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ACYCLIC CLUSTER ALGEBRAS OF FINITE TYPE

GUILLAUME DOUVILLE

RESUME. Lobjectif de cet article est de donner une preuve courte et élémentaire
de Ia classification des algebres amassées de type fini, due a Fomin et Zelevinsky, dans
le cas particulier d’algebres amassées acycliques.

ABSTRACT. The objective of this paper is to give a short and elementary proof of
the finite type classification of cluster algebras, due to Fomin and Zelevinsky, in the
particular case of acyclic cluster algebras.

Cluster algebras were first introduced in the early 2000 by Fomin and Zelevin-
sky [FZ02] with the purpose of building a combinatorial framework for studying total
positivity in algebraic groups and canonical bases in quantum groups. Since then, the
study of cluster algebras was shown to be connected to several areas of mathematics,
notably combinatorics, Lie theory, Poisson geometry, Teichmiiller theory, mathematical
physics and representation theory of algebras.

A cluster algebra is a commutative algebra generated by overlapping sets of vari-
ables. The sets are called clusters and the variables are called cluster variables. One
starts with the data consisting of a finite quiver () without cycles of length one or two,
having n points, and a so-called initial cluster of n variables associated to the vertices
of ). Then one generates new quivers and clusters recursively using a combinatorial
process known as mutation. The cluster algebra <7 is then generated by all cluster
variables obtained in this way. Consequently, the cluster algebra .7 depends not on
the quiver () itself but rather on its mutation class, that is, the class of all quivers which
can be reached from () by iterated mutations. A cluster algebra <7 is said to be acyclic
if the mutation class of () contains a finite, connected and acyclic quiver. We are inter-
ested in acyclic cluster algebras which are of finite type, that is, which have only finitely
many cluster variables, see [FZ03]. We prove the following theorem.

Theorem. An acyclic cluster algebra <7 is of finite type if and only if the mutation
class of ) contains a quiver whose underlying graph is a Dynkin diagram.

This is a particular case of [FZ03], where the authors prove this equivalence without
the acyclicity hypothesis. The main tool in our proof is the geometric interpretation of
cluster algebras of type A and D, see [FSTOS] (see also [CCS06] and [Sch08]).

The paper is organized as follows. After a short introductory section, devoted to
fixing notation and recalling the necessary notions, we study in the second section the
cluster algebras of type A,, as arising from triangulations of the (n+3)-gon. In the third
section, we study likewise the cluster algebras of type D, as arising from triangulations
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of the once punctured n-gon. In both cases, we give an explicit formula associating a
cluster variable to an arc of the triangulated polygon. Finally, in the fourth section, we
prove our main result in Theorem 4.8.

1. Preliminaries

1.1. Quivers

A quiver is a quadruple @ = (Qo, Q1, s,t) consisting of two sets Qo and @1, and
two maps s,t : Q1 —> Qo. The elements of )y are called points and, those of @)1,
arrows. For a € Q1, s(«) is called its source, and t(«) its target. To a point i € Qo,
we associate the sets of arrows

it ={a€Q]|s(a) =4} and i ={ae@Q|tla)="1i}.

A quiver Q' = (Qf,Q},s',t') is said to be a subquiver of ) as defined above
if Q) C Qo. Q) C Qi and, if & € Q] then s(a),t(e) € Qf, s'(o) = s(a) and
t'(a) = t(a). A subquiver @’ of @ is said to be full if, for all z,y € Qf and all @ € @4
such that s(a) = = and t(a) = y, we have a € Q).

Let @ be a quiver without loops nor 2-cycles (that is, oriented cycles of length 2),
and k € Q. The mutation in k transforms @ into a new quiver p;(@) having the same
points as () and:

(a) For each path i < k < j in ) having k as midpoint, we insert a new arrow
i< Jin pug@;
(b) All arrows having k as source or target are inverted;

(c) All 2-cycles created in the two previous steps are deleted.

Clearly, if k is a source or a sink, ie., if k= = 0 or k* = (), then u,Q is obtained
from () simply by inverting all arrows incident to k. We observe that quiver mutation
is involutive.

Two quivers @ and Q' are called muration equivalent if there exists a sequence
of mutations p1, . .., g such that p; - - - u1Q = Q'. The following property of quivers
whose underlying graphs are trees is well known (see, for instance, [ASS06, (VIL.5.2)]).
We give the proof for convenience of the reader.

Lemma 1.1. Let QQ and )’ be two quivers having the same tree as underlying graph.
Then there exists a sequence i1, . ..,1; € Qq such that p;, - - p;, (Q) = Q' (thus, Q
and (' are mutation-equivalent).

Proof. It suffices to prove the statement in the case where Q and )’ differ only in
the orientation of only one arrow. Let « : ¢ < j be the only arrow in () which has the
opposite orientation in Q. Let Q" be the quiver such that Q(; = Qo and Q7 = Q1 \{«}.
Because Q is a tree, 7 and j belong to two different connected components of )", which
we denote by Q% and @7 respectively. Obviously, @’ is a tree. Therefore, it is possible
to number the points of Q7 as {1,2,...,t}, so that if there is an arrow k < [, then
k> 1. Then ps---11(Q) = Q'. O
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1.2. Cluster algebras

Let @ be a quiver without loops nor 2-cycles. Let {1,2,...,n} denote the points
of @ and consider a set of n variables x = {1, ..., x,}, where we agree that the point
i corresponds to the variable ;. We define the mutation process on the pair (Q, x).
Let k € Qo. Then ux(Q,z) = (Q', 2') is defined as follows. First, Q" = Q. Next,
2’ = (z\{zr})U{x}}, where 2}, € Q(z1, ..., z,) is defined by the so-called exchange

relation
TpT) = H Ti(a) T H Ts(a)>

a€kt ack™

where an empty product is defined to be 1. Let .2 be the union of all possible sets of
variables obtained from z by successive mutations. The cluster algebra <7 is the Z-
subalgebra of Q(z1, . .., x,) generated by 2", see [FZ02]. Each pair (Q, Z) obtained
from (@, z) by successive mutations is a seed, and Z is a cluster, whose elements are
cluster variables. The pair (Q, z) is the initial seed, and z is the initial cluster.

We say that /g is of acyclic type if the mutation class of () contains an acyclic
quiver (that is a quiver without oriented cycles), see [FZ03].

1.3. Cluster algebras from surfaces

Let .S be an oriented surface with or without boundary, and M C S be a finite
set containing at least one point from each connected component of the boundary. The
points of M are called marked points, and those which are in the interior of .S are called
punctures. The pair (S, M) is called simply a surface. An arc vy in (S, M) is the isotopy
class of a curve such that:

(a) The endpoints of the curve are in M;

(b) The curve does not cross itself, except that its endpoints may coincide;

(¢) The curve is disjoint from M and the boundary of S except for its endpoints;
(d) The curve does not cut out an unpunctured monogon e Q .

An arc is internal if it is not (isotopic to) an arc lying on the boundary of S. Two
arcs are compatible if they do not intersect, except perhaps at their endpoints. A trian-
gulation is a maximal collection of pairwise compatible arcs.

A flip in a triangulation 7" replaces one particular arc -y by the unique arc 7/ #
which, together with the remaining arcs of 7', forms a new triangulation. The resulting
triangulation is denoted by ¢.(7"). Because flips are clearly involutive, we call two
triangulations flip-equivalent if they are connected by a sequence of flips.

Now, whenever (S, M) has punctures, a triangulation may contain a self-folded
triangle. The arc inside such a triangle cannot be flipped, hence the more general notion
of tagged arcs. For example, v cannot be flipped in the following self-folded triangle
formed by 7 cutting out a once-punctured monogon.
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A tagged arc is obtained by taking an arc which does not cut out a once-punctured
monogon and "tagging" each of its ends as plain or notched, so that:

(a) each end connected to a point on the boundary is plain,
(b) if both ends connect to the same point, then they have the same tagging.

Two tagged arcs o and 3 are compatible if the arcs a” and 50 obtained by forgetting
the taggings are compatible and:

(a) if o = B9, then at least one end of o must be tagged in the same way as the
corresponding end of 3,

(b) if a¥ # Y, but a” and Y share an endpoint a, then the taggings at a must be
the same.

A tagged triangulation is a maximal collection of pairwise compatible tagged arcs. To
a triangulation 7', we associate a quiver Q7 as follows:

(a) The points of Q)7 are the internal arcs of T’

(b) If 1, 2 are two sides of a triangle in 7" such that ~» follows ~; with respect to
the orientation of S around their common vertex, then there is an arrow y; < 7o;

(c) Iftwo arcs, stripped of all taggings, are the same, then there is no arrow between
them and they share predecessors and successors.

The cluster algebra 2/, given by the quiver Q7 is called the cluster algebra as-
sociated to the surface (S, M), see [FSTO8]. Indeed, one can show that .27y, does not
depend on the particular triangulation 7" we started from, see [FST08]. We shall not
need this fact in all generality, but we rather need it in two particular cases, which we
examine in the following two sections.

2. Cluster algebras of type A

The objective of this section is to study the cluster algebras associated to triangula-
tions of the regular (n + 3)-gon (with n < 1) having its vertices as marked points. We
assume that the vertices are numbered as —1, 0, 1, ..., n + 1 and we denote by ;; the
arc going from the vertex 7 to the vertex 7, with ¢+ < j. Note that internal arcs in this
case are just diagonals. One triangulation of particular interest to us is the so-called fan
triangulation, which is as in the figure

(n+1)

(n—l).

n
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In this case, the associated quiver as defined in Subsection 1.3 above is the linearly
oriented quiver A,

1 2 (n—1)——n.

For this reason, the fan triangulation will be denoted by f&n.

Lemma 2.1. Let T be any triangulation of the (n + 3)-gon. Then there exists a
sequence of flips ¢1, ..., ¢ such that ¢; - - - $1(T') = T

Proof. We proceed by induction. The result holds for n = 1, because there are
exactly two triangulations obtained from each other by flipping the unique diagonal.
Suppose that the statement holds true for all triangulations of a polygon with less than
n + 3 vertices. Let T" be an arbitrary triangulation of the (n + 3)-gon. Consider the
vertex —1. If there exists an internal arc y_q; of the triangulation 7" incident to —1,
then the two triangulated polygons obtained by cutting along that arc are flip-equivalent
to those where all arcs are incident to —1, because of the induction hypothesis.

If T contains no arc of the form ~_1 ;, then the arc 7,1 belongs to the triangula-
tion. Consequently we may flip on 7o 41 and get an arc of the form y_ ;, returning to
the former case and completing the proof. U

It follows from Lemma 2.1 that any two triangulations 7" and 7" of the (n + 3)-
gon are flip-equivalent. We now show that flips correspond to mutations. Given an
internal arc +y of a triangulation 7", we denote by ¢., the corresponding flip and by 1.,
the corresponding mutation of Q)7 (recall from Subsection 1.3 that + is a point of Q7).

Lemma 2.2. (a) Let T be any triangulation of the (n + 3)-gon and ~y be an
internal arc of T'. Then p(Q1) = Q. (1)-

(b) The exchange relation arising from flipping ~y in the quadrilateral

is the Ptolemy relation x,x. = xoxs + xgxe (if some of the sides are boundary arcs,
the corresponding variables are replaced by 1).

Proof. (a) The internal arc y is the diagonal of some quadrilateral
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where we may, for simplicity, assume that the four sides «, 3, d, € are internal arcs.
Then it is easily seen that Q) () and i~ (@) are both equal to the quiver

f——«

\/
/\

(b) Itis a simple verification that the Ptolemy relation connecting the variables .,
and x. is exactly the same as the exchange relation in Subsection 1.2. U

As a direct consequence, given any two triangulations 7" and 7" of the (n + 3)-gon,
the quivers Q7 and Q7+ are mutation-equivalent. This shows in the case of the (n + 3)-
gon that the cluster algebra .2/, does not depend on the particular triangulation we

started from. We may thus assume that " = T- , and then Qp = An. Let the variables
in the initial cluster z = {x1,...,2,} be in bijection with the points of A,,, thus
with the internal arcs {y_11,...,7-1,,} of the triangulation T~ . We now want to
demonstrate that the algebra associated with a quiver of type A, is of finite type.

To do so, we give an explicit formula for the cluster variables in ,52/~ . For this
purpose, we define a function x from the set of arcs of the (n + 3)-gon to the ring of
Laurent polynomials in the initial cluster variables z1, ..., z,. Let, as before, v;; stand
for the arc from the vertex ¢ to the vertex 5 (where ¢ < 7). Then we set

i—1
— 1

Tij = x(%]) = X4qTj Z

wkxkﬂ

with the convention that once the expression on the right-hand side is reduced to a
common denominator and simplified, then the variables x( and x,,+ are replaced by 1
and x_; by O.

The reader may wish to compare our result to the general one given in [MSW11].
Our formula is simpler due to the fact that it applies to specific surfaces.

We first show that the function z applied to one of the initial arcs gives the corre-
sponding initial cluster variable and = applied to a boundary arc gives 1.

Lemma 2.3. Let i be a vertex of the (n + 3)-gon. Then,
@ r-1; = m;,

®) 2541 =1

Proof. (a) We have
i—1

1 r_17;
T14=T-1T4 E = = Zy,
b1 TpTr+1 120

because, in the sum, all terms not having x_; as factor of the denominator will cancel
when x_; is replaced by 0, and the only remaining denominator is x_1xg.
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(b) This is trivial. O

We recall the classical Ptolemy theorem from Euclidean geometry: a quadrilateral
is inscribable in a circle if and only if the product of the diagonals equals to the sum of

the products of the opposite sides. The following property of the function = derives its
name from this theorem.

Lemma 2.4. The function x respects the Ptolemy relation; that is, if

l
j—k
is a quadrilateral in the (n + 3)-gon, then

Tikxjl = TijTxl + TiLjk-

Proof. Without loss of generality, we may assume —1 <i < j <k <l <n-+1.
Then,

i ;X = T = xTr;x Al Xrix
g kLl ] VR
xijxkl + xill'jk = E — E + E E —
P Talag+1 b—r TpTph+1 B

el X4l
—; e c+1 d—j dtd+1
j—11-1 -1 k-1
= T;TjTRTy E E U EE—— E E
Laql TpX Lol Xqx
a—i b—p; L@ a+1LbpLp+1 =i d—j clet1L4dld+1
j—11i-1 j—1k-1
a—i b=k O a+1 bLb+1 c—i d—j c c+1 dtd+1
k—1k—1 -1 k-1
=) d—j cle+1Ldld+1 o—k d—j cle+1Ldld+1
j—11-1 k—11-1 1
a—=i b—j alta+14b b+1 d—j c=j dld+1Lcle+1
k—1
- (E ) (2
Lqgl TpX
a—j ata+1 b—i bLb+1
= xika:ﬂ.
O

3
Corollary 2.5. The cluster algebra </; is of finite type and has n(n;—) cluster
variables.
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Proof. By Lemma 2.3, the function x associates 1 to boundary arcs, and an initial
cluster variable to every initial arc of Tﬂ By Lemma 2.4, the cluster variable result-
ing from a flip is also given by x, and therefore that variable does not depend on the
quadrilateral used for the flip.

It follows that the function x gives all cluster variables of 42% Thus, ;zi has as

many cluster variables as there are internal arcs (diagonals) in the (n + 3)-gon, . that i is,

n(n+3) -
2

Corollary 2.6. Let () be a quiver which is mutation-equivalent to a quiver whose

3
underlying graph is the Dynkin diagram A,,. Then <7, is of finite type and has n(n2—|—)
cluster variables.

Proof. This follows from Corollary 2.5 and Lemma 1.1. O
Proposition 2.7. The cluster variables of </; are
Tij = Tik;
where —1 <i<j<n+landj#i+ 1
Proof. This follows from Lemmata 2.2, 2.3 and 2.4. O

3. Cluster algebras of type D

We now study cluster algebras associated to triangulations of the (once) punctured
regular n-gon (with n > 4), having its vertices and the puncture as marked points. We
assume the vertices numbered 1,...,n and arranged in the counter-clockwise order,
and the puncture is labelled with —1. We use the following notation for arcs, in which
¢ < j. Boundary arcs from ¢ to j are always denoted by ;;. Internal arcs going from
the puncture to vertex j are denoted by v_1 ;. An internal arc from i to j is denoted
by ~;; if it goes from ¢ to j in the counter-clockwise direction around the puncture —1,
and by 7; ;4 if it goes from ¢ to j in the clockwise direction around the puncture —1.
Loops around the puncture are denoted by ; j4p.

Example 3.1. The following example of a triangulation of the punctured square
illustrates the notation introduced above.
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4 V34 3
V35
Y15
Y14 -1 V23
-1
Y13
1 12 2

We shall be particularly interested in the following triangulation of the punctured
n-gon, which we call again the fan triangulation

/k“/\

neh n—l).
\” 7 \

The quiver associated to this triangulation as defined in Subsection 1.3 is the oriented

N,
NS

The notation ﬁn is justified because the quiver p,_o - - - ugul(ﬁn) has ID,, as un-
derlying graph. The fan triangulation will be denoted by T .

Lemma 3.2. Let T be any tagged triangulation of the punctured n-gon. Then there
exists a sequence of flips ¢1, ..., ¢y such that ¢, - - - p1(T) = T

Proof. We first observe that, given a tagged triangulation of the punctured n-gon
T, one can flip on every arc tagged notched to get another triangulation where all the
arcs are tagged plain. Then as there are no self-folded triangles in a tagged triangula-
tion, there exist at least two plain-tagged internal arcs incident to the puncture, which
we denote by v_1; and y_1 j, with ¢ # j. This indeed follows from the maximality of

i T(=1,5) . . .
T'. But then the path 1 —— e )( 1) i j cuts the polygon into two unpunctured tri-

angulated polygons. By Lemma 2.1, these polygons are flip-equivalent to unpunctured
polygons with all arcs incident to the vertex —1. O
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This lemma shows that any two triangulations of the punctured n-gon are flip-
equivalent. As in Section 2, given an internal (tagged) arc -y of the triangulation 7", we
denote by ¢ the corresponding flip and by i, the corresponding mutation of ().

Lemma 3.3. (a) LetT be any triangulation of the punctured n-gon, and  be
an interior arc of T'. Then 1, (Qr) = Q. (1)-

(b) The exchange relation arising from flipping y in the quadrilateral

is the Ptolemy relation z~x = xoxs + xgx, if ¥ is tagged plain (if some of the sides
are boundary arcs, the corresponding variables are replaced by 1).

(c) The exchange relation arising from flipping <y in the generalised quadrilateral
(with puncture P)

A P
ﬁ/5
B A

is the generalised Ptolemy relation x~x., = x, + xg (if some of the sides are boundary
arcs, the corresponding variables are again replaced by 1).

Proof. (a) Again, the arc v is the diagonal of some quadrilateral. If the four
sides of the quadrilateral are tagged plain, then we proceed exactly as in proof of
Lemma 2.2(a), whether -y is plain or notched. Suppose one of the sides (adjacent to
the puncture P) is notched, as in the following quadrilateral

c— > A
; TP
B A
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associated locally to the triangulation

Assuming, for simplicity, that the sides a, 8 and ¢ are internal arcs, we see that both
Qg. (1) and i (Qr) are equal to the following quiver

N
N

(b) The proof is identical to that of Lemma 2.2(b).

(c) It is again a simple verification that the generalised Ptolemy relation connect-
ing the variables x., and z. is exactly the same as the exchange relation from Subsec-
tion 1.2. u

Remark 3.4. The generalised Ptolemy relation can be rewritten as

Taxs + TRTs
Tyl = ————————,
Zs

which implies that zx., = 56—7’, where I, is the right-hand side polynomial obtained by
T

the regular Ptolemy relation corresponding to flipping  with respect to the quadrilateral
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We can thus associate Z;, to the loop 7 enclosing a puncture. The arcs 4" and 7 are both
shown in the same triangulation for convenience of the reader.

Therefore, given any two triangulations of the punctured n-gon, the corresponding
quivers are mutation-equivalent and the cluster algebra does not depend on the par-
ticular triangulation. We may thus assume this triangulation to be 7' = Tﬁn and then
Qr = D,,. Let again the variables in the initial cluster x = {z1, ..., x,} be in bijection
with the points of ﬁn, thus with the internal arcs {y_1 1,...,v—1,} of the triangulation
flﬁ)n' We now want to demonstrate the finiteness of the algebra associated with a quiver
of type D,,.

To do so, we use the same method as in Section 2. We give an explicit formula
for the cluster variables in szﬁ)n by defining a function x from the set of arcs of the
punctured n-gon (here we replace all arcs tagged notched by the corresponding loops)
to the ring of Laurent polynomials in the initial cluster variables x1, ..., z,. Let v;; be
an arc defined as before. Then we set

Jj—1 1

wij = 2(Yij) = TiTj ) ——
i CkTk+1

Again, we agree that once the right-hand side is reduced to a common denominator
and simplified, we replace the variables xy and z_; by 1 and 0, respectively, and every
variable of the form x;,, by z;. Note that the function x associates Z,, to the loop 7, so
this function does not always give cluster variables (see Proposition 3.9). We first show
that the function = applied to the initial arcs of Tﬁn gives the corresponding cluster
variable, and x applied to boundary arcs gives 1.

Lemma 3.5. Let i be a vertex of the punctured n-gon. Then,
(@) x—1, =,

(b) ;41 =1

Proof. Identical to the proof of Lemma 2.3 0

Lemma 3.6. The function x respects the (regular) Ptolemy relation; that is, if

7

l

j—k
is a quadrilateral inside the punctured n-gon, then

TikTjl = TijTl + TiTjk-

Proof. Again, this is identical to the proof of Lemma 2.4 once we represent the
quadrilateral used for the flip of y_1 ; in the figure
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Yji+n

as follows by artificially creating the vertex ¢ + n:

Visg &n

~

T
—

<

—~
~.
_l_
S

~—

This representation coincides with that from Lemma 3.3(c), due to our convention that
T(V=1i4n) = T—litn = Titn = & = T_1; = =(y—1,;) (see Lemma 3.5(a)). Now,
the same calculation from the proof of Lemma 2.4 proves this lemma. g

Corollary 3.7. The cluster algebra </ is of finite type and has n? cluster vari-
ables.

Proof. By Lemma 3.5, the function x associates 1 to boundary arcs, and an initial
cluster variable to every initial arc of T~ . By Lemma 3.6, the Laurent polynomial
resulting from a flip is also given by =, and that polynomial does not depend on the
quadrilateral used for the flip. For internal arcs tagged plain, the polynomial obtained
in this way gives the cluster variable associated to the arc. For internal arcs forming a
loop enclosing a puncture, the polynomial given by x is not a cluster variable, however
we obtain a unique cluster variable associated to every notched arc by dividing that
polynomial by the associated initial cluster variable; see Remark 3.4.

It follows that %ﬁn has as many cluster variables as there are internal arcs (diago-

nals) in the punctured n-gon, that is, n2. U
Corollary 3.8. Let () be a quiver mutation-equivalent to a quiver whose underlying
graph is the Dynkin diagram D,,. Then 7 is of finite type and has n* cluster variables.
Proof. This follows from Corollary 3.7 and Lemma 1.1. (|

Proposition 3.9. The cluster variables of ,52% are

Tij = TiT;j E

Where—l§i<j<i+n,j7éz+l,and
l+n—1

€y l+n Z
Xy

$k$k+1

wk»’vkﬂ

where 1 <[ <n.
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Proof. This follows from Lemmata 3.3, 3.5 and 3.6 and Remark 3.4. O

4. Algebras of infinite type

Throughout this section, we let () be a finite, connected, acyclic quiver and @ be its
underlying graph. Our first lemma is well known, see for instance [ASS06]. We give
its proof for convenience of the reader.

Lemma 4.1. Any orientation of A, is mutation equivalent to

1/2 3 —
N

(n+1)

~

(k+1)—(k+2)—--—n
for some k such that1 < k < n.
Proof. Let () be an orientation of A, (with n > 1). Let Sq be the set of vertices
that are sinks or sources in () (note that |Sg| = 2 for [ > 0). We prove, for [ > 1, that
we can always reduce Sg to 2(I — 1) vertices by a sequence of mutations. Let Q' be a

full subquiver of Q. In the following diagram representing @)’, we mark the elements
of Sg by boxes.

—)HQH-nH(i—l)(ﬁ*)(7;-{-1)—)”-—)(‘7'—1)—)H .

Applying mutations, we get that o - - - f1(;_1)pi(Q’) is equal to

—)1—)%-”%(7;—1)(*7;(f—)-n—)(j-l)—)% .

We can repeat such mutations moving the two boxes to the right until the leftmost is in
the position j — 7 4 1. At this moment, the other two boxes disappear and we get

—1—2— - (it 1) [ e—f— .
A simple induction then yields the proof. (|
Lemma 4.2. Let Q' be a full subquiver of Q and ay,as, . .., a; be some points in
Q'. Then pug, - - pa, (Q') is a full subquiver of puq,, -+ fia, (Q).
Proof. Without loss of generality, we may assume that £ = 1. Considering the
definition of mutation (see Subsection 1.1) yields the proof. Indeed,

(a) If there is a path i <— k < j and 4,j € @, then the resulting arrow i < j
exists both in 14 (Q") and ug(Q). Otherwise, if ¢ or j does not lie in ', then the arrow
i < j does not lie in yx(Q’);

(b) All arrows having k as source or target are inverted both in p4(Q’) and g (Q);
(c) Any 2-cycle created in ;. (Q') or in ug(Q) are deleted. O
Lemma 4.3. Assume thatm > 2 and1 < a < b. Then1 + b™ > ab.
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Proof. Since a < b, it suffices to show that 1 + b™ > b2 and this results from an
immediate induction. O

Lemma 4.4. Assume that () contains a full subquiver consisting of two points 1
and 2, and m arrows from 1 to 2 (withm > 2). Then </ is of infinite type.

Proof. Let {x;,z2,...,x,} be the initial cluster, where we assume that z; and z
correspond to the points 1 and 2 respectively. Because of Lemma 4.2, for any £ > 1,

the quiver 1 —"— 2 is a full subquiver of (u2u1)*(Q), while 1+"—2 is a full
subquiver of yu1 (p2441)*(Q) (Where we denote by 1 —"— 2 a subquiver consisting of
m arrows o, . . . , ayy from 1 to 2). Applying the sequences of mutations (,ug,ul)k and
w1 (pe 11)F yields two sequences of cluster variables:

[I oo+ II =®| (=)

YEQ1N1™ Be{Q}n1t
I(k) . BFaz .
1 _ )
xgk 1)

I e+ I =o|@E0)"

yeEQ1N2F Be{Q1}yn2~
(k) _ B#ai
T2 = (k1)
\ Lg

Denote by & (a:gk)> and & (mgk)> the evaluations of the above sequences :cgk) and a:ék)

when setting all cluster variables equal to 1. We prove that these two sequences of
variables are infinite by proving that the numeric sequences & (acgk)> and & (mék)) are

infinite. To this end, we show that, for all k¥ > 0, we have

& (xék)> > & (:L'W) > & (:nék_l)) > & (x(lk_l)>.
We first observe that & <x§1)> =142M" > & <x§1)> = 2 for any m > 2. Next,
assume & (xgk)> > & (asgk)) Then

A Gl G )

& (af) h

and also ( ( (k+1)> ) "
14+ (& (x
P ($§k+1)) _ . (é@) Ny <x§k+1)>
because of Lemma 4.3. This completes the proof. (|

Lemma 4.5. If () contains a Euclidean quiver (An, Dn, Eg, IE7 or Eg) as a full
subquiver, then </ is of infinite type.
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Proof. Because of Lemmata 1.1 and 4.1, we may, without loss of generality, choose
the following orientations for the Euclidean full subquiver @’ of Q.

(a) If Q' is of type A, then we give it the orientation
3 e — k

AN

1)—k+2)—-—n

and then pous - - - pun (Q') is the quiver

2 3 cee— k
1/ \< +1)
AN
( —I—l)—)(k‘—l—Q)—)“-*)?’L/‘

and it is a full subquiver of pops - - - py (Q). Therefore the Kronecker quiver
I1—=3(n+1)
is a full subquiver of piap3 - - - 11, (Q). Because of Lemma 4.4, o7 is of infinite type.
(b) If Q' is of type D,,, then we give it the orientation
1 / n
3—4— - —(n-1)
™~

/

2 (n+1).

Then, piap13 - - - fin—1)(Q) is the quiver

N

(n+1) 3—4—--—(n—-2),

NZe

which contains Ag as a full subquiver. Reasoning as in (a), we obtain a Kronecker
quiver which is a full subquiver of a quiver mutation-equivalent to Q. Then o7 is of
infinite type due to Lemma 4.4.

(c) If Q' is of type Eg, then we give it the orientation
7

l

6

|

1—2«3—4—5.
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Then pgpop3(Q’) is the quiver
7
!
6
20N

152«—3—4«——5,

which contains a full subquiver of type Dy. Applying the argument used in (b) and (a),

we get that o7 is of infinite type.
(d) If Q' is of type E7, then we give it the orientation
8

1—2«—3«—4—5—6—0T7.

Then, juapioispizpiapa(Q') is the quiver

8\
1%4%5%6%7,

which contains D as a full subquiver. Hence .2/ is of infinite type.
(e) If Q' is of type Eg, then we give it the orientation
9

l

8

|

1<—2—3—4—5—6—0T7.

Then, g s o tspapspz(Q') is the quiver

9
%T
35215853367,
|

4

which contains Dy as a full subquiver. Hence .27 is of infinite type.

g

The next lemma is a slightly modified version of [ASS06, (VIL.2.1)]. We include

its simple proof.

Lemma 4.6. Let () be a finite, connected and acyclic quiver. If () does not contain

as a full subquiver i ——— j (withm > 2) or a Euclidean quiver, then Q is a Dynkin

quiver.

Proof. The exclusion of i —— j implies that between two points of @ there is

at most one arrow. The exclusion of A implies that @ is a tree. The exclusion of Dy
implies that no point in () has more than 3 neighbours and the exclusion of D,,, with
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n > 4, that at most one point has 3 neighbours. Hence the underlying graph Q of Q is
of the following form

ay

a2

bip—by—- —bs—a,—ca—c——0,

where we may assume without loss of generality that 1 < r < s < ¢. The exclusion of
I~E6 gives1 < r < 2. If r = 1, then Q= Agii41. If r = 2, then the exclusion of fE7
gives1 < s < 2. If s =1, then Q= D¢+ 3. Finally, if s = 2, then the exclusion of Eg
gives 2 <t < 4, so that @ is equal to Eg, E7, or Eg. O

Remark 4.7. In order to prove our main theorem, it remains to show that if () is a
quiver of Dynkin type Eg, E7 or [Eg, then the cluster algebra .27 is of finite type. This
cannot be done using the method of Sections 2 and 3: indeed, this method rests on the
construction of the cluster algebras of types A and DD as arising from marked surfaces,
and cluster algebras of type Eg, E; or Eg cannot be constructed in this way. However,
using Lemma 1.1 to choose, without loss of generality, an initial orientation of these
quivers, the statement may be proved using a (long and tedious) computer check: one
can compute all possible sequences of mutations as well as the corresponding cluster
variables, thus proving that the cluster algebras associated to the mutation classes of
Eg, E7 and Eg are of finite type.

We are now in a position to prove our main result.

Theorem 4.8. Let () be a finite, connected and acyclic quiver. Then .2/, is of finite
type if and only if () is mutation-equivalent to a Dynkin quiver.

Proof. Assume that () is mutation-equivalent to a Dynkin quiver. Then 7 is
of finite type, because of Corollaries 2.5, 3.6 and Remark 4.7. Conversely, if @ is
not mutation-equivalent to a Dynkin quiver, then, because of Lemma 4.6, it contains

i—"—j with m > 2 or a Euclidean quiver as a full subquiver. But then Lem-
mata 4.4 and 4.5 complete the proof. U

Acknowledgements. Work on this paper was done while the author had an under-
graduate research fellowship from the Faculty of Science of the University of Sher-
brooke, under the direction of I. Assem and V. Shramchenko.



G. Dowville 379

REFERENCES

[ASS06] I. Assem, D. Simson and A. Skowroniski, Elements of the representation theory of
associative algebras, Vol. 1, Techniques of representation theory, London Mathematical
Society Student Texts, 65, Cambridge University Press, Cambridge, 2006, x+458 pp.

[CCS06] P. Caldero, F. Chapoton, and R. Schiffler, Quivers with relations arising from clusters
(A,, case), Trans. Amer. Math. Soc. 358 (2006), no. 3, 1347-1364.

[FSTO8] S. Fomin, M. Shapiro, and D. Thurston, Cluster algebras and triangulated surfaces,
L Cluster complexes, Acta Math. 201 (2008), no. 1, 83—146.

[FZ02] S. Fomin and A. Zelevinsky, Cluster algebras, I. Foundations, J. Amer. Math. Soc. 15
(2002), no. 2, 497-529.

[FZ03] S. Fomin and A. Zelevinsky, Cluster algebras, Il. Finite type classification, Invent.
Math. 154 (2003), no. 1, 63-121.

[MSW11] G. Musiker, R. Schiffler, and L. Williams, Positivity for cluster algebras from sur-
faces, Adv. Math. 227 (2011), no. 6, 2241-2308.

[Sch08] R. Schiffler, A geometric model for cluster categories of type D,,, J. Algebraic Combin.
27 (2008), no. 1, 1-21.

G. DOUVILLE, U. DE SHERBROOKE, DEP. DE MATH., 2500, BOUL. DE L’UNIVERSITE, SHER-
BROOKE, QUEBEC, CANADA, J1K 2R1
g.douville@usherbrooke.ca



