν = 0 corresponds to ordinary divisibility

(z − τ)
∣∣P (z)⇐⇒ P (z) = (z − τ)Q(z).

Proof. The middle equivalence follows from

Pν(z) = (z − τ)Qν(z) ⇐⇒ eνD
2
Pν(z) = eνD

2
[
(z − τ)Qν(z)

]
⇐⇒ P (z) =

[
z − τ,Q(z)

]
ν
.

The first equivalence follows from the definition of ordinary divisibility, and the last
equivalence follows from the definition of ν-divisibility. �

For ν real and τ complex, the matrix formulation of ν-divisibility uses the tridiag-
onal (n+ 1)× n matrix

Fνn(τ) =



−τ 2ν 0 0 · · · 0 0

1 −τ 4ν 0 · · · 0 0

0 1 −τ 6ν · · · 0 0

0 0 1 −τ · · · 0 0

...
...

...
...

. . .
...

...

0 0 0 0 · · · −τ 2(n− 1)ν

0 0 0 0 · · · 1 −τ
0 0 0 0 · · · 0 1



,
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for n = 2, 3, . . . . The column vectors ofFνn(τ) in Cn+1, denoted by F ν0 (τ), F ν1 (τ), . . . ,
F νn−1(τ), are linearly independent, so that Rank

(
Fνn(τ)

)
= n. The quotient subspace

Qνn(τ) = Rng
[
Fνn(τ)

]
= Span

{
F ν0 (τ), F ν1 (τ), . . . , F νn−1(τ)

}
,

corresponding to Fνn(τ) is thus an n-dimensional subspace of Cn+1. In the matrix
formulation of ν-divisibility given below, the complex polynomial P (z) =

∑n
k=0 pkz

k

is associated with the complex vector P = [p0 p1 . . . pn]
T

in Cn+1. The next lemma
expresses ν-divisibility in terms of the quotient subspace.

Lemma 3.3. Let ν be real and τ be complex. If

P (z) =

n∑
k=0

pkz
k

is an n-th degree polynomial and P ∈ Cn+1 is the associated polynomial vector, then

(z − τ)
∣∣
ν
P (z) ⇐⇒ P (z) =

[
z − τ,Q(z)

]
ν
⇐⇒ Fνn(τ)Q = P ⇐⇒ P ∈ Qνn(τ),

where the ν-quotient

Q(z) =

n−1∑
k=0

qkz
k

is unique, with

P =

n−1∑
k=0

qkF
ν
k (τ).

The case ν = 0 corresponds to ordinary divisibility

(z − τ)
∣∣P (z) ⇐⇒ P (z) = (z − τ)Q(z) ⇐⇒ F0

n(τ)Q = P ⇐⇒ P ∈ Q0
n(τ),

with P =
n−1∑
k=0

qkF
0
k (τ).

Proof. The first equivalence follows from the definition of ν-divisibility. The last
equivalence follows from the definition of the quotient subspace. The operational prop-
erty for expressing (D − τ)ν as composition product yields[

z − τ,Q(z)
]
ν

= (D − τ)νQ(z) =
(
2νD + (z − τ)

)
Q(z).

Putting

Q(z) =
n−1∑
k=0

qkz
k and P (z) =

n∑
k=0

pkz
k,

the equation
[
z − τ,Q(z)

]
ν

= P (z) becomes

n∑
k=0

pkz
k = (2νq1 − τq0)z0 +

n−2∑
k=1

[
2νqk+1 + qk−1 − τqk

]
zk

+(qn−2 − τqn−1)zn−1 + qn−1z
n,

giving Fνn(τ)Q = P , and conversely. This establishes the middle equivalence. The
case for ordinary divisibility follows by putting ν = 0. �
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The next theorem is the ν-analogue for the Remainder Theorem [15].

Theorem 3.4. Let ν be real and τ be complex. If P (z) is an n-th degree polyno-
mial, P ∈ Cn+1 is the associated polynomial vector and Pν(z) = e−νD

2
P (z), then

Pν(z) = (z − τ)Qν(z) + Pν(τ) ⇐⇒ P (z) =
[
z − τ,Q(z)

]
ν

+ Pν(τ)

⇐⇒ P = Fνn(τ)Q+R,

where R =
[
Pν(τ) 0 0 . . . 0

]
T ∈ Cn+1, and the quotients Q(z) and Qν(z) are unique

polynomials having degree n − 1, with Qν(z) = e−νD
2
Q(z), and quotient vector

Q ∈ Cn.

Proof. Consider the polynomial T (z) = P (z) − Pν(τ) and the associated vector
T = P − R. Then, Tν(τ) = 0, where Tν(z) = e−νD

2
T (z) = Pν(z) − Pν(τ), so that

(z − τ)
∣∣Tν(z). Combining Lemma 3.2 and Lemma 3.3 gives equivalences

Tν(z) = (z − τ)Qν(z) ⇐⇒ T (z) =
[
z − τ,Q(z)

]
ν
⇐⇒ Fνn(τ)Q = T,

where Q(z) and Qν(z) are unique polynomials having degree n− 1, with

Qν(z) = e−νD
2
Q(z),

so that Q ∈ Cn. Substituting for T (z), Tν(z), and T in these equivalences yield the
equivalences in the theorem. �

The next corollary follows directly from Theorem 3.4, and is the ν-analogue of the
Factor Theorem [15].

Corollary 3.5. Let ν be real and τ be complex. Let P (z) be an n-th degree poly-
nomial, P ∈ Cn+1 be the associated polynomial vector, and Pν(z) = e−νD

2
P (z). If

Pν(τ) = 0, then

P = Fνn(τ)Q ⇐⇒ P (z) =
[
z − τ,Q(z)

]
ν
⇐⇒ Pν(z) = (z − τ)Qν(z),

where the quotients Q(z) and Qν(z) are unique polynomials having degree n− 1, with
Qν(z) = e−νD

2
Q(z), and quotient vector Q ∈ Cn.

The next corollary is the ν-analogue of the method of synthetic division.

Corollary 3.6. Let ν be real and τ be complex. Let P (z) and Pν(z) be the poly-
nomials

P (z) =
n∑
k=0

pkz
k and Pν(z) = e−νD

2
P (z) =

n∑
k=0

pkH
ν
k (z).

Then, the quotient-remainder forms given in Theorem 3.4, with Q(z) =

n−1∑
k=0

qkz
k and

Qν(z) = e−νD
2
Q(z) =

n−1∑
k=0

qkH
ν
k (z),

for values q0, q1, . . . , qn−1, are given recursively by

qn−k = pn−k+1 + τqn−k+1 − 2(n− k + 2)νqn−k+2,
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for k = 1, 2, . . . , n+1, with qn = qn+1 = 0, and where q−1 = Pν(τ), for n = 1, 2, . . . .

Proof. Let P ∈ Cn+1 be the associated polynomial vector. By Theorem 3.4, the
equation Pν(z) = (z− τ)Qν(z) +Pν(τ) is equivalent to the system of n+ 1 equations
P = Fνn(τ)Q+R, given by the system

−τ 2ν 0 · · · 0 0

1 −τ 4ν · · · 0 0

0 1 −τ · · · 0 0

...
...

...
. . .

...
...

0 0 0 · · · −τ 2(n− 1)ν

0 0 0 · · · 1 −τ
0 0 0 · · · 0 1





q0

q1

q2

...

qn−3

qn−2

qn−1


+



Pν(τ)

0

0

...

0

0

0


=



p0

p1

p2

...

pn−2

pn−1

pn


.

Listing the bottom n equations from bottom-to-top yields the n quotient values qk,
for k = 0, 1, . . . , n − 1, and substitution of these values into the top equation yields
q−1 = Pν(τ). �

Applied to the parametrized Hermite polynomials, ν-synthetic division yields the
next corollary.

Corollary 3.7. Let ν be real and τ be complex. There exist polynomials

Bν
n(z, τ) =

n−1∑
k=0

bnkH
ν
k (z)

such that

Bν
n(z, τ) =

Hν
n(z)−Hν

n(τ)

z − τ
,

with {
bnn = 0 and bnn−1 = 1 for n = 1, 2, . . . ,

bnn−k = τbnn−k+1 − 2(n− k + 2)νbnn−k+2 for k = 2, 3, . . . , n.

The polynomials in Corollary 3.7 are clearly symmetric, the first few being

Bν
1 (z, τ) = 1,

Bν
2 (z, τ) = z + τ,

Bν
3 (z, τ) = z2 + τz + τ2 − 6ν,

Bν
4 (z, τ) = z3 + τz2 + τ2z + τ3 − 12νz − 12ντ,

Bν
5 (z, τ) = z4 + τz3 + τ2z2 + τ3z + τ4 − 20νz2 − 20νλ2 − 20νλz + 60ν2.

Performing elementary column operations on the matrix Fνn(τ) produces a reduced
matrix with the same range. To this end, let Gνn(τ) be any matrix obtained by perform-
ing elementary column operations on Fνn(τ), so that Gνn(τ) = Fνn(τ)M , where M is
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an n × n nonsingular matrix. The next theorem is a generalization of the Remain-
der and Factor Theorems, and displays the independence of basis polynomials in the
formulation of the quotient.

Theorem 3.8. Let ν be real and τ be complex. Let P (z) be an n-th degree poly-
nomial, P ∈ Cn+1 be the associated polynomial vector, and Pν(z) = e−νD

2
P (z). Let

Gνn(τ) be any matrix obtained by performing elementary column operations on Fνn(τ).
There exist unique polynomials G(z) and Gν(z), having degree n− 1, such that

Pν(z) = (z − τ)Gν(z) + Pν(τ) ⇐⇒ P (z) =
[
z − τ,G(z)

]
ν

+ Pν(τ)

⇐⇒ P = Gνn(τ)G+R,

where G ∈ Cn is the quotient vector with respect to Gνn(τ), and Gν(z) = e−νD
2
G(z).

Further, G is the coefficient vector for basis polynomials B(z) =
[
B1(z) . . . Bn(z)

]
,

so that G(z) = B(z)G, where B(z) = A(z)M , and A(z) =
[
1 z . . . zn−1

]
. Further-

more, if Pν(τ) = 0, then

P = Gνn(τ)G ⇐⇒ P (z) =
[
z − τ,G(z)

]
ν
⇐⇒ Pν(z) = (z − τ)Gν(z).

Proof. By Theorem 3.4, there are unique polynomials Q(z) and Qν(z), having
degree n− 1, and vector Q ∈ Cn such that

Pν(z) = (z−τ)Qν(z)+Pν(τ), P (z) =
[
z−τ,Q(z)

]
ν
+Pν(τ) and P = Fνn(τ)Q+R,

where R = [Pν(τ) 0 0 . . . 0]
T ∈ Cn+1, with Qν(z) = e−νD

2
Q(z). Thus, it is seen

that
Fνn(τ)Q = P = Gνn(τ)M−1Q = Gνn(τ)G,

so that Q = MG. Then,

Q(z) = A(z)Q = A(z)MG = B(z)G,

and thus B(z) = A(z)M . �

It is shown that elementary column operations applied to Fνn(τ) yield the reduced
(n+ 1)× n matrix

Eνn(τ) =



−Hν
1 (τ) −Hν

2 (τ) −Hν
3 (τ) · · · −Hν

n−1(τ) −Hν
n(τ)

1 0 0 · · · 0 0

0 1 0 · · · 0 0

0 0 1 · · · 0 0

0 0 0 · · · 0 0

...
...

...
. . .

...
...

0 0 0 · · · 1 0

0 0 0 · · · 0 1



.

Indeed, let
[
γcj + c

k
→ c

k

]
denote the elementary matrix which replaces column k by

adding column j multiplied by γ. Define the sequence of products of such elementary
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matrices, by putting
M2 =

[
τc1 + c2 → c2

]
,

M3 = M2

[
− 4νc1 + c3 → c3

][
τc2 + c3 → c3

]
,

M4 = M3

[
− 6νc2 + c4 → c4

][
τc3 + c4 → c4

]
,

and recursively

Mn+1 = Mn

[
− 2nνcn−1 + cn+1 → cn+1

][
τcn + cn+1 → cn+1

]
, for n = 2, 3, . . . .

A routine induction establishes the reduced form Eνn(τ) = Fνn(τ)Mn, for n = 2, 3, . . . .
Putting M1 = [1], it is seen that Mn is the n× n upper triangular matrix

Mn =



b10 b20 b30 b40 · · · bn0

0 b21 b31 b41 · · · bn1

0 0 b32 b42 · · · bn2

0 0 0 b43 · · · bn3

...
...

...
...

. . .
...

0 0 0 0 · · · bnn−1


,

where the values
{
bnk
}n−1
k=0

are given in Corollary 3.7, for n = 1, 2, . . . . The next
corollary gives the form for the various quotients corresponding to matrix Eνn(τ).

Corollary 3.9. Let ν be real and τ be complex, and let Eνn(τ) = Fνn(τ)Mn for
n = 1, 2, . . . , be given as above. Let P (z) be an n-th degree polynomial, P ∈ Cn+1

be the associated polynomial vector, and Pν(z) = e−νD
2
P (z). There exist unique

polynomials E(z) and Eν(z), having degree n− 1, such that

Pν(z) = (z − τ)Eν(z) + Pν(τ) ⇐⇒ P (z) =
[
z − τ, E(z)

]
ν

+ Pν(τ)

⇐⇒ P = Eνn(τ)E +R,

where E ∈ Cn is the quotient vector with respect to Eνn(τ), and Eν(z) = e−νD
2
E(z).

Moreover, E is the coefficient vector for basis polynomialsB(z) =
[
B1(z) . . . Bn(z)

]
,

with

Bm(z) =
m−1∑
k=0

bmk z
k,

for m = 1, 2, . . . , n, where

E(z) =

n∑
k=1

pkBk(z) and Eν(z) =

n∑
k=1

pkB
ν
k (z, τ).

Proof. In view of Theorem 3.8, it remains to show that the three quotients have the
stated forms. To determine the quotient vector put E =

[
e0 e1 e2 . . . en−1

]
T . Then,
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the formulation P = Eνn(τ)E +R is given by

−Hν
1 (τ) −Hν

2 (τ) · · · −Hν
n(τ)

1 0 · · · 0

0 1 · · · 0

...
...

. . .
...

0 0 · · · 0

0 0 · · · 1





e0

e1

e2

...

en−2

en−1


+



Pν(τ)

0

0

...

0

0


=



p0

p1

p2

...

pn−1

pn


.

Listing the equations from bottom-to-top yields the n quotient values ej = pj+1 for
j = 0, 1, . . . , n− 1. Then substitution into the top equation yields the remainder,

Pν(τ) =

n∑
k=0

pkH
ν
k (τ).

It follows that E = [p1 p2 p3 . . . pn]
T
, and thus

E(z) =

n∑
k=1

pkBk(z)

with basis B(z) = A(z)Mn, by Theorem 3.8. Alternately, the quotient is given by

Eν(z) =
Pν(z)− Pν(τ)

z − τ
=

n∑
k=1

pk
Hν
k (z)−Hν

k (τ)

z − τ
,

which gives, e−νD
2
Bk(z) = Bν

k (z, τ), for k = 1, 2, . . . , n, by Corollary 3.7. �

Successive applications of the quotient-remainder forms given in Theorem 3.4 gen-
eralizes these forms, as given in the corollary below. To this end, a lemma is needed.

Lemma 3.10. If ν is real and τ is complex, then

(D − τ)kν = e−τDDk
νe
τD,

for k = 0, 1, . . . .

Proof. LetQ(z) be a polynomial. Combining the operational property for express-
ing (D − τ)kν as composition product and the translation property of the composition
product from the first section gives

eτD(D − τ)kνQ(z) = eτD
[
(z − τ)k, Q(z)

]
ν

=
[
zk, eτDQ(z)

]
ν

= Dk
νe
τDQ(z),

and thus (D − τ)kνQ(z) = e−τDDk
νe
τDQ(z). �

Let τ be complex and P be an n-th degree polynomial. Let Q0 be defined by
P (z) =

[
z − τ,Q0(z)

]
ν

+R0, where R0 = Pν(τ). Recursively, let

Qm−1(z) =
[
z − τ,Qm(z)

]
ν

+Rm,

where Rm = (Qm−1)ν (τ), so that

Qm−1(z) = (D − τ)νQm(z) +Rm,
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for m = 1, 2, . . . , n− 1. Substitution of these quotients and remainders yields

P (z) = (D − τ)νQ0(z) + R0

= (D − τ)2νQ1(z) + (D − τ)νR1 + R0
...

...

= (D − τ)m+1
ν Qm(z) + (D − τ)mν Rm + · · · + (D − τ)νR1 + R0

= (D − τ)m+1
ν Q(z) + R(z),

where Q(z) = Qm(z), and by Lemma 3.10,

R(z) =

m∑
k=0

Rk(D − τ)kν1 =

m∑
k=0

Rke
−τDDk

νe
τD1 =

m∑
k=0

RkH
−ν
k (z − τ),

are the generalized ν-quotient and remainder, having degrees n − m − 1 and m, re-
spectively, for m = 0, 1, . . . , n − 1. The generalized quotient-remainder form above
translates to a generalized quotient-remainder form for the polynomial Pν(z), since

Pν(z) = e−νD
2[

(D − τ)m+1
ν Q(z)

]
+ e−νD

2
R(z) = (z − τ)m+1Qν(z) +Rν(z),

where

Qν(z) = e−νD
2
Q(z) and Rν(z) =

m∑
k=0

Rk(z − τ)k

are the generalized quotient and remainder, having degrees n − m − 1 and m, re-
spectively. Thus, it is seen that a formula for the coefficients in the expansion of the
generalized remainder is given by

Rk =
DkPν(τ)

k!
,

for k = 0, 1, . . .m and m = 0, 1, . . . , n − 1. In particular, if m = n − 1, the quotient
Qn−1(z) is constant, given by the remainder formula above for m = n, so that we have
Rn = (Qn−1)ν(τ). In this case, Pν(z) = e−νD

2
P (z) is just a Taylor series

Pν(z) =
n∑
k=0

Rk(z − τ)k,

and so

P (z) =
n∑
k=0

RkH
−ν
k (z − τ),

with Rk, k = 0, 1, . . . , n, given above. If Pν(τ) = 0 and mτ is the order of the zero
z = τ , then 1 ≤ mτ ≤ n and DkPν(τ) = 0 if and only if k < mτ . It follows that

P (z) = (D − τ)k+1
ν Q(z)⇐⇒ Pν(z) = (z − τ)k+1Qν(z),

whenever k < mτ , and conversely.

Consider the matrix
[
Fνn(τ)

]0
= In+1 and the matrix products[

Fνn(τ)
]m

=

m∏
k=0

Fνn−k(τ),
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for m = 0, 1, . . . , n, where Fν0 (τ) = 1, in case m = n. The generalized quotient-
remainder form given above for P (z) translates to the generalized quotient-remainder
vector form for vector P given by

P =
[
Fνn(τ)

]m+1
Q+R,

where R =
∑m

k=0

[
Fνn(τ)

]k
Rk, Q = Qm ∈ Cn−m is the generalized quotient vec-

tor, and by the notational convention above, Rk is the generalized remainder-vector
[Rk 0 0 . . . 0]

T ∈ Cn−k+1, for k = 0, 1, . . . ,m, and m = 0, 1, . . . , n− 1.

These observations are summarized in the next corollary.

Corollary 3.11. Let ν be real and τ be complex. If P (z) is an n-th degree polyno-
mial, P ∈ Cn+1 is the associated polynomial vector, and Pν(z) = e−νD

2
P (z), then

P =
[
Fνn(τ)

]m+1
Q+R ⇐⇒ P (z) = (D − τ)m+1

ν Q(z) +R(z)

⇐⇒ Pν(z) = (z − τ)m+1Qν(z) +Rν(z),

where the quotients Q(z) and Qν(z) are unique polynomials having degree n−m− 1,
with Qν(z) = e−νD

2
Q(z), where Q = Qm ∈ Cn−m is the quotient vector, and

where the remainders R(z) and Rν(z) are unique polynomials having degree m, with
Rν(z) = e−νD

2
R(z), and remainder vector R ∈ Cn+1 given above. Moreover, if

Pν(τ) = 0, then

P =
[
Fνn(τ)

]m+1
Q⇐⇒ P (z) = (D− τ)m+1

ν Q(z)⇐⇒ Pν(z) = (z− τ)m+1Qν(z),

whenever m < mτ , and conversely, with 1 ≤ mτ ≤ n.

4. Geometric formulation of ν-divisibility

Denote the ordinary inner-product of vectors U and V in Cn+1 by (U, V ) = V ∗U ,
where V ∗ is the usual conjugate transpose of V . For positive constants δ0, δ1, . . . , δn,
denote the (n+ 1)× (n+ 1) diagonal matrix

J =



δ0 0 0 · · · 0

0 δ1 0 · · · 0

0 0 δ2 · · · 0

...
...

...
. . .

...

0 0 0 · · · δn


,

and define the J-inner product of vectors U and V in Cn+1 by 〈U, V 〉 = V ∗JU .
The length of a vector V is distinguished in these two inner products by the notation
‖V ‖2 = (V, V ) and ‖V ‖2

J
= 〈V, V 〉. The transpose M † of a matrix M on Cn+1, with

respect to the J-inner product, is given byM † = M∗J , whereM∗ is the usual complex
conjugate of M . Let Gνn(τ) be any matrix obtained by performing elementary column
operations on Fνn(τ), defined at the beginning of the previous section. With respect to
the J-inner product, the geometric formulation defines the quotient as the projection of
the polynomial vector P ∈ Cn+1 onto the quotient subspaceQνn(τ) ⊂ Cn+1, where the
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dimension of Qνn(τ) is n = Rank(Gνn(τ)). The remainder subspace is the orthogonal
complement Rνn(τ) =

[
Qνn(τ)

]⊥, so that Cn+1 = Qνn(τ) ⊕ Rνn(τ), and thus the
remainder subspace has dimension 1. To consolidate notation below, it is convenient to
put

Ĥν
k (z) =

Hν
k (z)

δk
,

for k = 0, 1, . . . , n, and for ν real.

Lemma 4.1. If ν is real, τ is complex, and

Zνn(τ) =
[
Ĥν

0 (τ) Ĥν
1 (τ) Ĥν

2 (τ) . . . Ĥν
n(τ)

]∗
,

thenRνn(τ) = Span
{
Zνn(τ)

}
, for n = 2, 3, . . . .

Proof. In view of the relation

Rνn(τ) = Rng
[
Fνn(τ)

]⊥
= Rng

[
Eνn(τ)

]⊥
= Ker

[
Eνn(τ)

]†
,

the solution of the homogeneous system[
Eνn(τ)

]†
X = 0,

where X = [x0, x1, . . . , xn] ∈ Cn+1, is given by the system

−Hν
1 (τ̄) 1 0 0 · · · 0 0

−Hν
2 (τ̄) 0 1 0 · · · 0 0

−Hν
3 (τ̄) 0 0 1 · · · 0 0

...
...

...
...

. . .
...

...

−Hν
n−1(τ̄) 0 0 0 · · · 1 0

−Hν
n(τ̄) 0 0 0 · · · 0 1





x0δ0

x1δ1

x2δ2
...

xn−1δn−1

xnδn


=



0

0

0
...

0

0


.

This gives xi = x0δ0Ĥ
ν
i (τ̄), for i = 1, 2, . . . n, giving the solution X = x0δ0Z

ν
n(τ).

�

The polynomial vector P = [p0 p1 . . . pn]
T ∈ Cn+1 is uniquely expressed as a

linear combination
P = P νq (τ) + P νr (τ),

where P νq (τ) ∈ Qνn(τ) and P νr (τ) ∈ Rνn(τ) are the projections onto the quotient-
remainder subspace decomposition of Cn+1. These component vectors are given by
the system P = Gνn(τ)G′ +R′, where P νq (τ) = Gνn(τ)G′ and R′ = P νr (τ), with

R′ =
〈P,Zνn(τ)〉
‖Zνn(τ)‖2

J

Zνn(τ) =
Pν(τ)

‖Zνn(τ)‖2
J

Zνn(τ),

so that R′ = 0 if and only if Pν(τ) = 0. Denoting the column vectors of Eνn(τ) by
Eνn(τ) =

[
Eν0 (τ)Eν1 (τ) . . . Eνn−1(τ)

]
, for n = 2, 3, . . . , there is a unique vector

X = [x0 x1 x2 . . . xn]
T
, such that

P νr (τ) = x0Z
ν
n(τ) and P νq (τ) =

n∑
k=1

xkE
ν
k (τ).
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If E′ = [x1 x2 x3 . . . xn]
T
, then P = Eνn(τ)E′ +R′ is given by

Ĥν
0 (τ̄) −Hν

1 (τ) −Hν
2 (τ) · · · −Hν

n(τ)

Ĥν
1 (τ̄) 1 0 · · · 0

Ĥν
2 (τ̄) 0 1 · · · 0

...
...

...
. . .

...

Ĥν
n−1(τ̄) 0 0 · · · 0

Ĥν
n(τ̄) 0 0 · · · 1





x0

x1

x2

...

xn−1

xn


=



p0

p1

p2

...

pn−1

pn


.

In particular, solving this system for the constant polynomial vector [p0 0 0 . . . 0]
T

yields

X =
p0

‖Zνn(τ)‖2
J

[
1 − Ĥν

1 (τ) − Ĥν
2 (τ) − Ĥν

3 (τ)− . . . − Ĥν
n(τ)

]∗
,

which shows that a nonzero constant polynomial has nonzero components in both sub-
spaces. The algebraic and geometric formulations, given by P = Gνn(τ)G + R and
P = Gνn(τ)G′ +R′, respectively, are distinguished by their remainder terms R and R′.
Whereas the algebraic and geometric quotient terms, given by Gνn(τ)G and Gνn(τ)G′,
are both in the quotient subspace, the geometric remainder is in the remainder sub-
space, and by the remarks above, the algebraic remainder has nonzero components in
both subspaces. Moreover, the algebraic and geometric remainders have length

‖R‖J = |δ0|
∣∣Pν(τ)

∣∣ and ‖R′‖J =

∣∣Pν(τ)
∣∣

‖Zνn(τ)‖J
,

so that
G′ = G⇐⇒ R′ = R = 0⇐⇒ Pν(τ) = 0.

Denote the columns of the reduced matrix so that

Gνn(τ) =
[
Gν0(τ)Gν1(τ) . . . Gνn−1(τ)

]
.

Then Fνn(τ)M = Gνn(τ), where M is an n × n nonsingular matrix. The Gram matrix
[11] associated with Gνn(τ) is defined by Γ

(
Gνn(τ)

)
=
[
Gνn(τ)

]†Gνn(τ), so that

Γ
(
Gνn(τ)

)
=



〈Gν0 , Gν0〉 〈Gν1 , Gν0〉 〈Gν2 , Gν0〉 · · · 〈Gνn−1, Gν0〉
〈Gν0 , Gν1〉 〈Gν1 , Gν1〉 〈Gν2 , Gν1〉 · · · 〈Gνn−1, Gν1〉
〈Gν0 , Gν2〉 〈Gν1 , Gν2〉 〈Gν2 , Gν2〉 · · · 〈Gνn−1, Gν2〉

...
...

...
. . .

...

〈Gν0 , Gνn−1〉 〈Gν1 , Gνn−1〉 〈Gν2 , Gνn−1〉 · · · 〈Gνn−1, Gνn−1〉


,

with the abridged notationGνk = Gνk(τ), for k = 1, 2, . . . , n−1. The Gram determinant
is denoted by ∆

(
Gνn(τ)

)
= det Γ

(
Gνn(τ)

)
, for n = 2, 3, . . . . Since the columns of

Gνn(τ) are linearly independent, the associated Gram matrix is positive definite, and thus
nonsingular, and the corresponding Gram determinant is positive. The next theorem
details the geometric formulation; see also [8].
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Theorem 4.2. Let ν be real, τ be complex and let Gνn(τ) be any reduced matrix
obtained by performing elementary column operations on Fνn(τ). Let P (z) be an n-th
degree polynomial and P ∈ Cn+1 be the associated polynomial vector. Finally, let
Pν(z) = e−νD

2
P (z), R =

[
Pν(τ) 0 0 . . . 0

]
T ∈ Cn+1 and

P̂ =
[
Gνn(τ)

]†
P =

[
〈P,Gν0〉 〈P,Gν1〉 . . . 〈P,Gνn−1〉

]
T .

Then, the geometric formulation P = Gνn(τ)G′ +R′ is given by

G′ =
[
Γ
(
Gνn(τ)

)]−1P̂ and R′ =
Pν(τ)

‖Zνn(τ)‖2
J

Zνn(τ),

where P νr (τ) = R′, and where P νq (τ) = Gνn(τ)G′ is given by the expression

− 1

∆
(
Gνn(τ)

) det



〈Gν0 , Gν0〉 〈Gν1 , Gν0〉 · · · 〈Gνn−1, Gν0〉 〈P,Gν0〉
〈Gν0 , Gν1〉 〈Gν1 , Gν1〉 · · · 〈Gνn−1, Gν1〉 〈P,Gν0〉

...
...

. . .
...

...

〈Gν0 , Gνn−1〉 〈Gν1 , Gνn−1〉 · · · 〈Gνn−1, Gνn−1〉 〈P,Gν0〉
Gν0 Gν1 · · · Gνn−1 0


.

Moreover, the correspondence between the algebraic formulation P = Gνn(τ)G + R,
and the geometric formulation is given by

G′ −G =
[
Γ
(
Gνn(τ)

)]−1R̂,

where R̂ =
[
Gνn(τ)

]†
R.

Proof. By definition of the geometric formulation, it follows that P νr (τ) = R′ and
P νq (τ) = Gνn(τ)G′. The formula for the remainder term follows by projection of P onto
the remainder subspace, as given above. As the vectorR′ = P −Gνn(τ)G′ is orthogonal
to the quotient subspace, taking inner products gives

0 =
[
Gνn(τ)

]†
R′ =

[
Gνn(τ)

]†
P −

[
Gνn(τ)

]†Gνn(τ)G′,

which gives the system Γ
(
Gνn(τ)

)
G′ = P̂ . Cramer’s rule yields G′, which gives the

determinantal formula for P νq (τ), and which is verified by expanding about the last
row. The correspondence between the two divisibility formulations follows from taking
inner products of Gνn(τ)(G′ −G) = R−R′, giving that

Γ
(
Gνn(τ)

)
(G′ −G) =

[
Gνn(τ)

]†
(R−R′) = R̂,

since
[
Gνn(τ)

]†
R′ = 0. �

Corollary 4.3. Let ν be real and τ be complex. Let Gνn(τ) be any reduced matrix
obtained by performing elementary column operations on Fνn(τ). If P (z) is an n-th
degree polynomial and P ∈ Cn+1 the associated polynomial vector, then the quotient
and remainder formulae are given by

‖P νq (τ)‖2
J

= P̂ ∗
[
Γ
(
Gνn(τ)

)]−1P̂ and ‖P νr (τ)‖2
J

= ‖P‖2
J
− P̂ ∗

[
Γ
(
Gνn(τ)

)]−1P̂ ,

where P̂ =
[
Gνn(τ)

]†
P .
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Proof. Since P νr (τ) ⊥ P νq (τ) it follows that

‖P νr (τ)‖2
J

= 〈P − P νq (τ), P νr (τ)〉
= 〈P, P νr (τ)〉
= 〈P, P − P νq (τ)〉

= ‖P‖2
J
− 〈P, P νq (τ)〉.

By Theorem 4.1, the quotient vector is given by P νq (τ) = Gνn(τ)
[
Γ
(
Gνn(τ)

)]−1P̂ , and
thus

〈P, P νq (τ)〉 =
[
Gνn(τ)

[
Γ
(
Gνn(τ)

)]−1

P̂
]∗
JP

= P̂ ∗
[[

Γ
(
Gνn(τ)

)]−1
]∗[
Gνn(τ)

]∗
JP

= P̂ ∗
[[

Γ
(
Gνn(τ)

)]∗]−1

P̂

= P̂ ∗
[
Γ
(
Gνn(τ)

)]−1P̂ ,

since the Gram matrix is Hermitian. The expression for the square of the length of the
quotient vector now follows directly from the Pythagorean formula. �

The remainder formula in Corollary 4.3 is given by Schur’s formula [17] for the
determinant of a partitioned matrix[

A;B;C
]

=

[
A B

B∗ C

]
,

where A is an n× n nonsingular matrix, B is an n× 1 vector, and C is a 1× 1 matrix,
is given by

det
[
A;B;C

]
= detA

[[
A;B;C

]
A

]
,

where the Schur complement A in
[
A;B;C

]
is defined by[

A;B;C
]

A
= C −B∗A−1B.

Substituting A = Γ
(
Gνn(τ)

)
, B = P̂ , and C = ‖P‖2

J
gives the (n + 1) × (n + 1)

partitioned matrix [
Γ
(
Gνn(τ)

)
; P̂ ; ‖P‖2

J

]
=

[
Γ
(
Gνn(τ)

)
P̂

P̂ ∗ ‖P‖2
J

]
,

where P̂ =
[
Gνn(τ)

]†
P . The Schur complement of Γ

(
Gνn(τ)

)
in
[
Γ
(
Gνn(τ)

)
; P̂ ; ‖P‖2

J

]
,

yields the remainder formula in Corollary 4.3, since[
Γ
(
Gνn(τ)

)
; P̂ ; ‖P‖2

J

]
Γ
(
Gνn(τ)

) = ‖P‖2
J
− P̂ ∗

[
Γ
(
Gνn(τ)

)]−1P̂ = ‖P νr (τ)‖2
J
.

It is seen that [
Γ
(
Gνn(τ)

)
; P̂ ; ‖P‖2

J

]
=
[
Gνn(τ) P

]†[Gνn(τ) P
]
,

so that
[
Γ
(
Gνn(τ)

)
; P̂ ; ‖P‖2

J

]
is also a Gram matrix.
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Lemma 4.4. Let ν be real and τ be complex. Let Gνn(τ) be any reduced matrix
obtained by performing elementary column operations on Fνn(τ). Let U be a n × n
unitary matrix, and put Uνn(τ) = Gνn(τ)U . If P (z) is an n-th degree polynomial and
P ∈ Cn+1 the associated polynomial vector, then[

Γ
(
Uνn(τ)

)
; P̃ ; ‖P‖2

J

]
Γ
(
Uνn(τ)

) =

[
Γ
(
Gνn(τ)

)
; P̂ ; ‖P‖2

J

]
Γ
(
Gνn(τ)

) ,

where P̂ =
[
Gνn(τ)

]†
P and P̃ =

[
Uνn(τ)

]†
P .

Proof. Since U−1 = U∗, it follows that Γ
(
Uνn(τ)

)
= U∗Γ

(
Gνn(τ)

)
U and

P̃ ∗
[
Γ
(
Uνn(τ)

)]−1P̃ =
([
Uνn(τ)

]†
P
)∗[

U∗Γ
(
Gνn(τ)

)
U
]−1
([
Uνn(τ)

]†
P
)

=
([
Gνn(τ)

]†
P
)∗
U
[
U∗
[
Γ
(
Gνn(τ)

)]−1U
]
U∗
([
Gνn(τ)

]†
P
)

= P̂ ∗
[
Γ
(
Gνn(τ)

)]−1P̂ ,

which yields the result. �

Since the Gram matrix Γ
(
Gνn(τ)

)
is nonsingular and Hermitian, there exists an or-

thonormal system of positive eigenvalues and orthonormal eigenvectors corresponding
to Γ

(
Gνn(τ)

)
, respectively λk and Λk, for k = 1, 2, . . . , n. It follows that there exists a

unique unitary matrix U =
[
Λ1 Λ2 . . . Λn

]
such that Γ

(
Uνn(τ)

)
= U∗Γ

(
Gνn(τ)

)
U is

a diagonal matrix, given by

Γ
(
Uνn(τ)

)
=



λ1 0 0 · · · 0

0 λ2 0 · · · 0

0 0 λ3 · · · 0

...
...

...
. . .

...

0 0 0 · · · λn


,

where Γ
(
Uνn(τ)

)
=
[
Uνn(τ)

]∗Uνn(τ), with Uνn(τ) = Gνn(τ)U , and λ1 ≤ λ2 ≤ · · · ≤ λn.
For p ≥ 1, the Schatten p-norm [1] of

[
Γ
(
Gνn(τ)

)]−1 is given by

∥∥[Γ(Gνn(τ)
)]−1

∥∥
p

= p

√√√√ n∑
k=1

1

λpk
.

The value p =∞ corresponds to the spectral norm and equals∥∥[Γ(Gνn(τ)
)]−1

∥∥
∞ = 1/λ1.

Corollary 4.5. Let ν be real and τ be complex. Let Gνn(τ) be any reduced matrix
obtained by performing elementary column operations on Fνn(τ). Let the orthonor-
mal system of positive eigenvalues and orthonormal eigenvectors corresponding to
Γ
(
Gνn(τ)

)
be given as above by λk and Λk, for k = 1, 2, . . . , n, respectively. If P (z) is
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an n-th degree polynomial and P ∈ Cn+1 the associated polynomial vector, then

‖P νr (τ)‖2
J

= ‖P‖2
J
−

n∑
k=1

1

λk

∣∣(P̂ ,Λk)∣∣2,
where P̂ =

[
Gνn(τ)

]†
P . The Schatten lower bounds are

‖P νr (τ)‖2
J
≥ ‖P‖2

J
−
∥∥[Γ(Gνn(τ)

)]−1
∥∥
p
‖P̂‖2,

where p ≥ 1.

Proof. Putting U =
[
Λ1 Λ2 . . . Λn

]
and Uνn(τ) = Gνn(τ)U , Lemma 4.4 gives

‖P νr (τ)‖2
J

=

[
Γ
(
Uνn(τ)

)
; P̃ ; ‖P‖2

J

]
Γ
(
Uνn(τ)

) = ‖P‖2
J
− P̃ ∗

[
Γ
(
Uνn(τ)

)]−1P̃ ,

where P̃ =
[
Uνn(τ)

]†
P = U∗P̂ =

[
(P̂ ,Λ1) (P̂ ,Λ2) . . . (P̂ ,Λn)

]T
. Therefore

P̃ ∗
[
Γ
(
Uνn(τ)

)]−1P̃ =
n∑
k=1

λ−1k
∣∣(P̂ ,Λk)∣∣2,

giving the remainder formula. Since the eigenvectors are an orthonormal basis, it fol-
lows that

n∑
k=1

1

λk

∣∣(P̂ ,Λk)∣∣2 ≤ 1

λ1

n∑
k=1

∣∣(P̂ ,Λk)∣∣2 =
1

λ1
‖P̂‖2,

which yields the spectral bound. If q ≥ 1, with 1/p + 1/q = 1, then by Hölder’s
inequality [16], we have

n∑
k=1

1

λk

∣∣(P̂ ,Λk)∣∣2 ≤ p

√√√√ n∑
k=1

1

λpk

q

√√√√ n∑
k=1

∣∣(P̂ ,Λk)∣∣2q ≤ ∥∥[Γ(Gνn(τ)
)]−1

∥∥
p
‖P̂‖2,

which yields the Schatten bounds. �

The results below utilize the geometric formulation P = Eνn(τ)E′ + R′, where E′

and R′ are formulated in Theorem 4.2. Putting Eνn(τ) =
[
Eν0 (τ)Eν1 (τ) . . . Eνn−1(τ)

]
,

we have

Γ
(
Eνn(τ)

)
=



〈Eν0 , Eν0 〉 〈Eν1 , Eν0 〉 〈Eν2 , Eν0 〉 · · · 〈Eνn−1, Eν0 〉
〈Eν0 , Eν1 〉 〈Eν1 , Eν1 〉 〈Eν2 , Eν1 〉 · · · 〈Eνn−1, Eν1 〉
〈Eν0 , Eν2 〉 〈Eν1 , Eν2 〉 〈Eν2 , Eν2 〉 · · · 〈Eνn−1, Eν2 〉

...
...

...
. . .

...

〈Eν0 , Eνn−1〉 〈Eν1 , Eνn−1〉 〈Eν2 , Eνn−1〉 · · · 〈Eνn−1, Eνn−1〉


,

with the notation Eνk = Eνk (τ), for k = 0, 1, . . . , n− 1. In the next lemma, we also let

Xν
n(τ) =

[
Hν

1 (τ) Hν
2 (τ) . . . Hν

n(τ)
]∗
,
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for n = 2, 3, . . . , and L is the n× n diagonal matrix

L =



δ1 0 0 · · · 0

0 δ2 0 · · · 0

0 0 δ3 · · · 0

...
...

...
. . .

...

0 0 0 · · · δn


,

which is distinct from matrix J , defined at the beginning of this section.

Lemma 4.6. If ν is real and τ is complex, then[
Γ
(
Eνn(τ)

)]−1= [In −X νn (τ)]L−1,

where

X νn (τ) =
1

‖Zνn(τ)‖2
J

L−1Xν
n(τ)

[
Xν
n(τ)

]∗
,

for n = 2, 3, . . . .

Proof. The Sherman-Morrison formula [18] for the inverse of a matrix A+ BC∗,
where A is an n×n nonsingular matrix, and B and C are n× 1 vectors, is the formula

[
A + BC∗

]−1 =

[
In −

1

1 + C∗A−1B
A−1BC∗

]
A−1,

provided that 1 + C∗A−1B 6= 0. If A = L and B = C =
√
δ0X

ν
n(τ), then Γ

(
Eνn(τ)

)
is equal to A+BC∗, and the Sherman-Morrison formula gives

[
Γ
(
Eνn(τ)

)]−1=

[
In −

1

‖Zνn(τ)‖2
J

L−1Xν
n(τ)

[
Xν
n(τ)

]∗]
L−1 = [In −X νn (τ)]L−1,

for n = 2, 3, . . . . �

A few remarks are in order. If ν is real, τ is complex, P (z) is an n-th degree poly-
nomial and P ∈ Cn+1 the associated polynomial vector, then Theorem 4.2, Lemma 4.6
and Corollary 3.9 yield relationships between the algebraic and geometric formulations
P = Eνn(τ)E +R and P = Eνn(τ)E′ +R′, respectively, given by

E′ = [In −X νn (τ)]L−1P̂ and E′ − E = [In −X νn (τ)]L−1R̂,

where P̂ =
[
Eνn(τ)

]†
P and R̂ =

[
Eνn(τ)

]†
R, for n = 2, 3, . . . .

The matrixL−1Xν
n(τ)

[
Xν
n(τ)

]∗ in Lemma 4.6 has eigenvalue λ1 = ‖Zνn(τ)‖2
J
− 1
δ0

with eigenvector Λ1 = L−1Xν
n(τ), and eigenvalue λ2 = 0 with multiplicity n− 1 and
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nonorthogonal eigenvectors

Λν2 =



−Hν
n(τ)

0

0

...

0

0

Hν
1 (τ)


, Λν3 =



0

−Hν
n(τ)

0

...

0

0

Hν
2 (τ)


, . . . , Λνn =



0

0

0

...

0

−Hν
n(τ)

Hν
n−1(τ)


.

Thus, X νn (τ) has eigenvalue λ′1 given by

0 < λ′1 =
‖Zνn(τ)‖2

J
− 1/δ0

‖Zνn(τ)‖2
J

< 1,

with eigenvector Λ1; and eigenvalue λ2 = 0 with multiplicity n − 1, and eigenvectors
Λν2 ,Λ

ν
3 , . . . ,Λ

ν
n. A routine calculation gives the spectral norm ‖X νn (τ)‖2 = λ′1 < 1,

and thus

[In −X νn (τ)]−1 =
∞∑
k=0

[
X νn (τ)

]k
,

by the geometric series for [In−X νn (τ)]−1, which yields Γ
(
Eνn(τ)

)
= L

∑∞
k=0

[
X νn (τ)

]k
for n = 2, 3, . . . . Moreover, the estimates∥∥Γ

(
Eνn(τ)

)∥∥
2
≤ ‖L‖2

∞∑
k=0

λk1 = ‖L‖2
[
1− λ1

]−1

and ∥∥[Γ(Eνn(τ)
)]−1

∥∥
2
≤
[
1 + λ1

]
‖L−1‖2

follow directly.

As a final remark, Lemma 4.4 gives the remainder formula by the Schur comple-
ment

‖P νr (τ)‖2
J

=

[
Γ
(
Eνn(τ)

)
; P̂ ; ‖P‖2

J

]
Γ
(
Eνn(τ)

) =
det
[
Γ
(
Eνn(τ)

)
; P̂ ; ‖P‖2

J

]
det
[
Γ
(
Eνn(τ)

)] ,

where P̂ =
[
Eνn(τ)

]†
P . As noted above, it is seen that[

Γ
(
Eνn(τ)

)
; P̂ ; ‖P‖2

J

]
=
[
Eνn(τ) P

]†[Eνn(τ) P
]

=
[
Eνn(τ) P

]∗
J
[
Eνn(τ) P

]
,

so that
det
[
Γ
(
Eνn(τ)

)
; P̂ ; ‖P‖2

J

]
=
∣∣det

[
Eνn(τ) P

]∣∣2 det[J ].

Routine calculations yield determinants∣∣det
[
Eνn(τ) P

]∣∣2 =
∣∣Pν(τ)

∣∣2 and det
[
Γ
(
Eνn(τ)

)]
= ‖Zνn(τ)‖2

J
det[J ].

Substitution of these determinants above verifies the geometric remainder formula, as
given in Theorem 4.2. The next two lemmas combine to re-express the remainder
formula.
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Lemma 4.7. Let ν be real and τ be complex. If P (z) is an n-th degree polynomial,
P ∈ Cn+1 is the associated polynomial vector, and Pν(z) = e−νD

2
P (z), then the

remainder formula is given by

‖P νr (τ)‖2
J

= ‖P‖2
J
− P̂ ∗L−1P̂ + P̂ ∗X νn (τ)L−1P̂ ,

where P̂ =
[
Eνn(τ)

]†
P , and where the last term is given by

P̂ ∗X νn (τ)L−1P̂ =

∣∣Pν(τ)− δ0p0‖Zνn(τ)‖2
J

∣∣2
‖Zνn(τ)‖2

J

,

and the middle term is given by

P̂ ∗L−1P̂ =

∣∣Pν(τ)− δ0p0
[
‖Zνn‖2 − 1/δ20 + 1/δ0

]∣∣2
‖Zνn‖2 − 1/δ20

+
n∑
j=2

∣∣(JP,Υν
j )
∣∣2

+ δ20 |p0|2‖Zνn(τ)‖2
J
− δ20 |p0|2‖Zνn(τ)‖2

+‖P‖2
J
− ‖JP‖2 + |p0|2(δ0 − 1)2,

for orthonormal vectors Υν
j ∈ Cn+1, j = 2, 3, . . . , n, given below in (∗), and for

n = 2, 3, . . . .

Proof. By Corollary 4.3,

‖P νr (τ)‖2
J

= ‖P‖2
J
− P̂ ∗

[
Γ
(
Eνn(τ)

)]−1P̂ ,

giving the remainder formula, by Lemma 4.6. The Hermitian matrix

L−1Xν
n(τ)

[
Xν
n(τ)

]∗
L−1

has eigenvalue λ1 = ‖L−1Xν
n(τ)‖2 with eigenvector Λν1 = L−1Xν

n(τ), and has eigen-
value λ2 = 0 with multiplicity n− 1 and nonorthogonal eigenvectors

Λν2 =



−Ĥν
n(τ)

0

0

...

0

0

Ĥν
1 (τ)


, Λν3 =



0

−Ĥν
n(τ)

0

...

0

0

Ĥν
2 (τ)


, . . . , Λνn =



0

0

0

...

0

−Ĥν
n(τ)

Ĥν
n−1(τ)


.

The Gram-Schmidt process on vectors Λν2 , Λν3 , . . . ,Λ
ν
n, yields orthonormal vectors

Υν
2 , Υν

3 , . . . ,Υ
ν
n. Thus, an orthonormal system of eigenvalues and eigenvectors for

L−1Xν
n(τ)

[
Xν
n(τ)

]∗
L−1 is given by

λ1 = ‖L−1Xν
n(τ)‖2 with Υν

1 =
L−1Xν

n(τ)

‖L−1Xν
n(τ)‖

,
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and λk = 0 with Υν
k, for k = 2, 3, . . . , n. Putting U =

[
Υν

1 Υν
2 . . . Υν

n

]
gives the

diagonal matrix

U∗L−1Xν
n(τ)

[
Xν
n(τ)

]∗
L−1U =



λ1 0 0 · · · 0

0 λ2 0 · · · 0

0 0 λ3 · · · 0

...
...

...
. . .

...

0 0 0 · · · λn


,

and it follows that

P̂ ∗X νn (τ)L−1P̂ =
1

‖Zνn(τ)‖2
J

n∑
k=1

λk
∣∣(P̂ ,Υν

k)
∣∣2 =

1

‖Zνn(τ)‖2
J

λ1
∣∣(P̂ ,Υν

1)
∣∣2,

where it is seen that

λ1
∣∣(P̂ ,Υν

1)
∣∣2 =

∣∣(P̂ , L−1Xν
n(τ)

)∣∣2 =
∣∣(P, JEνn(τ)L−1Xν

n(τ)
)∣∣2,

and where

JEνn(τ)L−1Xν
n(τ) =

[
1− δ0‖Zνn(τ)‖2

J
Hν

1 (τ) Hν
2 (τ) Hν

3 (τ) . . . Hν
n(τ)

]∗
,

from which the last term follows. The middle term is computed by expanding

P̂ ∗L−1P̂ = (JP )∗
[
Eνn(τ)L−1

[
Eνn(τ)

]∗]
(JP ),

and putting Eνn(τ)L−1
[
Eνn(τ)

]∗
= T + S, where

T =



∆ν
1(τ)−∆ν

2(τ) 0 0 · · · 0 0

0 1
δ1
− 1 0 · · · 0 0

0 0 1
δ2
− 1 · · · 0 0

...
...

...
. . .

...
...

0 0 0 · · · 1
δn−1

− 1 0

0 0 0 · · · 0 1
δn
− 1


and

S =



∆ν
2(τ) −Ĥν

1 (τ) −Ĥν
2 (τ) · · · −Ĥν

n−1(τ) −Ĥν
n(τ)

−Ĥν
1 (τ̄) 1 0 · · · 0 0

−Ĥν
2 (τ̄) 0 1 · · · 0 0

...
...

...
. . .

...
...

−Ĥν
n−1(τ̄) 0 0 · · · 1 0

−Ĥν
n(τ̄) 0 0 · · · 0 1


,

and where ∆ν
1(τ) = ‖Zνn(τ)‖2

J
− 1/δ0 and ∆ν

2(τ) = ‖Zνn(τ)‖2 − 1/δ20 . The matrix
S has eigenvalue λ0 = 0 with eigenvector Λν0 = Zνn(τ), eigenvalue λ1 = ∆ν

2(τ) + 1
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with eigenvector Λν1 =
[
−∆ν

2(τ) Ĥν
1 (τ) Ĥν

2 (τ) . . . Ĥν
n(τ)

]∗, and eigenvalue λj = 1
having multiplicity n− 1 with nonorthogonal eigenvectors given by

Λν2 =



0

Ĥν
k (τ)

0

0
...
0

0

−Ĥν
1 (τ)

0

...
0



, Λν3 =



0

0

Ĥν
k (τ)

0
...
0

0

−Ĥν
2 (τ)

0

...
0



, . . . , Λνk =



0

0

0

0
...
0

Ĥν
k (τ)

−Ĥν
k−1(τ)
0

...
0


and

Λνk+2 =



0

...
0

−Ĥν
k+1(τ)

Ĥν
k (τ)

0

0

...
0



, Λνk+3 =



0

...
0

−Ĥν
k+2(τ)

0

Ĥν
k (τ)

0

...
0



, . . . , Λνn+1 =



0

...
0

−Ĥν
n(τ)

0

0

...
0

Ĥν
k (τ)



,

where the entries

−Ĥν
1 (τ),−Ĥν

2 (τ), . . . ,−Ĥν
k−1(τ),−Ĥν

k+1(τ), . . . ,−Ĥν
n(τ)

are in the (k + 1)-th position of the eigenvectors Λν2 ,Λ
ν
3 , . . . ,Λ

ν
k,Λ

ν
k+2, . . . ,Λ

ν
n+1, re-

spectively, and where k = 1, 2, . . . , n is fixed. The Gram-Schmidt process applied to
vectors Λν2 , . . . ,Λ

ν
k,Λ

ν
k+2, . . . ,Λ

ν
n+1, yields orthonormal vectors Υν

2 ,Υ
ν
3 , . . . ,Υ

ν
n, so

that an orthonormal system of eigenvalues and eigenvectors for S is given by

(∗)


λ0 = 0, Υν

0 = Λν0/‖Λν0‖,

λ1 = ∆ν
2 + 1, Υν

1 = Λν1/‖Λν1‖,

λj = 1, Υν
j , j = 2, 3, . . . , n.



D. Gefroh 459

Thus, the unitary matrix U =
[
Υν

0 Υν
1 Υν

2 . . . Υν
n

]
gives the diagonal matrix

U∗SU =



λ0 0 0 · · · 0

0 λ1 0 · · · 0

0 0 λ2 · · · 0

...
...

...
. . .

...

0 0 0 · · · λn


,

and it follows that

(JP )∗S(JP ) =
n∑
j=0

λj
∣∣(JP,Υj)

∣∣2 = λ1
∣∣(JP,Υ1)

∣∣2 +
n∑
j=2

∣∣(JP,Υj)
∣∣2,

where it is seen that

λ1
∣∣(JP,Υ1)

∣∣2 =
1

∆ν
2

∣∣(JP,Λ1)
∣∣2 =

∣∣Pν(τ)− δ0p0
[
∆2 + 1/δ0

]∣∣2
∆ν

2

·

A calculation gives that

(JP )∗T (JP ) = δ20 |p0|2‖Zνn(τ)‖2
J
− δ20 |p0|2‖Zνn(τ)‖2 + ‖P‖2

J

− ‖JP‖2 + |p0|2(δ0 − 1)2,

from which the result for P̂ ∗L−1P̂ follows, for n = 2, 3, . . . . �

Lemma 4.8. Let ν be real and τ be complex. If P (z) is an n-th degree polynomial
and P ∈ Cn+1 the associated polynomial vector, and Pν(z) = e−νD

2
P (z), then the

remainder formula is equivalent to the proximity formula∣∣Pν(τ)− p0
∣∣2

‖Zνn‖2 − 1/δ20
=
[
‖JP‖2 − δ20 |p0|2

]
−

n∑
j=2

∣∣(JP,Υν
j )
∣∣2,

for orthonormal vectors Υν
j ∈ Cn+1, with j = 2, 3, . . . , n, given above in (∗), and for

n = 2, 3, . . . .

Proof. The expression

|Pν(τ)|2

‖Zνn(τ)‖2
J

−
∣∣Pν(τ)− δ0p0‖Zνn(τ)‖2

J

∣∣2
‖Zνn(τ)‖2

J

+

∣∣Pν(τ)− δ0p0
[
‖Zνn‖2 − 1/δ20 + 1/δ0

]∣∣2
‖Zνn‖2 − 1/δ20

is collected into the expression∣∣Pν(τ)− p0
∣∣2

‖Zνn‖2 − 1/δ20
− δ20 |p0|2‖Zνn(τ)‖2

J
+ δ20 |p0|2‖Zνn(τ)‖2 + |p0|2(2δ0 − 1).

In view of this last expression, the proximity formula follows by combining the various
terms in the remainder formula from Lemma 4.7. �
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Denoting vectors by

Y ν
n (τ) =

[
0 Ĥν

1 (τ) Ĥν
2 (τ) . . . Ĥν

n(τ)
]∗ and P ′ =

[
0 p1 p2 . . . pn

]
T ,

both in Cn+1, the proximity formula in Lemma 4.8 takes on a simplier form, given by∣∣Pν(τ)− p0
∣∣2

‖Y ν
n ‖2

= ‖JP ′‖2 −
n∑
j=2

∣∣(JP ′,Υν
j )
∣∣2,

for n = 2, 3, . . . . In particular, the right-hand side of this formula is the square of the
distance of JP ′ from Υn

ν (τ) = Span
{

Υν
2 ,Υ

ν
3 , . . . ,Υ

ν
n

}
, since the summation term is

the square of the length of the projection of JP ′ onto Υn
ν (τ). This notation is employed

to detail a neighborhood for the proximity of Pν(τ), in the next corollary.

Corollary 4.9. Let ν be real and τ be complex. Let P (z) be an n-th degree poly-
nomial, P ∈ Cn+1 be the associated polynomial vector, and Pν(z) = e−νD

2
P (z).

Denote the vector V ∈ Cn+1 by V =
[
0 v1 v2 . . . vk−1 0 vk+1 . . . vn

]
T , and put

V (z) = v1Ĥ
ν
1 (z)+v2Ĥ

ν
2 (z)+ · · · +vk−1Ĥν

k−1 (z)+vk+1Ĥ
ν
k+1 (z)+· · ·+vnĤν

n (z) ,

for some k = 1, 2, . . . , n, fixed. Denote the vector Υ ∈ Cn+1 by Υ = V/‖V ‖ if
V 6= 0, and by Υ = 0, if V = 0. If V (τ) = 0, then the proximity inequality∣∣Pν(τ)− p0

∣∣2
‖Y ν

n (τ)‖2
≤ ‖JP ′‖2 −

∣∣(JP ′,Υ)
∣∣2,

holds, where P ′ =
[
0 p1 p2 . . . pn

]
T , and a condition for Pν(τ) 6= 0 is given by

|p0|
‖Y ν

n (τ)‖
>

√
‖JP ′‖2 −

∣∣(JP ′,Υ)
∣∣2 .

Proof. The results clearly hold when V = 0, so assume that V 6= 0. The vector

Λν(τ) = v1Λ
ν
2(τ) + v2Λ

ν
3(τ) + · · · + vk−1Λ

ν
k(τ) + vk+1Λ

ν
k+2(τ) + · · ·

+ vnΛνn+1(τ)

= Ĥν
k (τ)V

is in Υn
ν (τ), so that Λν(τ) =

∑n
j=2 λjΥ

ν
j , and so

∣∣(JP ′,Λν(τ))
∣∣2 =

[
n∑
j=2

λj(JP
′,Υν

j )

]2

≤

[
n∑
j=2

|λj |2
][

n∑
j=2

∣∣(JP ′,Υν
j )
∣∣2]

= ‖Λν(τ)‖2
[

n∑
j=2

∣∣(JP ′,Υν
j )
∣∣2].

It follows that ∣∣(JP ′, V )
∣∣2

‖V ‖2
=

∣∣(JP ′,Λν(τ))
∣∣2

‖Λν(τ)‖2
≤

n∑
j=2

∣∣(JP ′,Υν
j (τ))

∣∣2,
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and thus∣∣Pν(τ)− p0
∣∣2

‖Y ν
n (τ)‖2

= ‖JP ′‖2 −
n∑
j=2

∣∣(JP ′,Υν
j (τ))

∣∣2 ≤ ‖JP ′‖2 − ∣∣(JP ′,Υ)
∣∣2,

which is the proximity inequality. Combining the proximity inequality with the in-
equality

∣∣Pν(τ)
∣∣ ≥ |p0| − ∣∣Pν(τ) − p0

∣∣ yields a condition for
∣∣Pν(τ)

∣∣ > 0, given
by

|p0| > ‖Y ν
n (τ)‖

√
‖JP ′‖2 −

∣∣(JP ′,Υ)
∣∣2 ,

which is the condition for Pν(τ) 6= 0 stated above. �

The inequality
∣∣Pν(τ) − p0

∣∣ ≤ ‖JP ′‖‖Y ν
n (τ)‖ is a special case in the proof of

Corollary 4.9, by taking V =
[
0 0 0 . . .

]
T . This inequality also follows directly from

the Cauchy-Schwartz inequality [16]. It follows that a condition for Pν(τ) 6= 0 is given
by ‖JP ′‖‖Y ν

n (τ)‖ < |p0|.
Lemma 4.10. If ν and µ are real, and τ = x+ iy, then

∞∑
k=0

µk

k!
|Hν

k (τ)|2 =
1√

1− 4µ2ν2
eµx

2/(1+2µν) + µy2/(1−2µν),

whenever 2|µν| < 1.

Proof. The case ν = 0 is obvious. The generating function for the Hermite poly-
nomials

e2tτ−t
2

=
∞∑
k=0

tk

k!
Hk(τ),

gives the generating function for the parametrized Hermite polynomials

etτ−νt
2

=
∞∑
k=0

tk

k!
Hν
k (τ).

For ν > 0, it follows that the following sum is given as a Weiertrass transform
∞∑
k=0

µk

k!
Hν
k (τ)Hν

k (z) = e−νD
2
eµzτ−ν(µz)

2

=
1√
4πν

∫ ∞
−∞

eiµtτ+ν(µt)
2
e−(iz+t)

2/4ν dt,

whenever 0 < |µν| < 1/2. A calculation gives

1√
4πν

∫ ∞
−∞

eiµtτ+ν(µt)
2
e−(iz+t)

2/4ν dt =
1√

1− 4µ2ν2
e
µτz−νµ2τ2−νµ2z2

1−4µ2ν2 ,

from which the result follows by putting z = τ̄ . The replacement ν → −ν yields the
case ν < 0. �

Corollary 4.11. Let ν be real, and let µ > 0, with 2µ|ν| < 1. Let P (z) be an n-th
degree polynomial, with P (0) 6= 0, P ∈ Cn+1 be the associated polynomial vector,
and Pν(z) = e−νD

2
P (z). Let V ∈ Cn+1, Υ ∈ Cn+1 be given in Corollary 4.9, and put
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Λ = JP ′/‖JP ′‖, where J has diagonal entries δk =
√
k!/µk, for k = 0, 1, 2, . . . , n.

For 0 ≤
∣∣(Λ,Υ)

∣∣ < 1, let

ρµ(V ) = ln

(√
1− 4µ2ν2

[
1 +

|p0|2

‖JP ′‖2

(
1

1 −
∣∣(Λ,Υ)

∣∣2
)])

;

and, for
∣∣(Λ,Υ)

∣∣ = 1, put ρµ(V ) =∞. If V (τ) = 0 and

x2

1 + 2µν
+

y2

1− 2µν
<
ρµ(V )

µ
,

where τ = x+ iy, then Pν(τ) 6= 0. In particular, if

1 +
|p0|2

‖JP ′′‖2
>

1√
1− 4µ2ν2

,

where P ′′ =
[
0 0 p2 p3 . . . pn

]
T , then Pν(0) 6= 0.

Proof. The Cauchy-Schwartz inequality gives
∣∣(Λ,Υ)

∣∣ ≤ ‖Λ‖‖Υ‖ ≤ 1, with∣∣(Λ,Υ)
∣∣ = 1 equivalent to JP ′ = υΥ for some scalar υ. If

∣∣(Λ,Υ)
∣∣ = 1, then

ρµ(V ) =∞, so clearly

x2

1 + 2µν
+

y2

1− 2µν
<
ρµ(V )

µ
,

where τ = x + iy. Since JP ′ = υΥ, the proximity inequality in Corollary 4.9 gives
Pν(τ) = p0 6= 0. If 0 ≤

∣∣(Λ,Υ)
∣∣ < 1, then a condition for Pν(τ) 6= 0 is given by

‖Y ν
n (τ)‖2 <

|p0|2

‖JP ′‖2 −
∣∣(JP ′,Υ)

∣∣2 ,
where δk =

√
k!/µk, for k = 0, 1, 2, . . . , by Corollary 4.9. Lemma 4.10 gives

‖Y ν
n (τ)‖2 <

∞∑
k=0

µk

k!
|Hν

k (τ)|2 − 1 =
1√

1− 4µ2ν2
eµx

2/(1+2µν)+µy2/(1−2µν) − 1,

and thus, a condition for Pν(τ) 6= 0 is given by

1√
1− 4µ2ν2

eµx
2/(1+2µν)+µy2/(1−2µν) − 1 <

|p0|2

‖JP ′‖2 −
∣∣(JP ′,Υ)

∣∣2 ,
which is equivalent to the inequality given in the statement of the corollary. The second
part of the corollary follows from the first by taking V =

[
0 1 0 . . .

]
T . �

The trivial case V =
[
0 0 0 . . .

]
T is given in the next corollary.

Corollary 4.12. Let ν be real. Let P (z) be an n-th degree polynomial, with
P (0) 6= 0, P ∈ Cn+1 be the associated polynomial vector, and Pν(z) = e−νD

2
P (z).

Let µ > 0, with 2µ|ν| < 1, be such that

ρµ(0) = ln

(√
1− 4µ2ν2

(
1 +

|p0|2

‖JP ′‖2

))
> 0,
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where J has diagonal entries δk =
√
k!/µk, for k = 0, 1, 2, . . . , n. If membership

τ ∈ Tµ(0) is defined by

x2

1 + 2µν
+

y2

1− 2µν
<
ρµ(0)

µ
,

where τ = x + iy, then Pν(τ) 6= 0, for all τ ∈ Tµ(0). Moreover, if ρµ(0) > 0, then
Tµ(0) 6= ∅.

Proof. By the remark preceding Lemma 4.10, a condition for Pν(τ) 6= 0 is given
by ‖JP ′‖2‖Y ν

n (τ)‖2 < |p0|2. Putting δk =
√
k!/µk, for k = 0, 1, 2, . . . , it follows

that

‖Y ν
n (τ)‖2 <

∞∑
k=0

µk

k!
|Hν

k (τ)|2 − 1 =
1√

1− 4µ2ν2
eµx

2/(1+2µν)+µy2/(1−2µν) − 1,

by Lemma 4.10. Thus, the condition for Pν(τ) 6= 0 is given by

1√
1− 4µ2ν2

eµx
2/(1+2µν)+µy2/(1−2µν) − 1 <

|p0|2

‖JP ′‖2
,

which yields the condition for membership in Tµ(0). If ρµ(0) > 0, then Tµ(0) is the
interior of an ellipse, so that Tµ(0) 6= ∅. �

The result from Corollary 4.12 is needed in the next corollary, of which it is a
special case.

Corollary 4.13. Let ν be real, and let µ > 0, with 2µ|ν| < 1, and with ρµ(0) > 0 as
in Corollary 4.12. Let P (z) be an n-th degree polynomial, with P (0) 6= 0, P ∈ Cn+1

be the associated polynomial vector, and Pν(z) = e−νD
2
P (z). Let V ∈ Cn+1 be

given as in Corollary 4.9, and let ρµ(V ) be given as in Corollary 4.11. If membership
τ ∈ Tµ(V ) is defined by V (τ) = 0 and

x2

1 + 2µν
+

y2

1− 2µν
<
ρµ(V )

µ
,

where τ = x+ iy, then Tµ(0) ⊆ Tµ(V ) and Pν(τ) 6= 0, for all τ ∈ Tµ(V ).

Proof. Corollary 4.11 gives that Pν(τ) 6= 0, for all τ ∈ Tµ(V ). If ρµ(0) ≤ 0, then
Tµ(0) = ∅, so clearly Tµ(0) ⊆ Tµ(V ). Assume that ρµ(0) > 0. If

∣∣(Λ,Υ)
∣∣ = 1, then

ρµ(V ) =∞, by Corollary 4.11. If 0 ≤
∣∣(Λ,Υ)

∣∣ < 1, then

1 +
|p0|2

‖JP ′‖2

(
1

1− |(Λ,Υ)|2

)

=

(
1 +

|p0|2

‖JP ′‖2

)[
1 +

|p0|2

‖JP‖2
∣∣(Λ,Υ)

∣∣2 +
|p0|2

‖JP‖2
∣∣(Λ,Υ)

∣∣4 + . . .

]

≥
(

1 +
|p0|2

‖JP ′‖2

)[
1 − |p0|2

‖JP‖2
∣∣(Λ,Υ)

∣∣2]−1 ,
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which yields the lower bound

ρµ(V ) ≥ ρµ(0) − ln
(

1 − |p0|2

‖JP‖2
∣∣(Λ,Υ)

∣∣2) ≥ ρµ(0) +
|p0|2

‖JP‖2
∣∣(Λ,Υ)

∣∣2.
In either case ρµ(V ) ≥ ρµ(0), so that Tµ(0) ⊆ Tµ(V ). �

A few remarks are in order. The special case ν = 0 corresponds to P0(z) = P (z),
with ρµ(V ) given by

ρµ(V ) = ln

(
1 +

|p0|2

‖JP ′‖2

(
1

1 −
∣∣(Λ,Υ)

∣∣2
))

,

for all µ > 0. The trivial case V = 0 is given in Corollary 4.12, and a special case of
Corollary 4.13. In this case, the identitiy V (τ) = 0 holds for all τ , so that Tµ(0) is the
interior of the ellipse

x2

1 + 2µν
+

y2

1− 2µν
<
ρµ(0)

µ
,

where τ = x + iy. Moreover, if |ν ′| ≤ |ν|, then 2µ|ν ′| < 1 and ρ′µ(0) ≥ ρµ(0) > 0,
where

ρ′µ(0) = ln

(√
1− 4µ2(ν ′)2

[
1 +

|p0|2

‖JP ′‖2

])
,

so that T ′µ(0) is the interior of the ellipse

x2

1 + 2µν ′
+

y2

1− 2µν ′
<
ρ′µ(0)

µ
,

and so Pν′(τ) 6= 0 for all τ ∈ T ′µ(0). Replacing P (z) in Corollary 4.13 by

P̂ (z) = eγDP (z) =

n∑
k=0

p̂kz
k,

where γ is complex, gives a neighborhood T̃µ(V ) such that P̂ν(τ) 6= 0 for all τ in
T̃µ(V ). In view of the relation Pν(z) = e−γDP̂ν(z), it follows that Pν(τ) 6= 0 for all
τ ∈

(
γ + T̃µ(V )

)
.

An example of a τ -dependent nonzero vector V ∈ Cn+1 so that V (τ) = 0, for all
τ , is given by

V =
[
0 Ĥν

2 (τ) − Ĥν
1 (τ) 0 0 . . . 0

]
T ,

so that V (z) = Ĥν
2 (τ)Ĥν

1 (z)−Ĥν
1 (τ)Ĥν

2 (z). Neighborhoods based on such identities,
are given in the next corollary.

Corollary 4.14. Let ν be real. Let P (z) be an n-th degree polynomial, with
P (0) 6= 0, P ∈ Cn+1 be the associated polynomial vector, and Pν(z) = e−νD

2
P (z).

Let µ > 0, with 2µ|ν| < 1 and ρµ(0) > 0, where ρµ(0) is given as in Corollary 4.12.
Let V ∈ Cn+1 be a τ -dependant vector given as in Corollary 4.9, with V (τ) = 0 for
all τ . Let ρµ(V ) be given as in Corollary 4.11, and let

ρ̃µ(V ) = ρµ(0) − ln
(

1 − |p0|2

‖JP‖2
∣∣(Λ,Υ)

∣∣2),
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where Υ ∈ Cn+1 is given as in Corollary 4.9, Λ = JP ′/‖JP ′‖, and J has diagonal
entries δk =

√
k!/µk, for k = 0, 1, 2, . . . , n. If membership τ ∈ T̃µ(V ) is defined by

x2

1 + 2µν
+

y2

1− 2µν
<
ρ̃µ(V )

µ
,

where τ = x + iy, then ∅ 6= Tµ(0) ⊆ T̃µ(V ) ⊆ Tµ(V ), and Pν(τ) 6= 0 for all
τ ∈ Tµ(V ).

Proof. By the identity V (τ) = 0 for all τ , the proof is included in the proof of
Corollary 4.13. �

An advantage of the estimate ρ̃µ(V ), over ρµ(V ), is that the value
∣∣(Λ,Υ)

∣∣ = 1

is not a separate case for defining membership in T̃µ(V ), as in Corollary 4.13. The
condition p0 6= 0 is sufficient for Pν(τ) 6= 0 in a neighborhood of the origin, provided
ν is sufficiently small. The next corollary quantifies this observation, by putting upper
bounds on the members of P .

Corollary 4.15. Let ν be real and ε > 0, with 2ε2|ν| < 1. Let

P (z) =
n∑
k=0

pkz
k

be an n-th degree polynomial, with p0 6= 0 and k!|pk|2 ≤ δ2ε2k, for k = 1, 2, . . . , n,
where

0 < δ < |p0|
(

1

ε
√

2|ν|
− 1

)
.

Then, Pν(τ) 6= 0 for τ = x+ iy inside the ellipse

x2

1 + 2µ′ν
+

y2

1− 2µ′ν
<
ρµ′(0)

µ′

for some ε2 < µ′ < 1/(2|ν|); in particular, for µ′ = ε2/2
(
1− δ2/|p0|2

)
+ 1/(4|ν|). If

|ν ′| ≤ |ν|, then Pν′(τ) 6= 0 for τ = x+ iy inside the ellipse

x2

1 + 2µ′ν ′
+

y2

1− 2µ′ν ′
<
ρ′µ′(0)

µ′
,

where µ′ and ρ′µ′(0) correspond to ν and ν ′, respectively.

Proof. If ρµ(0) > 0, then Pν(τ) 6= 0 inside the ellipse given above, where

ρµ(0) = ln

(√
1− 4µ2ν2

[
1 +

|p0|2

‖JP ′‖2

])
,

by Corollary 4.12. Assuming ε2 < µ gives the estimate

‖JP ′‖2 =
n∑
k=1

k!

µk
|pk|2 ≤ δ2

∞∑
k=1

(
ε2

µ

)k
=

δ2ε2

µ− ε2
,

so that √
1− 4µ2ν2

[
1 +

|p0|2

‖JP ′‖2

]
≥ (1− 2µ|ν|)

(
1 +
|p0|2

ε2δ2
(µ− ε2)

)
.
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Putting κ = |p0|2/δ2, it follows that ρµ(0) > 0 is implied by inequalities

(1− 2µ|ν|)
(

1 +
κ

ε2
(µ− ε2)

)
> 1 ⇐⇒ µ2 −

(
ε2 +

1

2|ν|
− ε2

κ

)
µ +

ε2

2|ν|
< 0,

where the parabola

τ = µ2 −
(
ε2 +

1

2|ν|
− ε2

κ

)
µ +

ε2

2|ν|
has vertex (µ′, τ ′) with

µ′ =
1

2

(
ε2 +

1

2|ν|
− ε2

κ

)
≤ 1

2

(
ε2 +

1

2|ν|

)
≤ 1

2|ν|
·

The upper bound on δ yields the bound

δ < |p0|
(

1

2ε2|ν|
− 1

)
,

or equivalently ε2 < µ′, so that ε2 < µ′ < 1/(2|ν|). The inequality τ ′ < 0 is equivalent
to inequalities

(µ′)2 −
(
ε2 +

1

2|ν|
− ε2

κ

)
µ′ +

ε2

2|ν|
< 0 ⇐⇒ µ′ >

ε√
2|ν|

⇐⇒ δ2

|p0|2
<

(
1

ε
√

2|ν|
− 1

)2

,

which yields the first part of the corollary. The second part follows from the remark
after Corollary 4.13. �

The proof of the Corollary 4.15 produces the value µ′ =
ε2

2
(
1− δ2/|p0|2

)+
1

(4|ν|)
,

whereas this value is used in both ρµ′(0) and ρ′µ′(0), corresponding to values ν and ν ′,
respectively. Replacing P (z) in Corollary 4.15 with

P̂ (z) = e(α+iβ)DP (z) =

n∑
k=0

p̂kz
k,

where α and β are real, gives P̂ν(τ) 6= 0 for τ = x+ iy inside the ellipse

x2

1 + 2µ′ν
+

y2

1− 2µ′ν
<
ρ̂µ′(0)

µ′
,

where

ρ̂µ′(0) = ln

(√
1− 4(µ′)2ν2

(
1 +

|p̂0|2

‖JP̂ ′‖2

))
,

and J has diagonal entries δk =
√

k!
(µ′)k

, for k = 0, 1, . . . , n, for some ε2 < µ′ < 1
(2|ν|) ·

Thus, in view of the relation Pν(z) = e−(α+iβ)DP̂ν(z), it follows that Pν(τ) 6= 0 for
τ = x+ iy inside the translated ellipse

(x− α)2

1 + 2µ′ν
+

(y − β)2

1− 2µ′ν
<
ρ̂µ′(0)

µ′
·
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A simpler sufficient condition can be derived from the sufficient conditions of
Corollary 4.15, as given in the next corollary.

Corollary 4.16. Let ν be real. Let P (z) =
n∑
k=0

pkz
k be an n-th degree polynomial,

with p0 6= 0, and put
∆2 = max

1≤k≤n

{
(2|ν|)kk!|pk|2

}
.

If ε > 0 with 2ε2|ν| < 1, and

∆(
ε
√

2|ν|
)n < |p0|

(
1

ε
√

2|ν|
− 1

)
,

then Pν(τ) 6= 0 for τ = x+ iy inside the ellipse

x2

1 + 2µν
+

y2

1− 2µν
<
ρµ(0)

µ
,

for some ε2 < µ < 1/(2|ν|). If |ν ′| ≤ |ν|, then Pν′(τ) 6= 0 for τ = x + iy inside the
ellipse

x2

1 + 2µν ′
+

y2

1− 2µν ′
<
ρ′µ(0)

µ
,

where µ and ρ′µ(0) correspond to ν and ν ′, respectively.

Proof. If δ > 0 satisfies

∆(
ε
√

2|ν|
)n ≤ δ < |p0|

(
1

ε
√

2|ν|
− 1

)
,

then δ2 ≥ ∆2/
(
ε
√

2|ν|
)2k, for k = 1, 2, . . . , n, since 2ε2|ν| < 1. It follows that

δ2 ≥ k!|pk|2/ε2k,
for k = 1, 2, . . . , n, so that Corollary 4.15 yields the result. �

Remarks similar to the two remarks following Corollary 4.15, on the range of
Weierstrass parameter ν and translation of the elliptical neighborhood Tµ(0), also apply
to Corollary 4.16.

5. Extensions to entire functions

The corollaries below extend certain results from the last section to entire functions.
An entire function Φ(z) has finite order if |Φ(z)| ≤ C%e

|z|% , for some % > 0, C% > 0,
and all z. In this case, the value ρ = inf{%} is the order of Φ. An entire function Φ with
order ρ has finite type if |Φ(z)| ≤ Cςe

ς|z|ρ , for some ς > 0, Cς > 0, and all z. In this
case, the value σ = inf{ς} is the type of Φ. If Φ has Taylor series Φ(z) =

∑∞
k=0 pkz

k,
then the criterion to be entire, and formulae for order and type are given by

lim
k→∞

k
√
|pk| = 0, ρ = lim sup

k→∞

− ln k

ln k
√
|pk|

and σ =
1

eρ
lim sup
k→∞

k k
√
|pk|ρ,
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respectively [14].

Lemma 5.1. Let the Taylor polynomials associated with Φ(z) be

Pn(z) =
n∑
k=0

pkz
k

for n = 0, 1, . . . . If Φ has order ρ, then for all % > ρ, there is C% > 0 such that
|Pn(z)| ≤ C%e

|z|% , for n = 0, 1, . . . . If Φ has order ρ and type σ, then for all ς > σ,
there is Cς > 0 such that |Pn(z)| ≤ Cςeς|z|

ρ
, for n = 0, 1, . . . .

Proof. If Φ has order ρ, then the entire function

Φ∗(z) =
∞∑
k=0

|pk|zk

has order ρ. The result now follows from the inequality

|Pn(z)| ≤ Φ∗(|z|),

for n = 0, 1, . . . . The argument for the case when Φ has order ρ and type σ is similar.
�

The Weierstrass operators defined on entire functions are formally identical to
polynomials in the first section. For ν > 0 and Φ entire, the Weierstrass operators
e±νD

2
Φ(z) are defined by

eνD
2
Φ(z) =

1√
4πν

∫ ∞
−∞

Φ(t)e−(z−t)
2/4ν dt,

e−νD
2
Φ(z) =

1√
4πν

∫ ∞
−∞

Φ(it)e−(iz+t)
2/4ν dt,

whenever the integrals exist. If ν is real, then Φν := e−νD
2
Φ exists as an entire function

for all |ν| > 0 whenever Φ has order ρ < 2, and for all |ν| < 1/4σ, if ρ = 2 with
σ <∞ [19]. The next lemma, needed to extend certain corollaries from the last section
to entire functions having order ρ ≤ 2, uses the Stirling’s approximation given by

√
2πk

(
k

e

)k
< k! <

√
2πk

(
k

e

)k (
1 + κ(k)

)
,

where κ(k) = 1/(12k − 1) [13].

Lemma 5.2. Let Φ(z) =
∞∑
k=0

pkz
k have order ρ < 2 or ρ = 2 and type σ <∞. If

ρ < % < 2, then

k!|pk|2 =©
(
e−kk−εk

)
as k →∞,

where ε = 2/%− 1 > 0. Moreover, if ρ = 2 and σ <∞, then k!|pk|2 =©
(
(2ς)k

)
as

k →∞, where ς > σ.
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Proof. The entire function Φ′(z) =

∞∑
k=0

p′kz
k with p′k = 4

√
kpk, for k = 0, 1, 2, . . . ,

has the same order and type as Φ, so it suffices to replace Φ with Φ′. If ρ < % < 2, then
− ln k

ln k
√
|p′k|
≤ % ⇐⇒ |p′k|2 ≤ k−2k/% ⇐⇒ |pk|2 ≤ k−1/2−2k/%,

for k large. Thus, Stirling’s formula yields k!|pk|2 ≤
√

2π
(
1 + κ(k)

)
e−kk−(2/%−1)k,

for k large. If σ < ς <∞, then

1

2e
k k

√
|p′k|2 ≤ ς ⇐⇒ |p′k|2 ≤

(
2eς

k

)k
⇐⇒ |pk|2 ≤ (2eς)kk−k−1/2,

for k large. Thus, Stirling’s formula yields k!|pk|2 ≤
√

2π
(
1 + κ(k)

)
(2ς)k, for k

large. �

For an entire function Φ(z) =
∑∞

k=0 pkz
k having order ρ < 2 or ρ = 2 and type

σ <∞, consider the complex vectors Φ =
[
p0 p1 p2 . . .

]
T , Φ′ =

[
0 p1 p2 p3 . . .

]
T ,

and Φ′′ =
[
0 0 p2 p3 p4 . . .

]
T . For µ > 0, consider the matrix

J =


δ0 0 0 · · · 0

0 δ1 0 · · · 0

0 0 δ2 · · · 0

...
...

...
. . .

...

 ,

with diagonal entries δk =
√
k!/µk, for k = 0, 1, . . . , so that JΦ =

[
δ0p0 δ1p1 . . .

]
T ,

JΦ′ =
[
0 δ1p1 δ2p2 . . .

]
T and JΦ′′ =

[
0 0 δ2p2 δ3p3 . . .

]
T . Let

‖JΦ‖2 =

∞∑
k=0

δ2k|pk|2, ‖JΦ′‖2 =

∞∑
k=1

δ2k|pk|2 and ‖JΦ′′‖2 =

∞∑
k=2

δ2k|pk|2.

By Lemma 5.2, these sums converge for all µ > 0, if ρ < 2; and, for all µ > 2σ, if
ρ = 2 and σ <∞. The next lemma follows directly from these remarks.

Lemma 5.3. Let ν be real. Let Φ(z) =
∞∑
k=0

pkz
k be an entire function having order

ρ ≤ 2. Then, the value

ρµ(0) = ln

(√
1− 4µ2ν2

[
1 +

|p0|2

‖JΦ′‖2

])
,

exists for all 0 < µ < 1/2|ν|, if ρ < 2; and, for all 2σ < µ < 1/(2|ν|), if ρ = 2 and
σ <∞.

The following corollary is the transcendental analogue of Corollary 4.9.

Corollary 5.4. Let Φ(z) =
∑∞

k=0 pkz
k be entire with p0 6= 0, and have order

ρ < 2 or ρ = 2 and type σ < ∞. Let ν be real, and put Φν(z) = e−νD
2
Φ(z). For

ρ < 2, let 0 < µ < 1/2|ν|, and for ρ = 2, let 2σ < µ < 1/(2|ν|). Denote the vector

V =
[
0 v1 v2 . . . vk−1 0 vk+1 . . . vm 0 0 . . .

]
T ,
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for some k = 1, 2, . . . ,m, where m = 2, 3, . . . , is fixed, and put

V (z) = v1Ĥ
ν
1 (z)+v2Ĥ

ν
2 (z)+· · ·+vk−1Ĥν

k−1 (z)+vk+1Ĥ
ν
k+1 (z)+· · ·+vmĤν

m (z) .

Let Υ be the vector Υ = V/‖V ‖ if V 6= 0, and Υ = 0 if V = 0. Put Λ = JΦ′/‖JΦ′‖.
For 0 ≤

∣∣(Λ,Υ)
∣∣ < 1, let

ρµ(V ) = ln

(√
1− 4µ2ν2

[
1 +

|p0|2

‖JΦ′‖2

(
1

1 −
∣∣(Λ,Υ)

∣∣2
)])

and, for
∣∣(Λ,Υ)

∣∣ = 1, put ρµ(V ) =∞. If V (τ) = 0 and

x2

1 + 2µν
+

y2

1− 2µν
<
ρµ(V )

µ
,

where τ = x+ iy, then Φν(τ) 6= 0. In particular, if

1 +
|p0|2

‖JΦ′′‖2
>

1√
1− 4µ2ν2

,

then Φν(0) 6= 0.

Proof. If the Pn’s, for n = 0, 1, . . . , are the Taylor polynomials associated with Φ,
then Pn → Φ as n→∞, uniformly on compacta, with

‖JP ′0‖ ≤ ‖JP ′1‖ ≤ · · · ≤ ‖JΦ′‖ <∞
and ∣∣(JP ′m,Υ)

∣∣ =
∣∣(JP ′m+1,Υ)

∣∣ = · · · =
∣∣(JP ′,Υ)

∣∣,
and so ∣∣(Λm,Υ)

∣∣ ≥ ∣∣(Λm+1,Υ)
∣∣ ≥ · · · ≥ ∣∣(Λ,Υ)

∣∣,
where Λn = JP ′n/‖JP ′n‖, for n = 1, 2, . . . . The Cauchy-Schwartz inequality gives∣∣(Λ,Υ)

∣∣ ≤ 1, giving the following two cases. The proof of Corollary 4.9 uses the
inequality ∣∣(Pn)ν(τ)

∣∣ ≥ |p0| − ‖Y ν
n (τ)‖

√
‖JP ′n‖2 −

∣∣(JP ′n,Υ)
∣∣2 ,

which yields ∣∣Φν(τ)
∣∣ ≥ |p0| − ‖Y ν(τ)‖

√
‖JΦ′‖2 −

∣∣(JΦ′,Υ)
∣∣2 ,

by letting n→∞, where Y ν(τ) =
[
0 Ĥν

1 (τ) Ĥν
2 (τ) Ĥν

3 (τ) . . .
]∗, and where

‖Y ν(τ)‖2 =
∞∑
k=1

µk

k!
|Hν

k (τ)|2 =
1√

1− 4µ2ν2
eµx

2/(1+2µν)+µy2/(1−2µν) − 1,

by Lemma 4.10. In case 0 ≤
∣∣(Λ,Υ)

∣∣ < 1, it follows that

x2

1 + 2µν
+

y2

1− 2µν
<
ρµ(V )

µ
,

where τ = x + iy, gives
∣∣Φν(τ)

∣∣ > 0. This inequality also holds for
∣∣(Λ,Υ)

∣∣ = 1,
since ρµ(V ) =∞. Indeed,∣∣(Λm,Υ)

∣∣ =
∣∣(Λm+1,Υ)

∣∣ = · · · =
∣∣(Λ,Υ)

∣∣ = 1,
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since
∣∣(Λn,Υ)

∣∣ ≤ ‖Λn‖‖Υ‖ ≤ 1, for n = 0, 1, . . . . Thus, JP ′n = υnΥ, and
thus (Pn)ν(τ) = p0, by the proximity inequality, for n = m,m + 1, . . . , giving
Φν(τ) = p0 6= 0. The second part of the corollary follows from the first by taking
V =

[
0 1 0 . . .

]
T . �

The following corollary is the transcendental analogue of Corollary 4.12.

Corollary 5.5. Let Φ(z) =
∑∞

k=0 pkz
k be entire with p0 6= 0, and have order

ρ < 2 or ρ = 2 and type σ < ∞. Let ν be real, and Φν(z) = e−νD
2
Φ(z). For ρ < 2,

let 0 < µ < 1/2|ν|, and for ρ = 2, let 2σ < µ < 1/(2|ν|). Let ρµ(0) > 0, where
ρµ(0) is given as in Lemma 5.3. If membership τ ∈ Tµ(0) is defined by

x2

1 + 2µν
+

y2

1− 2µν
<
ρµ(0)

µ
,

where τ = x+ iy, then Φν(τ) 6= 0, for all τ ∈ Tµ(0) 6= ∅.

Proof. Since ρµ(0) > 0, Tµ(0) is the interior of an ellipse, so that Tµ(0) 6= ∅. If
the Pn’s, for n = 0, 1, . . . , are the Taylor polynomials associated with Φ, then Pn → Φ
as n → ∞, uniformly on compacta, with ‖JP ′0‖ ≤ ‖JP ′1‖ ≤ · · · ≤ ‖JΦ′‖ < ∞.
Putting

(ρµ)n(0) = ln

(√
1− 4µ2ν2

[
1 +

|p0|2

‖JP ′n‖2

])
,

for n = 1, 2, . . . , it follows that (ρµ)1(0) ≥ (ρµ)2(0) ≥ · · · ≥ ρµ(0) > 0. By
Corollary 4.11, (Pn)ν(τ) 6= 0, for all τ ∈ (Tµ)n(0), where τ ∈ (Tµ)n(0) is defined by

x2

1 + 2µν
+

y2

1− 2µν
<

(ρµ)n(0)

µ
,

where τ = x + iy, for n = 1, 2, . . . . It follows that (Pn)ν(τ) 6= 0, for all τ ∈ Tµ(0),
since (Tµ)0(0) ⊇ (Tµ)1(0) ⊇ · · · ⊇ Tµ(0) 6= ∅, for n = 1, 2, . . . . By Lemma 5.1,
(Pn)ν → Φν as n → ∞, uniformly on compacta, thus Φν(τ) 6= 0, for all τ ∈ Tµ(0),
by Hurwitz’s theorem. �

The following corollary is the transcendental analogue of Corollary 4.14.

Corollary 5.6. Let Φ(z) =
∑∞

k=0 pkz
k be entire with p0 6= 0, and have order

ρ < 2 or ρ = 2 and type σ < ∞. Let ν be real, and Φν(z) = e−νD
2
Φ(z). For ρ < 2,

let 0 < µ < 1/2|ν|, and for ρ = 2, let 2σ < µ < 1/(2|ν|), satisfy ρµ(0) > 0, where
ρµ(0) is given as in Lemma 5.3. Let V =

[
0 v1 v2 . . . vk−1 0 vk+1 . . . vm 0 0 . . .

]
T ,

for some k = 1, 2, . . . ,m, where m = 2, 3, . . . is fixed, be a τ -dependant vector, with
V (τ) = 0 for all τ . Let vectors Υ and Λ, and value ρµ(V ), be given as in Corollary
5.4. If membership τ ∈ Tµ(V ) and τ ∈ T̃µ(V ) is defined by

x2

1 + 2µν
+

y2

1− 2µν
<
ρµ(V )

µ
and

x2

1 + 2µν
+

y2

1− 2µν
<
ρ̃µ(V )

µ
,

respectively, where τ = x+ iy and where

ρ̃µ(V ) = ρµ(0) − ln
(

1 − |p0|2

‖JΦ‖2
∣∣(Λ,Υ)

∣∣2),
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then 0 < ρµ(0) ≤ ρ̃µ(V ) ≤ ρµ(V ), ∅ 6= Tµ(0) ⊆ T̃µ(V ) ⊆ Tµ(V ), and Φν(τ) 6= 0
for all τ ∈ Tµ(V ).

Proof. If the Pn’s, for n = 0, 1, . . . , are the Taylor polynomials associated with Φ,
then Pn → Φ as n→∞, uniformly on compacta, with

‖JP0‖ ≤ ‖JP1‖ ≤ · · · ≤ ‖JΦ‖ <∞ and ‖JP ′0‖ ≤ ‖JP ′1‖ ≤ · · · ≤ ‖JΦ′‖ <∞.
Put

(ρ̃µ)n(V ) = (ρµ)n(0) − ln
(

1 − |p0|2

‖JPn‖2
∣∣(Λn,Υ)

∣∣2),
with (ρµ)n(0) defined as in the proof of Corollary 5.5, and Λn = JP ′n/‖JP ′n‖, for
n = 1, 2, . . . . It follows that

(ρ̃µ)m(V ) ≥ (ρ̃µ)m+1(V ) ≥ · · · ≥ ρ̃µ(V ) > 0,

since
(ρµ)1(0) ≥ (ρµ)2(0) ≥ · · · ≥ ρµ(0) > 0

and ∣∣(Λm,Υ)
∣∣ ≥ ∣∣(Λm+1,Υ)

∣∣ ≥ · · · ≥ ∣∣(Λ,Υ)
∣∣.

By Corollary 4.14, (Pn)ν(τ) 6= 0, for all τ ∈ (T̃µ)n(V ), where τ ∈ (T̃µ)n(V ) is
defined by

x2

1 + 2µν
+

y2

1− 2µν
<

(ρ̃µ)n(V )

µ
,

where τ = x + iy, for n = 1, 2, . . . . It follows that (Pn)ν(τ) 6= 0, for all τ ∈ T̃µ(V ),
since (T̃µ)m(V ) ⊇ (T̃µ)m+1(V ) ⊇ · · · ⊇ T̃µ(V ) ⊇ Tµ(0) 6= ∅, for n = m,m+ 1, . . . .
By Lemma 5.1, (Pn)ν → Φν as n→∞, uniformly on compacta, and thus Φν(τ) 6= 0,
for all τ ∈ T̃µ(V ), by Hurwitz’s theorem. Details provided above give that the values

(ρµ)n(V ) = ln

(√
1− 4µ2ν2

[
1 +

|p0|2

‖JP ′n‖2

(
1

1 −
∣∣(Λn,Υ)

∣∣2
)])

,

for n = 1, 2, . . . , satisfy (ρµ)m(V ) ≥ (ρµ)m+1(V ) ≥ · · · ≥ ρµ(V ) > 0, so that

(Tµ)m(V ) ⊇ (Tµ)m+1(V ) ⊇ · · · ⊇ Tµ(V ) ⊇ T̃µ(V ) 6= ∅,
where membership τ ∈ (Tµ)n(V ) is given by

x2

1 + 2µν
+

y2

1− 2µν
<

(ρµ)n(V )

µ
,

where τ = x + iy, for n = 1, 2, . . . . Hurwitz’s theorem gives Φν(τ) 6= 0, for all
τ ∈ Tµ(V ), by an argument similar to one above. �

A few remarks are in order. Putting V = 0 in Corollary 5.6 gives Corollary 5.5 as
a special case. Replacing Φ in Corollary 5.6 by

Φ̂(z) = eγDΦ(z) =
∞∑
k=0

p̂kz
k,

where γ is complex, gives a neighborhood T̂µ(V ) such that Φ̂ν(τ) 6= 0 for all τ in
T̂µ(V ). In view of the relation Φν(z) = e−γDΦ̂ν(z), it follows that Φν(τ) 6= 0 for all
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τ ∈ γ + T̂µ(V ). Expanding the argument in the proof of Corollary 5.6, it is seen that
(ρµ)n(V )→ ρµ(V ) as n→∞, and thus

Tµ(V ) =
∞⋂
m=0

(Tµ)m(V ).

If |ν ′| ≤ |ν|, then 2µ|ν ′| < 1 and ρ′µ(0) ≥ ρµ(0) > 0, where

ρ′µ(0) = ln

(√
1− 4µ2(ν ′)2

[
1 +

|p0|2

‖JP ′‖2

])
,

so that T ′µ(0) is the interior of the ellipse

x2

1 + 2µν ′
+

y2

1− 2µν ′
<
ρ′µ(0)

µ
,

and so Φν′(τ) 6= 0 for all τ ∈ T ′µ(0).

The next lemma shows that the Weierstrass operators apply when the coefficients
are bounded as in Corollary 4.15.

Lemma 5.7. If the coefficients of the Taylor series Φ(z) =
∑∞

k=0 pkz
k are bounded

by |pk| ≤ δεk/
√
k!, for k = 1, 2, . . . , where ε > 0 and δ > 0, then Φ is entire and has

order ρ ≤ 2 or ρ = 2 and type σ ≤ ε2/2.

Proof. The upper bounds on |pk| and the lower Stirling’s approximation bound
gives

k
√
|pk| ≤ k

√
δεk√
k!

< k

√√√√ δεk√√
2πk(k/e)k

= ε k

√
δ

4
√

2πk

√
e

k
,

for k = 1, 2, . . . , so that k
√
|pk| → 0 as k → ∞, and so Φ is entire. The principal

logarithm of this inequality gives

ln k
√
|pk| < ln

(
ε
√
e
)

+
1

k
ln δ − 1

4k
ln(2πk) − 1

2
ln k,

which yields ρ ≤ 2. In case ρ = 2, the upper bound above gives

k k
√
|pk|2 ≤ eε2 k

√
δ2√
2πk

which yields σ ≤ ε2/2. �

The following corollary is the transcendental analogue of Corollary 4.15.

Corollary 5.8. Let ν be real and ε > 0, with 2ε2|ν| < 1. Let Φ(z) =
∑∞

k=0 pkz
k

be entire with order ρ < 2 or ρ = 2 and type σ < ∞. Let Φν(z) = e−νD
2
Φ(z). Let

p0 6= 0, let k!|pk|2 ≤ δ2ε2k, for k = 1, 2, . . . , where

0 < δ < |p0|
(

1

ε
√

2|ν|
− 1

)
,
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and let ρµ(0) be given as in Lemma 5.3. Then, Φν(τ) 6= 0 for τ = x + iy inside the
ellipse

x2

1 + 2µ′ν
+

y2

1− 2µ′ν
<
ρµ′(0)

µ′
,

for some ε2 < µ′ < 1/(2|ν|); in particular, for µ′ = ε2/2
(
1− δ2/|p0|2

)
+ 1/(4|ν|). If

|ν ′| ≤ |ν|, then Φν′(τ) 6= 0 for τ = x+ iy inside the ellipse

x2

1 + 2µ′ν ′
+

y2

1− 2µ′ν ′
<
ρ′µ′(0)

µ′
,

where µ′ and ρ′µ′(0) correspond to ν and ν ′, respectively.

Proof. By Lemma 5.7, Φ has order ρ < 2 or ρ = 2 and type σ ≤ ε2/2. It follows
that Φν = e−νD

2
Φ exists as an entire function for ν > 0 in case ρ < 2, and for

|ν| < 1/(4σ) in case ρ = 2. In either case, Φν is entire, since |ν| < 1/(2ε2) ≤ 1/(4σ).
Moreover, the value ρµ(0) exists for all 2σ ≤ ε2 < µ < 1/(2|ν|), by Lemma 5.3. If
the Pn’s, for n = 0, 1, . . . , are the Taylor polynomials associated with Φ, then Pn → Φ
as n → ∞, uniformly on compacta, with ‖JP ′0‖ ≤ ‖JP ′1‖ ≤ · · · ≤ ‖JΦ′‖ < ∞,
and with ‖JP ′n‖ → ‖JΦ′‖ as n→∞. These polynomials all satisfy the conditions of
Corollary 4.15, and so (Pn)ν(τ) 6= 0 for τ = x+ iy inside the ellipse

x2

1 + 2µ′ν
+

y2

1− 2µ′ν
<

(ρµ′)n(0)

µ′
,

for some ε2 < µ′ < 1/(2|ν|), where

(ρµ′)n(0) = ln

(√
1− 4(µ′)2ν2

[
1 +

|p0|2

‖JP ′n‖2

])
,

and where µ′ = ε2/2
(
1−δ2/|p0|2

)
+1/(4|ν|), for n = 1, 2, . . . . The proof of Corollary

4.15 gives the lower bound (ρµ′)n(0) ≥ ∆(µ′) > 0, where

∆(µ) = ln

(
(1− 2µ|ν|)

[
1 +
|p0|2

ε2δ2
(µ− ε2)

])
,

for ε2 < µ < 1/2|ν| and n = 1, 2, . . . . Since (ρµ′)n(0) → ρµ′(0) as n → ∞, and
(ρµ′)1(0) ≥ (ρµ′)2(0) ≥ · · · ≥ ρµ′(0), it follows that ρµ′(0) > 0. Thus, (Pn)ν(τ) 6= 0,
for all τ ∈ Tµ′(0), since (Tµ′)1(0) ⊇ (Tµ′)2(0) ⊇ · · · ⊇ Tµ′(0) 6= ∅, for n = 1, 2, . . . .
By Lemma 5.1, (Pn)ν → Φν as n→∞, uniformly on compacta, and thus Φν(τ) 6= 0,
for all τ ∈ Tµ′(V ), by Hurwitz’s theorem, which yields the first part of the corollary.
The second part follows from the remark following Corollary 5.6. �

The proof of the last corollary displays the value

µ′ =
ε2

2
(
1− δ2/|p0|2

) +
1

(4|ν|)
,

whereas this value is used in both ρµ′(0) and ρ′µ′(0), corresponding to values ν and ν ′,
respectively. Replacing Φ in Corollary 5.8 by

Φ̂(z) = e(α+iβ)DΦ(z) =

n∑
k=0

p̂kz
k,
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where α and β are real, gives Φ̂ν(τ) 6= 0 for τ = x+ iy inside the ellipse

x2

1 + 2µ′ν
+

y2

1− 2µ′ν
<
ρ̂µ′(0)

µ′
,

where

ρ̂µ′(0) = ln

(√
1− 4(µ′)2ν2

(
1 +

|p̂0|2

‖JΦ̂′‖2

))
,

for some ε2 < µ′ < 1/(2|ν|). Thus, in view of the relation Φν(z) = e−(α+iβ)DΦ̂ν(z),
it follows that Φν(τ) 6= 0 for τ = x+ iy inside the translated ellipse

(x− α)2

1 + 2µ′ν
+

(y − β)2

1− 2µ′ν
<
ρ̂µ′(0)

µ′
.
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