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SOME NEW METHODS FOR CONSTRUCTING
NORMAL NUMBERS

JEAN-MARIE DE KONINCK AND IMRE KATAI

RESUME. Etant donné un entier q > 2, un nombre g-normal est un nombre réel
tel que, dans son développement en base g, toutes les suites finies de % chiffres appa-
raissent a la fréquence attendue, soit 1/¢*. Nous présentons deux méthodes qui per-
mettent de construire de grandes familles de nombres g-normaux.

ABSTRACT. Given an integer ¢ > 2, a g-normal number is a real number whose
g-ary expansion is such that any preassigned sequence of length k£ > 1, of base ¢ digits
from this expansion, occurs at the expected frequency, namely 1/¢*. We expose two
new methods which allow for the construction of large families of g-normal numbers.

1. Introduction

Given an integer ¢ > 2, a g-normal number, or simply a normal number, is a real
number whose g-ary expansion is such that any preassigned sequence of length & > 1,
of base ¢ digits from this expansion, occurs at the expected frequency, namely 1/¢".
Equivalently, given a positive real number < 1 whose expansion is n = 0,a1a2 ...,

oo
with each a; € {0,1,...,¢— 1}, thatis,n = Z a—j, we say that 7 is a normal number
— ¢
7j=1
if the sequence {¢"n}, withm = 1,2, .. ., is uniformly distributed in the interval [0, 1[;
here {y} stands for the fractional part of y.
It is easily seen that 7 is a g-normal number if and only if
o1 . 1
J\}gﬂwﬁ#{] < N:iajy1...a4k =by...by} = qfk
forevery by ...b, € {0,1,...,q— 1}F.

The problem of determining if a given number is normal is unresolved. For ins-
tance, fundamental constants such as 7, e, v/2, log2 and the famous Apéry constant
¢(3), have not yet been proven to be normal numbers, although numerical evidence
tends to indicate that they are. Interestingly, Borel [2] has shown that almost all real
numbers are normal, that is that the set of those real numbers which are not normal has
Lebesgue measure 0.

Recu le 22 septembre 2011 et, sous forme définitive, le 18 décembre 2011.
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In this paper, we expose two new methods which allow the construction of large
families of normal numbers.

2. Notations

Given an integer ¢ > 1, an expression of the form 4142 . . . %;, where each 7; is one
of the numbers 0,1, ...,q — 1, is called a word of length t. Given a word «, we shall
write A(a) = t to indicate that « is a word of length ¢. We shall also use the symbol A
to denote the empty word.

Let ¢ > 2 be a fixed integer and let A = A, = {0,1,2,...,q—1}. Then, A" = A}
will stand for the set of words of length ¢ over A, while A* = A;‘ will stand for the set
of words over A, including the empty word A, that is

A=Ay =|J A", where A” = {A}.
t=0

Moreover, the concatenation of two words «, 8 € A*, written o3, also belongs to A*.
It is clear that A(a8) = M) + A(B).

Given a fixed integer ¢ > 2, we will write positive integers n as

(2.1 n= Z aj(n)qj, with each €(n) € A,
Jj=0

where the above sum is clearly finite. We will also use the notation
(2.2) n=c¢cp(n)ei(n)...e(n),
where £4(n) # 0.

Let k be a fixed positive integer. For each word 3 = by ... b, € A¥, we let v3(n)
stand for the number of occurrences of 5 in the representation (2.2) of the positive

integer n, that is, the number of times that £;(n)...cj1x—1(n) = [ as j varies from 0
tot — (k—1).

Let 1o = €1€2€3 ..., where each ¢; is an element of A,. Let ny = e€162...€n.
Moreover, for each 3 = §; ...d; € Aj and integer N > 2, let M (N, /3) stand for the
number of occurrences of J as a subsequence of the consecutive digits of 7, that is

M(N,B) = #{(e,7) : nv = afy, o,y € A}
We will say that 7)., is a normal sequence if
M(N, B)

. 1 «
(2.3) ]\}gnoo ~ = PO forall 3 € Ay.

Let P stand for the set of all prime numbers and let P stand for an infinite subset of
IP. We shall denote by A/ (IP) the multiplicative semigroup generated by . Let £ be the
real number belonging to the interval [0, 1] whose g-ary expansion is

5 = 0.818283 .
and, for each integer NV > 1, set

fN = 0.6152. ..EN.
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With 8 and M (N, 3) as above, we will say that £ is normal if (2.3) holds.

We shall let w(n) stand for the number of distinct prime factors of n. Throughout
this paper, the letter p, with or without subscripts, always denotes a prime number.
Finally, the letters ¢ and C always denote positive constants, but not necessarily the
same at each occurrence.

3. First method

Let B be an infinite set of positive integers and let B(z) = #{b < x : b € B}.
Further, let ' : B — N be a function for which, for some positive integer r and
constants 0 < ¢; < ¢z < 400, we have

F(
c1 < b(”) < g, forall b € B.
log x
Let x be a large number and set N = ] Let0 < 4 < --- <4y (S 7TN)be
0gq

integers and let ay, . .., a; € A,. Using the notation given in (2.1) and (2.2), we further

let
B F (.’E

Oy by _ _ _
ar. . a > ={b<z:beB, €gj(F(b))—aj,j—1,...,h}

Ol O, 0,
BF<x al,...,ah>_#BF<x al,...,ah>'

We say that F'(B) is a g-ary smooth sequence if B(x) > I -
o

and

and there exists a po-
x

sitive constant o < 1 and a function £(x), which tends to 0 as x tends to infinity, such
that for every fixed integer h > 1,

qhBF<.T il?"'aih >

1y---5Up
(3.1) sup — 1| < c(h)e(x),
NO<py <ol <rN— N B(z) (h)e(e)

where c(h) is a positive constant depending only on h.

Now, let F'(B) be a g-ary smooth sequence. Let by < ba < --- stand for the list of
all elements of B. Let also

&n = F(by) = e0(F(bn))...ct(F(by)).
log log by,
FO8 080 4 o).
log q
Letn € I := [z,2z], B € A”qC and v3(&,) be the number of occurrences of /3 as a

subword in &,,. Let us write

Vﬁ(gn) - Vﬁ (é-n) +v (fn) + V (fn)v

Since c1b], < F(by,) < cob}, it follows that ¢ =

(1)
where v 2
)

with A(6

n) is the number of those occurrences of 3 in &, for which &, = 47,

(¢
< N%, and where yg) (&) is the number of those occurrences of /3 in &, for
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which A\(7) < N, while ug) (&) is the number of all the other occurrences of 3 in &,,.
Now, from (3.1), we obtain that
2
> v (&)

nel

= k}: (&) + O(N®))

nel

(3.2) = qlkrN:c + O(z(log x)“).

Similarly, one can estimate the expression
2
S =) (g (6)
nel
Indeed, (ug) (€,))? stands for the number of solutions of
En =017 and &, =d2572

such that A\(6;) > N and A(y;) < N?, for j = 1, 2. Observe that the number of those
occurrences of S which are not disjoint, say

§n:’ o1 |8 | m ‘
&= 02 I

is less than (2k + 1) (fn) Thus,
1
(3.3) 22=EE&NV$+0@ﬂW

It follows from (3.2) and (3.3) that

2

Z <VéQ) (&n) — 1krN> <L N
nel q
so that,

1 2
Z <1/5(§n) - krN) <L azN+0 (:CN2O‘) .
nel q
We have thus established the following result.

Theorem 3.1. Let F'(B) be a g-ary smooth sequence. Let by < by < -- - stand for
the list of all elements of B. Let also

&n = F(by) =e0(F(by))...ct(F(by))

and set

n=0&E. ...

Consider 1 as the real number whose q-ary expansion is the concatenation of the num-
bers &1, &, . ... Then n is a g-normal number.
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Since one can easily construct plenty of g-ary smooth sequences, Theorem 3.1 al-
lows for the construction of many g-ary normal numbers. In this context, we formulate
the following two remarks.

Remark 3.2. Assume that P € Z[z], with deg(P) > 1, and lim,_,~, P(x) = +oc.
Bassily and Katai [1] proved, using theorems of I. M. Vinogradov [8] and of L. K. Hua
[5] concerning the estimation of trigonometric sums, that P(N) and P(P) are both
smooth sequences. Nakai and Shiokawa [6] explicitly proved that, in this case, 7 is a
normal number. They even estimated the discrepancy of the sequence {¢" 7} p>1.

Remark 3.3. Recently, German and Katai [4] showed the following : Suppose that
ny < ng < --- stands for the list of all elements of N (]T”) Moreover, let P € Z[x]
and N(z) := #{n < z : n € N(P)}. Assume also that P(n) takes only non-negative
values. Then 7 = 0.P(n1) P(n2) ... is a normal number.

Much more is true. Indeed, we can also obtain the following result.
Theorem 3.4. Letn; < ny < --- be a sequence of integers such that
#{n; <x} > px, providedx > x,
for some positive constant p. Using the notations of Theorem 3.1, let

w=0%5,&n, ...
Then v is a g-normal number.

4. Second method

' Theprem 4.1. Letq > 2 be an intqgfen Given a positive integer n :'p‘fl Y
with primes p1 < --- < pg41 and positive exponents €1, . . ., €11, wWe introduce the

numbers c1(n), .. ., ck(n) defined by
qlogp; J o
ci(n) = |————| €A, withj=1,...k,
o) = | 2B | e g,
and define the arithmetic function
ci(n)...cg(n) ifw(n) > 2,
iy = { e ifu(a)
A ifw(n) < 1.
Consider the number
E=0.H(1)H(2)H(3)....
Then £ is a g-normal number.

Proof. As we will see, this theorem is an easy consequence of a variant of the
Turan-Kubilius inequality.

Let by, ..., by be fixed elements of A,. Then, for each sequence of k£ + 1 primes
p1 < -+ < Pr+1, define the function
qlog p;

1 if
flp1s - pry1) = Lngj—H
0 otherwise.

J =bj; foreach j € {1,...,k},
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From this, we define the arithmetic function F as follows. If n = ¢7"* - - - q,‘f", where
q1 < --- < gy are prime numbers and o, ..., a, € N, let

p—k—1

F(n) = F(nlbi,...,bg) = f(gi+1, o Grrn)-
=0

1
We will now show that F'(n) is close to —-w(n) for almost all positive integers n.
q

Let Y, = expexp{+/loglogx} and Z, = x/Y, and further set

.
Fo(n) = Y flg+1s-- - Qisks)s
qj+1<Yz
Fi(n) = Z (@153 @jrnr1)s
Ye<qj11<Zs
FQ(n) = Z f(qj+17"'7Qj+k‘+l)a
Qj+1>Z:c
so that
4.1) F(n) = Fo(n) + Fi(n) + Fa(n).

Now, it is clear that

p<Yg
and that
Fg(n) < Z 1.
pln
p>Zy
Therefore,
1
4.2) Z Fy(n) <=z — < cxy/loglog x
n<x p<Yy p
and
1 1 Vloglog x
(4.3) Y B < 2 < exlog (logzx) 617
n<z Zz<p§xp 08 2z ogx

We now move on to estimate Z (F1(n) — A)? for a suitable expression A, which shall

n<x
be given explicitly later. We first write this sum as follows :

> (Fi(n)—A)? = > Fi(n)®-24) Fi(n) + A*[x]

nlx nlx n<x
(4.4) — S, — 248, + A|z).

LetY, < p1 <--- < pgy1- Wesay that py, ..., pgr1 is a chain of prime divisors of

n
P1Pk+1
p in the interval [p1, pr1] with the possible exception of the primes p belonging to the

set {p1,...,Pk+1}-

n, which we note as p; — p2 — ... — pri1|n, if gcd( ,p) = 1 for all primes
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Observe that the contribution to the sums S and S2 of those positive integers n < x
for which p?|n, for some prime p, is small since the contribution of those particular
integers n < z is less than

1 cxk
cxk Z o < v = o(x).
x
p>Yy
Hence we can assume that the sums S7 and S run only over squarefree integers 7.
We now introduce the function

Pu,0) = [] (1_;)

peP
u<p<v

and observe that it follows from Theorem 5.3 of Prachar [7] that

4.5) (u,v) = 1°g“ (1 1o (exp{—\/@})) .

ogv

Now, using Lemma 2.1 from Elliott [3], one can establish that

# l/gL:gcd v, H pl=1
D1 Dkl L
P1SPSPe+1
X _
(4.6) =———T(p1.pe1) (1+ 0 (log™“ p1)),
D1 Dyl

where C'is an arbitrary but fixed positive constant. It follows from (4.6) using (4.5) that

Sy = = Z f(ph-.-,pkﬂ)r(pl’pkﬂ)

p1<<Ppi1<e P1-- Pk+1
Yo <p1<Zz
T'(py,
L0 Z f(p Pkt1) L'(p1, Prs1)

P1- - P41 log® p1

1< <ppy1<w
Yz <p1<Zz

1
- Z f(pl, 7pk+1) 0gP1

p1<-<ppy1<w Pre- Pey1 108Dk

Ye<p1<Zz

e 1
@) L0 Z f(m Dk+1) L
P Pe+1 log™ pp

P1<‘~<Pk+1§z
Ye<p1<Zzx

In order to estimate the main term on the right-hand side of (4.7), we let

L(m) _ Z f(o1,.. ., prg1) logpr

i< ami<e  PUTT PR log pr.y1

Yr<p1<Zzx
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and we also consider the sum Lg(x), that is essentially the same sum as the sum L(z)
but where we drop the condition Y, < p; < Z, in the summation. Note that, in light of
(4.2), the error Lo(x) — L(x) satisfies

1
(4.8) 0<Lo(z)— L(z) < e ZWYZ (n) < y/loglog .

n<x

Now, since, for each j € {1,2,...,k}, we have

1 i1
> PP = Zlog pji1 + O(1),
Dy q
\‘qlogpj J:b'
logpjt1 |7

it follows that, after iteration, we easily obtain that

1 1 1
4.9) Lo(x) = — —— +0(1) = — loglog x + O(1).
(=) q* pg:g Dk+1 M) q* W)

Now, because of (4.8), we have that L(xz) — Lo(x) = o(loglog x), so that it follows
from (4.9) that

1

(4.10) L(x) = — loglogz + O(1).
q

Substituting (4.10) in (4.7), we get

1
(4.11) Sy = q—kxloglogx—I—O(x).

In order to estimate S, we proceed as follows. We have

S1 = ZFl(n)Q

n<x

(4.12) = 2> > frme) (@ qe) + E(2),
n<lx prer =Py gln
q1 g In
Pr+1<491
where the error term E(z) arises from the tuples {p1,...,pr+1} and {q1, ..., qr+1}
having common elements. One can see that the sum of f(p1,...,pk+1)f(q1,- -, Q1)

on such k + 1 tuples is less than kw(n), implying that

(4.13) E(x) < zloglog z.
Using the fact that
#v< ° v I px JI »|=1

P Pr+141 Qkt1 P1<P<Pk+1 41 <p<qr+4+1

T T 1
. (p1, Pr+1)T(q1, Gry1) <1+O< L >>’
P1- Pe+141 Gkt log™ p1
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for some positive constant C, it follows from (4.12) and (4.13), while arguing as we did
for the estimation of S5, that
2

@.14) Sy =z 3 f(p1s- - s P )T (P2, Prt1)

+ O(z loglog z).
b1 Pr+1

p1<--<ppp1<w
Ye<p1<Zz

Hence, in light of (4.11) and (4.14), we get that

log1 ? loglog z\
51— (2L o)~ (ERET) s Ofwogioga)

Hence, choosing A = qik log log x, it follows that the left-hand side of (4.4) satisfies

1 S
4.15) Z <F1(n) — q—kloglog x) < q—kxlog log x.

n<x

Recall that F; (n), as well as F'(n), depends on by, . . ., b, while A does not. Hence,
setting

Gin)= > Fnb,...,b),

{b1,....br. }€ AL

a sum containing ¢* terms, we get that

2
Z (F(nbl,...,bk:) - Gq(:)> < xloglog z,

n<z

G(n)
qF

so that does not depend on the choice of (by,...,b;) € A’;.

Now, by using the Cauchy-Schwarz inequality along with (4.2) and (4.3), we ob-
tain, in light of (4.1), that, setting x5 := log log x,

1 1
Y IFm) = 5wl < Y |Fi(n) — wa| + Y [Fo(n)| + Y |Fa(n))|
n<x q n<x q n<x n<x
o\ 12
1
(4.16) < Vr Z Fi(n) — q—kmz + O(x+/loglog x).

n<x

Hence, it follows from (4.15) and (4.16) that

(4.17) >

n<x

< Czy/loglog x.

1
F(n) — q—kxg

Hence, given any two k-tuples (by, ..., by) and (b},...,b,) both belonging to A%, it
follows from (4.17) that

> |F(nlby, ... by) = F(nlb), ..., b,)| < 2Cz+/loglog =.
n<x

This implies that the probability of the occurrence of b1, ..., by in the chain of prime
divisors p1 +— ...+ pg41|n is almost the same as that of the occurrence of b/, ..., b},
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for any (b},...,b},) € A’;. This final remark proves that £ is a normal number and thus
completes the proof of Theorem 4.1. 0

5. General results

This last method can easily be applied to prove the following more general theorem.

Theorem 5.1. Let R[x] € Z[z], the leading coefficient of which is positive. Let
mo be a positive integer such that R(m) > 0 for all m > mg. Moreover, let H(n) be
defined as in Theorem 4.1 and set

€ =0.H(R(mo))H(R(mo +1))H(R(mo +2))...

Also, let mg < p1 < p2 < --- be the sequence of all primes no smaller than mg and
set

n=0.H(R(p1))H(R(p2))H(R(p3)) . -
Then £ and 7 are q-normal numbers.

Even more is true, namely the following.

Theorem 5.2. (a) Let (mg <)n1 < ng < --- be a sequence of integers for
which

#{n; <z} > px, providedz > x,

for some positive constant p. Using the notations of Theorem 5.1, let
7 =0.H(R(n1))H(R(n2)) ...

Then T is a g-normal number.

(b) Let (mg <)m < mo < --- be a sequence of primes for which
#{r; <ax} > dn(x), providedz > x,

for some positive constant §. Let

k=0.H(R(m))H(R(m)) ...

Then k is a g-normal number.
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