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GALOIS EXTENSIONS OF GRADED RINGS

LHOUSAIN EL FADIL

RÉSUMÉ. Nous étudions la notion de séparabilité et les propriétés galoisiennes
des produits croisés, et en particulier pour des extensions fortement graduées.

ABSTRACT. We investigate separability and Galois theory of crossed product ex-
tensions. In particular, we generalize some separability and Galois theory results on
graded field extensions.

Introduction

Let (Γ,+) be an abelian group and R be a unitary commutative graded ring with
respect to Γ, that is, R = ⊕σ∈ΓRσ such that for every (σ, τ) ∈ Γ2, Rσ is a R0-
submodule of R and RσRτ ⊆ Rσ+τ . Let

ΓR = {σ ∈ Γ | Rσ 6= 0} and Rh =
⋃
σ∈Γ

Rσ,

where Rh is the set of homogeneous elements of R. For every non-zero homogeneous
element x in Rσ, we write deg(x) = σ and call it the degree of x. The graded ring
R is said to be a strongly graded ring with respect to the group Γ if every non-zero
homogeneous component of R contains an invertible element. When this occurs, ΓR
is a subgroup of Γ, called the graded group of R, and for every σ ∈ ΓR, Rσ is a free
R0-module of rank 1. So, for every σ ∈ ΓR, there exists a non-zero element uσ ∈ Rσ
such that Rσ = R0uσ. Let (σ, τ) ∈ Γ2

R. Since deg(uσuτ ) = σ + τ , there exists a map
c : Γ2

R −→ R∗0, defined by uσuτ = cσ,τuσ+τ , where R∗0 is the group of the invertible
elements of R0. In that way, R is a crossed product of Γ and R0, that we shall denote
byR0[ΓR, c]. The graded ringR is said to be a graded field if 1 6= 0 and every non-zero
homogeneous element of R is invertible. In particular, every graded field is a strongly
graded ring,R0 is a field andRσ is aR0-vector space of dimension 1, for every σ ∈ ΓR.

Throughout this paper, R is a strongly graded ring with graded group ΓR = Γ,
which is an arbitrary abelian group. For every σ ∈ Γ, let uσ ∈ Rσ be an invertible ele-
ment. Then, Rσ = R0uσ. In Section 1, for a graded R-module M , we give a criterion
to test if M is a free R-module. In particular, we obtain Corollary 2, given in [1, p. 30],
and Proposition 2.1, given in [7]. In the second section, we investigate separability of
strongly graded extensions. We characterize separability of a graded ring extension via
its ramification index and its homogeneous component of degree 0. We generalize some
separability results given in [7] and in [4]. In the third section, we assume that R0 is a
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principal domain, and we show that every homogeneous element which is integral over
R has its minimal polynomial over R. We characterize separability of such an element
via its minimal polynomial. We conclude this paper with Theorem 4.4, in which we
characterize Galois strongly graded extensions.

1. Strongly graded extensions

Let Λ be a Γ-set. A graded R-module M with respect to Λ is an R-module with a
direct sum decomposition as abelian groups M = ⊕λ∈ΛMλ such that for every (σ, λ)
in Γ × Λ, Mλ is a subgroup of M and RσMλ ⊂ Mσ∗λ. Set Λ = ∪i∈IΓλi (disjoint).
For every i ∈ I , let Mi = ⊕σ∈ΓMσ∗λi

. Then every Mi is a graded submodule of M
and M = ⊕i∈IMi.

Lemma 1.1. Let M be a graded R-module, with respect to a faithful cyclic Γ-set
Λ. Also, let λ ∈ Λ and (ej)j∈J be a subset of Mλ. Then (ej)j∈J is a R-free set (resp.
a generator set) of the R-module M if and only if it is a R0-free (resp. a generator set)
of the R0-module Mλ.

Proof. Assume that (ej)j∈J is a set of generators of the R0-module Mλ. Since
every uσ is an invertible element, uσMλ = Mσ∗λ. So, (uσej)j∈J is a set of generators
of the R0-module Mσ∗λ, and then M is generated by (ej)j∈J as an R-module.

Conversely, let m ∈ Mλ. Since (ej)j∈J is a set of generators of the R-module M ,
there exists (r1, . . . , rn) ∈ Rn such thatm =

∑n
j=1 rjej . Consider its λ-homogeneous

component. Then there exists (x1, . . . , xn) ∈ Rn0 such that m =
∑n

j=1 xjej . Besides
this, let (x1, . . . , xn) ∈ Rn be such that

∑n
j=1 xjej = 0. For every 1 ≤ j ≤ n, let

xj =
∑

σ∈Γ xj,σ be its decomposition as a sum of homogeneous elements of R. For
every σ ∈ Γ, consider the σ ∗ λ-homogeneous component of

∑n
j=1 xjej = 0. Then

n∑
j=1

u−1
σ xj,σej = 0.

So, for every 1 ≤ j ≤ n, we have xj,σ = 0. Consequently, xj = 0 for every 1 ≤ j ≤ n,
and then (ej)j∈J is a R-free set. �

Proposition 1.2. Let M be a graded R-module with respect to a faithful Γ-set Λ.
Let Λ = ∪i∈IΓ ∗ λi (disjoint union). For every i ∈ I , let Mi = ⊕σ∈ΓMσ∗λi

. If Mλi
is

a free R0-module for every i ∈ I , then M is a graded free R-module. In particular, if
R is a graded field, then every graded R-module is a free R-module.

Proof. Since M = ⊕i∈IMi and Mi is a graded R-module for every i ∈ I , we can
assume without loss of generality that Λ is a faithful transitive Γ-set. Then we can use
Lemma 1.1 to conclude the proof. �

Let S be a strongly graded ring with graded group4. We say that S/R is a strongly
graded extension with graded groups Γ and 4 respectively if Γ is a normal subgroup
of4, S is a faithful R-algebra and for every σ ∈ Γ, we have Rσ ⊆ Sσ.

Corollary 1.3. Let S/R be a strongly graded extension. If S0 is a free R0-module,
then S is a free R-algebra.
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Proof. Let4 be the graded group of S and4/Γ = {σ̄i | i ∈ I}. Then S = ⊕i∈ISi,
where Si = ⊕σ∈ΓSσ+σi for every i ∈ I . Since S/R is a strongly graded extension, for
every σ ∈ 4, there exists an invertible element wσ of Sσ such that

S =
⊕
σ∈4

S0wσ.

So, for every i ∈ I , we have Si ' S0 ⊗R0 R. Consequently, if S0 is a free R0-module,
then Si is a free R-module. Therefore, if S0 is a free R0-module, then S is a free
R-algebra. �

Let S/R be a strongly graded extension with graded groups Γ and4 respectively.
For a subgroup Λ such that Γ ⊆ Λ ⊆ 4, we define S(Λ) := ⊕x∈ΛSx. In particular,
S(Γ) is a graded ring with graded group Γ, and we have R ⊆ S(Γ) ⊆ S. In that
way, we split the extension S/R into the two strongly graded extensions R ⊂ S(Γ)
and S(Γ) ⊂ S. The first one is made of graded rings which are graded over the same
group Γ, while in the second one S(Γ) and S have the same homogeneous components
of degree 0, namely S0.

Lemma 1.4. Let S/R be a strongly graded extension with graded groups Γ and4
respectively. Then S is a crossed product of S(Γ) by the group 4/Γ. In particular, S
is a free S(Γ)-module.

Proof. We can define a new grading on S over the group4/Γ by taking

Sσ :=
⊕
x∈σ

Sx

for every σ ∈ 4/Γ. Obviously S is a 4/Γ-graded ring whose homogeneous com-
ponent of degree 0 is S(Γ). For every σ ∈ 4/Γ, fix x ∈ σ and ux ∈ Sx ⊂ Sσ an
invertible element. For each (σ, τ) ∈ (4/Γ)2 there exists cσ,τ ∈ S(Γ)0 \ {0} such that
uσuτ = cσ,τuσ+τ . The commutativity and associativity of S imply that

cσ,τ = cτ,σ and cσ,τ · cσ+τ,τ ′ = cτ,τ ′ · cσ,τ+τ ′

for all (σ, τ, τ ′) ∈ (4/Γ)3. Hence S is a crossed product of S(Γ) by the group 4/Γ.
�

The following corollary generalizes Corollary 2 given in [1, p. 30], and Proposition
2.1 given in [7].

Corollary 1.5. Let S/R be a strongly graded extension with graded groups Γ and
4 respectively such that S0 is a free R0-module of finite rank and [4 : Γ] is finite.
Then S is a free R-module of finite rank and

[S : R] = [S0 : R0][4 : Γ].

Remark 1.6. [4 : Γ] is called the ramification index of the extension S/R and
[S0 : R0] is called its residual degree. The terminology is borrowed from algebraic
number theory though it is only remotely related.
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2. Separability of strongly graded extensions

In [7], Hwang and Wadsworth have given some separability results for graded field
extensions S/R with graded groups Γ and4 respectively, such that4 is a torsion free
abelian group. In that case, since S0 is a domain, so are S and R. We have generalized
this result to any extension of graded field in [4], that is, when the graded group is not
necessarily torsion free. In this section, we give some separability results of strongly
graded extensions with respect to arbitrary abelian groups. In particular, we obtain the
separability results given in [7] and in [4].

Let S be a freeR-algebra of finite rank. Every x ∈ S induces anR-homomorphism
lx of S defined by lx(s) = xs for every s ∈ S. Let TS/R(x) = tr(lx) be the
trace of lx. For a free R-submodule M of S, TS/R induces a bilinear form of M by
TM/R(x, y) = TS/R(xy) for every (x, y) ∈ M2. The determinant of the bilinear form
TM/R with respect to a R-basis (e1, . . . , en) of M is denoted by D(e1, . . . , en) and
called the discriminant of (e1, . . . , en). The discriminant plays a key role to investigate
the separability of commutative algebras. For more details, see [6, 5].

Lemma 2.1. Let S/R be a strongly graded extension such that S0 is a free R0-
module. If S/R is separable, then S is a free R-module of finite rank.

Proof. By Corollary 1.3, it follows that S is a free R-module. Then by [9, Propo-
sition III.3.2], it follows that S is a finitely generated R-module. �

In the sequel of the paper, S/R is a strongly graded extension such that S0 is a free
R0-module of finite rank and4/Γ is a finite group. In particular, S is a free R-module
of finite rank.

Theorem 2.2. Let S/R be a strongly graded extension with graded groups Γ and
4 respectively. Then S/R is separable if and only if S0/R0 is separable and [4 : Γ] is
an invertible element of R0.

Proof. From [9, Theorem III 4.7, p. 89], S/R is separable if and only if the trace
map TS/R induces a non-singular bilinear form of S. Let 4/Γ = {σ̄1, . . . , σ̄n}, and
for every 1 ≤ i ≤ n, let wσi ∈ Sσi be an invertible element. Specify σ1 = 0 and
wσ1 = 1. Then S is a free S(Γ)-module with basis (wσ1 , wσ2 , . . . , wσn). Let M be the
R-module generated by (wσ1 , wσ2 , . . . , wσn). So, S ' S(Γ)⊗RM as R-modules. By
[6, Proposition 3, p. 95],

DR(S) = (DR(S(Γ)))n(DR(M))f ,

where f = [S0 : R0]. Consequently, DR(S) = R if and only if DR(M) = R and
DR(S(Γ)) = R. Since S(Γ) ' S0 ⊗R0 R, by [6, Proposition 1, p. 95],

DR(S(Γ)) = DR0(S0)R.

SinceR0 is a field,DR(S(Γ)) = S(Γ) if and only ifDR0(S0) = R0, that is, if and only
if S0/R0 is separable. Besides this, for every (i, j), there exists an invertible element
cσi,σj of S(Γ) such that wσiwσj = cσi,σjwσi+σj . Hence,

TS/S(Γ)(uσiuσj ) = ncσi,σjδ
σi+σj

0 .
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Consequently, the determinant of the bilinear form TM/R, with respect to the basis
(uσ1 , . . . , uσn), is D(uσ1 , . . . , uσn) = snn, where s is an invertible element of R. So,
DR(M) = R if and only if n is invertible in R0. �

Corollary 2.3. Let S/R be a strongly graded extension.

(1) S/R is separable if and only if S(Γ)/R and S/S(Γ) are separable.

(2) S/S(Γ) is separable if and only if4/Γ is a finite group and [4 : Γ] is invertible
in R0.

(3) S(Γ)/R is separable if and only if S0/R0 is separable.

Proof. (1) Keeping the same notations as in the previous theorem, we have

DR(S) = (DR(S(Γ)))n(DR(M))f ,

where f = [S0 : R0]. So, DR(S) = R if and only if DR(M) = R. Since S is an
S(Γ)-module generated by M , we have S ' S(Γ)⊗RM as R-modules. Hence

DS(Γ)(S) = DR(M)S(Γ).

Consequently, DR(M) = R if and only if DS(Γ)(S) = S(Γ), that is, if and only if
S/S(Γ) is separable.

(2) This follows from S0 = S(Γ)0.

(3) This follows from the fact that S(Γ) and R have the same graded group. �

Corollary 2.4. Let S/R be a strongly graded extension. Then S/R is separable if
and only if Sp/Rp is separable for every maximal ideal p of R0.

Proof. By [9, Proposition III.2.4], if S/R is separable, then so is Sp/Rp for every
maximal ideal p of R0.

Conversely, assume that Sp/Rp is separable for every maximal ideal p ofR0. Then,
by Theorem 2.2, S0p/R0p is separable for every maximal ideal p of R0 and [4 : Γ] is
an invertible element of R0. So, S/R is separable. �

Examples 2.5. (1) Let A/T be a commutative ring extension such that A is a free
T -module of finite rank. Let R = T

[
X,X−1

]
and S = A

[
X

1
n , X

−1
n

]
. Then S/R is

separable if and only if A/T is separable and n is invertible in T .

(2) In particular, if T is a field of characteristic p, then S/R is separable if and only
if A/T is separable and p does not divide n.

(3) Let Γ and 4 be two abelian groups such that Γ ⊂ 4 and [4 : Γ] is a finite.
Then A [4] /T [Γ] is separable if and only if A/T is separable and [4 : Γ] is invertible
in T . In particular, if T is a field of characteristic p, then A[4]/T [Γ] is separable if and
only if A/T is separable and p does not divide [4 : Γ].

3. Separability and polynomial

In this section we assume that R0 is a principal domain and S is a graded free R-
algebra. We show that every homogeneous element of S which is integral over R has
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its minimal polynomial over R. We characterize the separability of such elements and
of simple Galois extensions.

Let r ∈ 4, and P =
∑n

i=0 aiX
i be a polynomial of R[X] of degree n. Then

P is said to be r-homogenizable if each ai is a homogeneous element of R and for
every (i, j) such that ai 6= 0 and aj 6= 0, we have deg(ai) + ir = deg(aj) + jr. Set
λ = deg(an) + nr. Then λ is called the grade of the homogenizable polynomial P .
For every λ ∈ Γ〈r〉, let R[X]λ be the set of r-homogenizable polynomials of grade λ.
ThenR[X] =

∑
λ∈Γ〈r〉

R[X]λ is a graded ring with respect to Γ〈r〉, which we will denote

R[X](r). In that way, P is a homogeneous element of grade λ ofR[X](r). In particular,
every polynomial of R[X] splits as a sum of homogenizable polynomials of R[X](r).

Let α ∈ S, and Iα be the kernel of the homomorphism sα : R[X] −→ R[α],
defined by sα(P (X)) = P (α). If α is integral over R, then Iα 6= 0. Moreover, if Iα is
a principal ideal of R[X], then Iα is generated by a monic polynomial, which is called
the minimal polynomial of α over R.

Proposition 3.1. Let α ∈ S be a homogeneous element of degree σ, which is
integral over R. If R0 is a principal domain, then the minimal polynomial of α over R
is homogenizable.

Proof. First we show that R[α] is a graded R-algebra. Let x =
∑n

i=0 riα
i ∈ R[α].

For every i, decompose ri as a sum of homogeneous elements of R. Since α is a
homogeneous element of S,

x =
∑

g∈Γ〈σ〉

Pg(α),

where every Pg(X) is a σ-homogenizable polynomial of R[X]. Hence R[α] contains
the homogeneous components of x, and then it is a graded R-algebra with respect to
the semigroup Γ〈σ〉.

Besides this, since α is integral over R, R[α] is a finitely generated R-module.
The fact that R0 is a principal domain and every homogeneous component of R[α] is a
torsion free finitely generated R0-module implies that every homogeneous component
of R[α] is a free R0-module. So, by Proposition 1.2, R[α] is a free R-module of finite
rank.

Let fα(X) be the characteristic polynomial of lα : R[α] −→ R[α], the R-
endomorphism defined by lα(x) = αx. By an account of rank, fα(X) is a monic
polynomial with minimal degree, of R[X], which annihilates α. The Euclidean algo-
rithm implies that Iα is a principal ideal generated by fα(X). So fα(X) is the minimal
polynomial of α over R. Let µα(X) be the nσ-homogeneous component of fα(X) in
the graded ring R[X](σ). Then µα(X) is a monic polynomial of R[X], of the same
degree as fα(X), and such that µα(α) = 0. The uniqueness of the minimal polynomial
then implies that fα(X) = µα(X) is a homogenizable polynomial. �

Proposition 3.2. Let α ∈ S be a homogeneous element of degree σ, which is
integral over R. Then R[α]/R is separable if and only if the discriminant of µα(X) is
invertible in R.
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Proof. Let x1, . . . , xn be the roots of µα(X) in some commutative extension of R,
counted with its multiplicity order. Since R[α]/R is separable, TR[α]/R induces a non-
singular bilinear form of R[α]. Hence the discriminant D(1, α, . . . , αn−1) is invertible
in R, where n is the degree of µα(X). Consequently, for every maximal ideal P of R,

D(α, . . . , αn−1) 6= 0 (modulo P),

that is, µ̄α(X) is a separable polynomial over R/P . Hence µ̄α(X) is square-free, that
is, ∏

i 6=j
(xi − xj) 6= 0 (modulo P)

for every maximal ideal P of R. Thus
∏
i 6=j(xi − xj) is invertible in R.

Conversely, let µα(X) be invertible in R. Then∏
i 6=j

(xi − xj) 6= 0 (modulo P),

for every maximal ideal P of R, that is, µ̄α(X) is a separable polynomial and then
D(1, α, . . . , αn−1) is invertible in R, that is, R[α]/R is separable. �

4. Galois extension of strongly graded rings

In this section we investigate the Galois theory of strongly graded extensions. In
particular, we investigate the Galois theory results given in [7].

Let A be a commutative free R-algebra and G be a finite subgroup of AutR(A)
such that AG = R. Denote A(G) the A-algebra with basis {eσ |σ ∈ G}, where eσ
is the idempotent (δστ )τ∈G. Recall that A/R is said to be a G-Galois extension if the
following homomorphism h is an isomorphism of A-algebras

h : A⊗R A −→ A(G)

x⊗ y 7−→
∑
σ∈G

xσ(y)eσ .

Proposition 4.1. Let T/R be a totally ramified graded ring extension (S0 = R0)
with graded groups Γ and 4, such that 4 is a torsion free abelian group. Let s ∈ Sσ
be an invertible homogeneous element, which is integral over R. Let n be the cardinal
order of the group Γ〈σ〉/Γ. Then R[s]/R is a Galois extension if and only if n is
invertible in R0 and R0 contains a n-th primitive root ζn of 1. In this case, the Galois
group of R[s]/R is G = {g1, . . . , gn}, where gi(s) = ζins.

Proof. Let a = sn. Since the grade of a is nσ ∈ Γ, there exists v ∈ R[s]0 such
that a = vunσ. Since S0 = R[s]0 = R0, we have v ∈ R, and then a ∈ R. So,

µs(X) = Xn − a
is the minimal polynomial of s over R. Since R[s]/R is a Galois extension, it is sepa-
rable, and then n is invertible in R0. Let G be a finite subgroup of AutR(R[s]) such
that R[s]/R is a G-Galois extension. Then the order of G is equal to n. Hence µs(X)
splits in R[s], with simple roots s1, . . . , sn, where s1

s , . . . ,
sn
s are the distinct roots of

Xn − 1. Consequently, ζn ∈ R[s]0 = R0.
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Conversely, assume that n is invertible in R0 and that R0 contains ζn. Then
s, ζns, . . . , ζ

n−1
n s are the distinct roots of µs(X). Let G = 〈σ〉, where σ(s) = ζns.

Then G is a finite subgroup of AutR(R[s]). Let y =
∑n−1

i=0 ris
i ∈ R[s]. For every

0 ≤ k ≤ n− 1,

σk(y) = r0 +
n−1∑
i=1

riζ
ik
n s

i.

So, if y ∈ R[s]G, then y = r0 ∈ R, that is, R[s]G = R0. We compute det(h), the
determinant of the homomorphism h of R[s]⊗R R[s] into R[s](G), and obtain

det(h) =

∣∣∣∣∣∣∣∣∣
1 s · · · sn−1

1 ζns · · · (ζns)n−1

...
...

. . .
...

1 ζn−1
n s · · · ζ

(n−1)2

n sn−1

∣∣∣∣∣∣∣∣∣= sn(n+1)/2
∏

1≤i<j≤n

(
ζin − ζjn

)
.

Since s is an invertible element and
∏

1≤i<j≤n

(
ζin − ζjn

)
divides n in R, det(h) is an

invertible element of R, and then R[s]/R is a G−Galois extension. �

For two commutative freeR-algebrasA andB of rank n andm respectively, letG1

(resp. G2) be a finite subgroup of AutR(A) (resp. of AutR(B)) such that AG1 = R
and BG2 = R. Then G1 × G2 is a finite subgroup of AutR(A ⊗R B) such that
(A⊗R B)G1×G2 = R.

Lemma 4.2. Under the above hypotheses, A⊗R B is a G1 ×G2-Galois extension
over R if and only if A/R is a G1-Galois extension and B/R is a G2-Galois extension.

Proof. Consider the following three homomorphisms:

hA : A⊗A −→ A(G1), hB : B ⊗B −→ B(G2),

x⊗ y 7−→
∑
σ∈G1

xσ(y)eσ x⊗ y 7−→
∑
σ∈G2

xσ(y)eσ

and
h : A⊗R B ⊗R A⊗R B −→ A⊗R B(G1×G2)

(a⊗ b)⊗ (a′ ⊗ b′) 7−→
∑

(σ,τ)∈G1×G2

aσ(a′)⊗ bτ(b′) · eσ,τ .

From [2, pp. 101 and 157], h = hA ⊗ hB and det(h) = (det(hA))m(det(hB))n.
Consequently, h is an isomorphism if and only if hA and hB are isomorphisms. �

Proposition 4.3. Let S/R be a strongly graded extension with ramification index
1. Then S/R is a Galois extension if and only if S0/R0 is a Galois extension.

Proof. Since ΓS = Γ, we have S ' S0 ⊗R0 R. Consequently, since R is a free
R0-algebra, S/R is a Galois extension if and only if S0/R0 is a Galois extension. �

The following result generalizes Proposition 3.3, given in [7].

Theorem 4.4. Let T/R be a totally ramified a strongly graded extension (T0 = R0)
with graded groups Γ and 4, such that T is a finitely generated R-module and 4 is a
torsion free abelian group. Let l be the exponent of 4/Γ. Then T/R is a Galois
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extension if and only if l is invertible in R0 and R0 contains a primitive l-th root ζl of
1.

Proof. Let 4/Γ = 〈σ̄1〉 · · · 〈σ̄r〉. For 1 ≤ i ≤ r, pick ui any homogeneous
invertible element of T of degree σi. Since T =

∑
σ∈4/Γ

Ruσ, the multiplication in T

induces an isomorphism of R-algebras

µ : R[u1]⊗ · · · ⊗R[ur] −→ T.

Consequently, T/R is a Galois extension if and only if R[ui]/R is a Galois extension
for every 1 ≤ i ≤ r. From Proposition 4.3, R[ui]/R is a Galois extension if and only if
di is invertible in R0 and R0 contains ζdi

, where di = [R[ui] : R]. Consequently, T/R
is a Galois extension if and only if l is invertible in R0 and R0 contains ζl. �
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