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GALOIS EXTENSIONS OF GRADED RINGS

LHoOUSAIN EL FADIL

RESUME. Nous étudions la notion de séparabilité et les propriétés galoisiennes
des produits croisés, et en particulier pour des extensions fortement graduées.

ABSTRACT. We investigate separability and Galois theory of crossed product ex-
tensions. In particular, we generalize some separability and Galois theory results on
graded field extensions.

Introduction

Let (T, +) be an abelian group and R be a unitary commutative graded ring with
respect to T, that is, R = @ycrR, such that for every (o,7) € I'2, R, is a Ro-
submodule of R and R, R, C R,4-. Let

Tr={cel | R, #0} and R"=|]R,,
oel’

where R" is the set of homogeneous elements of R. For every non-zero homogeneous
element x in R,, we write deg(z) = o and call it the degree of x. The graded ring
R is said to be a strongly graded ring with respect to the group I' if every non-zero
homogeneous component of R contains an invertible element. When this occurs, I'r
is a subgroup of I, called the graded group of R, and for every ¢ € I'p, R, is a free
Rg-module of rank 1. So, for every o € I'y, there exists a non-zero element u, € R,
such that R, = Rou,. Let (0,7) € T'%. Since deg(usu,) = o + 7, there exists a map
c: I’%% — Ry, defined by usur = co rUs4r, Where Ry is the group of the invertible
elements of Ry. In that way, R is a crossed product of I' and Ry, that we shall denote
by Ry[['g, c]. The graded ring R is said to be a graded field if 1 # 0 and every non-zero
homogeneous element of R is invertible. In particular, every graded field is a strongly
graded ring, Ry is a field and R, is a Ry-vector space of dimension 1, for every o € I'g.

Throughout this paper, R is a strongly graded ring with graded group I'p = T,
which is an arbitrary abelian group. For every o € T, let u, € R, be an invertible ele-
ment. Then, R, = Ryu,. In Section 1, for a graded R-module M, we give a criterion
to test if M is a free R-module. In particular, we obtain Corollary 2, given in [1, p. 30],
and Proposition 2.1, given in [7]. In the second section, we investigate separability of
strongly graded extensions. We characterize separability of a graded ring extension via
its ramification index and its homogeneous component of degree 0. We generalize some
separability results given in [7] and in [4]. In the third section, we assume that Ry is a
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156 GALOIS EXTENSIONS OF GRADED RINGS

principal domain, and we show that every homogeneous element which is integral over
R has its minimal polynomial over 2. We characterize separability of such an element
via its minimal polynomial. We conclude this paper with Theorem 4.4, in which we
characterize Galois strongly graded extensions.

1. Strongly graded extensions

Let A be a I'-set. A graded R-module M with respect to A is an R-module with a
direct sum decomposition as abelian groups M = @yeca M), such that for every (o, \)
inI" x A, M) is a subgroup of M and R, M) C My.y. Set A = U;cI'\; (disjoint).
For every ¢ € I, let M; = ©scr My, Then every M; is a graded submodule of M
and M = @iEIMi-

Lemma 1.1. Let M be a graded R-module, with respect to a faithful cyclic I'-set
A. Also, let X € A and (e;);cs be a subset of M. Then (e;);cs is a R-free set (resp.
a generator set) of the R-module M if and only if it is a Ry-free (resp. a generator set)
of the Ry-module M.

Proof. Assume that (e;);jcs is a set of generators of the Ry-module M). Since
every u, is an invertible element, u, My = M,.. So, (us€e;) e is a set of generators
of the Ro-module M., and then M is generated by (e;);c.; as an R-module.

Conversely, let m € M. Since (e;);e. is a set of generators of the R-module M,

there exists (r1,...,7,) € R" suchthatm = 37, 7;e;. Consider its \-homogeneous
component. Then there exists (21, ...,2,) € R such that m = 3%, x;e;. Besides

this, let (z1,...,x,) € R"™ be such that Z}Ll zjej = 0. Forevery 1 < j < n, let
Tj = ) . cr Zj,o be its decomposition as a sum of homogeneous elements of R. For
every o € I, consider the o * A-homogeneous component of Z?Zl xje; = 0. Then

n

—1 o
g U, Tjoej = 0.
j=1

So, forevery 1 < j < n, we have z; , = 0. Consequently, z; = 0 forevery 1 < j < n,
and then (e;);es is a R-free set. O

Proposition 1.2. Let M be a graded R-module with respect to a faithful I'-set A.
Let A = UjeI' x \; (disjoint union). For every i € I, let M; = ©yer Mgsy,;. If M)y, is
a free Ry-module for every i € I, then M is a graded free R-module. In particular, if
R is a graded field, then every graded R-module is a free R-module.

Proof. Since M = ®;crM; and M; is a graded R-module for every ¢ € I, we can
assume without loss of generality that A is a faithful transitive I'-set. Then we can use
Lemma 1.1 to conclude the proof. O

Let S be a strongly graded ring with graded group 2. We say that S/ R is a strongly
graded extension with graded groups I and /\ respectively if T is a normal subgroup
of A\, S'is a faithful R-algebra and for every o € I', we have R, C S,.

Corollary 1.3. Let S/R be a strongly graded extension. If Sy is a free Ry-module,
then S is a free R-algebra.
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Proof. Let A be the graded group of S and A/T" = {5, |i € I}. Then S = ®;c1S;,
where S; = @erSo40, forevery i € I. Since S/R is a strongly graded extension, for
every o € /\, there exists an invertible element w, of S, such that

S = EB Sowe-

cEN

So, for every 7 € I, we have S; ~ Sy ®p, R. Consequently, if Sy is a free Rp-module,
then S; is a free R-module. Therefore, if S; is a free Rp-module, then S is a free
R-algebra. O

Let S/R be a strongly graded extension with graded groups I" and A respectively.
For a subgroup A such that ' C A C A, we define S(A) := @, S, In particular,
S(T") is a graded ring with graded group I', and we have R C S(I') C S. In that
way, we split the extension S/R into the two strongly graded extensions R C S(I")
and S(I') C S. The first one is made of graded rings which are graded over the same
group I, while in the second one S(I") and S have the same homogeneous components
of degree 0, namely Sj.

Lemma 1.4. Let S/R be a strongly graded extension with graded groups I" and /A
respectively. Then S is a crossed product of S(I') by the group A/T'. In particular, S
is a free S(I")-module.

Proof. We can define a new grading on S over the group A /T by taking

So =P S,

TEoT

for every o € A/T". Obviously S is a A/T'-graded ring whose homogeneous com-
ponent of degree 0 is S(I'). For every o0 € A/, fix x € o0 and uy € S; C S, an
invertible element. For each (o, 7) € (A/T)? there exists ¢, € S(I')g \ {0} such that
UglUr = Co rUq+7. The commutativity and associativity of S imply that

Cor = Cro and Cor " Cotr,7! = Crr' * Cordr!

for all (o, 7,7') € (A/T)3. Hence S is a crossed product of S(I") by the group A /T.
0

The following corollary generalizes Corollary 2 given in [1, p. 30], and Proposition
2.1 given in [7].

Corollary 1.5. Let S/R be a strongly graded extension with graded groups I" and
A\ respectively such that Sy is a free Ry-module of finite rank and [A : T'| is finite.
Then S is a free R-module of finite rank and

[SR] = [So : Ro][A : F]

Remark 1.6. [A : I’ is called the ramification index of the extension S/R and
[So : Ry is called its residual degree. The terminology is borrowed from algebraic
number theory though it is only remotely related.
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2. Separability of strongly graded extensions

In [7], Hwang and Wadsworth have given some separability results for graded field
extensions S/ R with graded groups I" and A respectively, such that A is a torsion free
abelian group. In that case, since Sy is a domain, so are S and R. We have generalized
this result to any extension of graded field in [4], that is, when the graded group is not
necessarily torsion free. In this section, we give some separability results of strongly
graded extensions with respect to arbitrary abelian groups. In particular, we obtain the
separability results given in [7] and in [4].

Let S be a free R-algebra of finite rank. Every € S induces an R-homomorphism
Iz of S defined by I,(s) = wxs for every s € S. Let Tg/p(v) = tr(l;) be the
trace of [,;. For a free R-submodule M of S, Ts/r induces a bilinear form of M by
Ty r(x,y) = Ts/p(zy) for every (x,y) € M?. The determinant of the bilinear form
T/ with respect to a R-basis (e1, ..., e,) of M is denoted by D(ey, ..., e,) and
called the discriminant of (eq, ..., ey). The discriminant plays a key role to investigate
the separability of commutative algebras. For more details, see [6, 5].

Lemma 2.1. Let S/R be a strongly graded extension such that S is a free Ry-
module. If S/R is separable, then S is a free R-module of finite rank.

Proof. By Corollary 1.3, it follows that S is a free R-module. Then by [9, Propo-
sition II1.3.2], it follows that .S is a finitely generated R-module. O

In the sequel of the paper, S/ R is a strongly graded extension such that S is a free
Ry-module of finite rank and A /I is a finite group. In particular, S is a free R-module
of finite rank.

Theorem 2.2. Let S/R be a strongly graded extension with graded groups I" and
A respectively. Then S/ R is separable if and only if So/ Ry is separable and [A : T] is
an invertible element of R.

Proof. From [9, Theorem III 4.7, p. 89], S/R is separable if and only if the trace
map Tg/r induces a non-singular bilinear form of S. Let A/T' = {71,...,0,}, and
forevery 1 < ¢ < n, let w,, € S5, be an invertible element. Specify 0; = 0 and
W, = 1. Then S'is a free S(I')-module with basis (we, , Wey, - - . , We, ). Let M be the
R-module generated by (ws,, Wey, - - ., We, ). SO, S >~ S(I') @ M as R-modules. By
[6, Proposition 3, p. 95],

Dr(S) = (Dr(S())"(Dr(M))’,

where f = [Sy : Rp]. Consequently, Dr(S) = R if and only if Dr(M) = R and
Dpr(S(I')) = R. Since S(I') ~ Sy ®g, R, by [6, Proposition 1, p. 95],

Dr(S(T)) = Dry(S0)R.

Since Ry is a field, Dr(S(I')) = S(I') if and only if Dg,(So) = Ry, that s, if and only
if Sp/ Ry is separable. Besides this, for every (i, j), there exists an invertible element
Coy,0; 0f S(I) such that wy, wo, = o, 0;Wo,;+0;- Hence,

oi+0;
Ts/s(r) (ugiugj) = NCo; 0,00 -
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Consequently, the determinant of the bilinear form 7/, with respect to the basis

(Ugys -y Ug,)s 1S D(Ugy, - .., U, ) = sn™, where s is an invertible element of R. So,
Dgr(M) = Rif and only if n is invertible in Ry. O

Corollary 2.3. Let S/R be a strongly graded extension.
(1) S/R is separable if and only if S(I') /R and S/S(I") are separable.

(2) S/S(T) is separable if and only if A /T is a finite group and [A : T is invertible
in Ro.

(3) S(T')/R is separable if and only if Sy/ Ry is separable.
Proof. (1) Keeping the same notations as in the previous theorem, we have
Dr(S) = (Dr(S(T))"(Dr(M))’,
where f = [Sp : Ry]. So, Dg(S) = R if and only if Dr(M) = R. Since S is an
S(I')-module generated by M, we have S ~ S(I') @ g M as R-modules. Hence
Dgry(S) = Dr(M)S(T).

Consequently, Dr(M) = R if and only if Dgr)(S) = S(T'), that is, if and only if
S/S(T) is separable.

(2) This follows from Sy = S(I")o.

(3) This follows from the fact that S(I") and R have the same graded group. O

Corollary 2.4. Let S/R be a strongly graded extension. Then S/R is separable if
and only if S,/ R, is separable for every maximal ideal p of R.

Proof. By [9, Proposition II1.2.4], if S/ R is separable, then so is S,/ R, for every
maximal ideal p of Ry.

Conversely, assume that S,/ R, is separable for every maximal ideal p of Ry. Then,
by Theorem 2.2, Sp,,/ Ry, is separable for every maximal ideal p of Ry and [A : I is
an invertible element of Ry. So, S/R is separable. [

Examples 2.5. (1) Let A/T be a commutative ring extension such that A is a free
T-module of finite rank. Let R = T [X,X_l] and S = A [X%,X%l}. Then S/R is
separable if and only if A/T is separable and n is invertible in 7.

(2) In particular, if T is a field of characteristic p, then S/R is separable if and only
if A/T is separable and p does not divide n.

(3) Let I and A be two abelian groups such that I' C A and [A : T'] is a finite.
Then A [A] /T [I] is separable if and only if A/T is separable and [A : T'] is invertible
in 7. In particular, if 7" is a field of characteristic p, then A[A]/T[I'] is separable if and
only if A/T is separable and p does not divide [A : T.

3. Separability and polynomial

In this section we assume that Ry is a principal domain and S is a graded free R-
algebra. We show that every homogeneous element of S which is integral over R has
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its minimal polynomial over R. We characterize the separability of such elements and
of simple Galois extensions.

Letr € A, and P = Y1 ;a;X" be a polynomial of R[X] of degree n. Then
P is said to be r-homogenizable if each a; is a homogeneous element of R and for
every (4,7) such that a; # 0 and a; # 0, we have deg(a;) + ir = deg(a;) + jr. Set
A = deg(ay,) + nr. Then A is called the grade of the homogenizable polynomial P.
For every A € I'(r), let R[X]) be the set of r-homogenizable polynomials of grade \.

Then R[X| = Z R[X]) is a graded ring with respect to I'(r), which we will denote
XD (r)

R[X]). In that way, P is a homogeneous element of grade A of R[X]("). In particular,

every polynomial of R[X] splits as a sum of homogenizable polynomials of R[X](").

Let « € S, and I, be the kernel of the homomorphism s, : R[X] — R]a],
defined by s,(P(X)) = P(«). If « is integral over R, then I, # 0. Moreover, if I, is
a principal ideal of R[X], then I, is generated by a monic polynomial, which is called
the minimal polynomial of o over R.

Proposition 3.1. Let o« € S be a homogeneous element of degree o, which is
integral over R. If Ry is a principal domain, then the minimal polynomial of o over R
is homogenizable.

Proof. First we show that R[c] is a graded R-algebra. Letz = Y 1 1’ € Rla].
For every i, decompose 7; as a sum of homogeneous elements of R. Since « is a
homogeneous element of .S,

T = Z Py(a),

g€l (o)

where every Py(X) is a o-homogenizable polynomial of R[X]. Hence R[a] contains
the homogeneous components of x, and then it is a graded R-algebra with respect to
the semigroup I'(0).

Besides this, since « is integral over R, R[a] is a finitely generated R-module.
The fact that Ry is a principal domain and every homogeneous component of R[«] is a
torsion free finitely generated Ry-module implies that every homogeneous component
of R[a] is a free Rp-module. So, by Proposition 1.2, R[] is a free R-module of finite
rank.

Let fo(X) be the characteristic polynomial of I, : R[a] — R[a], the R-
endomorphism defined by /,(x) = az. By an account of rank, f,(X) is a monic
polynomial with minimal degree, of R[X], which annihilates . The Euclidean algo-
rithm implies that I,, is a principal ideal generated by f,(X). So f(X) is the minimal
polynomial of o over R. Let p,(X) be the no-homogeneous component of f,(X) in
the graded ring R[X](®). Then 4 (X) is a monic polynomial of R[X], of the same
degree as f,(X), and such that () = 0. The uniqueness of the minimal polynomial
then implies that f,(X) = uo(X) is a homogenizable polynomial. [

Proposition 3.2. Let o € S be a homogeneous element of degree o, which is
integral over R. Then R[a]/R is separable if and only if the discriminant of ji,,(X) is
invertible in R.
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Proof. Let zy, ..., x, be the roots of 11,(X) in some commutative extension of R,
counted with its multiplicity order. Since R[a]/R is separable, T,/ induces a non-
singular bilinear form of R[a]. Hence the discriminant D(1,a, ...,a" 1) is invertible
in R, where n is the degree of y,(X). Consequently, for every maximal ideal P of R,

D(a,...,a™ 1 #0 (modulo P),

that is, £i,(X) is a separable polynomial over R/P. Hence jin(X) is square-free, that
is,

H(xl — ;) #0 (modulo P)

i#]
for every maximal ideal P of R. Thus [], ,;(x; — z;) is invertible in .

Conversely, let y,,(X) be invertible in R. Then

1_[(31:Z — ;) #0 (modulo P),

i#]
for every maximal ideal P of R, that is, 1i,(X) is a separable polynomial and then
D(1,a,...,a" ') is invertible in R, that is, R[a]/R is separable. [

4. Galois extension of strongly graded rings

In this section we investigate the Galois theory of strongly graded extensions. In
particular, we investigate the Galois theory results given in [7].

Let A be a commutative free R-algebra and G be a finite subgroup of Autr(A)
such that A® = R. Denote A(®) the A-algebra with basis {e, |c € G}, where e,
is the idempotent (67),cc. Recall that A/R is said to be a G-Galois extension if the
following homomorphism / is an isomorphism of A-algebras

h: AQrA — AG)

TRy Zxo(y)e(, :
ceqG

Proposition 4.1. Let T'/R be a totally ramified graded ring extension (Sy = Ry)
with graded groups I' and /\, such that /A is a torsion free abelian group. Let s € S,
be an invertible homogeneous element, which is integral over R. Letn be the cardinal
order of the group I'(c)/T". Then R[s]/R is a Galois extension if and only if n is
invertible in Ry and Ry contains a n-th primitive root (,, of 1. In this case, the Galois
group of R[s]/Ris G = {g1,...,gn}, where g;(s) = ('s.

Proof. Let a = s™. Since the grade of a is no € T, there exists v € R][s]y such
that a = vuy,,. Since Sy = R[s]p = Ry, we have v € R, and then a € R. So,

us(X)=X"—a

is the minimal polynomial of s over R. Since R[s]/R is a Galois extension, it is sepa-
rable, and then n is invertible in Ry. Let G be a finite subgroup of Autg(R[s]) such
that R[s]/R is a G-Galois extension. Then the order of G is equal to n. Hence p5(X)
splits in R[s], with simple roots s1, ..., s,, where 2L, ..., ®» are the distinct roots of
X™ — 1. Consequently, (, € R[s]p = Ro.
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Conversely, assume that n is invertible in Ry and that Ry contains (,. Then
8,(nsS, ..., (" Ls are the distinct roots of us(X). Let G = (o), where o(s) = (ps.

Then G is a finite subgroup of Autg(R[s]). Lety = >~ ris € R[s]. For every
0<k<n-1,

n—1
ak(y) =179+ Z riC;Lks’.
i=1

So, if y € R[s]Y, theny = ro € R, thatis, R[s]® = Ry. We compute det(h), the
determinant of the homomorphism h of R[s] @ R|[s] into R[s](%), and obtain

1 S PN Sn—l

1 s - (Cps)m | |
det(h) = . . - : — gn(nt1)/2 H (GL B Cfl)

1 Cg_ls .. 7(1”_1)2811—1 lsi<jsn

Since s is an invertible element and H (¢4 — ¢ divides nin R, det(h) is an
1<i<j<n
invertible element of R, and then R[s|/R is a G—Galois extension. [

For two commutative free R-algebras A and B of rank n and m respectively, let G;
(resp. G2) be a finite subgroup of Autr(A) (resp. of Autp(B)) such that A1 = R
and B2 = R. Then G; x G5 is a finite subgroup of Autr(A ®p B) such that
(A®p B)¢1*% = R,

Lemma 4.2. Under the above hypotheses, A @ B is a G1 X G2-Galois extension
over R if and only if A/ R is a G-Galois extension and B/ R is a G3-Galois extension.

Proof. Consider the following three homomorphisms:

hy: AQA — AG) hg: B®B — B(G2),
TRY Z zo(y)eq TRy +—— Z zo(y)eq
oc€eG1 o€
and
h: A®rBQrA®rB — A ®p B(G1xG2)
(a®b)@(d @) +—— Z ao(a) @br(t) - eyr -
(0,7)EG1XG2

From [2, pp. 101 and 157], h = ha ® hp and det(h) = (det(ha))™(det(hp))™.
Consequently, A is an isomorphism if and only if h4 and hp are isomorphisms. O

Proposition 4.3. Let S/R be a strongly graded extension with ramification index
1. Then S/R is a Galois extension if and only if So/ Ry is a Galois extension.

Proof. Since I's = I', we have S ~ Sy ®pg, R. Consequently, since R is a free
Ry-algebra, S/R is a Galois extension if and only if So/ Ry is a Galois extension. [

The following result generalizes Proposition 3.3, given in [7].

Theorem 4.4. Let T/ R be a totally ramified a strongly graded extension (Ty = Ry)
with graded groups I' and A\, such that T is a finitely generated R-module and A is a
torsion free abelian group. Let | be the exponent of A/T. Then T/R is a Galois
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extension if and only if [ is invertible in Ry and R contains a primitive [-th root (; of
1.

Proof. Let A/T' = (51)---(d,). For 1 < i < r, pick u; any homogeneous
invertible element of 71" of degree o;. Since T' = Z Ru,, the multiplication in T’
ceA/T
induces an isomorphism of [2-algebras
po: Ru]l ® - ® Rluy) — T.

Consequently, 7'/ R is a Galois extension if and only if R[u;]/R is a Galois extension
for every 1 < ¢ < r. From Proposition 4.3, R[u;]/R is a Galois extension if and only if
d; is invertible in Ry and Ry contains (g4,, where d; = [R[u;] : R]. Consequently, T'/R
is a Galois extension if and only if [ is invertible in Ry and Ry contains ;. O
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