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THE COMPOSITION PRODUCT ON POLYNOMIALS
AND HERMITE BASIS POLYNOMIALS

DAN GEFROH

RESUME. Une structure de produit, appelée produit de composition, est définie
sur les polynomes. Le produit de composition est une généralisation d’une structure
de produit classique due a N. G. de Bruijn. Nous en donnons des applications pour
la localisation des zéros pour le produit de composition, la divisibilité algébrique et
géométrique pour ce produit, et nous étendons ces propriétés aux fonctions entieres.

ABSTRACT. A product structure, termed the composition product, is defined on
polynomials. The composition product is a generalization of a classic product struc-
ture defined on the Laguerre-Pdlya class, by N. G. de Bruijn. Applications are given
to location of zeros of the composition product, to formulations of algebraic and geo-
metric divisibility for this product, with extensions to entire functions.

1. Introduction and background

N. G. de Bruijn introduced an implicit form of the composition product applied to
functions in the Laguerre-Pdlya class [5]. This class consists of all entire functions that
are uniform limits on compacta of polynomials having only real zeros. The composition
product developed here generalizes de Bruijn’s product for polynomials [3] by remov-
ing the restriction that their zeros be real, and by introducing a real valued parameter.
De Bruijn’s product is then a special case of the composition product. To this end, the
Weierstrass operators e’ *and e7P* 1 > 0, are both employed in defining the com-
position product. These operators were introduced by I. I. Hirschman and D. V. Wid-
der who studied these operators with the emphasis on obtaining an inversion formula
for e*P?, appropriately denoted e~¥" *, for various classes of functions [9]. In other
sources, the integrals defining the operators e’D? and e=P? are the (parametrized)
Weierstrass transform and inverse Weierstrass transform, respectively [19]. The author
has investigated the composition product for the case v > 0 in [7]. This work showed
closure of the composition product for entire functions in Korevaar classes [6], with
applications to e”DQ, for v > 0. In contrast, the results below remove the restriction
v > 0 by restricting the investigation of the composition product to polynomials, and
formulating the notion of division for this product.

Recu le 22 mai 2012 et, sous forme définitive, le 24 mars 2013.
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If X is complex, then the translation operator is defined by

_ k.
k! WP
k=0
where D denotes differentiation. For polynomials P(z Z ay,2", translation gives
k=0
the series
oD - Ak
k=0

For v > 0, formally replacing the variable z with operator D in the integrals

oo
2 2 - 2
vzt _ e~ TETT J4v dr and e Y% = eiTZ T /4v dr,

VarTr J_ N vVAary

defines operations on polynomials, given by

vD? —72 /4y
e’ P(z) = P(z—1)e dr,
\ﬁ
—vD? > . —T2/4V
e P(z) = NE P(z+it)e dr.
—0o0

The Cauchy integral formula [4] applied to these integrals yields Weierstrass operators

vD? (2—t)?/4v
P P(t dt,
‘ (2) = VAamy /

—(iz+t)? J4v dt,

e_l’D2P z
(2) \/471'1/

which clearly exist for polynomials. In view of these integrals, it is seen that
(e*”D2P(z)> = e”D215(z),
where P(z) := P(iz2).

Applied to ordinary basis polynomials, these operators yield the parametrized Her-
mite polynomials

+vD? _n F22/4v n +22/4v n z
e 2t = e +2vD)"e = VvVFv H,| — |,
( ) " <\/I|Z41/>
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where H,(z) := e (—D)ne*"“g, n = 0,1,...,is the n-th Hermite polynomial [10].
The first few are given by

e_”Dzz:ﬁlHl( c ) -,
Vav '
e VD2 — ﬁQHQ < i =229
Vv 7
e—vD?,3 \f H < z _ .3 _
3 =z 6rz,
v4av
oc—vD? fH(Z — A 192 2
4 =z vz 4+ 1207,
Vv
o—vD? 5 fH(Z — 5 _ 903 2
5 =z vz® +60v°z,
Vv
and
b* = v="H, < j4,,> —1,
o=y <m> -
P22 \/-VH( : =z +2v
v —4v ’
evD? ;3 \/7VH ( =23 4 6vz
v —4v ’
DA = V= Hy (m> =2t 12022 41207,
e’P? P = = H5 (@) = 2" 4+ 20v2% 4+ 6007 2.
Since the relationship between transforms e*” “2" is a formal exchange of param-
eter —v <> v, forn = 0,1, ..., the presentation is simplified if v is taken to be real. If

v is real, then the transforms for polynomials P(z) = Y }'_, pxz" are given by

n n

—vD? —vD? v

e VP P(2) = E pre VP = E prH (%)
k=0 k=0

by denoting parametrized Hermite polynomials

HY(z) == e"P*2" = U"H, (\/@>

forn =0,1,.... Denoting the operator

D, = e*Z2/4”(21/D)eZ2/4V = z+2vD,
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it follows that (D, )1 = H ;" (2), and more generally

(DY H" (=) = H2(2),

for j,k = 0,1,.... The Weierstrass operator has the operational property

(Dy)keuD2 _ evD? Lk

)

for k = 0,1,..., whenever v is real. Thus, for P(z) given above, the polynomial
operator

n
P(D), :=P(D,) => pr(D,)",
k=0
gives the operational property
P(D),e’?* = P’ p(2).

The Weierstrass operator has a series representation

© k
ovD? Z v D2k
k! ’
k=0

whenever v real. Indeed, it suffices to validate this result for 2z, n = 0,1,.... The
result clearly holds for n = 0. Assuming the result holds for 2”1, it follows that

2 2
euD o — DVGVD Zn—l

>k
= (2+2vD) Z %D%z”_1
k=0

2
= "+ % (:D*+2D) 2" ' + % (:D* +4D3%) 2" 4.

2 3
_ n 3271 1/7411 L6n
—erl!Dz +2!Dz +3!Dz + ...
0 k
_ v 2k _n
= 2 b

The result now follows by induction. Thus, for P(z) given above, this represenation
gives
2 n Vk
D2 p(z) = Z HP(%)(Z)’
k=0

whenever v real. In view of this representation, we have e”2° P(z) —» P(z)asv — 0,

uniformly on compacta, where the identity operator corresponds to v = (. Operators
2 2 . e e e

e D7 ev2D” with vy, vy real, compose by additivity

e1/1D2€1/2D2 — €(V1+V2)D2-
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Indeed, applied to polynomials, these operations are finite sums, so that

(vi+v2)D? = (V1+V2)kD2k;_ X1 [k 1=t p2k
e = > =D |2 ()
k=0 k=0 1=0
o] [ee] [ele] [ee] 1
1 /k vk vl
_ I a k—l y2k | _ v Yy 2| n2
- [Zm<z>”2 D ]_ Y %o D
1=0 k=l 1=0 §=0
Sy YY) 2 2
Y1 2l Y2 025 _ v1D* _veD
Z I D Z i D% = "™ e,
=0 7=0

The inversion formulae, given by
e~vD? (e”D2P> — P and &'P* <€7VD2P> =P,

now follow directly. For polynomials P, it is a routine exercise to verify that the Weier-
strass operator commutes with the translation and reflection operators, so that

eAD (e”D2 P) _ euD2 (e/\DP),
(e P)” = D" (P7),
with A complex and v real, where P~ (2) := P(—=z).

For v real, the composition product of two polynomials P, and P, is denoted by
[Py, P, » and defined by

PR, = &P (PR (e Ry

The extension of these products to polynomials Py, for k = 1,2...,n, is given recur-
sively by

v?

PPy P, = [P Poye Pt Pl

for n = 3,4,.... Since the Weierstrass operator commutes with the translation and
reflection operators, the composition product inherits the commutative property, for
polynomials Py, k = 1,2... n, so that

P[P, Py, Py =[PP, e Py, PP

[PLP?)""PH]; = [Pl_,PQ_,...,Pi]V,

n

with A\ complex and v real. For polynomials P; and P, the expression P; (D), P; is
given in terms of the composition product. Indeed, in view of the operational property
for P(D), given above, it follows that

I/’

Pi(D), P, = Pi(D), e’ [e—”DQPQ} — D [Ple_”DZPQ} = [’P° Py, Py]

whenever v is real. The next two lemmas are needed in the next section, and give the
composition product in terms of Hermite expansions.
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Lemma 1.1. If v is real,
n n
Pi(z) = puH;"(z) and Py(z) = paH;"(2),
k=0 k=0

then the composition product [Pl, Pg] ,, Is given by the Hermite expansion

2n

[P, Py, (2) = > reHLY(2),

k=0

where 1, = Y P1kyD2k,» With k = k1 + ko, is the Cauchy product of the coefficients
of P; and P;.

n n
Proof. Since e “P°Py(z) = Y pipet and e P Py(2) = Y par2¥, it follows

k=0 k=0
that

2n
[P1(2), P2(2)], = evD? [e_”DQPl(z), C_VD2P2(2>:| = Z reH, Y (2),
k=0
where r, k = 0,1, ..., 2n, is the Cauchy product of p1; and por,, K =0,1,...,n. O

The last lemma extends by an induction argument to generalized Cauchy products
of the coefficients of polynomials.

Lemma 1.2. Ifv is real, and if P, has a Hermite expansion
n
P(z) = pwH;"(2),
k=0

forl = 1,2,...,m, then the composition product [Pl, P, ..., Pm}y is given by the
Hermite expansion

mn

[PL(2), Pa(2), .., Pu(2)], = Y rHp"(2),
k=0

where the generalized Cauchy product of the coefficients is given by
T = Z P1k1P2ks * * - Pmky, 5
k4 +km=Fk

fork=0,1,...,mn.

The composition product gives an alternate formulation of divisibility. The division
algorithm for polynomials states that if P(z) and S(z) are polynomials with S(z) # 0,
then there exist unique polynomials Q(z) and R(z), called respectively the quotient
and remainder, such that

P(z) = 5(2)Q(2) + R(2),

where R(z) = 0 or deg(R(z)) < deg(S(z)) [15]. The next theorem is an equivalent
formulation of this algorithm in terms of the composition product. It is convenient
below to employ the notation P_,, = " *Pand P, = e "P* P, for v real.
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Theorem 1.3. Let v be real. If P(z) and S(z) are polynomials with S(z) # 0, and
Q(z) and R(z) are the corresponding quotient and remainder polynomials given above,
then

{ P(z) = S()Q(z) + R(z) < P_,(2) = [5-(2),Q_,()], + Ru(2),
P(2) = S,(2)Qu(2) + Ru(z) <= P(z) = [S(2).Q(z)], + R(2).

Proof. The proof of the first equivalence follows directly by applying the Weier-
strass operator e”” ? to both sides of the division algorithm. Replacing P, S, @, and R,
with P, S,, Q., and R, in the first equivalence yields the second equivalence. O

The first equivalence is obvious in view of the formula (D, )/ H, ¥ (z) = H [ (2)

for j,k = 0,1, ..., whenever v is real. Indeed, putting
Z 3]27 and Q(z Z qez®
7=0

gives the Cauchy product form

[S.,(,Q0(2)], = SDLQ.(2)
= ZSjDiZQkHEV(Z)
= Z S]tkH

Jj+k=0

which is also the product form of S(z)Q(z). An example of the first equivalence for
linear factors S(z) = z — 7 = S_,(2) and R(z) = P(1) = R_,(z), where 7 is
complex, is given in Corollary 1.4 below. An example of the second equivalence for
linear factors S(z) = z — 7 = S,(z) and R(z) = P,(7) = R,(z), is detailed below in
Theorem 3.4.

Corollary 1.4. Let v be real, T be complex, and let e™P P(2) = Y} pi2®. If
S(z) =z—7and R(z) = P(7), then S_,(z2) =z — 7, R_,(2) = P(7) and

z) = Zpka_fl(z — 7).
k=1

Proof. The formula for the quotient follows from
Q-v(2) = evD? [P(Z)_P(T)] _ D? [e_TD Plz+71) - p(T)]

Z—T z

_ DD [P(Z‘i'T) - P(T)} _ oD D> [Zn:pkzk—ll
k=1

z

n
= ZpkH];_yl(Z - T)v
k=1

and the other formulae follow directly from S_,, = e¥ D?G and R_, =¢e"P ’R. O
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The operational property preceeding Lemma 1.1 yields an alternate calculation of
the quotient formula in Corollary 1.4. Indeed, this property gives

Pi(D), P, = Pi(D),e’P’ [e—”DZPQ} — D [Ple_”DQPQ} — [eP"P,Py)
and

[S0(2), Q- (2)], = (D = 7)Q(2) = (20D + (2 = 7)) Qo (2).
The division algorithm is equivalent to the first order equation
(D + (2= 1)/20) Q0 (2) = (P-u(z) — P(7) /2.
which yields an expression for the quotient, given by
—(2=7)%/4v  pz
Qu(2) = 627 / W (P (s) — P(7))ds + Q_,(r)e /W,
v T

A routine calculation verifies the integral formula
2we” IV H Y, (W) for k = 2j,

w
/ €t2/4VH’;V(t)dt —
2
0 2ve¥ /4”Hk__"1(w)—/1k for k=25—1,

where kj, = 2vH, ¥, (0), for j = 1,2,.... Substituting these formulae into the above
expression yields the quotient formula, and the value

Q-u(1) = Z pet % (0).

k=1,3,...

The next corollary addresses divisibility for the second equivalence in Theorem 1.3
for quadratic factors. For this case, let v > 0 and 8 > 0, and put v = /32 + 2v and
S(z) = (z—a)?++2, with areal, so that S, (2) = (z—a)?+ B2 If R(2) = R,(2) = 0,
then

P,(z) =5,(2)Qu(z) < P(z) = [S(z),Q(z)]V <~ S,(D),Q(z) = P(z),

by Theorem 1.3. Thus, divisibility of P,(z) by S, (z) is equivalent to solvability of the
differential equation

Su(D)Q(z) = P(z),
where S,,(D), = ((D — «)? + 3?) . Factoring the translation operator out of S, (D),

simplifies articulation of a solution to the differential equation, given below. Indeed, it
follows that

(2= a)? +9%,Q(x)], = [e7*P(z*+7%),Q(2)],
— P[22, ePQ(2)],
= e P(D2? 4 B2),e2PQ(2),
giving that
(D= a)? +5%),Q(2) = P(z) <= (D* + °),e*7Q(2) = e*P P(2),

where
(D* + %), := (D2 + %) = 4D + 4vzD + (2 +7°).
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Without loss of generality, assume that

2n 2n—2
P(z) =e*PP(z) =Y pre® and Q(2) = e"PQ(2) = ) G2,
k=0 k=0

by putting pa2,, = 0, if necessary. Substitution into the equation above yields the recur-
sive relations

( 8v%G2 + BLGo = Po,
241243 + (4v + B7)41 = pr,
402 (k 4+ 2)(k 4+ 1)qrro + (4vk + B2 + Guo = P, for k=2,3,...,2n — 4,
(4v(2n — 3) + B2)dan—3 + Gon—5 = Pon—3,
(4v(2n — 2) 4 B2)Gan—2 + Gon—a = Pon—2,

(121173 = ]521171 »

Gon—2 = D2n.

Consider the (n + 1) X n matrix

[ 2u + 32 812 0 0 T
1 100+ (%2 4802 0
0 1 18v + B2 0
0 0 1 0
SV =
0 0 0 s 43 (2n—2)(2n - 3)
0 0 0 o 20(4n—3)+ B2
0 0 0 e 1
and the n X (n — 1) matrix
[ 6v+ 32 2402 0 0 7
1 l4v + 3% 8002 0
0 1 22v + 32 0
0 0 1 0
TW =
0 0 0 o 4v%(2n - 3)(2n — 4)
0 0 0 o 2u(4n —5) + (2
0 0 0 e 1
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and the vectors

P. = [pop2Ps --- Pan—2 Pon] ", Py = [p1P3Ps5 --. Pan—3 Pan—1]",
Qe=[dod2da - G2n-1don—2]". Qo=[d1 G335 - d2n—s5 d2ns]"-
The recursion relations translate as an uncoupled system of two matrix equations,
given by
S/Qe =P, and TQo = Po.
A possible solution is obtained by back-substitution of bottom values §o,,—3 = Pan—1
and ¢a,—2 = Pan, and verifying top equations
824 + (2v + %)do = P and 2475 + (6v + 5%)G1 = .
)2

If the solution to the system exists, then P,(z) is divisible by (z — a)? + 52, with
Q(z) = e=@P 3222 g,.2% and with quotient

2n—2 2n—2

Qu(z) = e_”DQQ(z) — ¢~oD—vD? Z Guz" = Z aHy (z — ).
k=0 k=0

Moreover, a solution to the matrix system exists if and only if vectors ]5e and ]50 are in
the column subspaces of the matrices S}, and 7,/, respectively.

Performing elementary column operations, the matrices S, and 7,/ reduce to the
matrices

—Hy(if) —H{(iB) —HE@B) --- —Hy, (i) —HS,(if) |

1 0 0 0 0

0 1 0 0 0

w = 0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

and

[ iHY(iB) iHEY(iB) iHY(iB) .- iHY, 5(iB) iHY, ,(iB)

1 0 0 0

0 1 0 0 0

V,Z — 0 O 1 R 0 0

0 0 0 1 0

0 0 0 0 1
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respectively, where HY (i3) = 8~ HY (i), for k = 3,5,...,2n — 1. If Q. and Q,, are
quotient vectors, corresponding to new basis polynomials, for the matrices I/}, and V},,
respectively, then

Py(2) =S (2)Qu(z) < P(2)=1[5(2),Q(z)],
— U'Q.= P, and V*Q, = P,,

where S(z) = e*PS(2), so that S, (z) = 2%+ 32. Some details of the discussion above
are employed in the proof of the next corollary.

Corollary 1.5. Letv > 0, 5 > 0, and let « be real. Let

2n 2n
P(z) = Zpkzk and P,(z)= e*”D2P(z) = ZpkH};(z)
k=0 k=0
Put
2n 2n
P(z) = e*PP(2) =Y piz", Pe(z) = porz™
k=0 k=0
and
2n
Po(2) = pop12™ .
k=0
A necessary and sufficient condition for having the equalities

Py(2) = ((z = @) + %) Qu(2)
is given by P.,(i3) = 0 and Py, (i) = 0, where

n
Poy(2) = P Pu(2) = Y po, H(2)
k=0

and
n—1
N _ 2 A R
Pou(2) = e Vb Po(z) = szkJrlHéjk-i-l(Z)'
k=0
Moreover, denoting basis polynomials by
HY o — HY(;
k(z—a) £ (iP) for k=2,4,...,2n,
(z —a)?+ B2
By(z) = -
Hl/ _ o _ Hl/ 9
pema) ilz=a)Hy(B) oy 55 o,
(z —a)? + B2

the quotient is given by Q,(z) = Yo", p, Bi(2).

Proof. The divisibility of P, (z) by (z —«)? + 32 is equivalent to the solvability of
the system of matrix equations U}, Qe = P, and V}/ (), = F,. Bgck—substitution of these
matrix equations from bottom to top, yields quotient vectors (). = [pg Py .. pgn] r
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and QO = [pg p5 ... pgn,l]T. Substitution of these values into the top equations
gives equations

n n—1
_szngk(i/B) =p, and Zp2k+1iH5k+1(i5) =D
k=1 k=1

or equivalently Pey(i,é’) =0and ]501,(25) 0, respectively. This proves necessity.
Conversely, if Py, (i) = 0 and P,, (i) = 0, then

P,
P,(a+iB) = P,(i8) = Pe,(iB) + Pou(iB) = 0.
P,

The replacement 5 — —/3 yields P, (—i3) = 0 and POV(—zﬁ) = 0. Similarly, it
follows that P, (a — i) = 0. Thus, P, (2) is divisible by (z — a)? + 32, which proves
sufficiency. To establish the quotient, let

Ae(z) = [1 22 ... 22”] and  Ao(2) = [z 2. 22”_1].

Then
P(z) = Ad2)P + Ao(2)P,
= A()U5Qe + Ao(2)VEQo
n—1
Z P HE(iB)) + D Bopys (2 + iz H 1 (i8)),
k=1 k=1
and thus
n n—1
P)(2) = Zﬁ% [Hyy(2) — Hyp (iB8)] + Zﬁml [HY,11(2) + izHy 1 (iB)].
= k=1

Since B, (z) = e "P*e*P P(z) = ¢*P P, (2), the polynomial P, (z) = e~*P P, (2) is
given by the expression

n n—1

> Do (Hi (2 = @) = H3(i8)) + D Py (H3jya (2 — @) iz — a) H3y 1 (iB)),
= k=1

from which the quotient formula follows. O

2. Zeros of the composition product

The next lemma, expressing the composition product as a sum, is due to N. G. de
Bruijn [3].

Lemma 2.1. Let v be real. If P, and P, are polynomials, then

[Pl,P2]l, =

where the sum eventually truncates.
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Proof. In the sum, subsequent terms employ derivatives of the polynomials of in-
creasing order, so the sum eventually truncates. Putting Pi(z) = e*P’T(z), where

T(2) =2 cjz?, gives

3

[P, P) (2) = [e”DQT, PQL(Z) = T(D),Py(2) = ¢;j(D,)’ Py(2),
§=0
where A
(D) Pa(z) = (2v)e =/ Di(e* /" Py(2))

J .
= (e Y @) DR (F /%) DF Py (2),
k=0
forj =0,1,...,n, and where

j—k
J—k (224N 2% /4v 1 ! -v Z
DI = e (x/—4u> Hﬂ—k<‘/_4y)’

for k=0,1,...,7 . It follows that

n T . j—k -
Peple) = 3 oy (] (&) () P

)
Yot
o

n

-y @ [k/-c'<

k=0

z)| DFPy(2),

where the last bracketed expression is

3

DFPy(z) = e'P'DFT(2) = <

n .
J _
=) K (k) ¢ H Y (2),
which yields the result. 0

Lemma 2.1 yields the limit [Pl, PQ] L P, P>, uniformly on compacta, as v — 0.
For several polynomials, an induction argument gives that

[PL,P,...,Py| — PPy Py,

uniformly on compacta, as v — 0, forn = 2, 3,.... The composition product is thus a
parametric extension of the ordinary product.

Denote the closed half-planes by
/\[a’,oo) ={2|R(z) >0’} and /\(—oo,a] = {z| R(z) < o},
Vir00) = {21 3(z) 2 o'} and \/(—o0,p] = {] 3(2) < p}.

and closed strips by
/\[a’,a]:{z|a <R(z) <o} and \/p pl = {z| ' <S(z) < p}.

If the zeros of a polynomial P are located in A\ (—o0, o], then the Gauss-Lucas theorem
[12] gives that the zeros of D P are located in A (—o0,c]. A variation of this result is
given in the next lemma.
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Lemma 2.2. If the zeros of polynomials P and () are located in /\(—o0, 0] and
\(—o0, o], respectively, then the zeros of P(D)Q are located in )\ (—o0, o].

Proof. First, let P(z) = z + 7, with R(7) > 0. Since P(D)Q is given as the limit
P(D)Q(z) = (D+71)Q(z) =e D(e™Q(z))

= D ( 1im (1+ %)m Q=)

m—o0

s TZ\™
= ¢ ™ lim D <<1+ —) Q(z)),
m—o00 m
where convergence is uniform on compacta, the result now follows by the Gauss-Lucas
theorem and Hurwitz’s theorem [4]. The general case for P(z) = v[[,_,(z + 7%),

with v complex and (1) > 0, k = 1,2,. .., n, follows by induction on n. O

The original proof of the next lemma from [3] is based on a generalization of a
classic composition result for polynomials [2]. A direct proof is given to avoid this
digression.

Lemma 2.3. If the zeros of polynomials P and () are located in /\(—o0, 0], then
the zeros of [P, Q|  are located in \(—oo, 0], for all v > 0.

Proof. The case v = 0 clearly holds, since this case is the ordinary product. Let
v > 0, and let w be complex, with o = R(w) > 0. Since P and @ are polynomials,
the expansions

P'(z) = P(2uz + w) Z k' ka( )
k=0
and
Q'(2) = Q(z + w) Z?(D’“Q)( w)
k=0

eventually truncate. It follows that P’(z) and Q’(z) are polynomials having all zeros
in A\(—o0, 0] and A (—o0, —0], respectively. By Lemma 2.2, the zeros of P'(D)Q’ are
located in A\ (—o0, —0o], so that P'(D)Q’(0) # 0. A calculation allows to verify the
relation

/ / - (2l/)k k k
P(D)Q(0) =Y = —(D*P)(w)(D"Q)(w),
k=0
which gives P'(D)Q'(0) = [P,Q],(w), by Lemma 2.1. Thus, the zeros of [P, Q]
are all located in /\ (—o0, 0]. O

Theorem 2.4. Let the zeros of polynomials Py and P» be located in \[o’, o] and
V¢, p). Then, the zeros of [Py, P,]  are located in \[o’, o] for all v > 0, and are
located in \/[p', p| for all v < 0.

Proof. Let v > 0. The zeros of the polynomials
P{(z) =e’PPi(z) and Ph(z) = ePPy(2)
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are in the half-plane /\(—o0, 0]. By Lemma 2.3, the zeros of the composition [ P[, P .
are in the half-plane A (—oc, 0]. By the translation property of the composition prod-
uct, the zeros of the composition [Pl, PQ]V = e P [P{, Pﬂu are in the half-plane
/\(—o0, o]. Since the zeros of the polynomials

Pl (z) =Pi(—2) and P (z) = P(—=2)

are in A\(—o0, —0’], it follows that the zeros of the composition [P;, Py ]U are in
the half-plane A (—oo, —c’]. By the reflection property of the composition product,
the zeros of the composition [Py, P;| = [Py, Py |  are in the half-plane A[o’, o0).
Thus, the zeros of the composition [P, PQ]V are in the strip A\[o’,0]. Let v < 0.
Since the zeros of the polynomials Py (z) = P (iz) and Py(z) = Pa(iz) are in A[p', pl,
it follows that the zeros of the composition [ﬁl, ﬁg} _, are in A\[p’, p]. The relation
[Py, P, L(2) = [ﬁl, ﬁg} _(—iz) follows from Lemma 2.1, and gives that the zeros of
[P, Py] arein \/[¢, p]. 0

In view of Theorem 2.4, the composition product is a parametric extension of the
ordinary product that preserves the location of the zeros to closed half-planes and strips.
A routine induction extends Theorem 2.4 for arbitrary composition products, given in
the next corollary.

Corollary 2.5. Letn = 2,3,..., and let the zeros of the polynomials Py, for
k = 1,2...,n, be located in closed strips \[o',o| and \/[¢, p]. Then, the zeros of
[P1, Py, ..., P,]  arelocated in \[o’, o] for all v > 0, and are located in \/[¢', p], for
allv < 0.

A result in terms of Hermite expansions, that corresponds to Theorem 2.4, is given
in the next corollary.

Corollary 2.6. Letv be real, and let P, and P> have the Hermite expansions
n n
Pi(z)=> puH;"(z) and Py(z) = paH;"(2).
k=0 k=0

Then, the composition product [Pl, PQ] ,, 1s given by the Hermite expansion

2n
[P, Py (2) =Y reHL Y (2),
k=0

where 1, = Y P1kyDok,» With k = k1 + ko, is the Cauchy product of the coefficients
of Py and P,. Moreover, if the zeros of Py and P» are located in )\[o’, o] and \/ [, p],
then the zeros [Py, P,  arein \[o’, 0] for allv > 0, and are in \/ [/, p] for all v < 0.

Proof. The result follows directly from Lemma 1.1 and Theorem 2.4. O

In view of Corollary 2.6, the Cauchy coefficients play the same role for the compo-
sition product of Hermite-basis polynomials, as for the ordinary product of polynomials
in the usual basis. A special case further illustrates this result in the next corollary.
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Corollary 2.7. Suppose that the zeros of the polynomials
n n
P(z) = Zpka(z) and Q(z) = quHk(z)
k=0 k=0
are located in \/[p', p|. Then the zeros of the polynomial
2n
R(Z) - ZTan(Z),
k=0

where ), = Z?:o Pjqk—;, fork =0,1,...,2n, are located in \/[p', p).

Proof. The zeros of the polynomials P'(z) = P(z/2) and Q'(z) = Q(z/2) are
located in the strip \/[2p’, 2p]. By Corollary 2.6, the zeros of R'(z) = R(z/2) are in
the strip \/[2p/, 2p]. Thus, the zeros of R are located in \/[¢/, p]. O

The following extension of Corollary 2.6 follows directly from Lemma 1.2 and
Corollary 2.5.

Corollary 2.8. Let v be real, and let P, have Hermite expansion
n
P(z) = pwH;"(2),
k=0

forl = 1,2,...,m. Then, the composition product [Pl, P, ..., Pm} y is given by the
Hermite expansion

mn
[P1(2), Pa(z),. .., Pn(z)]y = Zrka_”(z),
k=0
where the generalized Cauchy product of the coefficients is given by
Ty = Z p1k1p2k2 © Pmkn s
ki4-+km=Fk

fork =0,1,...,mn. Moreover, if the zeros of P, are located in \[0’, o] and \/[¢, p),
forl =1,2,...,m, then the zeros of [Pl,PQ, .. .,Pm]y are in )\[o', o] for all v > 0,
and are in \/[p/, p] for all v < 0.

3. Algebraic formulation of v-divisibility

Let v be real and 7 be complex. If P(z) is a polynomial, then P(z) is called
v-divisible by z — T, which we denote by z — T‘VP(Z), provided that

P(z) = [z = 7,Q(2)],,

for some polynomial ((z), called the v-quotient. Clearly, ordinary divisibility corre-
sponds to v = 0.

Lemma 3.1. Let v be real and T be complex. Let P(z) be an n-th degree polyno-
mial. If P(z) is v-divisible by z — 7, then the v-quotient ()(z) has degree n — 1, and is
unique.
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Proof. Put P,(z) = ¢ P’ P(z) and Q,(2) = e *P*Q(2). By Theorem 1.3, it
follows that

Py(2) = (z = 1)Qu(2),
and thus Q)(z) has degree n — 1. For uniqueness, let Q1 (z) and Q1(z) be v-quotients,

so that [z — 7, Q1(2)] L= [z —7,Q2(2)] _- Applying the operator eP? to both sides
of this relation gives

e Qu(z) = e Qu(2),
which implies Q1(z) = Q2(2). O
The next lemma gives the correspondence between v-divisiblity and ordinary di-
visibility.
Lemma 3.2. Let v be real and T be complex. If P(z) is an n-th degree polynomial,
P € C™ is the associated polynomial vector, and P, (z) = e~*P* P(z), then
(Z - T)’PV(Z) — PI/(Z) = (Z - T)QV(Z)
— P(2)=[z2-1,Q(2)],
= (z— T)‘VP(Z),
where quotients Q(z) and Q,(z) = e~¥P 2Q(z) are unique polynomials having degree
n — 1. The case v = 0 corresponds to ordinary divisibility
(z — T)‘P(Z) < P(z) = (z — 1)Q(2).
Proof. The middle equivalence follows from
P2) = (2= 1)Qu(z) = ePPy(s) = e [(z = 1)Qu(2)]
— P()=[z- T,Q(z)]y.

The first equivalence follows from the definition of ordinary divisibility, and the last
equivalence follows from the definition of v-divisibility. U

For v real and 7 complex, the matrix formulation of v-divisibility uses the tridiag-
onal (n + 1) X n matrix

f—7 2v 0 0 0 0 1

1 —7 4v 0 0 0

0 1 —7 6v 0 0

0 0 1 - -0 0

]:71{(7_) - : : : : .. : : ’

0o 0 0 0 -7 2(n—1)v

0 0 0 0 1 -7

0 0 0 0 0 1
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forn = 2,3,.... The column vectors of F%(7) in C" !, denoted by F¥ (1), FY(7), ...,
F¥_(7), are linearly independent, so that Rank (F% (7)) = n. The quotient subspace

n—1
Q;(r) = Rug[F;(r)] = Span{ B (r), FY (7). ..., Fy_(7) }.

corresponding to F%(7) is thus an n-dimensional subspace of C"*!. In the matrix
formulation of v-divisibility given below, the complex polyTnomial P(z) =31 o prz®
is associated with the complex vector P = [pg p1 ... pn] in C"*!. The next lemma
expresses v-divisibility in terms of the quotient subspace.

Lemma 3.3. Let v be real and T be complex. If

n
P(z) = Z prz”
k=0
is an n-th degree polynomial and P € C™*! is the associated polynomial vector, then

(Z—T)‘VP(Z) <~ P(z) = [Z—T,Q(Z)]V — F/(1) Q=P < PecQ/(1),

where the v-quotient
n—1
Q(z) = a2
k=0
is unique, with
n—1
P=> " qFy(r).
k=0
The case v = 0 corresponds to ordinary divisibility
(z — T)‘P(Z) < P(z)=(z—7)Q(z) — .F,?(T)Q =P < Pc Q%(T),

n—1

with P = Z aFP (7).
k=0

Proof. The first equivalence follows from the definition of v-divisibility. The last
equivalence follows from the definition of the quotient subspace. The operational prop-
erty for expressing (D — 7), as composition product yields

[z—7,Q(2)], = (D —7),Q(2) = (2vD + (z — 7)) Q(2).
Putting

n—1 n
Q(z) = Z @?" and P(z) = Zpkzk,
k=0 k=0

the equation [z — 7, Q(z)] , = P(z) becomes

n n—2
Zpkzk = (2vq1 —790)2" + Z [2vqk41 + qr—1 — Tqi] 2*
k=0 k=1

+(qan - T(Infl)zn_l + anlzna

giving 7/ (7)Q = P, and conversely. This establishes the middle equivalence. The
case for ordinary divisibility follows by putting v = 0. (]
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The next theorem is the -analogue for the Remainder Theorem [15].

Theorem 3.4. Let v be real and T be complex. If P(z) is an n-th degree polyno-
mial, P € C"! s the associated polynomial vector and P,(z) = e *P* P(%), then

Py(z) = (2 =7)Qu(2) + P(7) = P(2)=[z—7,Q(2)], + Pu(r)
— P=F/(T)Q+R,
where R = [P,(1) 00 ... 0]" € C"™', and the quotients Q(z) and Q,(z) are unique

polynomials having degree n — 1, with Q,(z) = ¢ *P*Q(z), and quotient vector
QeC”,

Proof. Consider the polynomial 7'(z) = ( ) - P (7) and the associated vector
T = P — R. Then, T,(1) = 0, where T,,(2) = T(z) = P,(z) — P,(7), so that
(z — 7)|T,(2). Combining Lemma 3.2 and Lemma 3.3 gives equivalences
T,(2) = (2 = 1)Qu(2) = =[z-7,Q()], = F(NQ=T,
where Q)(z) and @, (z) are unique polynomlals having degree n — 1, with
Qu(z) = e7Q2),

so that Q € C™. Substituting for 7'(z), T, (z), and T in these equivalences yield the
equivalences in the theorem. U

The next corollary follows directly from Theorem 3.4, and is the v-analogue of the
Factor Theorem [15].

Corollary 3.5. Let v be real and T be complex. Let P(z) be an n-th degree poly-

nomial, P € C"*1 be the associated polynomial vector, and P, (z) = ™" DZP(z). If
P,(1) =0, then

P=F/(1Q < P(2) = [ ~7,Q(?)], == P.(2) = (z = 7)Qu(2),
where the quotients (z) and Q,,(z) are unique polynomials having degree n — 1, with
Q. (z) = e "P*Q(z), and quotient vector Q € C™.

The next corollary is the v-analogue of the method of synthetic division.

Corollary 3.6. Let v be real and T be complex. Let P(z) and P,(z) be the poly-
nomials

P =S mst and B =R =Y i
k=0
Then, the quotient-remainder forms given in Theorem 3.4, with Q(z Z qez" and

n—1
Qu(z) = e "P"Q(2) = > arH}(2),
k=0

for values qo, q1, - - . , gn—1, are given recursively by

An—k = Pn—k+1 + TQn—k+1 — 2(” —k+ 2)’/CIn7k+2a
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fork =1,2,...,n+1, withq, = gn+1 = 0, and whereq_, = P,(7),forn =1,2,....

Proof. Let P € C""! be the associated polynomial vector. By Theorem 3.4, the
equation P,(z) = (z — 7)Q,(z) + P,(7) is equivalent to the system of n + 1 equations
P = F}/(1)Q + R, given by the system

-t 2 0 - 0 0 q Py(7) Po

1 =7 4 -+ 0 0 7 0 D1

0 1 -7 -+ 0 0 q2 0 P2

+ =

0 0 0 -+ —7 2(n—-1)v Gn—3 0 Pn_o

0 0 o --- 1 —T Qn—2 0 Prn—1

o o0 o0 --- 0 1 Qn—1 0 DPn
Listing the bottom n equations from bottom-to-top yields the n quotient values g,
for k = 0,1,...,n — 1, and substitution of these values into the top equation yields
q_, = Py(7). m

Applied to the parametrized Hermite polynomials, v-synthetic division yields the
next corollary.

Corollary 3.7. Let v be real and T be complex. There exist polynomials

n—1
Bi(z,7) = bpH{(2)
k=0

such that
H;(z) — Hy(7)
BV — n n
TL(Z7T) 5 — T Y
with
by =0and b, | =1 forn=1,2,...,
by =Tby i1 — 2(n —k + 2)vby o fork=2,3,...,n.

The polynomials in Corollary 3.7 are clearly symmetric, the first few being

By (z,7)=z+T,
BY(z,7) = 22 + 12+ 1% — 6y,
Bi(z, 1) = 24243 — 1202 — 1207,
[ BY(2,7) = 2* + 728 + 7222 + 132 + 7 — 20027 — 2000% — 20wz + 6002

Performing elementary column operations on the matrix ), (7) produces a reduced
matrix with the same range. To this end, let G”(7) be any matrix obtained by perform-
ing elementary column operations on F (1), so that G (1) = F¥(7)M, where M is
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an n X n nonsingular matrix. The next theorem is a generalization of the Remain-
der and Factor Theorems, and displays the independence of basis polynomials in the
formulation of the quotient.

Theorem 3.8. Let v be real and T be complex. Let P(z) be an n-th degree poly-
nomial, P € C"! be the associated polynomial vector, and P, (z) = e *P* P(2). Let
Gr (1) be any matrix obtained by performing elementary column operations on F}(T).
There exist unique polynomials G(z) and G, (z), having degree n — 1, such that

P, (2)=(2—71)Gu(2)+ P,(1) <= P(z)= [z -, G(z)]y + P,(7)
— P=gG,(1)G+R,
where G € C" is the quotient vector with respect to G%(7), and G, (z) = e "P*G(z).
Further, G is the coefficient vector for basis polynomials B(z) = [Bi(z) ... Bn(z)],

so that G(z) = B(z)G, where B(z) = A(z)M, and A(z) = [1 z ... 2""!|. Further-
more, if P,(7) = 0, then

P=G/(1)G < P(z)=[z—T, G’(z)]y < P,(z) = (2 —17)Gu(2).
Proof. By Theorem 3.4, there are unique polynomials )(z) and @, (z), having
degree n — 1, and vector ) € C™ such that
P,(z) = (z—7)Qu(2)+P,(1), P(z) = [Z—T,Q(Z)]V+PV(T) and P = F; (T7)Q+R,

where R = [P,(7) 00 ... 0]' € C"", with Q,(2) = e *P*Q(z). Thus, it is seen
that

Fr(r)Q =P =G(1)M~'Q = G;(r)G,
so that () = M G. Then,
Q(2) = A(2)Q = A(z)MG = B(2)G,
and thus B(z) = A(z)M. O

It is shown that elementary column operations applied to F/(7) yield the reduced
(n 4+ 1) X n matrix

[ —H{(r) —Hy(r) —Hj(7) —Hy (1) —H(7) ]
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
En(T) = 0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

Indeed, let [’yc]. +c, — ck] denote the elementary matrix which replaces column & by
adding column j multiplied by ~. Define the sequence of products of such elementary
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matrices, by putting
My = [tc, + ¢, = ¢,
Mz = My[ —dve, + ¢, = ¢, [re, + ¢, = ¢,],
My = M3| —6ve, + ¢, = ¢,][Te; +¢, = ¢,
and recursively
Mpi1 = My[ —2nve,_ +c, ., = ¢, ]lme, + ¢y = ey, forn=23....

A routine induction establishes the reduced form £ (7) = F} (1) M,, forn =2,3,....
Putting M7 = [1], it is seen that M,, is the n x n upper triangular matrix

by b5 b0 g e bp ]
bi b by e B
0 0 b b3 --- by
Ma=110 0 0 b - o5 |>
0 0 0 O br_
where the values {bﬁ}:;é are given in Corollary 3.7, for n = 1,2,.... The next

corollary gives the form for the various quotients corresponding to matrix £ (7).
Corollary 3.9. Let v be real and T be complex, and let £/ (1) = F} ()M, for
n = 1,2,..., be given as above. Let P(z) be an n-th degree polynomial, P € C"*!

be the associated polynomial vector, and P,(z) = e vP*P(z). There exist unique
polynomials E(z) and E,(z), having degree n — 1, such that

P(z)=(z2—71)E,(2) + P,(1) < P(z)=[z—T, E(z)]y + P,(7)
<= P=E&/(1)E+R,
where E € C" is the quotient vector with respect to £%(7), and E, (z) = e "P* E(z).

Moreover, E is the coefficient vector for basis polynomials B(z) = [B1(z) ... Bn(z)],
with

—

Bn(z) = by 2k,
k=0

form=1,2,...,n, where

E(z) =) pBi(z) and E,(z) =) pBi(z7).
k=1 k=1

Proof. In view of Theorem 3.8, it remains to show that the three quotients have the
stated forms. To determine the quotient vector put £ = [eo er es ... €n—1] T Then,
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the formulation P = £/ (7)E + R is given by
[ —HY(r) —HS(7) —Hy(r) ] [ eo [ Py(7) | [ po ]
1 0 0 el 0 D1
0 1 0 €2 0 D2
0 0 0 €n—9 0 Pn—1
0 0 1 €n—1 0 Pn

Listing the equations from bottom-to-top yields the n quotient values e; = p;1 for
7=20,1,...,n — 1. Then substitution into the top equation yields the remainder,

n
P,(r) =Y piH{(7).
k=0
pn]T, and thus

B(z)= > piBi(2)
k=1

It follows that £ = [pl pP2pP3 ...

with basis B(z) = A(z)M,,, by Theorem 3.8. Alternately, the quotient is given by

By = P =PAT) _§h ) HLG) - H (o)

Z—T Z—T
k=1

which gives, e 72° By (2) = B{(z,7),fork =1,2,...,n, by Corollary 3.7. O

9

Successive applications of the quotient-remainder forms given in Theorem 3.4 gen-
eralizes these forms, as given in the corollary below. To this end, a lemma is needed.
Lemma 3.10. Ifv is real and T is complex, then
(D —71)y=ePDye™,

fork =0,1,....

Proof. Let QQ(z) be a polynomial. Combining the operational property for express-

ing (D — ) as composition product and the translation property of the composition

product from the first section gives
P(D = 1)Q(2) = ™" [(2 = 1", Q(2)], = [, 7PQ(2)], = DLePQ(2),
and thus (D — 7)Q(2) = e "PDkePQ(2). O

v

Let 7 be complex and P be an n-th degree polynomial. Let (g be defined by
P(z) = [z = 7,Qo(2)] , + Ro, where Ry = P, (7). Recursively, let

mel(z) = [Z -7, Qm(Z)]V + RWH
where R,;, = (Qm—1),(7), so that
Qm—l(z) = (D - T)VQW(Z) + Rma
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form =1,2,...,n — 1. Substitution of these quotients and remainders yields
P(z) = (D — T),,Qo(z) + Ry
= (D—-7)2Q1(2) + (D—17),R1 + Ro

= (D-7)""1Qu(z) + (D-7)"Ry, + -+ + (D—17),R1 + Ro
(D —1)7+'Q(2) + R(2),
where Q(z) = Qm(z), and by Lemma 3.10,

m m m
R(z) =Y Re(D—71)i1=) Ripe ™PDie™P1=> Ry H;"(z—7),
k=0 k=0 k=0
are the generalized v-quotient and remainder, having degrees n — m — 1 and m, re-
spectively, for m = 0,1,...,n — 1. The generalized quotient-remainder form above
translates to a generalized quotient-remainder form for the polynomial P, (z), since

Py(z) = e P [(D = 1) Q(2)] + e P R(2) = (2 — 7)™ Qu(2) + R (2),

where
Qu(z) = e’”D2Q(z) and R,(z) = Z Ri(z — 1)k
k=0

are the generalized quotient and remainder, having degrees n — m — 1 and m, re-
spectively. Thus, it is seen that a formula for the coefficients in the expansion of the
generalized remainder is given by

D*P, (1)
Ry = =,
fork=0,1,...mand m = 0,1,...,n — 1. In particular, if m = n — 1, the quotient
Qn—1(z) is constant, given by the remainder formula above for m = n, so that we have
Ry, = (Qn_1),(7). In this case, P, (z) = e P P(z) is just a Taylor series

Py(z) =Y Rp(z—1)",
k=0

and so
n
P(z) =) RpH;"(z—7),
k=0
with Ry, k = 0,1,...,n, given above. If P,(7) = 0 and m is the order of the zero

z=rT7,then1 < m, <nand Dku(T) = 0 if and only if & < m.. It follows that
P(z) = (D = 71);"'Q(2) == Py(2) = (= = 1) Q. (2),
whenever k < m,, and conversely.

Consider the matrix [ (7)] 0= n+1 and the matrix products

[F)™ =T Frw(r),
k=0
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form = 0,1,...,n, where 7§ (1) = 1, in case m = n. The generalized quotient-
remainder form given above for P(z) translates to the generalized quotient-remainder
vector form for vector P given by

P=[Fin]""'Q+R,

where R = >0 [FY (T)]kRk, Q = Q. € C" ™ is the generalized quotient vec-
tor, and by the notational convention above, Ry is the generalized remainder-vector
[R, 00 ...0]' e C" 1 fork=0,1,...,m,andm =0,1,...,n— 1.

These observations are summarized in the next corollary.

Corollary 3.11. Let v be real and T be complex. If P(z) is an n-th degree polyno-
mial, P € C"*! is the associated polynomial vector, and P, (z) = e~*P* P(z), then

P=[F@]"Q+R < P()=(D-n+Q:)+R(2)
< P,(2)=(z—7)""Q,(2) + R,(2),
where the quotients ()(z) and Q,,(z) are unique polynomials having degree n —m — 1,
with Q,(z) = e *P*Q(z), where Q = Q,, € C"™ is the quotient vector, and
where the remainders R(z) and R, (z) are unique polynomials having degree m, with

R,(z) = e P’ R(2), and remainder vector R € C"*! given above. Moreover, if
P,(1) =0, then

P=[FUn]""Q = P(z) = (D - 1)Q(2) <= Py(2) = (2 — )" 1Qu(2),
whenever m < m., and conversely, with1 < m, < n.

4. Geometric formulation of v-divisibility

Denote the ordinary inner-product of vectors U and V' in cntl by (U, V) =V*U,

where V* is the usual conjugate transpose of V. For positive constants &g, 01, . .., dp,
denote the (n + 1) x (n 4 1) diagonal matrix
[0 O 0O -+ 0]
0 o4 0 --- 0
J— 0 0 d92 -+ O ,
0 0 0 - 4,

and define the .J-inner product of vectors U and V in C"*! by (U,V) = V*JU.
The length of a vector V' is distinguished in these two inner products by the notation
V]2 = (V,V)and |V|[> = (V, V). The transpose M of a matrix M on C™*!, with
respect to the J-inner product, is given by M1 = M*.J, where M* is the usual complex
conjugate of M. Let G¥(7) be any matrix obtained by performing elementary column
operations on F (7), defined at the beginning of the previous section. With respect to
the J-inner product, the geometric formulation defines the quotient as the projection of
the polynomial vector P € C"*! onto the quotient subspace Q,(7) C C™*1, where the
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dimension of Q¥ (7) is n = Rank(GY(7)). The remainder subspace is the orthogonal
complement RY (1) = [QZ(T)}L, so that C"*! = Q¥(1) @ RY(r), and thus the
remainder subspace has dimension 1. To consolidate notation below, it is convenient to
put
v
Ay = B8,
O

fork =0,1,...,n, and for v real.

Lemma 4.1. If v is real, T is complex, and

Zy(r) = [Hy(r) HY(r) Hy () ... Hi(1)]",

then RY(7) = Span{ Z}(7)}, forn =2,3,....

Proof. In view of the relation

12 vV J— 1% J— 1%
Ry, () = Rog[F1/(7)] " = Rng[£1(r)] " = Ker[£4(7)],

the solution of the homogeneous system

[ex(n)'x =0,

where X = [zg,21,...,7,] € C""1, is given by the system
—H{(T) 1.0 0 -~ 0 0] [ 20 [0
—-Hy(f) 010 --- 00 101 0
—-H¥(r) 001 -~ 00 2909 0
—HY (F) 00 0 --- 1 0 Ty—10m—1 0
—~HY(7) 0 0 0 --- 0 1 Tnln 0

This gives z; = xdoHY (7), for i = 1,2,...n, giving the solution X = x009Z% (7).

The polynomial vector P = [pg p1 ... pn]T € C™*! is uniquely expressed as a

linear combination
P=P!(r) + P/(r),
where P)/(1) € Q;(7) and PY(r) € R} (7) are the projections onto the quotient-
remainder subspace decomposition of C"*!. These component vectors are given by
the system P = G/(7)G’ + R/, where P}/ (1) = G,;(7)G" and R’ = P}(7), with
R/ — <P7 Z;{(T» 1/(7_) — PV(T) 1/(7_)7

1ZE (oI5 " 1Z5 (I3
so that R' = 0 if and only if P,(7) = 0. Denoting the column vectors of £/ () by
E¥(r) = [E§(T)EY(t) ... EY_(7)], for n = 2,3,..., there is a unique vector
X=lroxy 29 ... a:nf, such that

PY(r)=woZy(t) and PY(r)=) axEf(r).
k=1
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If B/ =[x ©3 @3 ... ®,] . then P = E%(7)E’ + R is given by

1§(r)  —HY(r) —HY(r) --- —Hy(7) I [ po ]
1{(7) 1 o - 0 a1 p1
7Y (7) 0 1 0 To P2
HY (%) 0 0 oo 0 Tp—1 Pn-1
H"(7) 0 0 1 Tn, Pn
In particular, solving this system for the constant polynomial vector [pg 0 0 ... O]T
yields
Po 2 2 2 2 *
X=-——"5|1 —H{(r) —Hy(1) —Hi(t)— ... — H/(T)|,
Zeip ) A )]

which shows that a nonzero constant polynomial has nonzero components in both sub-
spaces. The algebraic and geometric formulations, given by P = G¥(7)G + R and
P =G¥(7)G" + R/, respectively, are distinguished by their remainder terms R and R'.
Whereas the algebraic and geometric quotient terms, given by G%(7)G and G ()G,
are both in the quotient subspace, the geometric remainder is in the remainder sub-
space, and by the remarks above, the algebraic remainder has nonzero components in

both subspaces. Moreover, the algebraic and geometric remainders have length

P (7)]

IR]l, = [dol| P ()| and [[RI|], = - :
o = ollRutr) N VACTE

so that
G'=G+= R =R=0<P,(r)=0.
Denote the columns of the reduced matrix so that
Gn () = [G5(n)GY(7) ... Gy _1(7)].
Then FY ()M = G¥(7), where M is an n x n nonsingular matrix. The Gram matrix
[11] associated with G (7) is defined by I'(G% (7)) = [G%(7)] TQ;‘L (7), so that

< 67 ’;'/L*l> < Z1,7 11;71> < 12/’ 7V171> < 11;717 ?L*l>

with the abridged notation G}, = GY/(7),fork = 1,2,...,n—1. The Gram determinant
is denoted by A(GY (7)) = detT'(Gk (7)), for n = 2,3,.... Since the columns of
Gr(7) are linearly independent, the associated Gram matrix is positive definite, and thus
nonsingular, and the corresponding Gram determinant is positive. The next theorem
details the geometric formulation; see also [8].
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Theorem 4.2. Let v be real, T be complex and let G/ (1) be any reduced matrix
obtained by performing elementary column operations on F/ (7). Let P(z) be an n-th
degree polynomial and P € C"*! be the associated polynomial vector. Finally, let
Py(z) =e P’ P(2),R=[P,(7) 00 ... 0]" € C"*! and

P=[Gu(n)]'P = [(P.GE) (P.GY) ... (P.GL)]"
Then, the geometric formulation P = G (7)G’ + R is given by

an Py(7)
G =[0G (r)|'P and R =-—"7=7"(7),
where P/ (1) = R', and where P}/ (1) = G} (7)G" is given by the expression
(G6.Ggy  (GY.Gg) -+ (Ghoy,Gg) (PGg) ]
1
—————det
A(g;:(’r)) 14 v v v v 12 14
< 0 n—1> < 1 n—1> <Gn—17Gn—1> <P7 GO)
Go Gy o n—1 0

Moreover, the correspondence between the algebraic formulation P = G/ (7)G + R,
and the geometric formulation is given by

G'—G=[D(g%(n)] 'R,
where R = 1GL ()] 'R.

Proof. By definition of the geometric formulation, it follows that P¥(7) = R’ and
P; (1) = G,;(1)G’. The formula for the remainder term follows by projection of P onto
the remainder subspace, as given above. As the vector R = P —GY(7)G’ is orthogonal
to the quotient subspace, taking inner products gives

0=[gxn]'"R = [gu(n]'P ~ [gi(n)] g,

which gives the system I'(G4(7))G' = P. Cramer’s rule yields G/, which gives the
determinantal formula for P} (1), and which is verified by expanding about the last
row. The correspondence between the two divisibility formulations follows from taking
inner products of G%(7)(G' — G) = R — R/, giving that

L(GL(m)(G —G) = [¢4(n)]) (R~ R) =R,
since [QZ(T)]TR, =0. O

Corollary 4.3. Let v be real and T be complex. Let GY (1) be any reduced matrix
obtained by performing elementary column operations on F! (7). If P(z) is an n-th
degree polynomial and P € C™*! the associated polynomial vector, then the quotient
and remainder formulae are given by

1Py ()2 = P*[T(Gi(7))] ' P and ||PY(7)|3 = ||P|3 - P*[T(Gy(r))] ' P,
where P = [QZ(T)}TP.
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Proof. Since P/ (1) L Py (7) it follows that
1P (D2 = (P —P(r), Pr(1))
= (P, P/(7))
= (P,P—-F/(1))
= |IP|3 — (P, Py(T)).

By Theorem 4.1, the quotient vector is given by P} (1) = Gx(7)[I'(G4(7))] ~'P, and
thus

—1 ~q %

(PPy(r) = |Gun)[D(Gun)] PP
= P[[r@)) ] gxm) P

~ * -1 ~
— Pr|[r@am)]’] P
P*[r(G;(r)] P,
since the Gram matrix is Hermitian. The expression for the square of the length of the
quotient vector now follows directly from the Pythagorean formula. g

The remainder formula in Corollary 4.3 is given by Schur’s formula [17] for the
determinant of a partitioned matrix

A B
B* C
where A is an n X n nonsingular matrix, B is an n x 1 vector, and C'is a 1 x 1 matrix,
is given by

)

[A;B;C’] =

A; B;
det[A;B;C] =det A [’1470] ,
where the Schur complement A in [A; B; C] is defined by
[A;i;c] =C-B*A™'B.

Substituting A = T'(G4(7)), B = P,and C = |P||% gives the (n + 1) x (n + 1)
partitioned matrix
rGim) P

[T(Gx(7)): Py ||P|] = "
P 1P|

where P = (G (1)] "P. The Schur complement of I'(G4 (7)) in [I'(G%(7)); P; 1P|1%].
yields the remainder formula in Corollary 4.3, since
[0(G4(7)); P; |1PI1%]
I(gx(r)

It is seen that

= |P|? — P*[0(gu(n)] ' P = |P (1>

[D(Gx(7)); Ps |[PI] = [Gr(r) P [Gr(r) P,
so that [I'(G%(7)); P; || P||] is also a Gram matrix.
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Lemma 4.4. Let v be real and T be complex. Let G/ (7) be any reduced matrix
obtained by performing elementary column operations on F} (7). Let U be an X n
unitary matrix, and put Uy (t) = G} (7)U. If P(z) is an n-th degree polynomial and
P € C™*! the associated polynomial vector, then

~

D@y (); P IPIR] [0(Gu(n);

_ P12
T (U (T)) L(Gy(r)) ’

where P = [G%(7)] P and P = [u(7)]"P.

Proof. Since U~! = U*, it follows that I'(U% (7)) = U*T'(G%(7))U and

P @) P = (U] P) U T (Gun) U] (U ()] P)
= ([9:(]'P)U U [P (Gx(r)]UIU* ([G2(n)] P)
= P[r(Gi(m)] P,

which yields the result. O

Since the Gram matrix I‘(QZ (7‘)) is nonsingular and Hermitian, there exists an or-
thonormal system of positive eigenvalues and orthonormal eigenvectors corresponding
to F(QZ(T)), respectively A\ and Ay, for kK = 1,2,...,n. It follows that there exists a
unique unitary matrix U = [Ay Ay ... A,] such that I'(Uf% (7)) = U*T(G4(7))U is
a diagonal matrix, given by

A 0 0 - 0

0 XA 0 -+ 0

, 0 0 Ag -~ 0
T(Us(r)) = 3 ,

0 0 0 - A

where I' (U (7)) = [UX(7)] UL (1), with U (1) = GX(T)U,and Ay < Xg < -+ < A,
For p > 1, the Schatten p-norm [1] of [T'(G%(7))] " is given by

1G], =

The value p = oo corresponds to the spectral norm and equals

TG EN] o = 1/

Corollary 4.5. Let v be real and T be complex. Let G/ (7) be any reduced matrix
obtained by performing elementary column operations on F) (7). Let the orthonor-
mal system of positive eigenvalues and orthonormal eigenvectors corresponding to
F(QZ(T)) be given as above by A\, and Ay, fork = 1,2, ..., n, respectively. If P(z) is
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an n-th degree polynomial and P € C"*! the associated polynomial vector, then

n
1 ~
1P @IS = 1P =D - |(P, A,
k=1
where P = [G¥(7)] "P. The Schatten lower bounds are
1P ()2 = 1PI12 = [[[T(Ga ()] I,

where p > 1.
Proof. Putting U = [Al Ay .. An] and U} (1) = GX (1)U, Lemma 4.4 gives

[T (U (r)); P; || PII?]
T (Uy(r))

where P = [ 7’{(7)]TP =U*P = [(13,A1) (P,As) ... (ﬁ,An)]T. Therefore

127 ()15 = = |PIZ — Pr[TU(n))] ' P,

PO ()] P =Y AP A,

giving the remainder formula. Since the eigenvectors are an orthonormal basis, it fol-
lows that

1, 4 2 1 ~ 2 1 509

—I(P,A < — P A = —||P

which yields the spectral bound. If ¢ > 1, with 1/p + 1/q = 1, then by Holder’s
inequality [16], we have

n n

ijw M < 130 5 2 SO P A < || D (@), I

k=1"k \ k=1

3

which yields the Schatten bounds. O

The results below utilize the geometric formulation P = £/ (7)E’ + R’, where E’
and R’ are formulated in Theorem 4.2. Putting £%(7) = [E§(T)EY(7) ... EY_{(7)],
we have

(Eg, Eq)  (BEV,Eq) (B3 Ef) -+ (Ep_q, Ef)
(Eg,EY)  (EY,EY)  (E3,EY) - (E;_,EY)
ey = | BRED(BLED (BB - (B E)
n 9y
(Eg, By _1) (EV,Ep_y) (E3.E;_ 1) - (Ej_,Ej )
with the notation £} = E}/(7),fork =0,1,...,n — 1. In the next lemma, we also let

Xy(r) = [H{(r) Hy(r) ... H;(1)]",
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forn =2,3,...,and L is the n x n diagonal matrix
6 0 0 -+ 0 ]
0 60 0 --- 0
I — 0 0 463 --- O 7
0 0 O On

which is distinct from matrix J, defined at the beginning of this section.

Lemma 4.6. If v is real and 7 is complex, then
[D(EX(M)] = L — X ()] L7,
where

XU

_ —1yv e Vir *

for n=2,3,....

Proof. The Sherman-Morrison formula [18] for the inverse of a matrix A + BC*,
where A is an n X n nonsingular matrix, and B and C' are n x 1 vectors, is the formula

1

*1—-1 _ -
[4 + BC] _[I” 1+ C*A B

AlBC’*} AL

provided that 1 + C*A™'B # 0. If A= Land B = C = /6o X[ (1), then I'(£% (7))
is equal to A + BC™, and the Sherman-Morrison formula gives

r(€4(n)] = [fn - lexm [sz]*} L= I, - x| LY,

forn=2,3,.... O

A few remarks are in order. If v is real, 7 is complex, P(z) is an n-th degree poly-
nomial and P € C"*! the associated polynomial vector, then Theorem 4.2, Lemma 4.6
and Corollary 3.9 yield relationships between the algebraic and geometric formulations
P=E&(t)E+ Rand P = E/(7)E" + R/, respectively, given by

E =[I,-X'(7)]L'P and E' —E=|[I,—X’(7)]L7'R,
where P = [8Z(T)]TP and R = [S;L’(T)]TR, for n=2,3,....

The matrix L~ XY (7)[X%(7)] " in Lemma 4.6 has eigenvalue \; = || Z%(7) 12— %

with eigenvector Ay = L~1 X% (7), and eigenvalue \y = 0 with multiplicity n — 1 and
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nonorthogonal eigenvectors

[ —HY(1) ] 0 0
0 —HY(T) 0
0 0 0
Ay = , Af = ey A=
0 0 0
0 0 —HY (1)
HY(r) | Hy(r) | | Hy (1) |

Thus, X (7) has eigenvalue \| given by
125 ()15 = 1/d0

/
N T zeE - <t
with eigenvector A1; and eigenvalue Ao = 0 with multiplicity n — 1, and eigenvectors
A5 A4, ..., AY. A routine calculation gives the spectral norm || XY (7)[|2 = A} < 1,
and thus
o
I = 2 =3 [
k=0

by the geometric series for [I,,— X7 ()] ™!, which yields I'(£% (1)) = L Y72 o [X¥ (7)] ¥

forn = 2,3, .... Moreover, the estimates

ITEXO) N, < L2 Y AT = [ Lfl2[1 = M ]
k=0

and
ITELEN)] )y < [1+ ALY
follow directly.

As a final remark, Lemma 4.4 gives the remainder formula by the Schur comple-
ment

[L(Ex(m); P:IPI2] _ det[T(E(r)): P |IP|12]
r(&(r)) det[T(€x(m)]
where P = (&4 ()] "P. As noted above, it is seen that
[L(&2(n): Py |IPI2] = [€x(r) P]'[€x(r) P] = [€x(r) P]J[E(T) P,
so that

1Pr (I3 =

det[T(E%(r)); P; | PI1*] = |det[€X(r) P]|” det[J).
Routine calculations yield determinants
|det [€%(7) P]|* = |P.(1)]> and  det[T(€4(r))] = [|1Z4(r)|? det[J].

Substitution of these determinants above verifies the geometric remainder formula, as
given in Theorem 4.2. The next two lemmas combine to re-express the remainder
formula.
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Lemma 4.7. Let v be real and T be complex. If P(z) is an n-th degree polynomial,
P € C"! is the associated polynomial vector, and P,(z) = e *P*P(z), then the
remainder formula is given by

1Y (0I5 = IPIF = P*LT'P + PX(r)L7'P,
where P = (&4 ()] " P, and where the Iast term is given by

v 2
|P(7) = Sopol| 24, (7)1
[ERGIE |

P*XY(r)L™'P =
and the middle term is given by

|2 () = dopo[1125]1% = 1/83 + 1/0] |” N -

P*L7'P = (JP, )|
ZT 175 2.l
+ 8ol 2y (T)I13 — 85 1pol 11 2y, ()12
+[PI = ITP|* + [pol*(60 — 1),
for orthonormal vectors T € Cntl, j = 2,3,...,n, given below in (%), and for
n=23....

Proof. By Corollary 4.3,
IPY@I = 1PI2 — PrIr(n(r)] P,
giving the remainder formula, by Lemma 4.6. The Hermitian matrix
L Xy () [X4(r)] L
has eigenvalue \; = ||L~1XY(7)||? with eigenvector AY = L1 X*(7), and has eigen-

value Ay = 0 with multiplicity n — 1 and nonorthogonal eigenvectors

A7) 0] [0
0 —HY(7) 0
0 0 0
Ay = , A = , , Ay =
0 0 0
0 0 —HY(7)
Hy(r) | | H3(r) ] | Hy (7))
The Gram-Schmidt process on vectors A5, A%, ... AY, yields orthonormal vectors
Ty, Y%,..., Ty, Thus, an orthonormal system of eigenvalues and eigenvectors for
L7YX¥(r)[ XY (r)]" L~  is given by
L71X¥(7)

A= [LTEX ()] with T = o
L X ()]
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and A\, = 0 with T, for k = 2,3,...,n. Putting U = [Y{ T4 ... YZ] gives the
diagonal matrix

A 0 0 - 0
0 X 0 - 0
vrLxyn Xy Ltr = | 00 A e 0
0 0 0 An
and it follows that
P*xY(r)L'P = %ixk\(ﬁ,’rz)f = % M| (P, Ty,
125 (T3 = 12y (T3

where it is seen that
M|, Y|P = [(P, L' X5() [P = |(P, I L XE() %,
and where
JEN(T)LTIXY (1) = [1 = bol| Z,/(n)|5 HY () Hy(r) Hi(r) ... H(r)],
from which the last term follows. The middle term is computed by expanding

PL7P = (Y [enmL g ] (P),

and putting &% (1)L~ [€4(7)]" = T + S, where

[ AY(1) — AY(7) 0 0 0 0
1
0 F-1 0
0 0 £-1 0 0
2
T =
1
0 -1 0
i 0 0 0 0 =1
and
Ay(r)  —H{(r) —H5(r) —Hy \(7) —H;(T)
—HY(7) 1 0 0 0
—HY(7) 0 1 0 0
S = ’ ,
HY (7) 0 1 0
—HY(7) 0 0 o 0 I

and where AY(7) = || Z}(7)||2 — 1/6 and A%(7) = || Z}(7)||* — 1/65. The matrix
S has eigenvalue \op = 0 with eigenvector Aj = Z¥(7), eigenvalue \; = A§(7) + 1
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with eigenvector Ay = [~AY(7) HY (r) HY(r) ... H%(7)]", and eigenvalue \; = 1
having multiplicity n — 1 with nonorthogonal eigenvectors given by

0 0 i 0 T
1¢(7) 0 0
0 7Y (7) 0
0 0 0
A = 0 AL = 0 L A= 0
0 0 Hi(7)
—Hy(7) —H(7) —HY \(7)
0 0 0
0 0] i 0 i
and
i 0 i i 0 i [ 0 i
0 0 0
Hi 1 (7) HY o (7) —H(7)
0 HY(7) 0
0 0
0
[0 L0 L H(7) |
where the entries
_I:If(T)7 _I:IQV(T)7 RN} _ﬁllcjfl(T% _IA{IZJA(T)» RN _ﬁZ(T)
are in the (k + 1)-th position of the eigenvectors A5, A%, ... A Ay o, .., Ay, re-
spectively, and where £k = 1,2,...,n is fixed. The Gram-Schmidt process applied to
vectors Ay, ..., A AL o, ..., ALy, yields orthonormal vectors T3, 15, ..., T}, so

that an orthonormal system of eigenvalues and eigenvectors for S is given by
(1) § At=Ay+ 1 Ty =A7/[AT],
Aj=1, T/, 7=23,....,n
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Thus, the unitary matrix U = [T(”] T Ty ... Tlﬁ] gives the diagonal matrix

X 0 0 - 0
0 M 0 -+ 0
sy~ | 0 0 e 0|
0 0 0 - A
and it follows that - -
(JP)*S(IP) = S N|(JP,L))F = M|(IP, )P+ Y| (7P 1))
j=0 J=2

where it is seen that

| P, () — dopo [ Az + 1/b0] }2
AY '

2 1 2
2
A calculation gives that
(JPY'T(JP) = &lpol?Z;(T)II5 — dlpol’lIZy (DI + P15
— [I[7P[I* + [pol?(d0 — 1)?,
from which the result for P*L 1P follows, for n =2,3,.... O

Lemma 4.8. Let v be real and T be complex. If P(z) is an n-th degree polynomial

and P € C"*! the associated polynomial vector, and P,(z) = e *P* P(%), then the
remainder formula is equivalent to the proximity formula

‘PV(T)—]DO|2 _ JP|2 — 82 2 . JP. TV 2
HZV||2_1/52—[H H—OIPOW—Z}( 1))
n 0 j:2
for orthonormal vectors Y7 € C"*t1, with j = 2,3,...,n, given above in (x), and for

n=23....
Proof. The expression

125 (I3 125 (I3 1Z3|1> = 1/53

B@E P = somllZEOIEL, [Potr) — ool 25 — 1/68 +1/50]

is collected into the expression

’PI/(T) — Do
123> = 1/65

2
. S lpol?IZy (0I5 + Slpol*1Zy(T)I* + Ipol* (260 — 1).

In view of this last expression, the proximity formula follows by combining the various
terms in the remainder formula from Lemma 4.7. g
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Denoting vectors by
Yy(r)=[0 Ay (r) HY(7) ... H(7)]" and P'=[0pips ... pa]”,

both in C"*!, the proximity formula in Lemma 4.8 takes on a simplier form, given by

‘Py<7_)_p0‘2 7112 /
e = P Z\ (P, X7)]
1Yyl
for n = 2,3,.... In particular, the right-hand 51de of this formula is the square of the
distance of JP’ from Y7 (1) = Span{Tg 0 - S T;}, since the summation term is

the square of the length of the projection of J P’ onto Y7 (7). This notation is employed
to detail a neighborhood for the proximity of P, (7), in the next corollary.

Corollary 4.9. Let v be real and T be complex. Let P(z) be an n-th degree poly-
nomial, P € C"*! be the associated polynomial vector, and P,(z) = e DQP(Z).
Denote the vector V € C"* 1 by V = [0 vy v2 ... Uj—1 0 pqq ... v,|", and put
V(z) = viHY (2)+voHY (2)+ - +vp_ 1 HY | (z)+’uk+1f[,?+1 (2)+-- -—i—vnﬁ;’ (2),

for some k = 1,2,...,n, fixed. Denote the vector YT € C"t! by Y = V/||V| if
V #0,andby Y =0, if V = 0. If V(1) = 0, then the proximity inequality

l/(T) B pO’2
Yy ()12

holds, where P’ = [O PLD2 ... D ]T, and a condition for P, (1) # 0 is given by

< |JP')? - |(JP, 7))

|p0| 2
e > VITPIP = (7P 7))

Proof. The results clearly hold when V = 0, so assume that V' # 0. The vector
AY(1) = wviA§(7) +veA5(T) + - F e 1 AL(T) + vk AL o (T) +
+ vp Ay 4 (7)
= H{(nV
is in T7(7), so that A”(7) = 377, \; 1%, and so

((JP A ()]} = zn: N(JP', 1Y)

=2

f:u E [Z\ (JP', YY)
Lj=2

= ||A“<T>\|2[Z|<JP’,T;>\2
j=2

IN

It follows that

y(JP’,V)y \(JP' AY(7) y
VIE = A0 u2 <Z‘ I
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and thus

‘PV(T) _p0|2

e = WP = 2P ) < 1P - [P T

j=2

which is the proximity inequality. Combining the proximity inequality with the in-
equality |P,(7)| > [po| — |P.(7) — po| yields a condition for |P,(7)| > 0, given
by

2
pol > ||Y,f(r)\|\/HJP/||2 — |(JP, 7))
which is the condition for P, (7) # 0 stated above. O

The inequality ’P,,(T) - p0| < |[JP'||||Y;Y (7)|| is a special case in the proof of
Corollary 4.9, by taking V' = [0 00 ... ]T. This inequality also follows directly from
the Cauchy-Schwartz inequality [16]. It follows that a condition for P, (7) # 0 is given
by [|7P[I[Y ()]l < [pol.

Lemma 4.10. Ifv and i are real, and T = x + iy, then

1
|HY (1)? = —— eh@? /(1 2uw) + py? /(1=2pw)

i
o k! V1 —4p2?

whenever 2|uv| < 1.

> Lk

Proof. The case v = 0 is obvious. The generating function for the Hermite poly-
nomials
> sk
2T —t2 t
e T = k[ H k( )
k=0
gives the generating function for the parametrized Hermite polynomials

0 Lk
tr—uvt? __ Z_'Hk( )
k=0
For v > 0, it follows that the following sum is given as a Weiertrass transform
o
VYY) = oD e vl
k=0
_ zut'r—H/ ,ut)2 —(iz+t)? J4v dt,

F

whenever 0 < | ,uV] < 1/2. A calculation gives

2.2 22
i pTz—rpct —vpuz
Z[LtT+V ut) —(iz+t)2/4v dt = ; O 1-4p22

€ )
Vary V1 —4p2v?

from which the result follows by putting z = 7. The replacement v — —v yields the
case v < 0. O

Corollary 4.11. Let v be real, and let ;1 > 0, with 2u|v| < 1. Let P(z) be an n-th
degree polynomial, with P(0) # 0, P € C""! be the associated polynomial vector,

and P,(z) = e "D’ P(2). Let V € C**!, T € C"*! be given in Corollary 4.9, and put



462 THE COMPOSITION PRODUCT AND HERMITE BASIS POLYNOMIALS

A = JP'/||JP'||, where J has diagonal entries 6;, = +/k!/u¥, fork = 0,1,2
For 0 < |(A,T)| <1, let

2 1
1+ |p0\/ 2 2 5
P2\ 1 — (A7)
and, for ’(A, T)} =1, put p, (V) = oo. If V(1) = 0 and
2

x v _ V)
< )

1+ 2pv 1—2uv W
where T = x + iy, then P,(7) # 0. In particular, if

pu(V) =In (\/ 1 —4p?v?

14 |pol® 1
[TP"|2 7 /1 —4p20?
where P” = [0 0 p2 p3 ... pn]”, then P,(0) # 0.

Proof. The Cauchy-Schwartz inequality gives [(A,T)| < [[A[||IY]|
|(A,T)| = 1 equivalent to JP’

< 1, with
v for some scalar v. If (A, T)| = 1, then
pu(V) = o0, so clearly
@? v _ V)
1+ 2uv 1—2uv ’

W
where 7 = x + iy. Since JP’ = v, the proximity inequality in Corollary 4.9 gives
P,(T)=po#0.1f0 < ‘(A, T)’ < 1, then a condition for P,(7) # 0 is given by

v |p0|2
1Yy (DI? < 55
| TP = [(J P, 7))

where 6, = \/k:!/uk, fork=0,1,2,..., by Corollary 4.9. Lemma 4.10 gives

V(IR < Z ‘ B - 1 = L /(2w /(1=2m) _ g
il V1 —4p2? ’
and thus, a condition for P,(7) # 0 is given by
1

o/ 2u)tuy?/(1-2uw) [pol” )
V1 — 4202 |JP/|2 = | (TP, 1)

which is equivalent to the inequality given in the statement of the corollary. The second
part of the corollary follows from the first by taking V' = [0 10 ... }T.

O
The trivial case V = [O 00 .

. ]T is given in the next corollary.
Corollary 4.12. Let v be real.

Let P(z) be an n-th degree polynomial, with
(0) # 0, P € C"*! be the associated polynomial vector, and P,(z) = e *P* P(z)
Let > 0, with 2u|v| < 1, be such that

2
pp(0) =1In (\/1 — 4p2v? <1 + ||{|]p;|/”2>> >0,
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where J has diagonal entries §;, = \/k!/u*, for k = 0,1,2,...,n. If membership
7 € T),(0) is defined by

? v _ pul0)

1+ 2pp + 1—2uv W
where T = x + iy, then P, (1) # 0, for all T € T,,(0). Moreover, if p,(0) > 0, then
T, (0) £ 0.

)

Proof. By the remark preceding Lemma 4.10, a condition for P,(7) # 0 is given
by ||JP'||?||Y;Y(1)||?> < |po|?. Putting 6, = +/k!/u*, for k = 0,1,2,..., it follows
that

1
Y2 (r)|? < Z ‘Hk I R ——— A A IO T

V1 —4p2v?

by Lemma 4.10. Thus, the condition for P, (7) # 0 is given by

L w?/Oom) /o) _ g ol
V1—4p2v? | P2
which yields the condition for membership in 7},(0). If p,(0) > 0, then 7),(0) is the
interior of an ellipse, so that 7),(0) # (. O

The result from Corollary 4.12 is needed in the next corollary, of which it is a
special case.

Corollary 4.13. Let v bereal, and let ;n > 0, with2pu|v| < 1, and with p,,(0) > 0 as
in Corollary 4.12. Let P(z) be an n-th degree polynomial, with P(0) # 0, P € C"*!
be the associated polynomial vector, and P,(z) = e P’ P(z). Let V € C"*! be
given as in Corollary 4.9, and let p,,(V') be given as in Corollary 4.11. If membership
7 € T,,(V) is defined by V(1) = 0 and

? y? _ V)

1+ 2pv * 1—2uv 7
where T = x + iy, then T,,(0) C T,,(V') and P, (1) # 0, for all T € T,,(V).

)

Proof. Corollary 4.11 gives that P, (1) # 0, for all 7 € T),(V'). If p,,(0) g 0, then
T,(0) = 0, so clearly 7,(0) € T,,(V'). Assume that p,(0) > 0. If |(A, )| = 1, then
pu(V) = 0o, by Corollary 4.11. If 0 < | (A, T)| < 1, then

2
14 |pol 1
[JP][2 \ 1 —[(A,T)?

pol? > [ pol? 2 |pol? A
—(1+ |+ A1+
< |.JP’||2 IIJPIIQ‘ | HJPIIQ‘ |

-1
Ipo|? Ipo|?

> (1

—< teE) L el @0l
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which yields the lower bound

Pl o Pl
pu(V) 2 0u0) = (1 = 78 (A T) 2 0u(0) + 4 7p (AT

In either case p,, (V') > p,(0), so that 7,,(0) C T, (V). O

A few remarks are in order. The special case v = 0 corresponds to Py(z) = P(z),
with p, (V') given by

. [pol? 1
pu(V) =1 (1 TP (1 - !<A7T>I2>>’

for all i+ > 0. The trivial case V' = 0 is given in Corollary 4.12, and a special case of
Corollary 4.13. In this case, the identitiy V/(7) = 0 holds for all 7, so that 7),(0) is the
interior of the ellipse

v’ v _ pu(0)
1+ 2pp 1—2uv W

where 7 = 2 4 iy. Moreover, if [¢/| < ||, then 2u[v/| < 1 and p/,(0) > p,(0) > 0,

where
/ =1 402 ()2 |p0‘2

p,u,(o) = 1- 14 (V) 1 + ”JP/||2 )

so that T}, (0) is the interior of the ellipse
2 2 ' (0
LA Y /1)

1+ 2u! 1—2u I

and so P,/(7) # 0 for all 7 € T},(0). Replacing P(z) in Corollary 4.13 by

)

9

P(z) = P P(z Zpkz :

where +y is complex, gives a neighborhood 7},(V') such that P,(t) # 0 for all 7 in
T,,(V). In view of the relation P, (2) = e 7P P,(z), it follows that P, (7) # 0 for all
T e (Y+Tu(V)).

An example of a 7-dependent nonzero vector V€ C"*! so that V() = 0, for all
T, is given by

V= 1[0H5(r) —IQI{’(T)OO ... 0],

so that V (z) = HY (7)HY (z) — HY (1) H%(z). Neighborhoods based on such identities,
are given in the next corollary.

Corollary 4.14. Let v be real. Let P(z) be an n-th degree polynomial, with
P(0) # 0, P € C"*! be the associated polynomial vector, and P,(z) = e *P* P(z).
Let > 0, with 2u|v| < 1 and p,(0) > 0, where p,,(0) is given as in Corollary 4.12.
Let V € C™*! be a T-dependant vector given as in Corollary 4.9, with V(1) = 0 for
all 7. Let p, (V') be given as in Corollary 4.11, and let

V) = ) — (1 — B 1),



D. Gefroh 465

where Y € C"*! is given as in Corollary 4.9, A = JP'/||JP'||, and J has diagonal
entries 0, = \/k!/p¥, fork =0,1,2,...,n. If membership T € T,,(V') is defined by
z? 312 < ﬁu(V)
1+ 2pv 1—2uv W

where 7 = x + iy, then () # T,(0) C T, (V) C T,(V), and P,(t) # 0 for all
TeT,(V).

)

Proof. By the identity V' (7) = 0 for all 7, the proof is included in the proof of
Corollary 4.13. U

An advantage of the estimate j,(V), over p,(V), is that the value |(A, T)| = 1
is not a separate case for defining membership in Tu(V), as in Corollary 4.13. The
condition py # 0 is sufficient for P, (7) # 0 in a neighborhood of the origin, provided
v is sufficiently small. The next corollary quantifies this observation, by putting upper
bounds on the members of P.

Corollary 4.15. Let v be real and € > 0, with 2¢2|v| < 1. Let

P(z) =) pp2"
k=0

be an n-th degree polynomial, with py # 0 and k!|p|> < 82¢%k fork = 1,2,...,n,
where

1
0<0< —1).
il (1)
Then, P,(7) # 0 for T = x + 1y inside the ellipse
z? y? pu (0)

1+ 2u'v * 1—2u'v w
for some €* < y/ < 1/(2|v|); in particular, for ' = €/2(1 — 62 /|po|?) + 1/(4|v|). If
|| < |v|, then P,/(7) # 0 for T = x + iy inside the ellipse
LR s P (0)
1+ 2u'v 1—2u'v W

where 1/ and p;/ (0) correspond to v and V', respectively.

Proof. If p,,(0) > 0, then P, (1) # 0 inside the ellipse given above, where

pul0) =t (V=087 |1 ol ).

I.7P|[?
by Corollary 4.12. Assuming €2 < y gives the estimate

Gy > [\ F 522
||JP/‘2:ZM|pk’2S62Z<> :m7

k=1 k=1 K

so that

vimamE e s o (14 - ).

HJP/HQ 6252
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Putting x = |pg|? /62, it follows that p,,(0) > 0 is implied by inequalities

Q=21+ 2pu-e)) >1 = 2y L9, L2
—2ulv —(pu—e — e+ ——— —
l’L EQM /"L 2|V| /"[’ 2’1/‘ )

K
1 € €
_ 2 _ (2, Lt € .
it = (S S g
has vertex (', 7') with
1 1 & 1 1 1
/ — = 2 - < = 2 - < .
H 2<6 o m>_2<6 o) = o
The upper bound on § yields the bound

1
o<l 1)

or equivalently €2 < 1/, so that €2 < p/ < 1/(2|v|). The inequality 7" < 0 is equivalent
to inequalities

Wy - (@4

where the parabola

1 €
ovl  w

€

V2v|
52 1 2
— < -1,
po|? <6\/2|y| )

which yields the first part of the corollary. The second part follows from the remark
after Corollary 4.13. U

2
>u+ <0 <= u>
2ly|

€ 1

2 2 + b
2(1—02/lpof?) ~ (4lv])
whereas this value is used in both p,,/(0) and p’H, (0), corresponding to values v and v/,
respectively. Replacing P(z) in Corollary 4.15 with

P(z) = @IV P( Zpkz :

The proof of the Corollary 4.15 produces the value ;' =

where « and [ are real, gives PZ,(T) # 0 for 7 = x + 4y inside the ellipse

? + y? < ,5#/(0)
1420y 1—2u'v W
where
o) = (VI3 1+ ) )
1T
and J has diagonal entries 0, = ﬁ,fork =0,1,...,n,forsome e < pu' < (2|V|)

Thus, in view of the relation P, (z) = e~ (@+#)D ]51,(2), it follows that P, (7) # 0 for
T = x + 1y inside the translated ellipse

@—af =57 _pwl0),

1+ 2u'v 1—2u'v W




D. Gefroh 467

A simpler sufficient condition can be derived from the sufficient conditions of
Corollary 4.15, as given in the next corollary.

n
Corollary 4.16. Letv be real. Let P(z) = Z prz" be an n-th degree polynomial,

k=0
with pg # 0, and put

2 _ k. 2
A% = max {(2[v)"Klpel”}-

If e > 0 with 2¢%|v| < 1, and

A < |pol - 1
T =n <P = )
(ev/2]v])" e 2|y|
then P,(7) # 0 for 7 = x + iy inside the ellipse

? y? Pu(0)

1+ 2pv + 1—2uv 7
for some €2 < pu < 1/(2|v|). If|v/| < |v|, then P,/(7) # 0 for T = x + iy inside the
ellipse

2 2 ' (0
22y 0
1+ 2ur! 1—2uv/ I
where 1 and pL(O) correspond to v and V', respectively.
A

8 scpl [ — |
BN A ONCI ’

then 62 > AQ/(E\/Q‘I/‘)QIC, fork =1,2,...,n,since 2¢2|v| < 1. It follows that
6% > Kl|py|* /€,

for k =1,2,...,n, so that Corollary 4.15 yields the result. O

Proof. If § > O satisfies

Remarks similar to the two remarks following Corollary 4.15, on the range of
Weierstrass parameter v and translation of the elliptical neighborhood 7}, (0), also apply
to Corollary 4.16.

5. Extensions to entire functions

The corollaries below extend certain results from the last section to entire functions.
An entire function ®(2) has finite order if |®(2)| < C,el?l*, for some o > 0, C, > 0,
and all z. In this case, the value p = inf{p} is the order of ®. An entire function ¢ with
order p has finite type if |®(z)| < C.eSl*”, for some ¢ > 0, C. > 0, and all z. In this
case, the value o = inf{c} is the fype of ®. If  has Taylor series ®(2) = > 22, pr2"¥,
then the criterion to be entire, and formulae for order and type are given by

—Ink 1
klim V|pk| =0, p=limsup 8P and o= —lim sup k v/ |pr|?,
—00 €p

k—oo In \k/ |pk| k—o0
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respectively [14].
Lemma 5.1. Let the Taylor polynomials associated with ®(z) be

n
2= m
k=0

forn = 0,1,.... If ® has order p, then for all o > p, there is C, > 0 such that
|P,(2)] < Cuel?l®, forn = 0,1,.... If ® has order p and type o, then for all ¢ > o,
there is C. > 0 such that | P,(2)| < C.esl*’, forn =0,1,....

Proof. If ® has order p, then the entire function

[o¢]
= Ipwl?*
k=0

has order p. The result now follows from the inequality
|[Pr(2)] < @%(]z]),

forn = 0,1,.... The argument for the case when ® has order p and type o is similar.
O

The Weierstrass operators defined on entire functions are formally identical to
polynomials in the first section. For » > 0 and & entire, the Weierstrass operators
e*7D*$ () are defined by

vD? (z2—t)2/4v
e’ O(z dt,
(=) \/ 47ry
efz/Dz@(Z —(iz+t)?/4v dt,
VAmy

whenever the integrals exist. If v is real, then ¢, := e~vD? d exists as an entire function
for all |v| > 0 whenever ® has order p < 2, and for all |v| < 1/40, if p = 2 with
o < oo [19]. The next lemma, needed to extend certain corollaries from the last section
to entire functions having order p < 2, uses the Stirling’s approximation given by

k k
21k (i) < k! < V2rk (’Z) (1+ s(k)),
where k(k) = 1/(12k — 1) [13].

Lemma 5.2. Let ®(z Zpkz have order p < 2 or p = 2 and type o < oo. If

k=0
p < o <2, then

Elpel> = O <e_kk_€k> as k — oo,

where e = 2/p — 1 > 0. Moreover, if p = 2 and o < oo, then k!|py|> = O ((2¢)*) as
k — oo, where¢ > o.
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o0

Proof. The entire function ®'(z) = sz,zk with p}, = Vkpy, fork =0,1,2,...,
k=0

has the same order and type as ®, so it suffices to replace ® with ®". If p < p < 2, then

—Ink
In /1|
for k large. Thus, Stirling’s formula yields k!|p|? < v27 (1 + k(k))e FE—(2/e=Lk,
for k large. If 0 < ¢ < o0, then

k
1 2
SRk <6 = Iph)? < < Zg) = |ppl* < (2e5)F k12,
e

for k large. Thus, Stirling’s formula yields k!|px|> < V27 (1 + k(k))(26)*, for k
large. g

<o = PP <k = |p 2 < kTY2He

For an entire function ®(2) = >"7°, pr2" having order p < 2 or p = 2 and type
o < oo, consider the complex vectors ® = [po p1 p2 ...]", ®" = [0p1 p2p3 ...]",
and ®” = [00 pa p3 ps ...|". For pu > 0, consider the matrix

(s 0 0 -+ 0]
0 6 0 --- 0
=10 o 5y -+ 0|

with diagonal entries 0 = \/k!/p*, fork = 0,1,...,sothat J® = [dopo d1p1 -..]",
J®' = [061p1 dapa ...]" and J®” = [0 0 dap2 d3ps ...]". Let

oo oo oo
112 =SSl 112 =S 2 pl and (1777 = &2l
k=0 k=1 k=2
By Lemma 5.2, these sums converge for all u > 0, if p < 2; and, for all u > 20, if
p =2 and o < oco. The next lemma follows directly from these remarks.
o
Lemma 5.3. Letv bereal. Let ®(z) = Z pr2" be an entire function having order

k=0
p < 2. Then, the value

2
() =0 (VIZ522 1+ e ).

exists for all 0 < p < 1/2|v|, if p < 2; and, for all 20 < p < 1/(2|v|), if p = 2 and
o < 0.

The following corollary is the transcendental analogue of Corollary 4.9.

Corollary 5.4. Let ®(2) = Y72, prz* be entire with py # 0, and have order

p < 2orp = 2andtype o < co. Let v be real, and put ®,(z) = e‘”DQ(P(z). For
p<21et0 < pu<1/2lv|, and for p = 2, let 20 < p < 1/(2|v|). Denote the vector

V:[Ovlvg Uk,100k+1 UmOO ...]T,
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for some k = 1,2,...,m, wherem = 2,3, ..., is fixed, and put
V(2) = i HY (2)+vo HY (2) 4+ Avp_1 HY_y (2) o HY oy (2)++ o HY (2).
Let Y be the vector Y = V/|V|| if V #0,and T = 0ifV = 0. Put A = J®'/||Jd’||.

For0 < |(A, )] < 1, et
[po|? 1
1+
1721 \ 1 — |(A, 1))

pu(V) =In (\/ 1 —4p?v?

and, for ’(A, T)} =1, put p, (V) = oco. If V(1) = 0 and

? y? _ V)

14+ 2uv 1—2uv W

)

where T = x + iy, then ®,(7) # 0. In particular, if

2
1
|4 p ,’, 5 > :
[J2"[2 ~ /1 — 4p202
then ®,(0) # 0.
Proof. If the P,’s, forn = 0,1, ..., are the Taylor polynomials associated with ®,

then P, — ® as n — oo, uniformly on compacta, with
ITFll < |7 < -+ < [|[J®]| < o0
and

)

and so

where A, = JP./||JP.|, for n = 1,2,.... The Cauchy-Schwartz inequality gives
‘(A, T)’ < 1, giving the following two cases. The proof of Corollary 4.9 uses the
inequality

v 2
[(P)u(D)] = lpol — Y5 (T)H\/HJRQH2 — (BT,
which yields

v 2
2,0 = Ipol — V@I I®)2 — (72,1,
by letting n — oo, where Y (1) = [0 HY (1) HY (1) HY(7) ... ]*, and where

ok
v B 2 1 22/ (14+-2p) 4y (1—20)
@ = 3 )P = ep? /o2 (1=2)
P k! V1 —4p2v?
by Lemma 4.10. In case 0 < |(A, T)| < 1, it follows that

a? y? < pu(V)

14+ 2uv 1—2uv W

)

where 7 = x + iy, gives |®, ()| > 0. This inequality also holds for |(A,T)| = 1,
since p, (V') = oo. Indeed,

‘(ATVHT)‘ = ‘(Am-‘rla’r)‘ == ‘(A’T)‘ =1,
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since |(An, T)| < [[AL]l[IY]| < 1, for n = 0,1,.... Thus, JP, = v, Y, and
thus (P,),(7) = po, by the proximity inequality, for n = m,m + 1,..., giving
®,(1) = po # 0. The second part of the corollary follows from the first by taking
V=I[010...]" O

The following corollary is the transcendental analogue of Corollary 4.12.

Corollary 5.5. Let ®(z) = > 32, px2" be entire with py # 0, and have order
p < 2orp=2andtype o < oo. Let v be real, and ®,(z) = e*”D2<I>(z). For p < 2,
(2|v|). Let p,(0) > 0, where
pu(0) is given as in Lemma 5.3. If membership T € T),(0) is defined by

2 2
T i Y < pu(0)
14+ 2uv 1—2uv W
where T = x + iy, then ®,,(1) # 0, for all T € T),(0) # 0.

Proof. Since p,(0) > 0, T,,(0) is the interior of an ellipse, so that 7,,(0) # 0. If

the P,’s,forn = 0,1, ..., are the Taylor polynomials associated with @, then P,, — ®
as n — oo, uniformly on compacta, with ||JFP}| < ||JP{|| < --- < ||[J®| < oo.
Putting

(@ =1 (Vim gL+ LT,

[ERAlR
forn = 1,2,..., it follows that (p,)1(0) > (pu)2(0) > --- > pu(0) > 0. By
Corollary 4.11, (P,,),(7) # 0, for all 7 € (1},),(0), where 7 € (1},),(0) is defined by

2 Y (2a(0)

14 2uv 1—2uv W
where 7 = z + iy, forn = 1,2, .. It follows that (P,),(7) # 0, for all 7 € T),(0),
since (7,)0(0) 2 (T,)1(0) D - T,(0) # 0, forn = 1,2,.... By Lemma 5.1,
(Pn)y, — @, a8 n — oo, unlformly on compacta, thus ®,(7) # 0, for all 7 € 7,,(0),
by Hurwitz’s theorem. U

The following corollary is the transcendental analogue of Corollary 4.14.

Corollary 5.6. Let ®(z) = > 7 pxz" be entire with py # 0, and have order
p < 2orp=2andtypec < co. Let v be real, and ®,(z) = e*”D2<I>(z). For p < 2,
let0 < p < 1/2|v|, and for p = 2, let 20 < p < 1/(2|v]), satisty p,(0) > 0, where
pu(0) is given as in Lemma 5.3. Let V = [0 vy V2 ... Vg1 0vkq ... 0, 00 .. .]T,
for some k = 1,2,...,m, where m = 2,3, ... is fixed, be a T-dependant vector, with
V(r) = 0 for all . Let vectors Y and A, and value p,(V'), be given as in Corollary
5.4. If membership 7 € T,,(V') and T € T, (V') is defined by

2 2 Vv 2 2 5. (V
T i Y < Pu(V) and T 4 Y < Pyl )7
14+ 2uv 1—2uv 1 14+ 2pv 1—2uv 1
respectively, where T = x + 1y and where
_ [pol®
V) =pu(0) — 1 (1 - )
Pu(V) = pu(0) n ’J@HQ‘ ’
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then 0 < pu(0) < pu(V) < pu(V), 0 # T(0) € Tp(V) € Tu(V), and @, (1) # 0
forallT € T,,(V).

Proof. If the P,’s, forn = 0,1, ..., are the Taylor polynomials associated with @,
then P, — ® as n — oo, uniformly on compacta, with

IR < TP <--- < [|[J®|| <00 and [[JF|| < |JP(]] < --- < [|[J®'| < oo
Put

BnV) = (0 0) = (1 = 2, ),

with (pu)n ( ) defined as in the proof of Corollary 5.5, and A,, = JP)/||JP}||. for
n=1,2,.... It follows that

(P)m(V) = (pp)m+1(V) = -+ > pu(V) >0,
since
(£u)1(0) = (pu)2(0) = -~ = pu(0) > 0
and
(A D] 2 [(Aps1, D) = - = (A, 7))

By Corollary 4.14, (P,), (1) # 0, for all 7 € (T,,)n(V), where 7 € (T},),(V) is
defined by

2 Ga)

1+ 2uv 1—2uv 7

where 7 = x + iy, forn = 1,2,.... It follows that (Pn),,(T) #0, forall 7 € T,,(V),
since (T,,)m(V) 2 (Tu)m41(V) 2 -+ D T, (V) D T,(0) # 0, forn = m,m+1,....
By Lemma 5.1, (P,), — ®, asn — oo, umformly on compacta, and thus @, (7) # 0,
for all 7 € T,,(V), by Hurwitz’s theorem. Details provided above give that the values

. — i [pol? 1
(Pu)n(V) =1 (W LR (1 - }(An,nf) )

forn =1,2,...,satisfy (p)m(V) > (pu)ms1(V) = -+ > pu(V) > 0, so that

)

(L)m(V) 2 (T)ma1(V) 2 - 2 Tu(V) 2 Tu(V) £ 0,
where membership 7 € (7),),(V) is given by
2 (o)
1+ 2uv 1—2uv oo
where 7 = x + iy, forn = 1,2,.... Hurwitz’s theorem gives ®,(7) # 0, for all
7 € T,,(V'), by an argument similar to one above. O

A few remarks are in order. Putting V' = 0 in Corollary 5.6 gives Corollary 5.5 as
a special case. Replacing ® in Corollary 5.6 by

B(2) = Pd(2 Zpkz ,

where v is complex, gives a neighborhood TH(V) such that &, (7) # 0 for all 7 in
T,,(V). In view of the relation ®,(2) = e~ 7P, (2), it follows that &, (7) # 0 for all
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TEYH+ T#(V). Expanding the argument in the proof of Corollary 5.6, it is seen that
(pu)n(V) = pu(V) as n — oo, and thus

m=0

If /| < [v|, then 2uv'| < 1 and p},(0) > p,,(0) > 0, where

[pol?
,,(0) =In ( 1—4p?(v')? {1 + PIE| )
so that 77, (0) is the interior of the ellipse
2 2 ' (0
22 Ly _ Al )’
1+ 2u! 1—2uv 7
and so ®,,(7) # 0 forall 7 € T},(0).

The next lemma shows that the Weierstrass operators apply when the coefficients
are bounded as in Corollary 4.15.

Lemma 5.7. If the coefficients of the Taylor series ®(2) = Y o, pr2" are bounded

by |pi| < 6¢*/VE!, fork = 1,2,..., where e > 0 and § > 0, then ® is entire and has
order p < 2 orp =2 and type o < €2/2.

Proof. The upper bounds on |pg| and the lower Stirling’s approximation bound
gives

¢ VL D Y S Ry (0
\/MS VE! = V2rk(k/e)k \/(“/ﬂ\/;’

for k = 1,2,..., so that ¥/|px| — 0as k — oo, and so ® is entire. The principal
logarithm of this inequality gives

1 1 1
In {/[pi] < In(eve) + g — —-In(2rk) — Sk,

which yields p < 2. In case p = 2, the upper bound above gives

52
kk 2<662k
\/‘pk‘ = \/ﬂ

which yields o < €2/2. O

The following corollary is the transcendental analogue of Corollary 4.15.

Corollary 5.8. Let v be real and € > 0, with 2€?|v| < 1. Let ®(2) = > 32, prz®

be entire with order p < 2 or p = 2 and type o < co. Let ®,(z) = e "P°®(z). Let
po 7 0, let k!|pi|? < 622k, fork = 1,2, ..., where

O<5<|p0|<
€

)
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and let p,,(0) be given as in Lemma 5.3. Then, ®,(7) # 0 for 7 = x + iy inside the
ellipse
z? 4 y? pw (0)
1+ 2u'v 1—2u'v w
for some €2 < p/ < 1/(2|v|); in particular, for 1/ = €*/2(1 — 6% /|po[?) + 1/ (4|v]). If
|V'| < |v], then ®,/(T) # 0 for T = = + iy inside the ellipse

a? y* p1,(0)
1+ 2u/'v 1—2u'v W

9

where 1/ and pL/ (0) correspond to v and V', respectively.

Proof. By Lemma 5.7, ® has order p < 2 or p = 2 and type o < €2/2. It follows
that ®, = e VP *® exists as an entire function for v > 0 in case p < 2, and for
lv| < 1/(40) in case p = 2. In either case, ®,, is entire, since || < 1/(2¢?) < 1/(40).
Moreover, the value p,,(0) exists for all 20 < €2 < p < 1/(2|v|), by Lemma 5.3. If
the P,’s,forn = 0,1, ..., are the Taylor polynomials associated with @, then P,, — ®
as n — oo, uniformly on compacta, with |JP}|| < ||[JP{]| < -+ < [[JP|| < o0,
and with ||J P! || — ||J®'|| as n — oo. These polynomials all satisfy the conditions of
Corollary 4.15, and so (P,,),(7) # 0 for 7 = = + iy inside the ellipse

z? . y? (pu)n(0)
1+ 2u'v 1—2u'v 74
for some €2 <y’ < 1/(2|v

() = n (VI TG 1+ quzgfu?D’

and where 1/ = €2/2(1—62/|po|?)+1/(4|v|), forn = 1,2,. ... The proof of Corollary
4.15 gives the lower bound (p,/),(0) > A(x') > 0, where

A(p) =In <(1 —2plv]) {1 + %(“ N ez)D ’

for e < p < 1/2|v]and n = 1,2,.... Since (p,)n(0) = pu(0) as n — oo, and
(0 )1(0) = (p)2(0) = -+ = p,(0), it follows that e (0) > 0. Thus, (P ), (7) # 0,
forall 7 € T),(0), since (7,,)1(0) 2 (T,)2(0) 2 --- D T;y(0) # 0, forn =1,2,....
By Lemma 5.1, (P,,), — ®, as n — oo, uniformly on compacta, and thus ®,(7) # 0,
for all 7 € T,,/(V'), by Hurwitz’s theorem, which yields the first part of the corollary.
The second part follows from the remark following Corollary 5.6. g

)

), where

The proof of the last corollary displays the value
i = € n 1
2(1—-0%/|pol?) ~ (4lv])’

whereas this value is used in both p,/(0) and p;/ (0), corresponding to values v and v/,
respectively. Replacing ® in Corollary 5.8 by

B(z) = eloTOPD(2) = 3 prak,
k=0
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where « and 3 are real, gives &, () # 0 for 7 = 2 + iy inside the ellipse
2 2 H (0
z i Y < P (0)

1+ 2u'v 1—2u'v w

~ 12
50(0) = In | /T d@)%2 (1 + 20! :
Py (0) ( (1) ( 1732

for some €2 < p/ < 1/(2|v|). Thus, in view of the relation ®,,(z) = e~ (@+FPP, (),
it follows that ®,(7) # 0 for 7 = z + 4y inside the translated ellipse

-0l | =0 _pwl0)

1+2u'v 1—2u'v W

Y

where
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