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SOLUTIONS OF THE DIOPHANTINE EQUATION
au® + bvY + cw® = n!

MiHAI CIPU, FLORIAN LUCA AND MAURICE MIGNOTTE

RESUME. Soientk, ay,...,aretuq,...,u; des nombres entiers avec u; > 2 pour
tout ¢ € {1,...,k}. En utilisant des bornes pour les formes linéaires en logarithmes
p-adiques, nous démontrons que 1’équation Zle a;ui" = n! n’a qu'un nombre fini
de solutions en entiers positifs pour k£ < 3. Une stratégie générale est proposée pour
résoudre une telle équation avec k arbitraire. Nous montrons aussi qu’il existe une
constante absolue ¢ telle que 1’ensemble des entiers n < x pour lesquels il existe des
nombres premiers p; < --- < pp < co(logz)/*(loglog x)?/%, avec la propriété que
n!l = Zle g;p;* pour certains entiers &; = {—1,0,1} et z1,. .., xy, est de cardinal
o(x) lorsque  — oo.

ABSTRACT. Let k, ai,...,ax and uy,...,u; be integers with u; > 2 for all
i € {1,...,k}. By using bounds for linear forms in p-adic logarithms, we prove
that the Diophantine equation Zle a;u;’ = n! has only finitely many non-negative
solutions for k& < 3. A modular approach is employed to solve instances of such
an equation with arbitrary k. We also prove that there exists an absolute constant

co such that the set of n < x for which there exist primes p; < py < -+ <
pe < co(logz)t/*(loglogx)3/* with the property that n! = Zle g;pi* for some
g; € {£1,0} and integers 1, . . ., ¥y, has cardinality o(x) as x — oco.

1. Introduction

There are several recent papers in the literature dealing with solutions of the Dio-
phantine equations arising when one tries to write a factorial as a sum of members
of some specific sequences. For example, in [10] the authors studied the Diophantine
equations of the form ¥ + y® = [[ n;!. All the positive integer solutions (z, y, z, n)
to the Diophantine equation ¥ + y* + z% = n! with pairwise coprime x, y and z were
determined in [4]. In [11] it was shown that 6! is the largest factorial expressible as a
sum of three Fibonacci numbers. With the roles of the factorials and Fibonacci numbers
reversed, in [9] it was shown that 144 is the largest Fibonacci number which is a sum
of two factorials. Not quite related, but in the same spirit, are the papers [5] and [6],
in which the authors looked at those positive integers m which can be represented as a
sum of powers of some of their prime factors. Some of the interesting examples include

870 =2-3-5-29 = 22 + 52 4+ 292,
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and
2836295 =5-7-11-53-139 = 5% + 7% + 113 + 53% + 1393,
although neither 870 nor 2836295 is a factorial.

In this paper, we look at additive representations of a factorial as a sum of powers of
some fixed positive integers. Allowing repetitions, we are led to study integer solutions

(z1,..., 2k, n) to a Diophantine equation of the type
(1) arui’ + aguiy? + - - + apui = nl,
with some fixed integers k, a1, ...,ar and uq, ..., ux. To avoid trivialities, we assume

that u; > 2 holds forall ¢ € {1,... k}.

When faced with such an equation, a first question which arises is to decide whether
there are finitely or infinitely many such solutions. The finiteness of the number of solu-
tions is easy to see in case when k£ = 1 for then n is less than the smallest prime number
that does not divide a;u;. When & = 2, the finiteness of the number of solutions can
be deduced in the following way. Let p be the smallest prime not dividing a;ujasus.
Using lower bounds for linear forms in complex logarithms in the left hand side of
equation (1), one deduces that max{x, x2} is of order of magnitude logn! < nlogn.
Now, on the one hand, linear forms in p-adic logarithms show that the exponent of p in
arui' + agus? is of order of magnitude at most max{log x1, log z2}? < 2(logn)? for
large values of n. Since, on the other hand, the exponent of p in n! is at least [n/p],
we get, by comparing the above two bounds, that [n/p| < 2(logn)2. In particular, n
is bounded. This in turn implies that 1 and x5 are bounded as well. When k£ = 3,
the situation is less transparent. Our first result shows that there are only finitely many
solutions to a slightly more general Diophantine equation. Here and in what follows,
for a prime p and a non-zero integer m, we write v, (m) for the exponent at which p
appears in the prime factorization of m. We put v, (0) = oo.

Theorem 1. Let a, b, ¢, u, v and w be non-zero integers, with min{u, v, w} > 2,
such that au, bv and cw are pairwise coprime. Let s,, be an increasing sequence of
positive integers such that for any prime divisor p of the product uvw we have

Vp(sn)
n—oo loglog sy,

Then the Diophantine equation
2 au® + bvY + cw® = s,

has only finitely many solutions (x,y, z,n) in positive integers. When a, b and c are
positive, these solutions can be effectively computed.

The proof of this theorem and its application to equation (1) are given in the next
section. The main tool used in its proof is the theory of lower bounds for linear forms
in p-adic logarithms. We could not find a way to use linear forms in logarithms or
any other transcendental techniques to establish the finiteness of number of solutions
of equation (1) when £ > 3. In Section 3, we show that modular arguments suffice to
completely solve particular instances of equation (1) when k = 3,4 or 5. While looking
at the equation (1) reduced modulo suitable primes is always feasible, our choices of
moduli depend on the particular specific values of a; and u; for¢: = 1,..., k. We do
not have an argument to the effect that it is always possible to choose such moduli for
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all £ > 4 and choices of coefficients a; and u; fori = 1,..., k. We would like to leave
this problem for the reader.

Based on our computational experience, we conjecture that if p; < --- < p are
fixed prime numbers, then

k
p;t =nl!
i=1

has only finitely many non-negative integer solutions (z1, . .., x, n). While we cannot
prove this, we can at least show that the set of n such that n! has a representation as
a sum of small primes to some integer exponents is of asymptotic density zero. The
precise statement is given in the last section of the paper.

2. Proof of Theorem 1

In this section, we prove Theorem 1. Then we specialize it to obtain the finiteness
of the number of solutions to equation (1) when k£ = 3.

Proof of Theorem 1. We may assume that u < v < w. Put ¢t = max{z,y, z}.
The Subspace Theorem yields that if we put ¢g = (logu)/(log2), then for all fixed
e € (0,¢&0) the inequality

lau® + bvY + cw?| < 27
has only finitely many integer solutions (x, y, z). In light of this fact, we may assume
that

3) 5] > 27" holds with e = ¢/2.
Let £ and A be defined by
p ift=ux, Y + cw® iff =p,
{=<¢ q ift=yandz <t, and A=< au®+ cw® ifl =g,
r otherwise, au® +bvY ifl=r,

where p, ¢ and 7 are the smallest prime divisors of u, v and w, respectively. Using
lower bounds for linear forms in /—adic logarithms (see [2] or [3]), we get

4) ve(A) < log t.

If the inequality vy(s,) < log ¢ holds for some choice of ¢ € {p,q,r}, then the
condition from the hypothesis of Theorem 1 together with inequality (3) leads to the
conclusion that n is bounded, which finishes the proof of this theorem. Thus, we are
left with the case in which all three equalities

vp(au®) = vp(bv?Y +cw?), vq(bv?) = vy(au” +cw®), and v, (cw®) = v, (au”+bv")
hold. The three equalities above together with estimate (4) imply that
t =max{z,y, 2z} <max{ve(A) : L€ {p,q,r}} <logt,

leading to ¢t < 1. Hence, the Diophantine equation (2) has only finitely many solutions.
Since we applied the Subspace Theorem, these solutions are not computable in general.
However, when a, b and c are positive, then the inequality (3) always holds. Since the
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remaining arguments from the above proof are effective, it follows that all the solutions
of the Diophantine equation (2) are computable. [

Theorem 1 has the following corollary.

Corollary 1. Assume that a, b, ¢, u, v and w are as in Theorem 1 and let P(X) €
Z[X] be a polynomial such that P(0) = 0. Then the Diophantine equation

au® 4+ bv¥ + cw® = P(n!)
has only finitely many solutions (x,y, z,n) in positive integers.

Proof. Put s,, = P(n!). Since P(0) = 0, it follows that n! divides P(n!). Given
any fixed prime number p, we have

vp(P(n!)) = vp(nl) = [n/p],
while s, < n!? < n"?, where d is the degree of P(X). Thus,

Vp(sn) > [n/p)
loglog s, — log(nd) + loglogn

when n — oo. The corollary now follows from Theorem 1. O

If the constant term of the polynomial P is non-zero, the above proof fails because
if p is any fixed prime, then v, (P(n!)) remains bounded for large n. The same pheno-
menon occurs, for instance, when comparing the Diophantine equation n! = y? (whose
solutions in non-negative integers are (n,y) = (0,1), (1,1) only), to the Diophantine
equation n! 4+ 1 = y?2, for which it is not known whether there are only finitely many
solutions. The reader should also consult [1] for other polynomial-factorial examples
of Diophantine equations.

3. Explicit results

When dealing with a concrete instance of equation (1), one can use other ideas than
those invoked in the above proofs. The easiest one is to exploit the particularities of the
problem at hand. For instance, it is clear that (2,0, 0, 3) is a solution for every equation

) u® 4+ 0¥+ w® =nl
with u = 2, while (1, 1, 0, 3) verifies each equation of the type 2% + 3¥ + w* = n!.

A more systematic approach is based on reducing the given equation modulo sui-
table positive integers. In this way, we can solve completely some simple cases of
equation (1).

Theorem 2. The only solutions of equation
(6) 2% +3Y + 5% = n!

are
2l 430459 =31, 2243°4+59=31, and 2*+3'4+5'=4.
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Proof. We verify that the only solutions of (1) for 1 < n < 5 are
2l 430 4+59=31 2243°45°=31, and 2*+4+3'+5'=4!.

Next we suppose n > 6. Looking modulo 2 we get that x must be positive. If z = 1,
then

3V+5°=14 (mod 16)
and, since, modulo 16, we have 3¥ € {1,3,9,11} and 5% € {1,5,9, 13}, we infer that
(y,2) =(0,3) or (2,1) (mod 4).

But, modulo 3, if (z,y,z) = (1,0,1) (mod 2), then 2* +3Y +5% # 0 (mod 3). Thus,
there is no solution with x = 1.

If z = 2, then
3Y+5*=12 (mod 16),
and we see that this implies
(y,2) = (1,2) or (3,0) (mod 4).
Modulo 5, this leads again to a contradiction. Thus, there is no solution with x = 2.
If z > 3, then
3¥+5°=0 (mod 8),
and we see that
(y,2) = (1,1) (mod 2).
For x > 4, we have
(y,2) =(1,3)or (3,1) (mod 4).
In both cases, y and z are both odd. Modulo 3 we have
2 +5*=0 (mod 3);
hence,
r+z=1 (mod 2).
Since z is odd, x must be even. Modulo 5, we have
2 +3Y=414+3#0 (mod 5).
We thus conclude that there is no solution for n > 6 and the theorem follows. [
Corollary 2. The Diophantine equation (5) corresponding to (u,v,w) = (3,5,8)

has no integral solutions.

Looking more closely at the proof of Theorem 2 one observes that it is actually a
proof of a stronger result: the congruence

27 +3Y+5°=0 (mod 240)

has no integer solution (z, y, z). This can also be verified with a computer. For the
computer verification, it may be interesting to notice the following observation, whose
proof is immediate.
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Lemma 3. Let a and m be integers greater than 1. Write m = Am’, where
ged(m’, a) = 1 and the sets of prime divisors of a and A coincide. Then

{a™ (modm) : n >0} = {a" (modm) : 0 <n < ord(a,m') + s},

where

54)]

" e {vpm)

pla

It is possible to construct classes of examples for which an equation similar to (1)

has no solution for n large enough. Suppose, for example, that for given integers w1, uo,

..., ug, all greater than 1, there exists some integer m > k such that u; = ¢; (mod m),
where ¢; € {0,1} forall  and ) &; # 0. Then the equation

Z1 Tk

has no solution with n > m. The same applies when k is odd and u; = £1 (mod m)
foralli = 1,..., k. For example, the equation 6” + 11¥ 4+ 19 = n! has no solution
forn > 5.

A computer-aided search reveals several equations of type (3) without small solu-
tions (that is, n < 30), such as those corresponding to

(u,v,w) = (3,7,10), (3,8,11), (5,6,7), (5,6,11), (5,7,8).

Then taking the moduli m = 280, 280, 560 x 33, 560, and 560, respectively, we find
that there is no solution in any of these cases.

By elementary means, one can prove that the equations below have only the in-
dicated solutions. Their interest is due either to the comparatively large number of
solutions, or to the somewhat rare value of the component n. Moreover, for some of
them, the summands are not coprime. In each case we indicate a modulus m for which
the congruence u” + v¥ + w* = 0 (mod m) has no solution.

’ (u, v, w) \ (z,y,2,n) \ m

(3,6,9) 2,1,1,4), (1,2,2,5) 80
(3,9,12) (1,1,1,4), (3,2, 1,5) 80

@77 | (1,0,0,3),(2,1,0,4),(2,0,1,4),(3,2,1,5),(3,1,2,5) 80
(4,7,11) (1,0,0,3),(2,1,0,4), (4,3,2,6) 280
(4,8,12) (1,0,0,3),(1,1,1,4), (3,3,2,6) 3xHx7Tx1lx13
(5,9,14) (0,1,1,4),(2,2,1,5), (4,2,1,6) 280
(6,10,14) 1,2,1,5),(4,3,3,7) 9% 25 x 11
(8,12, 14) (3,1,2,6) 3x5x7x13
(9,10,11) (1,2,1,5) Sx3x11

We do not claim that our choices of m are optimal.

The next result gives the complete lists of additive representations of a factorial as
a sum of powers of four or five small prime numbers.

Theorem 3. The equation

(7) 2T 4+ 3Y 4+ 5% 4+ 7t =nl
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has only the solution (x,y, z,t,n) = (0, 1,0, 0, 3). Similarly, the equation
(8) 34+ 5Y 4+ 7 + 11" = n!

has only the solutions (z,y, z,t,n) = (1,0,0,0,3) and (0,1, 1, 1,4). Finally, the equa-
tion

2% 4+ 3Y + 5% + 75+ 111 = n!

has only the solutions : (z,y, z,s,t) = (1,0,0,0,0,3), (1,1,0,1,1,4),

(1,1,0,1,1,4), (1,2,0,0,1,4), (1,2,1,1,0,4), (2,0,0,1,1,4), (2,1,1,0, 1, 4),
(3,1,0,0,1,4), (3,1,1,1,0,4), (3,2,1,0,0,4), (4,0,1,0,0,4), (1,4,2,0,1,5),
(3,3,2,2,1,5), (4,4,1,1,1,5), (5,1,2,2,1,5), (5,3,0,2,1,5), (5,4,1,0,0,5),
(6,0,1,2,0,5), (1,4,4,0,1,6), (3,3,4,2,1,6), (3,5,1,3,2,6), (3,5,3,3,0,6),
(5,1,4,2,1,6), (7,1,3,3,2,6), (7,5,1,3,0,6), (9,4,1,0,2,6), (9,4,3,0,0,6).

Proof. Assume that (x,y, z,t,n) is a solution to equation (7) with n > 4. Modulo
2, one concludes immediately that x = 0. Reduction modulo 3 yields either

1+5°+1=0 (mod3) or 14+1+4+5°+1=0 (mod3),

so that we get that y is positive and z is even. Then it would follow 3Y + 7t = 6
(mod 8), which is impossible. Therefore, equation (7) has solutions only when n = 3.

A similar argument works for equation (8). Assume again thatn > 4. If z > 0,
modulo 3 we get 1 4+ 5Y 4+ 11 = 0 (mod 3), so y and ¢ are both even. Modulo 8, we
then get 2 + 3* + 7 = 0 (mod 8), which never happens. So, x = 0. Now modulo 3,
we get 2+ 5Y + 11 = 0 (mod 3), implying that both y and ¢ are odd. Then, assuming
that n > 5 and reducing modulo 5, we get 1 +1+7* = 0 (mod 5) and therefore z = 3
(mod 4). To proceed, assume that n > 7. Reducing equation (8) modulo 7, we get
1+ 5Y +11* = 0 (mod 7), whence one readily concludes that the only possibility is
(y,t) = (1,3) (mod 6). Thus, 5Y =5 (mod 9) and 11! =8 (mod 9), so

1+5Y+ 7 +11"=1+5+8+7" =0 (mod9),

giving 7 =4 (mod 9),0r z =5 (mod 6). Since also z = 3 (mod 4), we get z = 11
(mod 12). Thus, 7% = 2 (mod 13), 5 = 45 (mod 13) and 11* = +5 (mod 13)
because (y,t) = (1,3) (mod 6). For n > 13, we therefore get

142+5+5=0 (mod 13),

which is possible only if both 1 are equal to 1. This gives y = 1 (mod 12) and ¢t = 3
(mod 12).

If n > 19, then since 72 = 1 (mod 19) and 11 = 1 (mod 19), we get 5Y = 6
(mod 19), which is false for y = 1 (mod 12). Hence, equation (8) can have solutions
only when n < 18. A computer check finds the solutions given in the statement of
Theorem 3.

Finally, for the last equation above we checked that it has no solutions for n > 61
by using the modulus m = 2% x 32 x 52 x 7 x 11 x 13 x 31 x 61. The verification of
the small cases took two hours on a home computer. [
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4. The asymptotic behaviour

With regard to the conjecture that if p; < --- < p; are fixed prime numbers, then

t

pri =nl

=1

has only finitely many non-negative integer solutions (z1, ...,z n), we have the fol-
lowing result.

Theorem 4. There exists an absolute constant ¢y such that the set of n < z, for
which there exist primes

PL<pg << ppr < co(logx)1/4(loglog:c)3/4

with the property that

t
n! = E Z:‘ip;-vi
i=1

for some ¢; € {+1,0} and integers 1, . . . , x4, has cardinality o(x) as x — oo.

Proof. Let s be positive integer which is a function of = to be determined later, and
assume that n € (x/log z, x) has the property that

t
n! = E eip;t
i=1

for some ¢; € {£1,0} and integers x1, ..., xy, where p; < --- < p; < p; are t distinct
primes not exceeding ps. Since p; are distinct primes, we have that x; > 0. We fix
t < s, the numbers ¢; € {£1, 0} and the primes p; < --- < p;. We write X; = p;* for
i=1,...,t

We first assume that max{X; : i = 1,...,t} < 22, To fix ideas, we assume that
X is the larger of all variables. Let ¢ = ps41. Then

t
n n n n 2z log x
Xi|=ven) = |2+ ||+ >—> >
. (; ’) valn!) {qJ i LJZJ i 2q ~ 4pslogq ~ 8ps(logx)*logq’

therefore

t

>x

i=1

_ qqu<Z§:1Xi> < exp (_ 2z logx )

8(log x)?ps

q
e — -0 _ y—6
< max{X;:i=1,...,t}7° =X/,

where § = 1/(8(log x)?ps). Here and in what follows, for a prime number ¢ and an
integer m we write |m|l; = q~va("™) for the normalized g-adic valuation of m. We
also write ||m||c = |m| for the archimedian valuation at infinite place. Let S be
the set of valuations corresponding to the primes pq, ..., ps, ps+1 and co. For each
(i,p1) € {1,...,t} x S we let the linear forms defined for x = (z1,...,2¢) € Qf be
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L; ;(x) = x; for all (4, 1) except when (7, ;1) = (1, ps41), when we take Ly, , (x) =
St eixi. Note that when x = (X1, ..., X;), then

[TIIMLieon, = 1T 1T 1l JT1Xills...
=2

i=1pes i=1peS\{ps+1}

¢
E €; X
i=1

Ps+1
t
< Z € X; < X9,
i=1 Pot1
where in the above we used the fact that all Xy,..., X; are S-units. A quantitative

version of the Subspace Theorem due to Evertse (see [7]) tells us that the solutions of
the above inequality satisfy

t
©) S aX; = 0

i=1
for some vectors a = (aq,...,as) not all zero, with integer components, and that the

number of such vectors a does not exceed

s+2
(260(5+2)25_7(8+2)) = exp (60 log 2(s +2)% + 7(s + 2)? log (8ps(log l‘)2))

(10) = exp((60log2 + 0(1))53)

as © — 0o, assuming that loglog x = o(s), which will be the case. Each one of the
equations (9) is an S-unit equation. Replacing ¢ by a smaller number, if needed, we
may assume that a; # O foralli = 1,...,¢. Let ; U---UI, be a partition of {1, ..., ¢}
such that each of the subequations

(11) D aiXi=0

icl;
is non-degenerate in the sense that no proper subsum of it vanishes. Let s; = #1I;.
Then another theorem of Evertse (see [8]) concerning the number of solutions of non-
degenerate S-unit equations tells us that equation (11) has at most (235 sj)sj' (55+1) pro-
jective solutions [X; : i € I;]. We show that it can have at most this number of

solutions X = (X; : i € I;) also. If not, there are two distinct solutions of (11), say
X = (X;:i€lj)and X' = (X[ :i € [j), such that X;, /X] = X;,/X; for all

i1 # iy € I;. Since X; = p;*, X| = pfi for all + € I; and the primes p; are distinct, it
follows, by unique factorization, that X = X', which is a contradiction. Thus, the total
number of solutions to equation (9) is at most

4
(12) Yoo JI@Ps)TEt < 25 (2%s) 06D
{1,....t}=LU--Ul, j=1
= exp((l +0(1))s' log s).
Here, 25" is an upper bound for the number of ways of partitioning {1,...,¢}

(a better inequality is valid from what is known about the maximal order of the Bell
numbers but we will not be needing it).
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Denote by M the number of possibilities for the vector X = (Xi,...,X;). The
number M is obtained by summing up over all the possible values of ¢ (s of them), of
£1,€9,...,& (at most 3° of them), over the set of primes {p1,...,p;} (at most 2° of
them), over the number of ¢ possibilities to choose ¢ such that X; = max{X7,..., X;}
(here, we only made the convention that ¢ = 1 but to account for all solutions we need
to consider all the other possibilities for 7 also), over the number of possible subspaces
which is bounded as in (10), and over the number of solutions in each subspace which
is bounded as in (12). Putting everything together, we get that for fixed = and s, we
have

M < exp((l + 0(1))s* log s).

Imposing that this number is less than or equal to x/ log  and solving for s we get
that

(1+0(1))s*logs = (1 + o(1)) log z,
or
s=(c1 + 0(1))(10g:c)1/4/(10g10g x)1/4,
where ¢; = V2 = 1.4142.... With the Prime Number Theorem, we get that the
statement holds for all ¢y < ¢1 /4. In particular, it holds for ¢g = 0.3.
In case max{X; :i = 1,...,t} > 2%%, we have that
max{X;:i=1,...,t} >n!%

So, assuming again that X; = max{X; :i =1,..., s}, we then get that

¢
E € X;
i—1

In this case, instead of the “small” g-adic linear form that we used in the previous
case, we use the “small” form in the infinite valuation (13) to arrive again, via the
Subspace Theorem, to the conclusion that X = (X7, ..., X}) satisfies one of a number
of equations of the form (9), the totality of which is bounded by the amount shown
in (10), and the previous argument finishes the job. This completes the proof of this
theorem. O

(13) < x)/2

e}
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