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KOREVAAR CLASSES OF ENTIRE FUNCTIONS AS
UNIFORM LIMITS OF POLYNOMIALS WITH

ZEROS IN HALF PLANES AND
VERTICAL STRIPS

DAN GEFROH

RÉSUMÉ. Une classe de fonctions entières qui peuvent être approximées unifor-
mément sur un compact par des polynômes dont les racines sont contenues dans un
demi-plan est appelée une classe de Korevaar. Une caractérisation des éléments de ces
classes découle d’une étude de J. Korevaar sur les fonctions entières approximées par
des polynômes dont les racines forment un ensemble ayant une structure de demi-plan.
Les résultats de Korevaar donnent des conditions nécessaires et suffisantes sur l’appar-
tenance des intégrales de Laplace à ces classes. Comme application de ces résultats, on
obtient des conditions sur les coefficients des fonctions entières pour qu’elles appar-
tiennent à ces classes. Nous donnons aussi des conditions sur les intégrales de Laplace
pour avoir des racines imaginaires.

ABSTRACT. Classes of entire functions that are uniformly approximated on com-
pacta by polynomials having zeros contained in a half plane are referred to as Korevaar
classes. Characterization of members in this class follows from general investigations
by J. Korevaar on entire functions that are approximated by polynomials with their
zeros restricted to sets having half plane structure. Korevaar’s results yield necessary
and sufficient conditions for membership of Laplace integrals in Korevaar classes. Ap-
plications include conditions on the coefficients of entire functions for belonging in
Korevaar classes and for Laplace integrals to have imaginary zeros.

1. Korevaar classes for structured sets

The Hadamard product characterization of the entire functions that are uniform lim-
its on compacta (that is, compact subsets) of polynomials with only non negative zeros
was discovered by Laguerre in 1882. A related problem of characterizing entire func-
tions when the approximating polynomials have only real zeros was solved by Pólya
in 1915. Subsequent investigations for entire functions approximated by polynomials
with zeros all located in sectors with aperture at most π were conducted by Pólya,
Lindwart and Obrechkoff. The most general investigations in this area are attributed to
J. Korevaar in 1949 in [8]. These results include the characterization of entire functions
that are uniformly approximated by polynomials with all zeros restricted to sets having
a half plane or strip structure. In particular, only results pertaining to entire functions

Reçu le 3 juin 2008 et, sous forme définitive, le 4 décembre 2008.



36 KOREVAAR CLASSES OF ENTIRE FUNCTIONS

that are uniformly approximated by polynomials with zeros restricted to sets having
these types of structures are considered below. In the twentieth century, researches on
the Riemann Hypothesis have employed the class of entire functions that are uniform
limits on compacta of polynomials with only real zeros. In modern literature, this class
of entire functions is referred to as the Laguerre-Pólya class. An historic survey of these
classic results can be found in [9].

We have the following notations for the left and right half planes:
Λ(−∞, σ) =

{
z | <(z) < σ

}
,

Λ(σ′,∞) =
{
z | <(z) > σ′

}
,

Λ(−∞, σ] =
{
z | <(z) ≤ σ

}
,

Λ[σ′,∞) =
{
z | <(z) ≥ σ′

}
,

as well as the vertical strips

Λ(σ′, σ) = Λ(−∞, σ) ∩ Λ(σ′,∞)

and

Λ[σ′, σ] = Λ(−∞, σ] ∩ Λ[σ′,∞).

An unbounded set L is said to have left half plane structure (LHPS) if we have the
following:

(i) L ⊂ Λ(−∞, σ),

(ii) δ(L) = lim
r→∞

sup
|z|≥r
{<(z) | z ∈ L} > −∞.

Then, δ = δ(L) is called the asymptotic abscissa of L. An unbounded set R is said to
have right half plane structure (RHPS) if we have the following:

(i) R ⊂ Λ(σ′,∞),

(ii) δ′(R) = lim
r→∞

inf
|z|≥r
{<(z) | z ∈ R} <∞.

Then, δ′ = δ′(R) is called the asymptotic abscissa ofR. If S has both LHPS and RHPS,
then S is said to have vertical strip structure (VSS) with asymptotic abscissae δ′ ≤ δ
given above. These definitions are consistent with the seminal work of J. Korevaar in
[8]. The cases δ = −∞ and δ′ = ∞ are included in this original work but not needed
here, and thus excluded below.

If a set S that has either the half plane or the vertical strip structure, then the Kore-
vaar class corresponding to S, denoted K(S), is defined as the set of entire functions
that are uniform limits on compacta of polynomials whose zeros are all in S. Entire
functions in Korevaar classes are members of the class of entire functions having order
at most 2. If Φ is a member of a Korevaar class, then it necessarily has the product form

(1) Φ(z) = eλz
2
φ(z),
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where λ is complex, and φ is an entire function having genus at most 1 (see [8]). This
means that φ has Hadamard product given by

(2) φ(z) = Ceξzzη
∏
j

(
1− z

zj

)
ez/zj ,

where C and ξ are complex, η is a non negative integer, and
∑

j |zj |−2 <∞ (see [2]).
In particular, φ has order at most 2 and minimal type so that the two factors of (1) have
distinct growth rates (see [2] or [11]). Taking the logarithmic derivative of (2) yields
the formulas

(3) η =

[
z

(
φ′

φ

)
(z)

]
z→0

and ξ =

[(
φ′

φ

)
(z)− η

z

]
z→0

,

which are applied below. Korevaar classes are obviously closed under ordinary multi-
plication of functions. A standard argument gives that Korevaar classes corresponding
to closed sets are closed under uniform convergence on compacta. Indeed, one has
K(S) = K(S). The Gauss-Lucas Theorem (see [6] or [10]) yields the differentiation
property:

(4) Φ ∈ K(S) =⇒ Φ′ ∈ K (co(S)) ,

where co(S) is the closed convex hull of S. Moreover, a routine argument gives the
translation property:

(5) Φ ∈ K(S) ⇐⇒ Φσ ∈ K(S − σ),

where Φσ(z) = Φ(z + σ). Necessary and sufficient conditions for membership in
Korevaar classes of structured sets are given in the next theorem (see [8]).

Theorem 1.1. Let Φ be an entire function given by (1) with λ non negative, and
let φ be given by (2) with η = 0 if S does not contain 0. Moreover, let zj be a non zero
element of S for all j. Suppose

∑
j <(1/zj) is convergent, and let κ = κ(φ) denote the

value

(6) κ = <(ξ) +
∑
j

<(1/zj).

Then, we have the following:

(i) If S has LHPS and asymptotic abscissa δ with κ ≥ −2λδ, then Φ ∈ K(S).

(ii) If S has RHPS and asymptotic abscissa δ′ with κ ≤ −2λδ′, then Φ ∈ K(S).

(iii) If S has VSS and asymptotic ascissae δ′ ≤ δ with −2λδ ≤ κ ≤ −2λδ′, then
Φ ∈ K(S).

Conversely, if Φ ∈ K(S), then all the corresponding conditions stated above for Φ hold.

In view of Theorem 1.1, if the sets L and R have LHPS and RHPS, respectively,
then S = L∩R has VSS and asymptotic abscissae δ′ ≤ δ with K(S) = K(L)∩K(R).
The last theorem yields the following corollary regarding families of sets having LHPS.
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Corollary 1.2. For n a positive integer, let Ln have LHPS and asymptotic abscissa
of δn with L = lim infn→∞ Ln unbounded. Then, L has LHPS with asymptotic ab-
scissa

δ = lim sup
n→∞

δn,

and

K(L) =
∞⋂
n=1

K(Sn),

where Sn =
⋃∞
m=n Lm for n a positive integer.

Proof. Since L =
⋂∞
n=1 Sn, one gets that L has LHPS. Putting

sn = lim
r→∞

sup
|z|≥r
{<(z) | z ∈ Sn}

for n ≥ 1, we have si ≥ si+1 for all i ≥ 1, and δ = inf {sn | n ≥ 1} . It follows that
sn = sup {δm |m ≥ n} for all positive integer n, so that

δ = lim
n→∞

sn = lim sup
n→∞

δn.

Since, for all n, L ⊆ Sn, one gets K(L) ⊆ K(Sn) and thus,

K(L) ⊆
∞⋂
n=1

K(Sn).

If Φ ∈
⋂∞
n=1K(Sn), then zj ∈ Sn for all n and for all j, so that zj ∈ L for all j. If κ

is given by (6) and ε > 0, then δ − ε > sn for n sufficiently large, so that

κ ≥ −2λsn > −2λ
(
δ − ε

)
,

for n sufficiently large. Letting ε→ 0 gives κ ≥ −2λδ and thus, Φ ∈ K(L). �

The argument supporting the next corollary on families of sets with RHPS is similar
to the argument above.

Corollary 1.3. For n a positive integer, letRn have RHPS and asymptotic abscissa
δ′n with R = lim infn→∞Rn unbounded. Then, R has RHPS with asymptotic abscissa

δ′ = lim inf
n→∞

δ′n,

and

K(L) =
∞⋂
n=1

K(Sn),

where Sn =
⋃∞
m=nRm for n ≥ 1.

Special cases of the last corollaries pertaining to nested structured sets are given in
the next two corollaries.

Corollary 1.4. Let L1 ⊇ L2 ⊇ · · · be a nested sequence of sets having LHPS with
L =

⋂∞
n=1 Ln unbounded. Let δn be the asymptotic abscissa of Ln for n ≥ 1. Then,

L has LHPS with asymptotic abscissa

δ = lim
n→∞

δn,
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and with

K(L) =
∞⋂
n=1

K(Ln).

Corollary 1.5. Let R1 ⊇ R2 ⊇ · · · be a nested sequence of sets having RHPS
with R =

⋂∞
n=1 Rn unbounded. Let δ′n be the asymptotic abscissa of Rn for n ≥ 1.

Then, R has RHPS with asymptotic abscissa

δ′ = lim
n→∞

δ′n,

and with

K(R) =
∞⋂
n=1

K(Rn).

Now, denote the Korevaar class corresponding to the open half planes Λ(−∞, σ),
Λ(σ′,∞) and the vertical strip Λ(σ′, σ) = Λ(−∞, σ) ∩ Λ(σ′,∞) by K(−∞, σ),
K(σ′,∞), and K(σ′, σ), respectively. Similar notation applies to the Korevaar class
corresponding to closed half planes Λ(−∞, σ], Λ[σ′,∞) and the vertical strip Λ[σ′, σ].
The next corollary follows directly from Theorem 1.1.

Corollary 1.6. Let Φ be given by (1) with λ ≥ 0, and let φ be given by (2) where
σ′ < <(zj) < σ for all j, and η = 0 if σ ≤ 0 or σ′ ≥ 0. Suppose κ = κ(φ) is given by
(6). Then one has:

(i) κ ≥ −2λσ ⇐⇒ Φ ∈ K(−∞, σ),

(ii) κ ≤ −2λσ′ ⇐⇒ Φ ∈ K(σ′,∞),

(iii) −2λσ ≤ κ ≤ −2λσ′ ⇐⇒ Φ ∈ K(σ′, σ).

In particular, the relation K(σ′, σ) = K(−∞, σ) ∩ K(σ′,∞) holds.

By Corollary 1.4, the Korevaar class of Λ(−∞, σ] is given by the relation

K(−∞, σ] =
∞⋂
n=1

K(−∞, σ + 1/n).

Thus, Φ ∈ K(−∞, σ] is characterized by η = 0 if σ < 0, and <(zj) ≤ σ for all
j with κ ≥ −2λσ, where κ is given by (6). Similarly for membership in Korevaar
classes corresponding to Λ[σ′,∞) and Λ[σ′, σ]. These observations are summarized in
the following corollary.

Corollary 1.7. Let Φ be given by (1) with λ ≥ 0, and φ given by (2), where
σ′ ≤ <(zj) ≤ σ for all j, and η = 0 if σ < 0 or σ′ > 0. Suppose κ = κ(φ) is given by
(6). Then one has:

(i) κ ≥ −2λσ ⇐⇒ Φ ∈ K(−∞, σ],

(ii) κ ≤ −2λσ′ ⇐⇒ Φ ∈ K[σ′,∞),

(iii) −2λσ ≤ κ ≤ −2λσ′ ⇐⇒ Φ ∈ K[σ′, σ].

In particular, the relation K[σ′, σ] = K(−∞, σ] ∩ K[σ′,∞) holds.
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2. Algebraic characterization of the Korevaar classes

For an entire function given by

(7) Φ(z) =
∞∑
k=0

ak
k!
zk,

the n-th Jensen polynomial associated with Φ(z) is defined by

(8) gn(z) =
n∑
k=0

(
n

k

)
akz

k,

for n ≥ 1. The polynomials g̃n(z) = gn(z/n) have the approximation property

(9) g̃n → Φ as n→∞,
uniformly on compacta (see [3]).

A polynomial in the class K(−∞, 0) is called a Hurwitz polynomial. The next
theorem includes a condition for Jensen polynomials to be Hurwitz polynomials.

Theorem 2.1. Let Φ be given by (7) and let gn, for n ≥ 1, be given by (8).
Suppose L has LHPS and asymptotic abscissa δ ≤ 0. Finally, let Φ ∈ K(L) be given
by (1) where λ ≥ 0, φ given by (2), and let κ = κ(φ) be given by (6). Then, there
exists ε ≥ 0 such that the zeros of gn are all in Λ(−∞,−ε], for n ≥ 1. Moreover, if
κ > −2λδ and Φ(0) 6= 0, then ε > 0.

Proof. Put r = κ + 2λδ ≥ 0, and fix <(w) ≥ −r. With Ψ(z) = ewzΦ(z), it
follows that Ψ ∈ K(L). Differentiation yields the relation

Ψ(n)(z) = Cewz
n∑
k=0

(
n

k

)
Φ(k)(z)wn−k,

for n ≥ 0. By (4), Ψ(n) ∈ K
(
co(L)

)
and hence, Ψ(n)(z) 6= 0 if <(z) > 0, for

n ≥ 0. Letting z → 0, Hurwitz theorem now gives that gn(w−1) is non zero whenever
<(w) > −r, for n ≥ 0.

If r = 0, then the zeros of gn are in Λ(−∞, 0], for n ≥ 0. If r > 0, then the zeros
of gn are in the disc

|z + 1/2r| ≤ 1/2r,
for n ≥ 0. In the last case, Φ(0) 6= 0 implies gn(0) 6= 0, for n ≥ 0. �

Corollary 2.2. Let Φ be an entire function given by (1) with λ ≥ 0, and Φ(0) 6= 0
such that φ is given by (2) and κ = κ(φ) is given by (6). Suppose Φ ∈ K(−∞, 0] and
κ > 0. Then, the Jensen polynomials associated with Φ(z) are all Hurwitz polynomials.
Conversely, if ε > 0 and the Jensen polynomials associated with Ψ(z) = e−εzΦ(z) are
all Hurwitz polynomials, then Φ ∈ K(−∞, 0] and κ > 0.

Proof. By Theorem 2.1, if Φ ∈ K(−∞, 0] with κ > 0, then there exists ε ≥ 0 such
that the zeros of the Jensen polynomials gn are all in Λ(−∞,−ε], for n ≥ 1. Thus, the
Jensen polynomials associated with Φ(z) are all Hurwitz polynomials. If ε > 0 and the
Jensen polynomials associated with Ψ(z) = e−εz Φ(z) are all Hurwitz polynomials,
then Ψ ∈ K(−∞, 0], by (9). Thus, Φ(z) = eεzΨ(z) is in K(−∞, 0] with κ − ε ≥ 0,
by Corollary 1.7. �
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The Jensen polynomials provide an algebraic characterization for Korevaar classes
corresponding to closed half planes, given in the next two corollaries. This terminology
is adopted from the original terminology applied to the Laguerre-Polya classes (see [4]).

Corollary 2.3. Let Φσ be an entire function and let gn, for n ≥ 1, be the Jensen
polynomials associated with Φσ. A necessary and sufficient condition for Φ to belong
to K(−∞, σ] is gn ∈ K(−∞, 0] for n ≥ 1.

Proof. From (5), Φ ∈ K(−∞, σ] if and only if Φσ ∈ K(−∞, 0]. It suffices to
show the result for Φσ ∈ K(−∞, 0]. To this end, the necessity follows from Theorem
2.1, and the sufficiency follows from Property (9). �

The corresponding result follows directly from the reflection property:

(10) Φ ∈ K(S) ⇐⇒ Φ− ∈ K(−S),

where Φ−(z) = Φ(−z).

Corollary 2.4. Let Φσ be an entire function and let gn, for n ≥ 1, be the Jensen
polynomials associated with Φσ. A necessary and sufficient condition for Φ to belong
to K[σ,∞) is gn ∈ K[0,∞) for n ≥ 1.

3. Membership conditions for exponential polynomials

If the polynomial

p(z) =
n∑

m=0

µmz
m

has complex coefficients, then the zeros of p are included in a closed annulus having
spectral radii ρ′(p) ≤ ρ(p), which is the tightest closed annulus containing the zeros of
p. For exponential polynomials ϕ(z) = p(ex), the zeros of ϕ are included in the closed
strip having spectral abscissae σ′(ϕ) ≤ σ(ϕ), given by

σ′(ϕ) = ln
[
ρ′(p)

]
and σ(ϕ) = ln

[
ρ(p)

]
,

where Λ[σ′(ϕ), σ(ϕ)] is the tightest closed strip containing all of the zeros of ϕ. More-
over, σ′ ≤ σ′(ϕ) and σ ≥ σ(ϕ) are called left inclusion abscissae (LIA) and right
inclusion abscissae (RIA) of ϕ, respectively. For m = 1, 2, . . . , n, if µ0µn 6= 0 and
γm > 0 satisfies

n∑
m=1

γ−1
m ≤ 1,

then a classic estimate (see [13]) locates all the zeros of p in a closed disc with radius

ρ = max

{
m

√
γm

∣∣∣∣µn−mµn

∣∣∣∣
∣∣∣∣∣m = 1, 2, . . . , n

}
.

The next two lemmas are needed in the next section. The first lemma adapts this result
for estimating the inclusion abscissae of exponential polynomials.
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Lemma 3.1. Let ϕ(z) =
∑n

m=0 µme
mz , where µm is complex form = 0, 1, . . . , n

and µ0µn 6= 0. Then, the inequations (resp. equations)

(11)
n−1∑
m=0

|µm|emτ ≤
(=)
|µn|enτ and

n∑
m=1

|µm|emτ ≤
(=)
|µ0|

have solutions (resp. unique solutions) σ and σ′, which are RIA and LIA of ϕ, respec-
tively.

Proof. The function

L(τ) =
n−1∑
m=0

|µm|e−(n−m)τ

is continuous and decreasing with L(−∞) = ∞ and L(∞) = 0. Thus, there exists a
solution (resp. unique solutions) σ to the first inequation (resp. equation) above since
it is equivalent to

L(τ) ≤ |µn| (resp. L(τ) = |µn|) .
By Lemma 3.2 below, the zeros of ϕ are located in the half plane Λ(−∞, σ], where

σ = max

{
1
m

ln

[
γm

∣∣∣∣µn−mµn

∣∣∣∣
] ∣∣∣∣m = 1, 2, . . . , n

}
,

and
∑n

m=1 γ
−1
n ≤ 1. The sequence

γm = |µn/µn−m| emσ, m = 1, 2, . . . , n,

satisfies this inequation since σ solves the inequation (resp. equation) above. It follows
that σ is a RIA of φ. If µ̃m = µn−m for all m and ϕ̃(z) =

∑n
m=0 µ̃me

mz , then one has
that ϕ(z) = enzϕ̃(−z). The equivalence

n∑
m=1

|µm|emτ ≤
(=)
|µ0| ⇐⇒

n−1∑
m=0

|µ̃m|emτ̃ ≤
(=)
|µ̃n|enτ̃ ,

where τ̃ = −τ , gives that σ̃ = −σ′ is a RIA of ϕ̃. Thus, σ′ is a LIA of ϕ. �

The second lemma on inclusion abscissae of exponential polynomials follows from
the Kakeya-Eneström Theorem (see [6]).

Lemma 3.2. For m = 0, 1, . . . , n, let µm be positive and put σ′ = ln(ρ′) and
σ = ln(ρ), where

ρ′ = min
{

µk
µk+1

∣∣∣∣ k = 0, 1, . . . , n− 1
}

and

ρ = max
{

µk
µk+1

∣∣∣∣ k = 0, 1, . . . , n− 1
}
.

Then, σ′ and σ are LIA and RIA of ϕ(z) =
∑n

m=0 µme
mz , respectively.

The following lemma is needed below for applying Corollary 1.7 to exponential
polynomials.
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Lemma 3.3. Let ϕ(z) = ez − ec, where c is complex valued. Then, ϕ has the
product form given by (2) with zeros given by zk = c+ 2πik, for k ∈ Z, where

<(ξ) +
∞∑

k=−∞
<(1/zk) = 1/2

and <(1/z0) = 0, in case c = 0. In particular, φ ∈ K(−∞, σ] with σ = <(c).

Proof. Clearly, ϕ has order equal to 1 and infinite product given by (2) with zeros
given by the sequence above. By (3), if c 6= 0, then η = 0 and

ξ = 1/(1− ec) =
(
1− coth(c/2)

)
/2.

The logarithmic derivative of sinh(c/2) yields the relation

coth(c/2)
2

=
1
c

+
∞∑
k=1

[
1

c+ 2πik
+

1
c− 2πik

]
.

If c = 0, then η = 1 and ξ = 1/2. The result follows from these relations. �

Corollary 3.4. Let Φ be given by (1) with λ ≥ 0 and φ(z) = eζzϕ(z), where

ϕ(z) =
n∑

m=0

µme
mz

with ζ and µm complex, and µ0µn 6= 0 for m = 0, 1, . . . , n. Then, φ is given by (2)
with κ = <(ζ) + n/2 given by (6), and where

(i) <(ζ) ≥ −n/2− 2λσ ⇐⇒ Φ ∈ K(−∞, σ],

(ii) <(ζ) ≤ −n/2− 2λσ′ ⇐⇒ Φ ∈ K[σ′,∞),

(iii) −n/2− 2λσ ≤ <(ζ) ≤ −n/2− 2λσ′ ⇐⇒ Φ ∈ K[σ′, σ],

whenever σ and σ′ are RIA and LIA of ϕ.

Proof. Assume without loss of generality that σ and σ′ are RIA and LIA of ϕ. Let
φ be given by (2). Then, the zeros of ϕ(z) =

∑n
m=0 µme

mz are all located in the strip
Λ[σ′, σ]. Factoring ϕ gives

φ(z) = µne
ζz

n∏
m=1

ϕm(z)

with ϕm(z) = ez − ecm , where cm is complex, for m = 1, 2, . . . , n. By Lemma 3.3,
ϕm has the product form

ϕm(z) = Cme
ξmzzηm

∞∏
k=−∞

(
1− z

zmk

)
ez/zmk ,

where Cm and ξm are complex, ηm = 0 or 1, and zmk = cm + 2πik, for k ∈ Z.
Moreover,

<(ξm) +
∑
k

< (1/zmk) = 1/2,
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for m = 1, 2, . . . , n. Combining the relations{
<(ξ) = <(ζ) +

∑
m<(ξm),∑

j < (1/zj) =
∑

m

∑
k < (1/zmk)

yields the sum
<(ξ) +

∑
j

< (1/zj) = <(ζ) + n/2.

The result in all cases follows from this last relation and Corollary 1.7. �

4. Membership conditions for Laplace Steiltjes integrals

For a complex valued function γ on [0, `], define the variation

Vγ = sup
P

n∑
m=1

|γ(τm)− γ(τm−1)| ,

where the supremum is taken over all partitions P of the form

0 = τ0 < τ1 < τ2 < · · · < τn = `

with

Vγ =
∫ `

0
d|γ|(t).

The subclass of all complex valued functions on [0, `] having bounded variation, that
is, Vγ <∞, is denoted by BV[0, `]. If γ ∈ BV[0, `], then the Laplace integral of dγ is
defined by the Stieltjes integral

L{dγ}(z) =
∫ `

0
ezt dγ(t).

The Laplace integral is clearly entire, and a calculation gives

|L{dγ}(z)| ≤ Vγe
`|z|,

so that L{dγ} has order at most one and finite type. A function γ ∈ BV[0, `] is
called admissible on [0, `] if the boundary variations δγ(0) = |γ(0)− γ(0+)| and
δγ(`) = |γ(`)− γ(`−)| are both non zero. Sedletskii [15] and Cartwright [1] have
shown independently that a sufficient condition for the location of all of the zeros of
the Laplace integral L{dγ} to be located in a right and left half planes is given by
γ(0+) 6= γ(0) and γ(`−) 6= γ(`), respectively. Thus, if γ ∈ BV[0, `] is admissible
and if ϕ = L{dγ}, then there exists a tightest closed strip Λ[σ′(ϕ), σ(ϕ)] that includes
all of the zeros of ϕ. Moreover, σ′ ≤ σ′(ϕ) and σ ≥ σ(ϕ) are called left inclusion abs-
cissae (LIA) and right inclusion abscissae (RIA) of ϕ, respectively. The next lemma
illustrates an example of inclusion abscissae needed below.
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Lemma 4.1. Let γ ∈ BV[0, `] be admissible, and let ϕ = L{dγ}. Then, the
inequations (resp. equations)

(12)
∫ `−

0
etτd|γ|(t) ≤

(=)
δγ(`)e`τ and

∫ `

0+
etτd|γ|(t) ≤

(=)
δγ(0)

have solutions (resp. unique solutions) denoted by σ and σ′, which are RIA and LIA of
ϕ, respectively.

Proof. The function

L(τ) =
∫ `−

0
e−τ(`−t)d |γ| (t)

is continuous and decreasing with L(−∞) = ∞ and L(∞) = 0. Thus, there exists a
solution (resp. unique solutions) σ to the first inequation (resp. equation) above since
it is equivalent to

L(τ) ≤ δγ(`)
(
L(τ) = δγ(`)

)
.

If <(z) = τ > σ, then the inequality

|ϕ(z)| ≥ δγ(`)e`τ −
∫ `−

0
etτd |γ| (t) = e`τ

(
δγ(`)− L(τ)

)
> 0

shows that σ is a RIA of ϕ. If γ̃(t) = γ(` − t) for 0 ≤ t ≤ ` and if ϕ̃ = L{dγ̃}, then
ϕ(z) = e`zϕ̃(−z). The equivalence∫ `

0+
etτd|γ|(t) ≤

(=)
δγ(0) ⇐⇒

∫ `−

0
etτ̃d|γ̃|(t) ≤

(=)
δγ̃(`)e`τ̃ ,

where τ̃ = −τ , gives that σ̃ = −σ′ is a RIA of ϕ̃. Thus, σ′ is a LIA of ϕ. �

If Pn is a uniform partition of [0, `], then τm = mιn for m = 0, 1, . . . , n, where
ιn = `/n when n ≥ 2. By definition of the Steiltjes integral, one gets that, for n ≥ 2,
the sequence of sums

Sn{dγ}(z) =
n−1∑
m=0

µme
τmz

with µm = γ(τm+1)−γ(τm) andm = 0, 1, . . . , n−1 converges uniformly on compacta
toL{dγ}. Definitions for the LIA and RIA of the sums Sn{dγ}, for n ≥ 2, are identical
to those above.

Lemma 4.2. Let γ ∈ BV[0, `] be admissible and let φn(z) = e−`z/2ϕn(z), where
ϕn(z) = Sn{dγ}(z), for n ≥ 2. Then, the equations

(13)
n−2∑
m=0

|µm| eτmτ = δn(`)e`τ and
n−1∑
m=1

|µm| eτmτ = δn(0),

where δn(`) = |γ(τn)− γ(τn−1)| and δn(0) = |γ(τ1)− γ(τ0)|, have unique solutions
σn and σ ′n that are LIA and RIA of ϕn, respectively. Moreover, φn ∈ K[σ′n, σn], for
n ≥ 2.
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Proof. Let φ̃n(z) = e−nz/2ϕ̃n(z), where

ϕ̃n(z) = ϕn(z/ιn) =
n−1∑
m=0

µne
mz.

By Corollary 3.4, σ̃n and σ̃′n are LIA and RIA of ϕ̃n, respectively, since they solve
equations (11), for n ≥ 2. Moreover, Corollary 3.4 gives φ̃n ∈ K[σ̃′n, σ̃n], for n ≥ 2.
Since, for n ≥ 2, ϕn(z) = ϕ̃n(ιnz), one has that σn = σ̃n/ιn and σ′n = σ̃′n/ιn are
LIA and RIA of ϕn, and are the solutions to equations (13), respectively. It follows
that φn ∈ K[σ′n, σn], for n ≥ 2. �

Lemma 4.3. Let γ ∈ BV[0, `] be admissible and let σ and σ′ be solutions to
equations (12), respectively. If σn and σ′n are solutions to equations (13) then, for
n ≥ 2, σn → σ and σ′n → σ′ as n→∞.

Proof. As in Lemma 4.1, σ is the solution to the equation L(τ) = δγ(`), where

L(τ) =
∫ `−

0
e−τ(`−t)d |γ| (t)

is continuous and decreasing. Likewise, we have that σn is the solution to the equation
Ln(τ) = δn(`), where

Ln(τ) =
n−1∑
m=0

|µm|e−(`−τm)τ

is continuous and decreasing, for n ≥ 2. A routine argument gives Ln(τ) → L(τ) as
n → ∞ uniformly on compact intervals. It follows that L−1

n (δ) → L−1(δ) as n → ∞
uniformly on compact intervals. Put

σn = L−1
n (δn(`)) and σ̂n = L−1

n (δγ(`)) ,

for n ≥ 2. Since σ = L−1
n (δγ(`)), we get |σ̂n − σ| → 0 as n → ∞. Now, since

δn(`) → δγ(`) as n → ∞, we have |σn − σ̂n| → 0 as n → ∞, by uniform conver-
gence. This gives σn → σ as n → ∞. A similar argument gives σ′n → σ′ as n → ∞.
�

Lemma 4.4. Let γ ∈ BV[0, `] be admissible and let φ̂(z) = e−`z/2ϕ(z), where
ϕ = L{dγ}. Suppose σ and σ′ are solutions to equations (12), respectively. Then
φ̂ ∈ K[σ′, σ].

Proof. Put φn(z) = e−`z/2ϕn(z), where ϕn = Sn{dγ}, for n ≥ 2. By Lemma
4.2, φn ∈ K[σ′n, σn], for n ≥ 2. Denote

sn = sup
m≥n

σm and s′n = inf
m≥n

σm,

for n ≥ 1. Then, sn → σ and s′n → σ′ as n → ∞. Moreover, if n ≥ m, then
[s′n, sn] ⊆ [s′m, sm] and thus, K[s′n, sn] ⊆ K[s′m, sm]. Since K[σ′n, σn] ⊆ K[s′n, sn] for
n ≥ 2, it follows that φn ∈ K[s′m, sm] for n ≥ m. Since φn → φ̂ as n→∞ uniformly
on compacta, then φ̂ ∈ K[s′m, sm] for m ≥ 2. Thus, by Corollary 1.4,

φ̂ ∈
∞⋂
m=2

K[s′m, sm] = K[σ′, σ].

�
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Theorem 4.5. Let γ ∈ BV[0, `] be admissible and let Φ be given by (1) with λ ≥ 0
and φ(z) = eζzϕ(z), where ϕ(z) = L{dγ} and ζ is complex. Then, φ is given by (2)
with κ = <(ζ) + `/2 given by (6), and where

(14)


<(ζ) ≥ −`/2− 2λσ ⇐⇒ Φ ∈ K(−∞, σ],

<(ζ) ≤ −`/2− 2λσ′ ⇐⇒ Φ ∈ K[σ′,∞),

−`/2− 2λσ ≤ <(ζ) ≤ −`/2− 2λσ′ ⇐⇒ Φ ∈ K[σ′, σ],

whenever σ and σ′ are RIA and LIA of ϕ, respectively.

Proof. Put φ̂(z) = e−`z/2ϕ(z), as in Lemma 4.4. Since φ is given by (2), one gets
that φ̂(z) = e(−ζ−`/2)zφ(z) has the product form given by

φ̂(z) = Ce(ξ−ζ−`/2)zzη
∏
j

(
1− z

zj

)
ez/zj ,

where C, ξ are complex and η is a non negative integer. By Lemma 4.4, φ̂ ∈ K[σ′, σ].
Hence, by the converse of Corollary 1.7,

< (ξ − ζ − `/2) +
∑
j

<(1/zj) = κ−<(ζ)− `/2 = 0.

Therefore, it follows that κ = <(ζ) + `/2. Now, the theorem follows directly from
Corollary 1.7. �

Corollary 4.6. Let γ ∈ BV[0, `] be real valued on [0, `] and let φ(z) = eζzϕ(z),
where ϕ = L{dγ} and ζ is complex. If γ is increasing (resp. decreasing) and convex
up (resp. down) on [0, `], then <(ζ) ≥ −`/2 implies φ ∈ K(−∞, 0]. Similarly, if γ is
decreasing (resp. increasing) and convex up (resp. down) on [0, `], then <(ζ) ≤ −`/2
implies φ ∈ K[0,∞).

Proof. If γ is increasing and convex up on [0, `], then δγ(0) = 0. This is not
necessarily the case for δγ(`), albeit γ(`−) ≤ γ(`). Modify the end terms of Sn by
defining, for n ≥ 2,

ϕ̂n(z) =
n−1∑
m=0

µ̂me
τmz

where, for m = 1, 2, . . . , n− 2, we have µ̂0 = µ1, µ̂m = µm and

µ̂n−1 =

{
µ̂n−2 if δγ(`) = 0,

µn−1 if δγ(`) 6= 0.

A standard construction yields admissible functions γ̂n ∈ BV[0, `] with ϕ̂n = L{dγ̂n},
for n ≥ 2. A routine argument then shows ϕ̂n → L{dγ} as n → ∞, uniformly on
compacta. Since γ is increasing and convex up, we get µ̂m > 0, form = 0, 2, . . . , n−1
and, for n ≥ 2,

ρn = max
{

µ̂m
µ̂m+1

∣∣∣∣ m = 0, 1, . . . , n− 1
}
≤ 1.

By Lemma 3.2, σ = 0 is a RIA of ϕ̂n, for n ≥ 2. If <(ζ) ≥ −`/2, then

φ̂n(z) = eζzϕ̂n ∈ K(−∞, 0]
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for n ≥ 2, by Theorem 4.5. It follows that φ ∈ K(−∞, 0]. If γ is increasing and
convex down on [0, `], then define γ̂ ∈ BV[0, `] by γ̂(τ) = −γ(τ), for 0 ≤ τ ≤ `.
Then, γ̂ is increasing and convex up on [0, `] with L{dγ̂} = −ϕ(z). The result in this
case now follows by the argument above. If γ is decreasing and convex up on [0, `],
then δγ(`) = 0. Define γ̃ ∈ BV[0, `] by γ̃(τ) = γ(`− τ), for 0 ≤ τ ≤ `. Putting

φ̃(z) = e−(ζ+`)zϕ̃(z),

where
ϕ̃ = L{dγ̃} = −e`zϕ(−z)

yields φ̃(z) = −φ(−z). Since γ̃ is increasing and convex up, we have that

<
(
−(ζ + `)

)
≥ −`/2 =⇒ φ̃ ∈ K(−∞, 0].

This last condition is equivalent to the consequent, by (10). If γ is increasing and
convex down on [0, `], then a similar argument yields the result. �

5. Membership conditions for Laplace Lebesque integrals

If γ ∈ BV[0, `], then the Laplace integral of γ is defined by the Lebesgue integral

L{γ}(z) =
∫ `

0
ezτγ(τ)dτ.

Definitions of the LIA and RIA for the Laplace integral of γ are identical to the defini-
tions for the Laplace integral of dγ.

Corollary 5.1. Let γ ∈ BV[0, `] be non negative on [0, `], and let φ(z) = eζzϕ(z),
where ϕ = L{γ} and ζ is complex.

(i) If γ is increasing on [0, `] and <(ζ) ≥ −`/2, then φ ∈ K(−∞, 0],

(ii) If γ is decreasing on [0, `] and <(ζ) ≤ −`/2, then φ ∈ K[0,∞).

Proof. Let Υ ∈ BV[0, `] be given by

(15) Υ(τ) =
∫ τ

0
γ(t)dt,

for 0 ≤ τ ≤ `, so that ϕ = L{dΥ}. Since γ is non negative on [0, `], we have that Υ is
increasing on [0, `]. Moreover, if γ is increasing on [0, `], then Υ is concave up on [0, `].
By Corollary 4.6, it follows that φ ∈ K(−∞, 0]. If γ is non negative and decreasing on
[0, `], then −γ is non positive and increasing on [0, `]. Thus, Υ− = −Υ is decreasing
and convex up on [0, `], with ϕ = −L{dΥ−}. The result for this case now follows
from Corollary 4.6. �

For extending Theorem 4.5 to the Lebesque integral, denote the subclass

BV◦[0, `] = {γ ∈ BV[0, `] | γ(0) = γ(`) = 0} .
If γ ∈ BV◦[0, `], then integration by parts yields the relation L{dγ}(z) = −zL{γ}(z).
If γ is q-times differentiable on [0, `], then denote γp = γ(p) for p = 0, 1, . . . , q. Let
AC◦[0, `] denote the subclass of functions in BV◦[0, `] that are absolutely continuous
on [0, `], and define the subclass:

BVq
◦[0, `] = {γ | γq ∈ BV◦[0, `] and γp ∈ AC◦[0, `], 0 ≤ p ≤ q − 1, } .
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It follows from the definition that BV0
◦[0, `] = BV◦[0, `].

Lemma 5.2. Suppose γ ∈ BVq
◦[0, `]. Then

L{dγq}(z) = (−z)q+1 L{γ}(z), q ≥ 0.

Proof. If q = 0, then γ = γ0 ∈ BV◦[0, `] and L{dγ}(z) = −zL{γ}(z), as
noted above. Assume that the result holds for functions in BVq

◦[0, `], and take γ in
BVq+1
◦ [0, `] ⊆ BVq

◦[0, `]. By hypothesis,

L{dγq}(z) = (−z)q+1 L{γ}(z).

Expressing γq as a Lebesque integral

γq(τ) =
∫ τ

0
γq+1(t)dt

yields L{dγq} = L{γq+1}, i.e., a Steiltjes integral as a Lebesque integral. Integration
by parts gives L{dγq+1}(z) = −zL{γq+1}(z). Combining these relations gives

L{dγq+1}(z) = −zL{γq+1}(z) = −zL{dγq}(z) = (−z)q+2 L{γ}(z).
The result follows by induction. �

Let γ ∈ BVq
◦[0, `] with γq admissible, and let ϕq = L{γq} and ϕ = L{γ}. In view

of Lemma 5.2, σ and σ′ are RIA and LIA of ϕq if and only if σ and σ′ are RIA and LIA
of ϕ, respectively. By Lemma 4.1, if δγq(0) = |γq(0+)| and δγq(`) = |γq(`−)|, then
the inequations (resp. equations)∫ `−

0
etτd|γq|(t) ≤

(=)
δγq(`)e`τ and

∫ `

0+
etτd|γq|(t) ≤

(=)
δγq(0)

have solutions (resp. unique solutions) denoted by σ and σ′, which are thus RIA and
LIA of ϕ, respectively.

Corollary 5.3. Let γ ∈ BVq
◦[0, `] with γq admissible, and let Φ be given by (1)

with λ ≥ 0 and φ(z) = eζzϕ(z), where ϕ(z) = L{γ} and ζ is complex. Then, φ is
given by (2) with κ = <(ζ) + `/2 given by (6), and where equivalences (14) hold
whenever σ and σ′ are RIA and LIA of ϕ, respectively.

Proof. The results of Theorem 4.5 apply directly to φq(z) = eζzϕq(z), where
ϕq = L{γq}. By Lemma 5.2, ϕ(z) = (−z)−(q+1)ϕq(z), from which these results
translate over to φ. �

6. Membership conditions for Dirichlet series

Finite sums having the form

(16) ϕ(z) =
n∑

m=0

µme
τmz,

where the µm are complex for m = 0, 1, . . . , n, and 0 = τ0 < τ1 < τ2 < · · · < τn = `
is a partition of [0, `], are formally related to Dirichlet series by the transformation
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z → −z. Expressions given by (16) are considered below since they are readily applied
to the preceeding results.

The proof of the next lemma is a routine calculation of the Stieltjes integral of a
step function.

Lemma 6.1. Let 0 = τ0 < τ1 < τ2 < · · · < τn = ` be a partition of [0, `]. For
m = 0, 1, . . . , n, let µm be complex, and let ϕ be given by (16). Suppose γ ∈ BV[0, `]
is the step function

(17) γ(τ) =


0 if τ = τ0,

γn if τ = τn,

γ0 if τ0 < τ < τ1,

γm if τm ≤ τ < τm+1, m = 1, . . . , n− 1.

where γm =
∑m

k=0 µk, for m = 0, 1, . . . , n. Then ϕ = L{dγ}. In particular, if
µ0µn 6= 0, then the step function given by (17) is admissible.

In view of Lemma 4.1, where δγ(0) = |µ0| and δγ(`) = |µn|, the inequations (resp.
equations)

n−1∑
m=0

|µm|eτmτ ≤
(=)
|µn|eτnτ and

n∑
m=1

|µm|eτmτ ≤
(=)
|µ0|

have solutions (resp. unique solutions) σ and σ′, which are RIA and LIA of ϕ, respec-
tively. The next result follows directly from Theorem 4.5 and Lemma 6.1.

Corollary 6.2. Let Φ be given by (1) with λ ≥ 0 and φ(z) = eζzϕ(z), where ζ
is complex and ϕ = L{dγ}, and where γ is given by (17) and µ0µn 6= 0. Then, φ is
given by (2) with κ = <(ζ) + `/2 given by (6), and where equivalences (14) hold,
whenever σ and σ′ are RIA and LIA of ϕ, respectively.

Expressions (16) are special cases of the Laplace integral of a step function as in
the next lemma.

Lemma 6.3. Let 0 = τ0 < τ1 < τ2 < · · · < τn = ` be a partition of [0, `]. For
m = 0, 1, . . . , n, let µm be complex, and let ϕ be given by (16). Suppose γ ∈ BV[0, `]
is the step function

(18) γ(τ) =


0 if τ = τ0, τn,

γ0 if τ0 < τ < τ1,

γm if τm ≤ τ < τm+1, m = 1, . . . , n− 1.

where γm =
∑m

k=0 µk, for m = 0, 1, . . . , n− 1. Then ϕ(z) = −zL{γ}(z).

Proof. The condition γn = 0 in Lemma 6.1 gives γ ∈ BV◦[0, `]. This yields

L{dγ}(z) = −zL{γ}(z)
as claimed. �

Corollary 6.4. Let Φ be given by (1) with λ ≥ 0 and φ(z) = eζzzϕ(z), where ζ
complex and ϕ = L{γ}, and where γ is given by (18) and µ0µn 6= 0. Then, φ is given
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by (2) with κ = <(ζ) + `/2 given by (6), and where equivalences (14) hold, whenever
σ and σ′ are RIA and LIA of ϕ, respectively.

Proof. The proof follows directly from Corollary 6.2 and Lemma 6.3. �

7. Laplace integrals with only imaginary zeros

A classical result due to Schur ([14] or [7]) states that if p ∈ K(−∞, 0] is a real
polynomial, then the polynomial

p̂(z) =
p(z)− p−(z)

z

is real and is even with p̂ ∈ K[0, 0], where p−(z) = p(−z). This notation used for the
transformation z → −z is needed below for several results.

Lemma 7.1. Let Φ ∈ K(−∞, σ] be a real entire function. Then, the entire function

Φ̂(z) =
Φσ(z)− Φ−σ (z)

z

is real and is even, with Φ̂ ∈ K[0, 0].

Proof. By Corollary 2.3, gn,σ ∈ K(−∞, 0] so that ĝn,σ ∈ K[0, 0], for n ≥ 1. By
(9), gn,σ converges on compacta to Φ̂, so that ĝn,σ converges on compacta to Φ̂. It
follows that Φ̂ ∈ K[0, 0]. �

If Γ ∈ BV[−`, `], then the Laplace integrals of dΓ and Γ are defined by the inte-
grals

L{dΓ}(z) =
∫ `

−`
ezτdΓ(τ) and L{Γ}(z) =

∫ `

−`
ezτΓ(τ)dτ,

respectively.

Theorem 7.2. Let γ ∈ BV[0, `] be real valued. For σ real, define Γ ∈ BV[−`, `]
by

Γ(τ) =
∫ τ

−`

[
eσtdγ̃(t) + e−σtdγ̃−(t)

]
,

where γ̃ ∈ BV[−`, `] is the extension of γ given by

(19) γ̃(t) =

{
0 if − ` ≤ t < 0,

γ(t) if 0 ≤ t ≤ `.

If σ is a RIA of ϕ = L{dγ}, then L{dΓ} ∈ K[0, 0] and L{Γ} ∈ K[0, 0].

Proof. A calculation shows that

L{dΓ}(z) =
∫ `

−`
eτz
[
eσtdγ̃(t) + e−σtdγ̃−(t)

]
= ϕσ(z)− ϕ−σ (z) = zϕ̂(z).

By Lemma 7.1, L{dΓ} ∈ K[0, 0]. Since Γ(−`) = Γ(`) = 0, integration by parts yields

L{Γ}(z) = −zL{dΓ}(z)
and thus, L{Γ} ∈ K[0, 0]. �
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In view of Corollary 4.6, Theorem 7.2 applies directly to the following special case.

Corollary 7.3. Let γ ∈ BV[0, `] be increasing (resp. decreasing) and convex up
(resp. down) on [0, `]. Let Γ ∈ BV[−`, `] be defined by

(20) Γ(τ) =
∫ τ

−`
d
[
γ̃(t) + γ̃−(t)

]
with γ̃ given by (19). Then, L{dΓ} ∈ K[0, 0] and L{Γ} ∈ K[0, 0].

Corollary 7.4. Suppose Γ ∈ BV[−`, `] is non negative, even, and concave down
on [−`, `]. Then, L{Γ} ∈ K[0, 0].

Proof. Let Γ be given by (20) with γ ∈ BV[0, `] decreasing and convex down on
[0, `]. The result follows from Corollary 7.3. �

Corollary 7.5. Let γ ∈ BV[0, `] be real valued. For σ real, define Γ ∈ BV[−`, `]
by

Γ(τ) =
∫ τ

−`

[
eσtγ̃(t)− e−σtγ̃−(t)

]
dt,

where γ̃ is given by (19). Suppose σ is a RIA of ϕ = L{γ}. Then, L{dΓ} ∈ K[0, 0]
and L{Γ} ∈ K[0, 0].

Proof. Note that Υ ∈ BV[0, `], given by (15), satisfies the conditions of Theorem
7.2 with L{γ} = L{dΥ}. �

The proof of the next corollary now follows directly from Corollary 7.5.

Corollary 7.6. Let γ ∈ BV[0, `] be non negative and increasing on [0, `]. Let
Γ ∈ BV[−`, `] be defined by

(21) Γ(τ) =
∫ τ

−`

[
γ̃(t)− γ̃−(t)

]
dt,

where γ̃ is given by (19). Then, L{dΓ} ∈ K[0, 0] and L{Γ} ∈ K[0, 0].

Corollary 7.7. Suppose Υ ∈ BV[−`, `] is increasing (resp. decreasing) and odd
on [−`, `]. Then, L{Υ} ∈ K[0, 0].

Proof. Suppose first that Υ is increasing and odd. Let Υ = Γ′, where Γ is given by
(21) with γ ∈ BV[0, `] non negative and increasing on [0, `]. The result now follows
from Corollary 7.6, since L{Υ} = L{dΓ}. If, now, Υ is decreasing and odd, then the
function given by Υ− = −Υ is increasing and odd with L{Υ} = −L{Υ−}. �

8. Application to the Hausdorff moment problem

For γ ∈ BV[0, 1] and m ≥ 0, the value

(22) µm =
∫ 1

0
τmdγ(τ)

is called the m-th moment of γ, and µ = {µm}∞m=0 is called a moment sequence for
γ. Conversely, given a sequence µ = {µm}∞m=0, the problem of finding γ ∈ BV[0, 1]
with γ non decreasing on [0, 1] such that (22) holds is known as the Hausdorff moment
problem (HMP) for µ (see [16]).
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For n ≥ 0 and m ≥ 0, define the backward differences

∇iµm =

{
µm if n = 0,

∇n−1µm −∇n−1µm+1 if n > 0.

Hence,

∇nµm =
n∑
k=0

(−1)k
(
n

k

)
µm+k,

for m ≥ 0 and n ≥ 0. Denoting the entire function

ϕm(z) =
∞∑
k=0

µm+k
zk

k!
,

the n-th Appell polynomial associated with ϕm is defined by

ρm,n(w) =
1
n!

n∑
k=0

(
n

k

)
µm+kw

n−k,

for m ≥ 0 and n ≥ 0. These polynomials are generated by

ewzϕm(z) =
∞∑
n=0

ρm,n(w)zn,

so the differences are generated by

e−zϕm(z) =
∞∑
n=0

(−1)n∇nµm
n!

zn,

for m ≥ 0. The sequence µ is called completely monotone if it satisfies the condition
∇nµm ≥ 0, for m ≥ 0 and n ≥ 0. Hausdorff’s classic result (see [16]) states that
this condition is necessary and sufficient for the existence of a solution to the HMP. For
n ≥ 0, define the triangular array

µn(p, q) =
(
n

k

)
∇qµp,

for all p + q = n. Clearly, µ is completely monotone if and only if µn(p, q) ≥ 0, for
all p + q = n and n ≥ 0. Necessary and sufficient conditions for the solution γ to the
HMP for µ to be increasing and convex up on [0, 1] are given in the following theorem
by Diaconis and Freedman (see [5]).

Theorem 8.1. Let γ be non decreasing on [0, 1] and absolutely continuous with
γ′ non decreasing on [0, 1). Necessary and sufficient conditions for µ to be a moment
sequence for γ ∈ BV[0, 1] are that µ is completely monotone with

µn(p, q) ≤ µn(p+ 1, q − 1),

for p+ q = n and n ≥ 0.

Denote the sequence µm = {µm+k}∞k=0, for m ≥ 0. The proof of the next lemma
follows from a routine induction argument.
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Lemma 8.2. Suppose the sequence µ is completely monotone and suppose also
that µn(p, q) ≤ µn(p + 1, q − 1), for p + q = n and n ≥ 1. Then, for m ≥ 0, the
sequence µm is completely monotone with µmn (p, q) ≤ µmn (p+ 1, q−1), for p+ q = n
and n ≥ 1

Denote the function φm(z) = eζzϕm(z), where ζ is complex, for m ≥ 0.

Theorem 8.3. Suppose µ is completely monotone with µn(p, q) ≤ µn(p+1, q−1),
for p+ q = n and n ≥ 1. Then, <(ζ) ≥ −1/2 implies φm ∈ K(−∞, 0], for m ≥ 0.

Proof. By Lemma 8.2, µm satisfies the conditions of Theorem 8.1, for m ≥ 0.
Thus, µm is a moment sequence for some γm ∈ BV[0, 1] so that ϕm = L{dγm},
where γm is increasing and convex up on [0, 1], for m ≥ 0. The result now follows
directly from Corollary 5.1. �

Corollary 8.4. Let ` > 0 and put µ̂ = {µm/`m}∞m=0. Suppose µ̂ is completely
monotone with µ̂n(p, q) ≤ µ̂n(p+ 1, q − 1), for p+ q = n and n ≥ 1. Then, we have
that <(ζ) ≥ −`/2 implies φm ∈ K(−∞, 0] for m ≥ 0.

Proof. For m ≥ 0, put

ϕ̂m(z) =
∞∑
k=0

µm+kz
k

`m+kk!

and φ̂m(z) = eζz/`ϕ̂m(z). By Theorem 8.3, <(ζ/`) ≥ −1/2 yields φ̂m ∈ K(−∞, 0],
for m ≥ 0. Since φm(z) = `mφ̂m(`z), one has that φ̂m ∈ K(−∞, 0] implies φm is in
K(−∞, 0] for m ≥ 0. �

The n-th Jensen polynomial associated with ϕm is defined by

gm,n(w) =
n∑
k=0

(
n

k

)
µm+kw

k,

for m ≥ 0 and n ≥ 0. The Appell and Jensen polynomials associated with Laplace
integrals of convex measures are a natural source of Hurwitz polynomials, as in the next
corollary.

Corollary 8.5. Let ` > 0 and put µ̂ = {µm/`m}∞m=0. Suppose µ̂ is completely
monotone with µ̂n(p, q) ≤ µ̂n(p+ 1, q − 1), for p+ q = n and n ≥ 1. Then, one has
ρm,n ∈ K(−∞,−`/2], for m ≥ 0 and n ≥ 0. Moreover, the zeros of gm,n are all in
the disc |z + 1/`| ≤ 1/`.

Proof. By Corollary 8.4, if <(ζ) > −`/2, then φm ∈ K(−∞, 0] and therefore,
φ

(n)
m ∈ K(−∞, 0], for m ≥ 0 and n ≥ 0. Thus, the sequence ψk(ζ) = φ

(n)
m (1/k), for

k ≥ 1, is non zero for <(ζ) > −`/2. Since ψk(ζ) → n!ρm,n(ζ) as k → ∞ uniformly
on compacta, one has, by Hurwitz theorem, that ρm,n is non zero in the half plane
Λ(−`/2,∞), for m ≥ 0 and n ≥ 0. The rest of the proof follows from the relation
gm,n(w) = n!wnρm,n(w−1). �
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