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A THEOREM ON THE BOUNDEDNESS OF SOLUTIONS
OF FIFTH ORDER NONLINEAR DIFFERENTIAL
EQUATIONS WITH DELAY

CEMIL TUNC

RESUME. Nous établissons des conditions suffisantes pour que toutes les solutions
d’une équation différentielle non-linéaire du cinquieme ordre a retard soient bornées.
Ce nouveau résultat s’obtient au moyen d’une fonctionnelle de Lyapunov.

ABSTRACT. In this paper, some sufficient conditions are established to ensure the
boundedness of all solutions of a nonlinear differential equation of fifth order with
delay. By introducing a Lyapunov functional, we obtain a new result on the subject.

1. Introduction

Especially since the 1960’s, qualitative behaviors of solutions of ordinary nonlinear
differential equations of higher order without delay or with delay have been discussed
extensively. In particular, during this period, many research papers have been published
and important results on the stability, the instability, the boundedness of solutions, the
existence of periodic solutions and so forth of certain ordinary nonlinear differential
equations of fifth order without delay have been obtained. For some papers dealing with
the stability and boundedness of solutions of fifth order nonlinear differential equations
without delay, the readers can refer to the papers of Abou-El Ela and Sadek [1, 2],
Burganskaja [3], Chukwu [6, 7], Sadek [19], Sinha [20], Tung¢ [21-23], Yu [30] and the
references cited in these papers. In these papers, the authors have considered Lyapunov
functions [16]. In particular, their results show that Lyapunov’s [16] second method has
been very successfully applied to higher order nonlinear differential equations without
delay to discuss the qualitative behaviors of the solutions.

In spite of existence of many papers on the stability and boundedness of solutions
of fifth order nonlinear differential equations without delay, it seems that the study of
stability and boundedness of solutions of fifth order nonlinear differential equations
with delay, which will be considered here, has not yet received any attention in the
literature. This work is a first attempt to obtain sufficient conditions on the bounded-
ness of solutions of fifth order nonlinear differential equation with delay; see also [26],
for a different work on the subject. Perhaps, the possible difficulties in this case are
due to the construction of Lyapunov functionals for the differential equations of higher
order with delay.

Recu le 18 aotit 2007 et, sous forme définitive, le 3 juin 2008.
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How to construct those Lyapunov functionals? So far, no authors have discussed
them. In fact, there is no general methods to construct Lyapunov functionals. It is in-
deed well-known that it is more difficult to construct Lyapunov functionals for higher
order differential equations with delay than Lyapunov functions for those equations
without delay. However, in recent years, many good books were published on dif-
ferential equations with delay, for example, one can refer to the books of Burton [4],
El’sgol’ts [8], EI’sgol’ts and Norkin [9], Hale [10], Hale and Lunel [11], Kolmanovskii
and Myshkis [12], Kolmanovskii and Nosov [13], Krasovskii [14], Mohammed [17],
Yoshizawa [29] and the references cited in these sources. There also exist many works
on the qualitative behaviors of differential equations of first and second order with de-
lay and without delay; see, for instance, the books of Kolmanovskii and Myshkis [12],
Kolmanovskii and Nosov [13] and the papers of Burton and Zhang [5], Liu and Huang
[15], Tung ([24, 25]), Tunc and Sevli [27], C. Tung¢ and E. Tung [28] and the references
listed in these sources.

Here, we are interested in obtaining a result on the boundedness of solutions of the
fifth order nonlinear differential equation with delay

p(t) = a®)+ filt,2"(t), 2" ()zW (1) + aza” (1) + f3(a" (t 1))
+fa(@(t = 1)) + a5z (t)

or its equivalent system

)

d(t) = y(),
y(t) = =),
() = w(d),

2) w'(t) = ult),
(t)

= —filt, 2(t), w(t))u(t) — cow(t) — f3(2(t)) — fa(y(?))

—asz(t) + [ fi(z(s))w(s)ds + ft fi(y(s))z(s)ds + p(t),

t—r t—r

where f1, f3, f4 and p are continuous functions for the arguments displayed explicitly,
7 is a positive constant (that is, r is a fixed delay) and as and a5 are positive constants.
It is assumed that the derivatives f5(z) and f}(y) exist and are continuous for all z and
y; throughout the paper x(t), y(t), z(t), w(t) andu(t) are abbreviated as x, y, z, w and
u, respectively. All solutions considered are also assumed to be real valued. We also
use Lyapunov’s second (or direct) method to investigate the boundedness properties of
solutions of the differential equation with delay (1).

2. Preliminaries

In order to obtain our main result, we will give some important basic information
for the general non-autonomous differential system with delay; see also Burton [4],
El’sgol’ts [8], El’sgol’ts and Norkin [9], Hale [10], Hale and Lunel [11], Kolmanovskii
and Myshkis [12], Kolmanovskii and Nosov [13], Krasovskii [14], Mohammed [17]
and Yoshizawa [29].
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Now, we consider the general non-autonomous differential system with delay
3) = f(t,xe), x(0)==x(t+0), with —r<6<0 and t>0,

where f : [0,00) x Cyy — R is a continuous mapping, f(¢,0) = 0, and we suppose
that f takes closed bounded sets into bounded sets of ™. Here (C, || - ||) is the Banach
space of continuous function ¢ : [—7,0] — R" with supremum norm, » > 0 and Cy
is the open H-ball in C, that is Cy := {¢ € (C[-r,0], R") : |¢| < H}. Standard
existence theory (see Burton [4, p. 312]) shows that if ¢ € Cy and ¢ > 0, then there is
at least one continuous solution x(¢, g, ¢) such that, on [ty, ty + «), the equation (3) is
satisfied for t > to, 2+(t, ) = ¢ and « is a positive constant. If there is a closed subset
B C Cp for which the solution remains in B, then & = oo. Further, the symbol | - |
will denote the norm in " with |x| = maxi <<y, |zil.

The next definition is taken from [4, p. 260].

Definition. Let V (¢, ¢) be a continuous functional, defined for ¢ > 0, and let
¢ € Cy. The derivative of V along the solutions of (3) will be denoted by V/3) and is
defined by the relation

"/(3) (t,¢) = lir]? sgp V(4 244n(to, ‘il)) — V(t, z(to, ¢))7

where x (%o, ¢) is the solution of (3) with zy, (to, ¢) = ¢.

Example. We consider the second order nonlinear differential equation with delay

2"(t) + ot x(t —r(t),2'(t —r(t) + (1 + e ) f(2(t — (1))

1
T+ 2+ 22(8) + 22(E — r(8) + 22(8) + 22(t — (1))

where 0 < r(t) < 70, 70 is a positive constant which will be determined later, ¢ € R,
RT = [0, 00), the functions ¢ and f are continuous in their respective arguments and
the derivative f'(x) = AL f(z) exists and is continuous.

Instead of the above equation, we take into consideration the equivalent system:

/

g =y
o= et alt— ()t — () — (14 f(a)
@ F(14e) f"()f%x(s))y(s)ds
\ T a1 22— () + 2 g2 (D)

We also assume that there are positive constants a, ae and L such that the following
conditions are satisfied:

(i) Lt=rD=r®) > o) forall t, x, x(t — r(t). y # 0. and y(t — r(t));
(ii) @ > ag, for z # 0, and |f/(x)| < L, for all .
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To show the boundedness of all solutions of the system (4), we introduce the Lya-
punov functional

T 0 t
Wit s ye) = 2(1 + ) / F(s)ds + 42 + 2 / / y2(0)d6ds,
0 —r(t) t+s

where A is a positive constant which will be determined later. It is clear that the func-
tional Vp (¢, ¢, y¢) is positive definite:

Vo(t,0,0) = 0

and

x 0 t
Volt, o) = (L+e ) [Lds+ L2 4 X [ [ 42(0)d6ds
0 —r(t) t+s

0 t
> f assds+ 32 + X [ [ y*(0)dbds
0 —r(t) t+s
= %0421112 + %yQ > k1($2 + y2),
where k1 = min {%O&g, %}
Now, let (z(t),y(t)) be an arbitrary solution of the system (4). Evaluating the
derivative of the functional Vj(t, x4, y;) with respect to ¢ along the solution (z(t), y(t)),
we get

Vot o, ye) = —(t,a(t —r(t), y(t —r(t))y
+(1+e Ny [ f(x(s)y(s)ds
) t—r(t) y
1+82+ 22 +22(t —r(t) +y2 + y2(t — r(t))
+FAY2r(t) — M1 —1'(t)) ft( ) y*(s)ds — et Of f(s)ds.

By using the assumptions (i), (ii), the inequality 2 |ab| < a? + b* and the fact that
2

y < Wl 1 Ly
L+2+a2 422t —rt) +y2+ 92t —r®) — 142~ 142 14t
it follows that
t

EVolt,ze, ) < —ony® + LyPr(t) + L f()yz(S)derAyZT(t)

t—r(t
' t
— A1 —7'(t)) f

t—r(t)
= —[a1—(L+Nr ()]y2+1+1ﬁ+1+t2
t

+(L—X1-7'(t))) f y%(s)ds.

t—r(t)

y2
+ + 1+¢2

1
1-+¢2
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Let r'(t) < /3, where 3 is a constant with 0 < (3 < 1. Hence

2
%‘/O(ta Tt, yt) S - [al - (L + )\)70] y2 + H% + 13_79

+(L—-XN1-p f v*(
tr(t)

for 0 < r(t) < 7o.

_ _L
Let us choose A = =) Then

2

d 1
el < _ _
Vo(t, g, ye) < —loa — (L + A)yo] T+ 142

dt

hence )
Y

1+¢2 + 1+ ¢2
(€51
X’

%%(ta'ztayt) é _ay2 +

for some constant a > 0 provided that vy <

Observe that
1 y2
= 7+ 2"
1+t 1+t

d
dtv(t Ty, Yp) <

Clearly, from
ki (2% + %) < Volt, e, ue),
we get
y? < k7ot 2, ve).
This last inequality implies that

d 1 1
/
@Oy S e e

Integrating this inequality from 0 to ¢, using the fact that + n
Gronwall-Reid-Bellman inequality, (see [18]), one can obtain

‘/O(tv T, yt)

> € L0, 00) and the

t
Vo(t, ze,y:) < Vo(0,20,90) + 5 + %g’ﬁ (Vo(s, 25, ys)) ds

IN

[y

t
(‘/0(07 Zo, yO) + ) exp <k:1 f 1-‘:82 dS)
0

= (Vo(0,z0,y0) + 5) exp (ﬁ
= ko < 00,
where ks is the strictly positive constant (VO(O, x0,Yo) + %) exp (ﬁ)
Now, in view of the above inequalities, we have
2?4+ y? < kot m, ue) < ks
where k3 = k| ks Thus, for solutions of the system (4), we conclude that
2| <ks and |yl < ks

for all t > 0. That is,
|| < ks, and |2'| < ks
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for all ¢ > 0. This confirms that all the solutions of the considered equation are
bounded.

3. Main result

The following result is established.

Theorem 1. In addition to the basic assumptions imposed on the functions f1, fs,
fa and p appearing in equation (1), assume that there are positive constants o, oz,
as, a4, as, €, €9, €1, 0, M, H and H; such that the following conditions are satisfied
for every (t,z,y, z,w,u) in the set Q of all tuples (t,z,y, z,w,u) € RO such that
0<t<oo,l|z| < Hiy, |yl < Hi, |z| < Hy, |w| < Hy, |u| < Hy and Hy < H:

(i) Firstly,

0 < ajag— as,

0 < (maz—as)as— (aray —as)ag,

(50 = (043044 — 042045)(041062 — 043) - (041044 - 045)2 > 07
. (013044 — a2015)(011042 - 043) /
A, = — (e fily) — as) > 2eaq,
Q1o — Qs
Q30 — Qo 10y — o €
Ay = 304 25_7(14 5)_7>0’
a0y — Qs ag(araz —a3)  oq

where

faly)
. o if y#0,
f1(0) if y=0.

(ii) Moreover, g9 < fi(t,z,w) — a1 < &1, where the constant € satisfies

. can(aray — as)? £ ey
€1 < min .

6403 (a1as — ag)?’ 1602’ 1662

(iii) f3(0) = 0 and, for z # 0,

f3(2) f3(2) 2 o [ 2oy easen
- > Qs, ‘fé(z)l <M and = o3 < min 2 .

(iv) f4(0) = 0 and, fory # 0,
fa(y)
Y

0 fa(y) 500 , 2 2
> — — — _
=M By falv) y of(onag — as) and - (£(y) —a)” < 4

(v) |p(t)| < q(t), where q(t) is a non-negative and continuous function in t satis-
fying

t
/q(s)ds <A < oo,
to

forallt > tg > 0.
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Then, there exists a finite positive constant K such that the solution x(t) of the
equation (1) defined by the initial functions

2(t) = 6(1), #'(1) = (1), 2"(t) = "), @"(1) = 6" (1) and 2 O(t) = 6V (1)

satisfies the inequalities
s <K, 0] <K, 20 <K 0] <K and [59(0)] < K

for all t > t, where ¢ € C* ([to — r,to] ,R), provided that

. 3 ag(aiaz—a3) -1 9eq
r < min {6(1\30-%62)’ 61%!2 |::u + 24(cx11a42—a53) (52 + M)} ’ 2p+a1(52+M)’ 8(€2i-M)}

Proof. The proof of this theorem depends on a scalar differentiable Lyapunov func-
tional V; = V (¢, z¢, yt, 2, wy, ug). The idea of Lyapunov’s method is to impose some
conditions on the functional V; and on its time derivative %V(t, Tty Yt, 2, We, ug) Which
imply boundedness of all solutions of the equation (1). We define the Lyapunov’s func-
tional V; by
)

2V, = u?+ 2auw + Zaslmag=as), . 4 20uy + [a% + ag — M} w?

ajas—as ajas—as

+2 [a 4 ccalmaz—ag) _ 6] wz + 2006wy + 2w f4(y)

ajog—as

asay(aiaz—as)
Q104 —0as

+2aswx + 20 fo fa(r)dr + { — g — ald} 22

+20c0yz + 20112 f4(y) — 2052y + 200522 + 204 (12 —ag3) f Fa(n

ajas—as

+(Sas — ayos)y? + 2ol —0s) 0 4 50002 4 9y, f f 22(0)dfds

alog—as o
—rt+s

0 ¢
+2p [ [ w*(0)dbds,
—rt+s
where 1 and p are some positive constants which will be determined later in the proof
and ¢ is a positive constant satisfying

©) 5. eslaos —as)

Q104 — Q5

Now, the Lyapunov functional V; = V (¢, z, ys, 2¢, wy, us) defined in (5) can be rear-
ranged in the form:

2 2
2V, = [u +oaqw + lar—as) 6y] + ooy 490 <z + Z—iy)

ajog—as aras—as)?

oy(arou—as) | as(agas—as) ~y(a1as—as) a1 N 2

Y(araz—asz) [ ajag—as T+ (aras—as) Y+ zZ+ U}}
(7)
+As (w+ a12)” + Zw? + 2 (7a3°‘4_f‘2a5) yz

ajag—as

0 t 0 t 3
+2u [ [ 22(0)d0ds +2p [ [ w?(0)dbds + > Vi,
—rt+s —rt+s =1
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where
Vi = dasz?®— %552,
Vy 1= cfutetes) [2§f4(n)dn - yf4(y)}
- [5@3 —ajas — % _ 52} 2,

V3 = o [2ff3(7)dr—agz2] .
0

. e (a ao—ao ) . . . .
By using the fact that § = #3%3 + ¢ and the assumptions (i) and (iv), we obtain

ag(alag — ag) 9 cma%(ozlozg —as)

Vi= 2 + casz® — 2 > eazz?.
10y — Q5 7(041014 - a5)
It is also evident that
Y v
(8) yfaly) = /0 fa(n)dn + /0 nfa(n)dn.

Hence, the assumptions (i), (iv), together with (6), imply

Vy = g%%%gigﬁ[gjgfdnﬁhr—yfdyﬂ

50 205 (a1 ag—as) 2
+ [ty — e (e + oeenses) — o) |y
_ y 2050 as(aras—as) fa(n)
- fO a4(cx1aof40_a5) - 4011;4430453 (fzi(ﬁ) - 477 )

—2% <€ + Zos(az—as) a3) ndn

a1 —Qs

Y é 205 (12 —3)

> fO [a4(ao16(5140—045) — 2 (5 + 5041034Ea5 2 Oé3>] 77d77
[ 2
> 4a4(o(¢115o¢27a5)y
provided that
1) 2 —

500 > [E+ as(aas — as) —043],

doyg(arog — as) a0y — O

which we now assume.

We get

z

‘/3:20(1/[]03(7—)—053:|Td7'20

T
0

by ().
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Substituting these estimates, that is, the above inequalities involving Vi, Vs and V3,
into (7), we have

9
() as(ara—as) 2 5 2

arog—os ag—as)? oy

+As (w + a12)® + easz?® + 74044(;1532—045)92 + aile

0 t 0 t
+2¢ (W) yz+2u [ [ 22(0)dbds+2p [ [ w?(0)dbds.
1 5 —rt+s —rt+s
Now, it is evident, from the first six terms in (9), that there exist sufficiently small
positive constants D;, for i = 1,2, 3,4, 5, such that
2Vi > Dya®+ Day? + Dyz? + Dyw? + Dyu? + 2¢ (@304=0201 )
(10) 0 ¢t 0t
+2u [ [ 22(0)d0ds +2p [ [ w?(0)dOds.
—rt+s —rt+s

Consider the sum

Viy=—y +2€(

Q304 — Q0 D
) 3425>yz+32

z
a0y — O 2

made of some terms in (10). Obviously, Vj represents a quadratic form. Thus, it easily
follows that V} is positive semi-definite if the symmetric matrix

Do ¢ [ @aa—azas
2 a1o4—as
aszay—aoas Ds
a1 —as 2

is positive semi-definite. Hence V; > 0 provided that

1 < 1o — Qs

e< — > min {DQ,Dg} = Dg,
304 — 0y

-2
for Dg > 0. So, we get from (10) that

0t
2V, > Diz?+ 2292 + B322 + Dyw? + Dsu® +2p [ [ 2%(0)dOds
(11) o —rtts
+2p [ [ w?(0)dbds.
—rt+s

Therefore, the existence of a continuous function W7 (|¢(0)|), with W1 (|¢(0)]) > 0 and
satisfying the inequality W1 (|¢(0)]) < V(¢, ¢), is easily verified, since the integrals

m /0 /t 22(0)dfds and p /0 ] w?(0)dds

—rt+s —rt+s

are non-negative. Differentiating the functional V' (¢, z¢, y¢, 2+, we, us) with respect to ¢
along a solution (z(t), y(t), z(t), w(t), u(t)) of the system (2), we have the following,
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in which we let %V} = %V(t, Ty Yty 24, Wiy Up):
(12)
%V} = —[filt,z,w) —ag]u® — |:061a2 — (ag 4 caaforaz—ag) 5)} w?

Q104 —0Qs

B [a4<a1a2—a3> 15G) _ (S + (o1 f(y) — a5))} 22

ajas—as z

_ [5f4(y) _ agas(aiaz—as)
Yy Q104 —as

} y? — a1 [f1(t, z,w) — a1] wu

_ay(araz—as)
alag—os

[f1(t, z,w) — aq] zu — O [fi(t, z, w) — 1] yu

_ [L(Z) —043] zu— 4 []03’7@) —Oé3:| vz + [fi(y) — o] zw

z

u [ Ry u(s)ds o [ F(()w(s)ds

t—r t—r
+adlaasas) , ft Fi(z(s)w(s)ds + oy f Fi(z(8))w(s)ds
t—r t—r

fu [ F(s)()ds + o [ F(y(s)z(s)ds

t—r t—r

t t
e [ fE)e)ds +0y | filu)=(s)ds + pstr
t t
—u [ 22(s)ds + pw?r —p [ w?(s)ds

t—r t—r

+ [u + ajw + aa(a103—a3) + (53/} p(t).

aloy—as
Evidently,
fl(t,Z,U)) —a 2 €0

and

ala4(041az - 043) _ 5)

ajae — | a3+
< Q104 — Q5
a5l 19 — (3 104010 — A3
= oo — a3+ ( )—|—€— ( ):E
Q104 — Q5 Q10 — Q5

by (i) and (6).
Now, it follows by the assumptions (i), (iii), (iv) of the theorem and (6) that

as(aras — a3) f3(2)
Q104 — Qg z

— (0a2 + (a1 fi(y) — )

> csoulior—as) _ (50, 4o fi(y) — )

- 10y —Qs

(amgfg?)a(jigz:faz%) _ (alfi(y) —as) —eap

> E02
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and
5. f4(y) B a4a5(a1a2 — ag) > oy — a4a5(a1a2 - as) — cay.

Yy a1y — Qs o104 — Qs

Subject to the assumptions of the theorem and the inequality 2 |ab| < a®+ b2, we obtain
the following inequalities:

u f fz(s)w(s)ds < Hru2+ 2L f w?(s)ds,
t—r t—r

cw | FDulds < M oM [ u2(s)ds,
t=r t—r

aaM(aiaz—as), 2

t
%i! f5(z(s)w(s)ds Slaroi—as) 7

IN

+a4Ma17a2aa)f

2(ar0q—as)
t ¢
Sy [ fiz(s)w(s)ds < ry? 4 8L [ w2(s)ds,
t—r t—r
t t
u [ fi(y(s)z(s)ds < Fru*+ % [ 2%(s)ds,
t—r t—r
t
aw | AEE)Hs)ds < S+ 2 [ 2(s)ds
t—r t—r
t t
Sy [ fily(s)z(s)ds < 222py? 4 %22 [ 52(s)ds,
t—r t—r
t

ouez(a1az—as),. 2
2(a1oa—as)

IN

%%ﬁ%gﬁwmmm

Qe (g —Q3
+-24ez(eos—oa) f

2(aroa—as)

where €9 = ay + —Vgx

Hence, combining these inequalities with (12), we obtain the following inequality:
(13)
dveos -l - ()] - (0 - e e @) ) 2

2(@1&4—0[5)

[ (o e0) it [ (g

t
M(1 5 M
{ +a1+ : + 042(a(:1;4a2a5a3 D f w?

(o~ 4
(=[5 (o) ¢ s )])
+[u+aw+wz+5y}p() OVIm

a1a4—as
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where
Vs = 1At zw) —a]u?+ []037(2) — } zu+ 29222,
V6 = 50122:2 + 1) [f;,»(z) a3:| yz+ EO“‘y N
Vi = qw? = [fi(y) — as] 2w + 59227,
Ve = f5lfaltzw) — n]u? + M0 [y (2, w) — on 2+ 227,
Vo = % [f1(t, z,w) — 1] u? + aq [fi(t, 2, w) — aq] wu + %wz,
Vip = 16 [f1(t, z,w) — aq]w? + & [f1(t, 2, w) — on] yu + Z§4y2.
Since )
[fS(Z) _ 063:| < e (fi(t, z,w) — 01),
z 4
we have
Vi = 1Al zw) —on]u? - [LE —ag] [2] - Jul + 2222
> g YTy 4 22

[0 ) - Y52 2] >0

Now, obviously, Vi represents a quadratic form and ones can rearrange the terms in

Vg so that
T 2 ?—0‘3) ;
Vs = [z, ¥l [ ] :

Y
(L-as)

Subject to the basic information related to the positive semi-definiteness of quadratic
forms, we find that V5 > 0 provided

f3(z) 2 2oy
_ < .
[ z Wl =Ty

By a similar discussion, the terms in V7 can be rearranged so that

= _(fi_o“l)
4 2
Vi = [’LU, z] |: ILZU :| .
_ (e gag
2 4

e2ag .

Hence, an elementary computation yields that V7 > 0 if (f}(y) — )’ < 1

Now, V3 also represents a quadratic form. Thus, one can write

(o) EeEs hi-e) |
=l | .
S (=) T
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and conclude that Vg > 0 provided

can(aray — as)?
t,z,w) — a1 < .
fl( ) ! 640&2(0410[2 — 043)2

Similarly,

5 (f1—a1) % (fi—a) "
Vo = lu. ul Mt
S (f1 — ) 5
and we have Vy > 0, since (f1 — a)

< 165—&% by (ii).
Finally,

E(fi—o1) S(fi—ar) "
Vio = [u, 4] [ - ] |
S (fi— o) o

4

and an elementary calculation gives that V3¢ > 0 since (f;

1) < 224 by (ii).
Now, since V5 > 0, Vg > 0, V7 > 0, Vg > 0, Vo > 0 and Vig > 0, it is easily seen

from (11) that, by letting %Vt = %V(t, Tty Yty Zt, Wi, Up) AS before, we have
wvo< - () )y

- (5 - [p SRS )] ) 2

5 (ot 50 w2 - [ - (252 ] 2
(14) (M [ ( 14 a1 +0) + W)])ti 22(s)ds
(,0 [ (1+ a1 +0) + WDJ w(s)ds

Q104 —0Qs

+ [ onw e 45y p).

If we choose

g gl 010 — &
M:2<(1+a1+5)+4<123>>
2 Q1ay — Qs
and

M ayM (oo — ag)
=—(1 )
p 2( +ai;+9) + Saras — os)
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then the expression (14) implies that
b < [ (252 ]

— (3582 — [+ spleees) (o 1 1)) 1) 22

2(a1oa—as)

=[5 (o 2570 o] - [ - (252 ]2

(15)

o+ arw + csleseezan), gy [p(e)].

ajog—as
Therefore, we can conclude from (15) that
ay(aag — «

u+mw+”z+@hmm
o104 — Q5

d
R
dtt_

for some constant 7 > 0 provided that
< mi cauy 3ean + oy(arop—a3) ( + M) -1 € 9eq )
< min 0(M+e2)’ 16 H 2(a1as—as) €2 » 2p+ai(ea+M)’ 8(ea+M)

Hence, it is clear that

Vi < (lul+ o ] + 240102208) 12) 1 6]y ) q(1)
(16)
< Dr(lyl+ |2l + el + [ul) g(2),

104 —0Q5

where D7 = max{l,a1, w75}'

Since |y| < 1+ 9% |2| < 1+ 22, |w| < 1 +w? and |u| < 1+ u?, it follows from
the inequality (16) that

am GVi<Dr a4 (2 + 2+’ )] (),

By (11), evidently,
(18)  Dg (2®(t) + y*(t) + 22(t) + w?(t) + w?(t)) < V(t, 24, Ys, 20, W, ur).
for some positive constant Dg.
Thus, by substituting (18) into (17), we obtain
4Vi < Drla+ Vi)
(19)
= 4Dqq(t) + FVig(t).

t
Now, integrating (19) from ¢ to ¢, using [ ¢(s)ds < A < oo and the Gronwall-Reid-
to
Bellman inequality, (see [18]), we obtain

t
v, < W0+4D7A+%tf(vs)q(s)ds
0

(20)

IN

t
(Vi + 4D7A] exp <4D7D8_1 [ q(s)ds>
to

< [Vi +4D7A]exp (4D7Dg ' A) < oo.
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From (18) and (20), we get the inequalities
Ol <K [0 <K 0] <K 0] <K and [oO(0)] < K

for all ¢ > tg. Hence, the proof of the theorem is complete. [
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