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LINEAR RELATIONS BETWEEN CERTAIN SUMS
OF RECIPROCALS MODULO p

KARL DILCHER AND LADISLAV SKULA

To Paulo Ribenboim on the occasion of his 80th birthday.

RESUME. Les sommes des inverses modulo p prises sur les entiers de N sous-
intervalles de longueur égale de I'intervalle 1 < j < p — 1 sont intimement reliées
aux quotients de Fermat. Elles ont été étudiées dans le contexte de la théorie classique
du dernier théoreme de Fermat. Dans cet article, nous obtenons de nouvelles classes
de relations linéaires entre ces sommes dans les cas out IV est pair ou impair, et nous
prouvons que pour chaque entier pair N, il y a au moins | N/4| relations linéaires
indépendantes.

ABSTRACT. The sums of reciprocals modulo p over integers in /N subintervals of
equal length of the interval 1 < j < p — 1 are closely related to the Fermat quotients,
and they have been studied in connection with the classical theory of Fermat’s last
Theorem. In this paper, we derive new classes of linear relations between these sums
for both even and odd N, and we show that for each even N, there are at least | N/4|
linearly independent relations.

1. Introduction

In the classical theory of Fermat’s last Theorem, the Fermat quotient of a prime p
with integer base a,
aP~!l —1

qp(a) = T7 p)(a,

has played an important role; see, e.g., Ribenboim’s book [6]. In his detailed study of
these quotients, Lerch [5] considered the sums

L(k+1)p/N| 1
(1) s(k,N) := Z P = Z -~ (mod p),
j=|kp/N|+1 kp o Gt

where N > 1,pt N,and 0 < k < N — 1. He proved the congruence

N-1
2) Ngp(N) =Y ks(k,N) (mod p).
k=0

Recu le 15 avril 2009 et, sous forme définitive, le 12 janvier 2010.
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This generalized the earlier congruence

3) 2@ = Y L=51,2) (mod p)

§<j<p‘7

due to Eisenstein [3]. The sums s(k, N) gained further importance when Vandiver [9]
in his extension of earlier criteria of Wieferich and Mirimanoff proved that if the first
case of Fermat’s last Theorem fails for the prime exponent p, then g,(5) = 0 (mod p)
and s(0,5) = 0 (mod p). For other similar criteria, see [6]. Vandiver’s criterion
concerning the sum s(0, 5) was later extended by Cikéanek [1] and the authors [2]. As
the definition (1) shows, the sum s(k, V) depends on the given prime p. However, it
has been common usage in the literature not to include this dependence in the notation.

It is the purpose of this paper to study linear relations between the sums s(k, N).
First of all, it follows from the definition (1) that we have

4) s(ky,N)=—-s(N—k—1,N) (mod p), 0<k<N-1
Since
p—1
Y 1/i=0 (mod p),
j=1
because it is a sum over a reduced residue system modulo p, we obviously have
N-1
5) Z s(k,N)=0 (mod p).
k=0

For a long time this last congruence was thought to be the only linear congruence be-
tween the sums s(k, V), for fixed N, that holds for all primes p, where p { N. It came
therefore as a surprise when the second author discovered computationally, and was
then able to prove in [7], the following congruence for all even V.

Proposition 1.1 (Skula). If N = 2M and M > 1 is an integer, then
M-1
©6) 3 (M - (—1)’f) s(k,N)=0 (mod p),
k=0
for all odd primes p not dividing N .

In addition, it was proved in [7] that
(7) 5(0,10) +2s(1,10) + s(4,10) =0 (mod p).

In this paper, we show that the congruence (7) extends to all even IV, and that these
congruences generalize also in a different direction. Furthermore, we derive a different
congruence of the type (6) when NN is a multiple of 4. We also show that many of these
congruences are linearly independent. All this can be summarized in the following
theorem.

Theorem 1.2. Let p be an odd prime and N > 4 be an even integer. Then, among
the sums s(0,N),s(1,N),...,s(N/2 —1,N), there are at least | N/4| independent
linear congruences modulo p that hold for all p { N. If N = 2M, where M is an
odd composite integer and p > N, then there is one additional linearly independent
congruence modulo p.
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We begin with an auxiliary result in Section 2, which is then used to prove most
of the linear congruences in Section 3. In Section 4, we show that | N/4] of these
congruences are linearly independent from each other, which imply the first part of
Theorem 1.2. The case of odd N is discussed in Section 5 and, as a consequence,
we obtain the second part of Theorem 1.2. We conclude this paper with some further
congruences in Section 6.

2. An auxiliary result

An essential ingredient in the proof of the congruence (7) in [7] is the existence of
the following two congruences due to H.C. Williams [10], [11] (see also [8]), namely

F,. 2 —1)*
®) ”755 > (k) (mod p),
1<k<i®
Fo. 2 1
) +==2 3" — (mod p),
P 5 k
Pok< i

for p # 2,5, where F,, is the n-th Fibonacci number (that is, Fy = 0, F; = 1 and
F,41 = F,+ F,_1) and ¢ is the Legendre symbol € = (5/p). It turns out that this deep
connection with the Fibonacci quotients on the left of (8) and (9) is not required. In fact,
by direct manipulation of the sums in question, one can derive a vast generalization of
the congruence between the right-hand sides of (8) and (9).

For the sake of convenience in the statement and in the proof of the following
lemma, as well as in the proof of Proposition 3.1 in the next section, we adopt the
following convention. If my, is any sequence and a, b are integers with b < a, then we
write

b

(10) S ==
k=b

k=a
For non-integers a, b with b < a we also define
> o= Y m
a<k<b b<k<a

This is consistent with the empty sum being 0, and also with the analogous convention
for integrals.

Lemma 2.1. Let m and N be integers withm > 1 and N > 4m, and suppose that
p is an odd prime that does not divide N. Then

_1\k
(11) Z (=1) = % (mod p),

1§k‘<N7\,2mp 2mp<k<N72m

where the convention (10) is used if necessary.
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Proof. We rewrite the left-hand side of (11) as follows:

(—1)F 1 1

= - - 2 a -

1<k<N=2m, 1<k< N2mp 1<j< N2my
_ 3 1
N k

N—2m N—2m
aN PSk<TFp

2

Adding the right-hand side of (11) to this and keeping in mind the convention (10), we
see that the congruence (11) is equivalent to

1
Z L= 0 (mod p).
e < N2my)

But this congruence holds for N > 4m by symmetry. This is due to the fact that the
sum over the whole range from 1 to p — 1 vanishes modulo p, and % = —]ﬁ (mod p)
for all k. O

As an aside, we remark that when N = 6m, the right-hand side of (11) vanishes
since it is an empty sum. We then immediately obtain the following known congruence
(it can be obtained, for instance, from congruences in [4]).

Corollary 2.2. For any odd prime p we have
[2p/3]
(—1)
k

=0 (mod p).
k=1

3. The linear relations

We begin by stating and proving a generalization of the congruence (7). In fact, for
each even N we have | N/4] different congruences.

Proposition 3.1. Let p be an odd prime, and N > 4 be an even integer not divisible
by p. Then for every integer m, 1 < m < | N/4/|, we have

m—1 2m—1 N/2—-1
(12) sk, N)+2 Y s(k,N)+ > s(k,N)=0 (mod p).
k=0 k=m k=N/2—m

Before proving this, we state the cases m = 1 and m = 2 separately.

Corollary 3.2. Let N > 4 be an even integer with p{ N. Then

(13) s(0,N)+2s(1,N)+s(N/2—1,N)=0 (mod p),
and for N > 8,
(14) s(0,N)+s(1,N)+2s(2,N) +2s(3,N)

+s(N/2—-2,N)+s(N/2—1,N) = 0 (mod p).

This shows that the congruence (13) is a direct generalization of (7), and that (12)
further generalizes (13).
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Proof of Proposition 3.1. We begin with the left-hand side of (11) and consider
separately the sum over even k£ and over odd k. First, we have

DRI S DI
E 2 k
1<k< N=2m, 1<k<N2mp
k even

= % (s(0,N) +s(1,N)+---+s(§ —m—1,N)) (mod p),

by the definition (1). For the odd k£ we get, by changing the order of summation,

1 1
Z = Z Dk (mod p)

1<k<2mp 1<k<N2mp
k odd k odd

Z .
2mp k
N <k<p

k even

1 1
=5 2 5
B<k<t
1
= —5 (s(mN)+s(m+1L,N)+---+5(5 —1,N)) (modp).

We now get an expression for the left-hand sum of (11), which we denote by 5, if we
subtract the odd sum from the even sum. Thus, when N > 4m,

m—1 N/2—m—1 N/2—1

1
(15) $ =5 d sk, N)+2 > s(k,N)+ D> s(k,N) | (modp),
k=0 k=m k=N/2—m
and when N = 4m,
1 m—1 N/271
(16) S=3 d sk, N)+ > s(k,N) | (mod p).
k=0 k=N/2—m

Moreover, if we express the right-hand side of (11) in terms of the sums s(k, N), we
obtain

( N/2—m—1
Z s(k,N) (mod p) for N >6m+ 2,
k=2m
(17) S = 2m—1
- Z s(k,N) (mod p) for N < 6m,
k=N/2—m
0 for N = 6m.
Finally, we equate (15) (respectively (16)) and (17), and we immediately get (12) upon
multiplying by 2. 0

We already remarked that the class of congruences (12) is a generalization of the
very simple three-term congruence (13). Another generalization is the following set of
congruences which have the advantage of having only four non-zero terms.
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Corollary 3.3. Let p be an odd prime and N > 4 be an even integer not divisible
by p. Then for every integer m,0 < m < | N/4] — 1, we have

(18) —s(m, N)+2s(2m, N)+2s(2m+1,N)+s(N/2—m—1,N) =0 (mod p).

Proof. For m = 0, this is just (13). For m > 1, we take the congruence (12) with
m replaced by m + 1 and subtract from it (12) in its original form. The congruence
(18) then follows directly. O

Next, we prove a linear congruence that is similar in nature to (6) in that it involves
all the sums from s(0, N) to s(N/2 — 1, N).

Proposition 3.4. Let p be an odd prime and n > 1 be an integer with N = 4n. If
p does not divide N, then

n—1 2n—1
(19) s(k,N)—i—SZ s(k,N)=0 (mod p).
k=0 k=n

Proof. By the definition (1), it is clear that
(20) s(0,N)+---+s(n—1,N) = 5(0,4),
(21) s(ny,N)+---+s(2n—1,N) = s(1,4).

Using Eisenstein’s congruence (3) and the fact that s(1,2) = —s(0,2) (mod p) by (4),
we have

(22) —2¢,(2) = 5(0,2) = 5(0,4) + s(1,4) (mod p).
Now we use the logarithmic property that also goes back to Eisenstein [3], namely
(23) gp(ab) = gp(a) + ¢p(b) (mod p),

which is valid for integers a, b not divisible by p. This, together with Lerch’s congru-
ence (2), gives us

8¢p(2) = 4gp(4) = s(1,4) +25(2,4) + 3s(3,4) (mod p).

Using the fact that s(2,4) = —s(1,4) (mod p) and s(3,4) = —s(0,4) (mod p), we
get

(24) 8¢p(2) = —35(0,4) — s(1,4) (mod p).
Finally, if we multiply (22) by —4 and equate the result with (24), we obtain
5(0,4) +3s(1,4) =0 (mod p).
But this is the same as (19), by (20) and (21). Il
For an alternative proof, see Proposition 4.3 in the following section. We included

the above proof as an illustration of how Fermat quotients and their logarithmic property
can be used in this connection.
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4. Linear independence

In this section, we examine the linear dependence and independence of the various
linear congruences considered so far. We begin with a definition. Let NV be a positive
integer and p be a prime not dividing N. Let

Vp = {(ao,...,aN_l) | apg,...,aN—1 € Fp}

be a vector space of dimension N over the finite field IF),, with operations defined
component-wise and rational integers also considered as elements of I,,. Furthermore,
let

Uy, = {(ag,...,aN_1) eV,

N-1
Z ars(k,N)=0 (mod p)} :
k=0

Then U, is a subspace of V,.

Definition 4.1. Let N be a positive integer, p a prime not dividing N, and M a
non-negative integer. Then we say that the system of linear congruences

N-1
> amps(k, N)=0 (modp), 0<m<M,
k=0

is linearly independent (modulo p) if the vectors
(am,oa"'7am,N—1)EUp7 0§m§M,

are linearly independent over the field [F,,.

Proposition 4.2. For each even integer N > 4 not divisible by a given odd prime
p, the | N/4| congruences given by (18) are linearly independent.

Proof. For0 <m < |[N/4| — 1, let

N/2—-1
(25) Tn(N) = Y amps(k,N)
k=0

be the left-hand side of the congruence (18). Consider the coefficient matrix (ay, x). It
is clear that the [ N/4]| x | N/4| submatrix consisting of the | N/4] left-most columns

is an upper triangular matrix with diagonal (1,—1,—1,...,—1). Since the determi-
nant is £1, the matrix (a, ) has full rank modulo any prime p, which means that the
congruences (18) are linearly independent. (|

This proof and the following result are illustrated by Tables 1 and 2 below. The
functions U and V' are introduced in Proposition 4.3 below. The coefficients a,, j in
(25), for N/2 < k < N — 1, are all zero; therefore they are not shown in the following
tables.
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k 0 1 2 3 4 5 6 7 8
To(8) T 2 0 0 0 0 0 0 1
Ty(18) 0 -1 2 2 0 0 0 1 0O
T»(18) |0 0 -1 0 2 2 1 0 0O
T5(18)0 0 0 -1 0 1 2 2 0
U(18)[[8 10 8 10 8 10 8 10 8

Table 1: The coefficients a,, x for N = 18.

k 0 I 2 3 4 5 6 7 8 9
To20)[[T 2 0 0 0 0 0 0 0 1
Tv(20)[[0 -1 2 2 0 0 0 0 1 O
T5(20)0 0 -1 0 2 2 0 1 0 0
T5(20)0 0 0 -1 0 0 3 2 0 0
42000 0 0 0 -1 1 0 0 2 2
UR0)[[9 11 9 11 9 11 9 11 9 11
Vo)y|[[T 1 1 1 1 3 3 3 3 3

Table 2: The coefficients a,, x for N = 20.

Proposition 4.3. Foraneven N > 4, let U(NN) be the left-hand side of the congru-
ence (6). Then

DTSN

26 N) = — —2m—1 | T,(N).

(26) U(N) n;) (2 m ) (N)

If N is a multiple of 4, Iet V(NN) be the left-hand side of the congruence (19). Then
LN/4)-1

(27) V(N)= Y Tun(N).
m=0

Proof. Using (25) and changing the orders of summation, it is clear that we need
to show
N/2—-1 [|N/4]-1

(28) UN) = > > (;V —2m — 1) amp | s(k,N),

k=0 m=0
N/2—-1 [|N/4]—1

(29) VIN) = > > amp | s(k,N),  when 4| N.
k=0 m=0

(a) First, fix & with 0 < k& < | N/4] — 1. Then we see from the left-hand side of
(18) that ag g = 1, while
(30) agr = —1, alk/2l ke =2, 1<k<|N/4| -1,
and a,, ; = 0 for all other m, 0 < m < |N/4| — 1. This means that the inner sum

in (29) is always 1 for all even N, which by (19) proves that (27) is true for the first
| N/4] coefficients of the s(k, N).
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Next, the inner sum of (28) is N/2 — 1 when k = 0, and for 1 < k < |[N/4| —1it
is, by (30),

o (- x(-o g ) 3 -re2 (2]

But k —2|k/2| = 0 when k is even and k — 2| k/2| = 1 when k is odd. This, with (6),
verifies (26) for the first | N/4] coefficients of the s(k, V).

(b) Now, fix k with [£§'| < k < & — 1. Then by the left-hand side of (18), we
have

(32) an/e—1-kk = 1, alk/2)k = 2,
and @, , = 0 for all other m, 0 < m < || — 1. If N/2 — 1 — k = |k/2], then we
take their combined value to be their sum, namely 3 (see also Table 2, k = 6).

If 4 | N, then in the inner sum in (29), both terms (32) occur for all k in the given
range, their sum being 3. This, with (19), completes the proof of (27).

Finally, we consider the inner sum in (28). For each k with || <k < & — 1;it
is, by (32),

(2302 (52 o] 1) -3 (2l5))

This is the same as the right-hand side of (31), and therefore (26) is verified for the
remaining coefficients of the s(k, V). The proof is now complete. O

Remark 4.4. It follows from the first half of part (b) of the above proof that a
somewhat more complicated analogue of the congruence (19) holds also for N = 2
(mod 4). We leave the statement and proof to the reader.

5. The case IN odd

It follows from the definition (1) that forall N > 1and 0 < k < N — 1, we have
(33) s(k,N)=s(2k,2N) + s(2k +1,2N) (mod p).

This means that any congruence involving the sums s(k, N) immediately leads to a
congruence involving the sums s(k,2N). However, to go in the other direction we
require that all pairs s(2k,2N) and s(2k + 1,2N) have the same coefficients. This is
not the case for any of the congruences proved so far in this paper, so none of these can
be reduced to congruences for odd N.

Still, it turns out that at least one such congruence exists for composite odd N. To
keep our notation consistent, the parameter N, if it is odd, will be denoted by M in
what follows.

Proposition 5.1. Let M be an odd positive integer and r,t > 3 be integers such
that M = rt. If M is not divisible by the odd prime p, then we have
M-3

Gy Y (Mf_l)w—rm —tm>s(k,M)zo (mod p).

k=0
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Proof. We use the congruence (2) and rewrite the terms s(k, M) for all k£ with
(M —1)/2 <k <M — 1 using (4). Then, we obtain

M—-3
2

(35) May(M) =~ (M —1—2k)s(k,M) (mod p).
k=0

Moreover, the logarithmic property (23) implies
(36) Mq,(M) = t(rgp(r)) +r(tgp(t)) (mod p).
Now, we use an immediate extension of (33), namely
s(k,r) =s(tk, M)+ s(tk+1,M)+---+s(tk+t—1,M) (mod p),

along with (2), to obtain

r—1 M—-1

k
rap(r) = st(kar) = Z LJ s(k, M) (mod p),
k=0 k=0
and, with (4) again,
M-3
2 M-1-—k k
(37) rqp(r) = — Z <{tJ - LJ) s(k,M) (mod p).
k=0
To simplify the summand, we let
. . k
k=tj+I, j:LJ, 1=0,1,...,t—1.

Then,

{M—;—kJ_EJ _ Vt_lt_tj_lJ_Vj:lJ
B V(T_j_l)ﬂ_l_lJ_'
— . j

= (r—j-1)-]

= r—2 V:J -1,
t
so the congruence (37) becomes

raplr) = - kzzo (r=2|5] = 1) stkn) o

and by symmetry,

M-3
2

) =— 3 (t o m _ 1) s(k, M) (mod p).

k=0

Finally, if we substitute these last two congruences into (36) and equate the result with
(35), we immediately obtain the desired congruence (34). O
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Remark 5.2. One may ask whether M can also be a prime. In that case, one of r
and t is 1, say ¢ = 1. But then the left-hand side of (34) vanishes, and the congruence
becomes meaningless.

As mentioned at the beginning of this section, any congruence involving the sums
s(k, M) can be rewritten as a congruence involving the sums s(k, N) with N = 2M,
via (33). If we do this with (34), it turns out that the resulting congruence is linearly
independent of the congruences (18).

Proposition 5.3. Suppose that N = 2M, where M = rt is an odd integer, with

r > 3 andt > 3. Then for all primes p > N, the system of congruences (18) together
with

69 3 (T B 5] ek sk 1) =0 (o

is linearly independent (modulo p).

Proof. We augment the coefficient matrix of the expressions (25) by one additional
row corresponding to the coefficients in (38). To simplify notation, we set

a:=(r—-1)@t-1)/2.
For0 <k < (N —6)/4and m = (N — 2)/4 = | N/4], we put

2k = Oy 2k+1 —(1+k_TL J_tL ¥

(39)
Qi =0 forg—lngN—l.

As in the proof of Proposition 4.2, we will consider only the coefficients a,, j for k
with 0 < k < N/2 — 1. Thus, we have the integer matrix A = (amk) of size
(N +2)/4x N/2, where 0 < m < X2 and 0 < k < & — 1. Denote the rows of A

by r(0),...,r(572).

The submatrix corresponding to 0 < m,k < ~=% which was considered in

4 b
the proof of Proposition 4.2, is upper triangular with main diagonal (1,—1,...,—1).
Hence, there exist integer coefficients ¢y = a,cy,...,cy-s such that

4
(40) Zcmr r(¥22) = w = (w(0),...,w(¥ —1)) (mod p),

where w(0) = w(l) = - = w(¥F%) =0 (mod p).

By (18) and (39), the last column (N/2 — 1) of the matrix A has only zeros as
entries, with the exception of the initial entry which is 1 (see Table 1 as an illustration).
Therefore, by (40), w(N/2 — 1) = ¢y = a. But this means that the matrix consisting
of the rows r(0),...,r(¥%) and w, and of the columns numbered 0, ..., &% and
% — 1, is nonsingular modulo p. Note that here we have used the fact that p { a, which
holds by our assumption that p > . This completes the proof. O
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6. Further congruences

The congruence (13) is particularly pleasing because it has only three terms, regard-
less of the size of V. It turns out that there are several more three-term or four-term
congruences. However, they are not linearly independent of the congruences in Propo-
sition 4.2.

Corollary 6.1. Let N > 2 be an even integer and p an odd prime with p t N. Then
for N = 6n + 2, we have

(41) —s(n,N)+3s(2n,N)+2s(2n+1,N) =0 (mod p),
while for N = 6n + 4,
(42) —s(n,N)+2s(2n,N)+3s(2n+1,N) =0 (mod p),

and for N = 6(n + 1),
43)  —s(n,N)+2s(2n,N)+2s(2n+1,N)+s(2n+2,N) =0 (mod p).

Proof. To prove (41) for n > 1, we use (12) with N = 6n +2and m = n + 1.

Then
n 2n+1 3n

> sk, N)+2 Y s(k,N)+ > s(k,N)=0 (mod p).
k=0 k=n+1 k=2n

Similarly, with m = n, we get
n—1 2n—1 3n
> sk, N)+2 > s(k,N)+ > s(k,N)=0 (mod p).
k=0 k=n k=2n+1

If we subtract the second congruence from the first congruence, we immediately obtain
(41). Forn = 0, (41) is true by (5) for N = 2. For (42) and (43), we proceed similarly,
in both cases taking m = n + 1 and m = n again. (|

These congruences, as well as the following one, could also be derived with meth-
ods similar to those of the proof of Proposition 3.4.

Corollary 6.2. Let N = 4n and p be an odd prime withp t N. Then
(44) —s(n—1,N)+s(n,N)+2s2n—2,N)+2s(2n—1,N) =0 (mod p).

Proof. We use (12) with N = 4n and m = n — 1, and rewrite it as
2n—3

i
[N}

s(k,N) +2[s(n — 1,N) + s(n, N)] +3 > s(k,N)
k=0 k=n+1
+s(2n—2,N)+s(2n—1,N) = 0 (mod p).
If we subtract this from (19), we immediately obtain (44). O
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