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A NOTE ON THE RELATION BETWEEN THE LÉVY
MEASURE AND THE JUMP FUNCTION OF A

LÉVY PROCESS

JOSÉ GARRIDO AND SHARIF MOZUMDER

RÉSUMÉ. La mesure de Lévy et la mesure de saut d’un processus de Lévy sont
des caractéristiques clés. Cette note comble une simple lacune dans la littérature en
établissant une relation explicite entre la mesure de saut, qui est une mesure aléatoire
de Poisson, et la mesure de Lévy. Cette relation nous mène, dans la section 2, à une
preuve simplifiée du résultat classique sur la continuité des chemins d’un processus de
Lévy.

La fonction de saut, dans la version de P. Lévy de la formule de Lévy-Khinchine,
et la mesure de Lévy, dans des caractérisations plus récentes, jouent essentiellement le
même rôle, mais avec des termes de dérive et Gaussiens différents. Ce point est étudié
en détail dans la section 3, démontrant ainsi la relation explicite entre la mesure de saut
et la mesure de Lévy.

ABSTRACT. The Lévy and jump measures are two key characteristics of Lévy
processes. This paper fills what seems to be a simple gap in the literature, by giving an
explicit relation between the jump measure, which is a Poisson random measure, and
the Lévy measure. This relation paves the way to a simple proof of the classical result
on path continuity of Lévy processes in Section 2.

The jump function in Paul Lévy’s version of the Lévy-Khinchine formula and the
Lévy measure in more recent characterizations essentially play the same role, but with
different drift and Gaussian components. This point is shown in detail in Section 3,
together with an explicit relation between the jump function and the Lévy measure.

1. Introduction

The characteristic function of a stochastically continuous process starting at zero
and with stationary independent increments can be written as

ΦXt(s) = E[eisXt ]

= exp

{
t

[
ias− s2b2

2
+
∫

R\{0}

[
eisx − 1− isxI{−1,1}(x)

]
ν(dx)

]}
,(1)

Reçu le 25 novembre 2007 et, sous forme définitive, le 29 septembre 2008.
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for s ∈ R, t ≥ 0 and with constants a ∈ R, b ∈ R+, where ν is a measure defined on
R \ {0} that satisfies:

(2)
∫

R\{0}

(
|x|2 ∧ 1

)
ν(dx) <∞.

Equation (1) is the celebrated Lévy-Khinchine representation of a Lévy process.
The theory of Lévy process is well established (see [1], [7], or [5]) and is becoming
increasingly popular in applications. For instance, it is used in mathematical finance to
model the evolution of stock prices on financial markets with a jump-diffusion process
(see [2, Chap. 3], and references therein). Similar recent applications in actuarial
mathematics have been very successful (see [3], [4] or [5, Chap. 7], and references
therein).

Lévy processes being cadlag, the number of jumps exceeding a fixed threshold,
i.e., |∆Xs| ≥ ε, before some time t, has to be finite for all ε > 0. Hence if a Borel set
B ∈ B(R) is bounded away from 0 (i.e., 0 /∈ B̄, the closure of B), then for any t ≥ 0,
the cardinality

(3) NB
t =

∣∣{s ∈ [0, t] |∆Xs ∈ B}
∣∣ = JX([0, t]×B)

is well defined and a.s. (almost surely) finite. The process NB
t is called the counting

process of B. It inherits the Lévy properties from X and, in addition, is a Poisson
process with intensity νX(B) < ∞. The function JX is known as the jump measure
associated with the process X = {Xt | t ≥ 0}.

2. Jump measure and path continuity

Let (Ω,F ,P) be a probability space, E ⊂ R and µ a given positive Radon measure
on (E, E). Then the existence of a Poisson random measure on E is guaranteed by the
following proposition (for a proof, see [2]).

Proposition 2.1. For any Radon measure µ on E ⊂ R, there exists a Poisson
random measure M on E with intensity µ.

The set B in (3) can be adapted to a threshold process. For a general Lévy process,
if the small jumps are truncated at some level, say ε, then the resulting process is a
compound Poisson process. The following proposition shows that the jump measure
corresponding to a threshold process is a Poisson random measure (for a proof, see
[2]).

Proposition 2.2. Let X = {Xt | t ≥ 0} be a compound Poisson process with
intensity λ and jump size distribution F . Its jump measure JX is a Poisson random
measure on R× [0,∞) with intensity measure

µ(dx× dt) = ν(dx)dt = λdF (x)dt.
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Now setting B = [ε,∞) from Proposition 2.2, it follows that for k ∈ N+

P
{
JX(B × [t1, t2]) = k

}
= exp

[
−
∫

B

∫ t2

t1

µ(dx× dt)
][∫

B

∫ t2
t1
µ(dx× dt)

]k
k!

= exp
[
−
∫

B

∫ t2

t1

λ dF (x) dt
][∫

B

∫ t2
t1
λ dF (x) dt

]k
k!

= exp
[
−(t2 − t1)

∫
B
ν(dx)

][
(t2 − t1)

∫
B ν(dx)

]k
k!

= exp [−(t2 − t1)ν([ε,∞)]
[(t2 − t1)ν([ε,∞])]k

k!
·(4)

Equation (4) characterizes the relation between the jump measure JX and the Lévy
measure ν of a Lévy process. This characterization leads to the following simple proof.

Proposition 2.3. The processX has continuous sample paths if and only if JX = 0
a.s., which implies that there are no jumps.

Proof. The equality P{JX(A× [t1, t2]) = 0} = 1 implies, by (4), that

exp
[
− (t2 − t1) ν([ε,∞])

][(t2 − t1) ν([ε,∞])
]0

0!
= 1,

for any choice of t1, t2 and ε. Hence, it must be that ν(ε,∞) = 0. But then, by the
Lévy-Khinchine representation of a Lévy process in (1), we see that X is Brownian
motion with drift, that is, it has continuous sample paths.

Now, if X has continuous sample paths, then its Lévy measure, which controls all
jumps, should be identically zero. That is, ν(ε,∞) = 0 for any choice of ε. Then (4)
implies that, for any positive integer k,

P{JX(A× [t1, t2]) = k} = 0

and for k = 0
P{JX(A× [t1, t2]) = 0} = 1,

that is, JX is almost surely zero. �

3. Connection between different characterizations of
Lévy processes

Nowadays, the characterization of Lévy processes in (1) is most frequently used,
but the original characterization, known as Kolmogorov’s representation, is

(5) log ΦXt(s) = iats+ t

∫ ∞
−∞

[
eisx − 1− isx

(1 + x2)

]
(1 + x2)
x2

dG(x), s ∈ R,

where a is a real constant and G a bounded non-decreasing function with G(−∞) = 0,
known as the jump function.

Proposition 3.1. The jump of G, in (5), at x = 0 is the variance of the normal
component, i.e., σ2 = G(0+)−G(0−).
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The objective of this section is to establish a correspondence between the charac-
terizations in (1) and (5). From this correspondence, an explicit relation betweenG and
ν is obtained. This also yields the proof of Proposition 3.1.

We can split log ΦXt in (5) to write it as:

log ΦXt(s) = iats+ t

∫
R\{0}

[
eisx − 1− isx

(1 + x2)

]
(1 + x2)
x2

dG(x)

+ t

∫
{0}

[
eisx − 1− isx

(1 + x2)

]
(1 + x2)
x2

dG(x).(6)

Now, in the second term, the integrand has a limit (by l’Hospital’s rule)

lim
x→0

[
eisx − 1− isx

(1 + x2)

]
(1 + x2)
x2

=
−s2

2
,

and hence

(7)
∫
{0}

[
eisx − 1− isx

(1 + x2)

]
(1 + x2)
x2

dG(x) =
−s2

2
[G(0+)−G(0−)] .

Further, for the first integrand in (6), we observe that[
eisx − 1− isx

(1 + x2)

]
(1 + x2)
x2

=
[
eisx − 1− isxI[|x|<1]

] (1 + x2)
x2

− is

x
+ isxI[|x|<1]

(1 + x2)
x2

=
[
eisx − 1− isxI[|x|<1]

] (1 + x2)
x2

+
is

x

[
I[|x|<1] − 1

]
+ isxI[|x|<1].

Hence, the first integral in (6) becomes:∫
R\{0}

[
eisx − 1− isx

(1 + x2)

]
(1 + x2)
x2

dG(x)

=
∫

R\{0}

[
eisx − 1− isxI[|x|<1]

] (1 + x2)
x2

dG(x)

+ is

∫
R\{0}

1
x

[
I[|x|<1] − 1

]
dG(x) + is

∫
R\{0}

xI[|x|<1]dG(x)

=
∫

R\{0}

[
eisx − 1− isxI[|x|<1]

] (1 + x2)
x2

dG(x)

− is
∫

R\(−1,1)

1
x
dG(x) + is

∫
(−1,1)\{0}

xdG(x),
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and we can rewrite (5) as:

ΦXt(s) = exp

{
iats+ t

∫
R\{0}

[
eisx − 1− isxI[|x|<1]

] (1 + x2)
x2

dG(x)

−ist
∫

R\(−1,1)

1
x
dG(x)

}

· exp

{
ist

∫
(−1,1)\{0}

xdG(x)− s2

2
[G(0+)−G(0−)] t

}

= exp

{
is

[
a−

∫
R\(−1,1)

1
x
dG(x) +

∫
(−1,1)\{0}

xdG(x)

]
t

−s
2

2
[G(0+)−G(0−)] t

}
(8)

· exp

{
t

∫
R\{0}

[
eisx − 1− isxI[|x|<1]

] (1 + x2)
x2

dG(x)

}
.

Comparing (8) with (1), we see that for the Lévy-Khinchine characterization in
terms of G, as in (5), the drift is given by

a−
∫

R\(−1,1)

1
x
dG(x) +

∫
(−1,1)\{0}

xdG(x),

the Gaussian component is [G(0+)−G(0−)] and the explicit relation between G and
ν is ν(dx) = (1+x2)

x2 dG(x).

Remark 3.2. The set of points of increase ofG in (5), for x 6= 0, gives information
as to the nature of the compound Poisson component, i.e., the relative density of the
size of the discontinuities in the Lévy process sample paths.

4. Conclusion

The jump measure, being a Poisson random measure, is explicitly related to the
Lévy measure of a Lévy process. This relation yields a basic proof of the classical
result on path continuity of the process. The relation between the jump function in
Kolmogorov’s representation of Lévy-Khinchine’s formula and the Lévy measure in
more recent Lévy-Khinchine formulas is derived in detail. This relation is useful in
estimating the Lévy measure by estimating the jump function from observed sample
paths. For further details on such an application, see [6].
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