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SUMS OF EQUAL POWERS OF SUCCESSIVE
INTEGERS

MOHAMED AYAD

RÉSUMÉ. Soit σk(n) =
∑n

l=0 l
k. On étend la définition pour obtenir le polynôme

σk(t). Si i et j sont des entiers positifs, il est possible, en utilisant les résultants, de cal-
culer l’unique polynôme irréductible (à une constante multiplicative près) Pij(x, y) ∈
Q[x, y] tel que Pij (σi(x), σj(y)) = 0. Les termes dominants de ce polynôme, lorsque
certains poids sont attribués à x et à y, sont explicités. De plus nous montrons que si
j est pair, alors les facteurs irréductibles de Resy (Pij(x, y), Pjk(y, z)) sont Pik(x, z)
et Sik(x, z). Ici Sik(x, z) désigne le polynôme minimal de (σi(s), σk(t)) le long de
φ(x, y) = (σj(x)− σj(y))/(x− y). Nous démontrons que Pik(x, z) et Sik(x, z) sont
distincts si (j + 1) - lcm(i + 1, k + 1). Nous conjecturons que cette conclusion reste
vraie sans la condition imposée.

ABSTRACT. Let σk(n) =
∑n

l=0 l
k. Extend the definition to obtain the polyno-

mial σk(t). If i and j are distinct positive integers then it is possible to use resul-
tants to compute the unique irreducible polynomial Pij(x, y) ∈ Q[x, y] such that
Pij (σi(x), σj(y)) = 0. When some weights are attributed to x and y, the leading
terms of this polynomial are explicited. Moreover it is proved that if j is even, then
the irreducible factors of Resy (Pij(x, y), Pjk(y, z)) are Pik(x, z) and Sik(x, z). Here
Sik(x, z) denotes the minimal polynomial of (σi(s), σk(t)) along φ(x, y) = (σj(x)−
σj(y))/(x−y). We conjecture that Pik(x, z) and Sik(x, z) are distinct, and prove this
conjecture in the case where (j + 1) - lcm(i+ 1, k + 1).

1. Introduction

Let k and n be natural numbers, with n ≥ 1. Let σk(n) =
∑n

j=0 j
k. The following

formula, which is due to Pascal, shows that σk(n) is a polynomial in n of degree k+ 1:

(n+ 1)k+1 − 1 =
n∑

m=1

[
(m+ 1)k+1 −mk+1

]
=

n∑
m=1

k∑
q=0

(
k + 1
q

)
mq

=
k∑
q=0

(
k + 1
q

)
σq(n).
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It is then possible to define the polynomials σk(t). The first ones are given by:

σ0(t) = t;

σ1(t) = t(t+ 1)/2 = 1
2 t

2 + 1
2 t;

σ2(t) = t(t+ 1)(2t+ 1)/6 = 1
3 t

3 + 1
2 t

2 + 1
6 t;

σ3(t) = (σ1(t))2 = 1
4 t

4 + 1
2 t

3 + 1
4 t

2;

σ4(t) = σ2(t)(3t2 + 3t− 1)/5 = 1
5 t

5 + 1
2 t

4 + 1
3 t

3 − 1
30 t.

Bernoulli’s numbers Bi allow to make explicit these polynomials; see [7, Chap. 18].
Let k ≥ 1 be an integer. Then

(k + 1)σk(t) = tk+1 −
(
k + 1

1

)
B1t

k +
(
k + 1

2

)
B2t

k−1 + · · ·+
(
k + 1
k

)
Bkt

and, for k ≥ 4,

(1) σk(t) = tk+1 +
1
2
tk +

k

12
tk−1 − k(k − 1)(k − 2)

720
tk−3 + · · · .

It is known that σk(t) = Fk(σ1(t)) if k is odd and σk(t) = σ2(t)Fk(σ1(t)) if k is
even, where Fk is a polynomial with rational coefficients of degree (k + 1)/2 in the
first case and (k− 2)/2 in the second case; see for instance [3]. These polynomials are
called Faulhaber’s polynomials in honour of J. Faulhaber. Indeed the formula σ3(t) =
(σ1(t))2 was known to Al Karagi in the 10-11th century [5]. A. F. Beardon showed,
in [3], that for any pair of integers i and j, with i 6= j, there exists an irreducible
polynomial Pij(x, y) ∈ Z[x, y] such that Pij(σi(t), σj(t)) = 0. In fact, this is proved
in a more general context in [6]. A. F. Beardon also explained in [3] that Pij(x, y) is a
divisor of the polynomial

Rest(σi(t)− x, σj(t)− y).

(Indeed the author suggests inopportunely to eliminate t between σi(t) and σj(t).) He
finally observed in the few examples he had computed when i and j are both odd that
the polynomial Rest(σi(t) − x, σj(t) − y) is irreducible, hence, equal to the above
polynomial Pij(x, y) up to multiplication by a constant. The study of these polynomials
will be done in Section 2. The following result gives the complete solution to this
problem.

Theorem 1. Let i and j be distinct natural numbers.

(1) If one of them is even, then the polynomial

Rij(x, y) := Rest(σi(t)− x, σj(t)− y)

is irreducible over C.

(2) If i and j are both odd, set σi(t) = Fi(σ1(t)) and σj(t) = Fj(σ1(t)). Then the
polynomial

Rij(x, y) := Rest(Fi(t)− x, Fj(t)− y)
is irreducible over C and we have

Rest(σi(t)− x, σj(t)− y) = c[Rij(x, y)]2,

where c is a non-zero rational number.
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The proof of this will be given in Section 3. This theorem shows that in any case
Rij(x, y) is, up to multiplication by a rational number, equal to the irreducible polyno-
mial Pij(x, y) such that Pij(σi(t), σj(t)) = 0.

Let i, j and k be three distinct natural numbers with j even. Before stating the
next result, which exhibits a relation between the polynomials Pij(x, y), Pjk(x, y) and
Pik(x, y), we make the following definition.

Let K be a field, and u(s), v(t) be polynomials with coefficients in K, not both
constant. Let φ(s, t) be an irreducible polynomial over K of the form

φ(s, t) = asm +
∑
i<m
j<n

aijs
itj + btn, with a, b 6= 0,

and let S and T be such that φ(S, T ) = 0. We will show in Section 2 that there exists
an irreducible polynomial P (x, z) ∈ K[x, z] such that P (u(S), v(T )) = 0. Moreover,
up to multiplication by a non-zero constant in K, this polynomial is unique. It will be
called the minimal polynomial of the pair (u(s), v(t)) along φ(s, t).

An important particular case appears for φ(s, t) = s−t. In this case we just say that
P (x, z) is the minimal polynomial of the pair (u(s), v(t)) without refering to φ(s, t).
For example, the irreducible polynomial Pij(x, y) satisfying Pij(σi(t), σj(t)) = 0 is
the minimal polynomial of (σi(s), σj(t)). Because we need it for the following theo-
rem, we will prove in Corollary 4 that the polynomial

φj(s, t) := (σj(s)− σj(t)) /(s− t)

is irreducible over Q if j is even.

Theorem 2. Let i, j and k be three distinct natural numbers, with j even, and
let Pij(x, y), Pjk(y, z) and Pik(x, z) be the minimal polynomials of (σi(s), σj(t)),
(σj(s), σk(t)) and (σi(s), σk(t)) respectively. Let Sik(x, z) be the minimal polynomial
of (σi(s), σk(t)) along φj(s, t). Then

(2) Resy (Pij(x, y), Pjk(y, z)) = λ[Pik(x, z)]e1 [Sik(x, z)]e2 ,

where e1, e2 are positive integers and λ is a non-zero rational number. Moreover we
have

degxPik(x, z) · degzSik(x, z) = degxSik(x, z) · degzPik(x, z).

Conjecture A. The above polynomials Pik(x, z) and Sik(x, z) are distinct.

One may try to prove this conjecture by contradiction. For suppose that the above
polynomials are equal, then the resultant in formula (2) is a power of Pik(x, z) up to
multiplication by a rational number. The hope is that the contradiction will come from
the comparison of the degrees in formula (2) relatively to x or z. Unfortunately this is
a vain attempt.

Proposition 1. Suppose that (j+ 1) - lcm(i+ 1, k+ 1). Then conjecture A is true.

Remark 1. We were unable to find the analog of Theorem 2 in case j is odd.
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2. Minimal polynomial

Let K be a field, and u(s), v(t) be polynomials with coefficients in K, not both
constant. Let φ(s, t) be an irreducible polynomial over K of the form

(3) φ(s, t) = asm +
∑
i<m
j<n

aijs
itj + btn, with a, b 6= 0,

and let S and T be such that φ(S, T ) = 0. Since

K ⊂ K(u(S), v(T )) ⊂ K(S, T )

it follows that u(S) and v(T ) are algebraically dependent overK. Hence there exists an
irreducible polynomial P (x, z) ∈ K[x, z] such that P (u(S), v(T )) = 0. It is possible
to prove the existence of this polynomial by another method which has the advantage
of showing that, up to multiplication by a non-zero constant in K, this polynomial is
unique.

Consider the unique K-morphism of rings ψ : K[x, z] → K[S, T ] such that
ψ(x) = S and ψ(z) = T . Then Ker(ψ) is a prime ideal of K[x, z] of height 1,
generated by an irreducible polynomial P (x, z). It follows that if some polynomial
Q(x, z) ∈ K[x, z] satisfies Q(u(S), v(T )) = 0, then P (x, z) divides Q(x, z). We call
this polynomialP (x, z) the minimal polynomial of the pair (u(s), v(t)) along φ. Notice
that when φ(s, t) = s − t the polynomial P is the minimal polynomial of (u(s), v(t))
studied in [6].

Lemma 1. With the above hypotheses, let I be the ideal of K[s, t, x, z] generated
by the polynomials u(s)− x, v(t)− z and φ(x, z). Then I ∩K[x, z] = (P (x, z)).

Proof. It is possible that this lemma is already in the literature but we did not find
it. So, we prove it completely.

Let θ : K[s, t, x, z] → K[S, T ] be the unique K-morphism of rings such that
θ(s) = S, θ(t) = T , θ(x) = u(S) and θ(z) = v(T ). Then Ker(θ) is a prime ideal of
K[s, t, x, z]. We first show that Ker(θ) = I .

It is clear that I ⊂ Ker(θ). For the other inclusion, let f(s, t, x, z) be an element of
Ker(θ). By successive euclidean divisions we obtain

f = (x− u(s))q1 + r1, r1 = (z − v(t))q2 + r2 and r2 = φ(s, t)q3 + r3,

where q1 ∈ K[s, t, x, z], r1 ∈ K[s, t, z], q2 ∈ K[s, t, z], r2 ∈ K[s, t], q3, r3 ∈ K[s, t]
and degsr3 < degsφ. Since r1, r2, r3 ∈ Ker(θ), we have r3(S, T ) = 0, hence φ(s, t)
divides r3(s, t) and then r3 = 0. We deduce successively that r2 ∈ I , r1 ∈ I and
f ∈ I . Thus Ker(θ) ⊂ I . We now have I ∩K[x, z] = Ker(θ) ∩K[x, z] = (P [x, z]).
�

The next result allows to compute the minimal polynomial by using resultants.
Before stating it, we recall the following well-known property. Let E/F be a fi-
nite extension of degree m and let α ∈ E. Consider the endomorphism Mα of E
such that Mα(γ) = αγ for any γ ∈ E. Denote by Char(α,E/F, x) the polynomial
Det(Mα) and call it the characteristic polynomial of α over F . It is well-known that
Char(α,E/F, x) = [Irr(α, F, x)]k, where k = [E : F (α)] and Irr(α, F, x) is the mini-
mal polynomial of α over F .
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Theorem 3. Let φ(s, t) be an irreducible polynomial over K of the form (3) and
let S, T be such that φ(S, T ) = 0. Let u(s) and v(t) be polynomials over K, not
both constant. Let P (x, z) be the minimal polynomial of the pair (u(s), v(t)) along φ.
Then there exist two non-zero elements λ and µ in K, and an irreducible polynomial
G(t, x) ∈ K[t, x], such that

(4) Ress (φ(s, t), u(s)− x) = λ[G(t, x)]k1

and

(5) Rest (G(t, x), v(t)− z) = µ[P (x, z)]k2 ,

where, k1, k2 are positive integers. If we view the polynomials G(x, z) and P (x, z) as
elements of K(z)[x], (resp. K(x)[z]), then their leading coefficients are in K. Also,

(6) k1k2 = [K(S, T ) : K (u(S), v(T ))]

and

(7) degu · degtφ(s, t) · degxP (x, z) = degv · degsφ(s, t) · degzP (x, z).

Proof. Let l = degu and β1, . . . , βm be the roots of φ(s, t) in K(t). Then,

Ress (φ(s, t), u(s)− x) = al
m∏
i=1

(u(βi)− x)

= (−1)mal
m∏
i=1

(x− u(βi))

= (−1)malChar (u(β1),K(t, β1)/K(t), x)

= (−1)malIrr (u(β1),K(t), x)k1 ,

where k1 = [K(t, β1) : K(t, u(β1))]. Since β1 is integral over K[t], u(β1) is integral
over K[t] and Irr (u(β1),K(t), x) ∈ K[t, x]. If we set G(t, x) = Irr (u(β1),K(t), x)
and λ = (−1)mal then formula (4) is proved and it is seen that the leading term of
G(t, x) viewed as a polynomial in x does not depend on t.

We claim that the polynomial G(t, x), viewed as a polynomial in t, has a leading
term independent from x. Let ul be the leading coefficient of u(s) and let α1, . . . , αl
be the roots of u(s)− x in K(x). Then

Ress (φ(s, t), u(s)− x) = (−1)mluml
l∏

i=1

φ(αi, t)

= (−1)mluml
l∏

i=1

(
btn + bn−1(αi)tn−1 + · · ·+ b0(αi)

)
= (−1)mluml t

nlbl + Unl,

where Unl is the sum of the terms of degree in t lower than nl. This proves our claim.
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Replacing in the first resultant s, t, x by t, x, z respectively, φ by G and u by v,
we conclude that there exist a positive integer k2, a non-zero constant µ in K, and an
irreducible polynomial H(x, z) ∈ K[x, z] such that

Rest (G(t, x), v(t)− z) = µ[H(x, z)]k2 .

Moreover k2 = [K(x, δ1) : K(x)], where δ1 satisfies G(δ1, x) = 0. To obtain equation
(5), we must verify that H(x, z) = γP (x, z) for some γ ∈ K?, that is that H is the
minimal polynomial of (u(s), v(t)) along φ.

Since the polynomials in s, φ(s, T ) and u(s)−u(S), have the common root s = S,

Ress (φ(s, T ), u(s)− u(S)) = λ[G(T, u(S)]k1 = 0.

Hence, G(T, u(S)) = 0. We also have

Rest (G(t, u(S)), v(t)− v(T )) = µ[H(u(S), v(T ))]k2 = 0,

because the polynomials for which we compute the resultant have the common root
t = T , hence H(x, z) = P (x, z). It remains to prove formulas (6) and (7). Set t = T
in formula (4) and obtain Ress (φ(s, T ), u(s)− x) = λ[G(T, x)]k1 . This shows that
G(T, x) = Irr (u(S),K(T ), x). Hence,

k1 = degsφ(s, t)/degxG(t, x)

= [K(S, T ) : K(T )]/[K(T, u(S)) : K(T )]

= [K(T, S) : K(T, u(S)].

Set x = u(S) in formula (5) and obtain

Rest (G(t, u(S)), v(t)− z) = µ[P (u(S), z)]k2 .

Hence, P (u(S), z) = Irr (v(T ),K(u(S)), z) and

k2 = [K (u(S), T ) : K (u(S), v(T ))].

It follows that k1k2 = [K(S, T ) : K (u(S, v(T ))].

The following diagram shows formula (7) and implies that

k1k2 | gcd(degu · degtφ(s, t), degv · degsφ(s, t)).

K(S, T )

k1k2

degs(φ)

QQQQQQQQQ

K(S)

degt(φ) mmmmmmmmm

degu

K(T )

degvK(u(S), v(T ))

K(u(S))

degzP mmmmmmmm
K(v(T ))

degxP
QQQQQQQQ

�

Remark 2. Consider the curve defined by the polynomial P (x, z) which is the mi-
nimal polynomial of (u(s), v(t)) along the polynomial φ(s, t) of the form (3). Could
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it happen that this curve is unicursal? That is, could there exist two non-constant poly-
nomials a(s) and b(s) such that P (a(s), b(s)) = 0? The answer is positive in the
following cases:

(i) Suppose that φ(s, t) is an irreducible polynomial over K of the form (3) and
that it defines a unicursal curve. Since φ(x, z) divides P (u(x), v(z)), let

(8) P (u(x), v(z)) = φ(x, z)P (x, z),

where P (x, z) ∈ K[x, z]. This equation implies clearly that P (x, z) defines also a
unicursal curve.

(ii) Suppose now that φ(s, t) is an irreducible polynomial over K of the form
φ(s, t) = A(s)−B(t), where A and B are non-constant polynomials. Let v(t) be any
non-constant polynomial over K and let u(s) = u1(A(s)), where u1 is a non-constant
polynomial over K. We have

0 = P (u(S), v(T )) = P (u1(A(S)), v(T )) = P (u1(B(T )), v(T )).

Hence, P (x, z) defines a unicursal curve. It is clear that the same conclusion holds if
v(t) = v1(B(t)) and u(t) is arbitrary non-constant.

Conjecture B. Suppose that P (x, z) defines a unicursal curve. Then φ(x, z) de-
fines a unicursal curve or it has the form indicated in (ii) above.

It is evident that conjecture B implies conjecture A.

Remark 3. Fix an irreducible polynomial φ(s, t) of the form (3). For any couple
(u(s), v(t)) of non-constant polynomials over K, denote by P(u,v)(x, z) the minimal
polynomial of (u, v) along φ. We want to discuss if the number of couples such that
P(u,v)(u(x), v(z)) is irreducible over K is infinite or not. Equivalently, are there infi-
nitely many representations of φ(x, z) of the form φ(x, z) = P (u(x), v(z))? If (u, v)
is such a couple, then by formula (8), degu < degxφ and degv < degyφ. It follows
immediately that if the field K is finite, then the number of couples is finite. Suppose
that K is infinite. Let u(s) = as + b and v(t) = ct + d, with a 6= 0 and b 6= 0. Then
P(u,v)(x, z) = φ ((x− b)/a, (z − d)/c)) , hence the number of couples satisfying the
property is infinite.

Question 1. If the field is infinite, are there infinitely many couples (u, v) having
the above property with degu ≥ 2 or degv ≥ 2?

Remark 4. Let φ(s, t) be an irreducible polynomial of the form (3), (u(s), v(t))
be a couple of non-constant polynomials and P (x, z) be the minimal polynomial over
K along φ. By Theorem 3, P (x, z) has the form (3), so we ask: does there exist a
couple (u(s), v(t)) of non-constant polynomials such that its minimal polynomial over
K along P is φ(x, z)? This is equivalent to say that there exists a couple (u(s), v(t)) of
non-constant polynomials over K such that φ(x, z) | φ(u(u(x)), v(v(z))). The answer
is clearly positive if u and v are both of degree 1.

Here is an example of φ(x, z) where there is no couple (u(s), v(t)), with degu ≥ 2
or degv ≥ 2, such that the above property holds. Hereditarily irreducible polynomials
over a field K are defined in [1] as follows: a polynomial f(x, z) is said to be heredita-
rily irreducible if for any pair (u(x), v(z)) of non-constant polynomials, f(u(x), v(z))
is absolutely irreducible. The first example of such polynomials appeared in [8]. For
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more examples, see [2]. Now let φ(s, t) be a hereditarily irreducible polynomial of the
form (3). Then if φ(x, z) | φ(u(u(x)), v(v(z))), we conclude that all the polynomials
u, v, u and v are of degree 1. This example is not completely satisfactory because there
is no known hereditarily irreducible polynomial of the form (3); see [2].

Question 2. Find conditions on an irreducible polynomial φ(s, t) of the form (3)
so that there exist two couples (u(s), v(t)) and (u(s), v(t)) of polynomials, not all of
degree 1, such that φ(x, z) | φ(u(u(x)), v(v(z))).

We deduce from Theorem 3 the following result which was proved in [6] and at-
tributed to S. S. Abhyankar.

Corollary 1. Let u(χ) and v(χ) be polynomials over K, not both constant. Then
there exists a unique polynomial P (x, z) (up to multiplication by a constant in K),
irreducible over K such that P (u(χ), v(χ)) = 0. Moreover P (x, z) is given by

Resχ (u(χ)− x, v(χ)− z) = µ[P (x, z)]k,

where
k = [K(χ) : K((u(χ), v(χ))].

Proof. By formula (4), Ress (s− χ, u(s)− x) = u(χ) − x and by formula (5),
Resχ (u(χ)− x, v(χ)− z) = µ[P (x, z)]k. The formula for k is easily deduced from
formula (6). �

Before stating some results concerning the terms appearing in P (x, z) when some
weights are attributed to x and z, we prove an elementary lemma which, in the opinion
of the referee, was known to Frobenius.

Lemma 2. Letm ≥ 2 and n ≥ 2 be integers. Then there exist integers k and l, with
1 ≤ k ≤ m and 1 ≤ l ≤ n, such that kn+ lm = mn− 1 if and only if gcd(m,n) = 1.
In this case, the pair (m,n) is unique, k ≡ −n−1(mod m), and l ≡ −m−1(mod n).

Proof. The necessity part is evident. Suppose that gcd(m,n) = 1. It is known that
there exist rational integers k and l, with | k |< m and | l |< n, such that

kn+ lm = mn− 1.

It is clear that k or l is positive. Suppose (for example) that k > 0 and l < 0. Then
1 ≤ k ≤ m− 1 and −n+ 1 ≤ l ≤ −1, hence

kn+ lm = mn− 1 ≤ mn−m− n < mn− 2,

which is impossible. It follows that k and l are positive. The rest of the proof is easy.
�

Let

(9) u(χ) = unχ
n + · · ·+ u1χ and v(χ) = vmχ

m + · · ·+ v1χ

be polynomials over K and let

(10) R(x, z) = Resχ (u(χ)− x, v(χ)− z) .
As mentioned in [6], every term in R(x, z) has the same weight mn under either of the
following assignments of weights, where w(u) denotes the weigth assigned to u:

(i) w(ui) = i, w(vj) = j and w(x) = w(z) = 0, or
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(ii) w(ui) = n− i, w(vj) = m− j, w(x) = n and w(z) = m.

Using the weights as defined in (ii), we observe that whenever a term xizj has a non-
zero coefficient then ni + mj ≤ mn. Here we are interested by the terms xizj such
that ni+mj = mn and ni+mj = mn− 1 respectively.

Proposition 2. Let u(χ) and v(χ) be polynomials over K given by formula (9)
and let d = gcd(m,n). Let Rmn(x, z) and Rmn−1(x, z) be the sums of the terms xizj

in formula (10) such that ni+mj = mn and ni+mj = mn− 1 respectively. Then

(11) Rmn(x, z) = (−1)n
(
um/dn zn/d − vn/dm xm/d

)d
,

and

(12) Rmn−1(x, z) =

{
0 if d 6= 1,

(pun−1vm + qvm−1un)um−k−1
n vn−l−1

m xkzl if d = 1,

where p = (−1)nm, q = (−1)n−1n, and (k, l) is the unique couple of natural numbers
satisfying

(13) 0 ≤ k ≤ m, 0 ≤ l ≤ n and kn+ lm = mn− 1.

Proof. Formula (11) is proved in [6, Th. 5]. For formula (12), we distinguish two
cases.

If d 6= 1, then by Lemma 2 the equation (13) has no solutions (k, l), hence
Rmn−1(x, z) = 0 in this case. If d = 1, let (k, l) be the unique couple of integers satis-
fying equation (13). Since R(x, z) is a (m+ n)× (m+ n) determinant, Rmn−1(x, z)
is a sum of terms of the form λxkzl, where λ = εue00 · · ·uen

n v
h0
0 · · · vhm

m , with ε = ±1,
e0 + · · ·+ en = m− k and h0 + · · ·+ hm = n− l. For any of these terms the weight
of λ is equal to 1, hence each term has the form

(14) εun−1u
m−k−1
n vn−lm xkzl or εvm−1u

m−k
n vn−l−1

m xkzl,

where ε = ±1 is the signature of a certain permutation of {1, . . . , n + m}. It follows
that

Rmn−1(x, z) =

 r∑
j=1

εj

un−1u
m−k−1
n vn−lm +

(
s∑
i=1

ε′i

)
vm−1u

m−k
n vn−l−1

m

xkzl

where εj = ±1 and ε′i = ±1. Let p =
∑r

j=1 εj and q =
∑s

i=1 ε
′
i. Then

Rmn−1(x, z) =
(
pun−1u

m−k−1
n vn−lm + qvm−1u

m−k
n vn−l−1

m

)
xkzl.

We now compute p and q. It is clear from the above arguments that p and q depend on
n and m, but not on the coefficients uj and vi nor on the field K. We may suppose that
K = Q. It follows that if we set

R(x, z) = Rest(tn − x, tm + tm−1 − z),
then Rmn−1(x, z) = qxkzl, hence Rmn−1(xn, xm) = qxmn−1.

Besides this, let H(x, z) be the sum of the terms of (usual) degree mn − 1 in
R(xn, zm). Then H(x, z) = qxknzlm and if we set

R(xn, xm) = cmnx
mn + cmn−1x

mn−1 + · · ·+ c0,
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then cmn−1 = q. Now we have

R(xn, xm) = Rest(tn − xn, tm + tm−1 − xm)

=
n∏
i=1

(
ξmi x

m + ξm−1
i xm−1 − xm

)
,

where ξ1 = 1, ξ2, . . . , ξn are the n-th roots of unity in C. It follows that

R(xn, xm) = xn(m−1)
n∏
i=2

(
(ξmi − 1)x+ ξm−1

i

)
.

Hence,

q = cmn−1 =
n∏
i=2

(ξmi − 1).

Let A = {ξ2, . . . , ξn}. Since gcd(m,n) = 1, for any i = 2, . . . , n, we have ξmi ∈ A. It
is clear that for any i, j ∈ {2, . . . , n}, ξmi = ξmj implies i = j; hence,

A = {ξm2 , . . . , ξmn }.

Thus q =
∏n
i=2(ξi − 1). Since ξ2, . . . , ξn are the roots of the polynomial

f(x) = (xn − 1)/(x− 1) = xn−1 + · · ·+ x+ 1,

it follows that ξ2 − 1, . . . , ξn − 1 are the roots of

g(x) = f(x+ 1) = (x+ 1)n−1 + · · ·+ (x+ 1) + 1.

Hence, q = (ξ2 − 1) · · · (ξn − 1) = (−1)n−1n.

Let R(x, z) = Rest(tn + tn−1 − x, tm − z). Then by formula (14)

Rmn−1(x, z) = pxkzl.

In addition, we have R(x, z) = (−1)mnRest(tm − z, tn + tn−1 − x) and using the
preceding calculations of q, we obtain Rmn−1(x, z) = (−1)mn(−1)m−1mxkzl. Since
gcd(m,n) = 1,

p = (−1)mn+m−1m = (−1)nm

and the proof is complete. �

Corollary 2. Let Pij(x, z) be the minimal polynomial of (σi(s), σj(s)).

(1) If i or j is even and d := gcd(i+ 1, j + 1), then

Pij(x, z) = (−1)i+1

((
1

i+ 1

)(j+1)/d

z(i+1)/d −
(

1
j + 1

)(i+1)/d

x(j+1)/d

)d

+
∑

λabx
azb,

where the sum Σ runs over some couples (a, b) such that

a(i+ 1) + b(j + 1) ≤ (i+ 1)(j + 1)− 2.
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(2) If i and j are odd and d := gcd((i+ 1)/2, (j + 1)/2) 6= 1, then

Pij(x, z) = (−1)I
((

2I−1

I

)J/d
zI/d −

(
2J−1

J

)I/d
xJ/d

)d
+
∑

λabx
azb,

where I = (i+ 1)/2, J = (j+ 1)/2 and the sum Σ runs over some couples (a, b) such
that aI + bJ ≤ IJ − 2.

(3) If i and j are odd and d := gcd((i+ 1)/2, (j + 1)/2) = 1, then

Pij(x, z) = (−1)I
((

2I−1

I

)J
zI −

(
2J−1

J

)I
xJ

)

+(−1)I
2I+J−4(J − I)

3

(
2I−1

I

)J−k−1(2J−1

J

)I−l−1

xkzl

+
∑

λabx
azb,

where I , J and (a, b) are as in case (2), and (k, l) is the unique couple satisfying
0 ≤ k ≤ J , 0 ≤ l ≤ I and kI + lJ = IJ − 1.

(4) The polynomial Pij has the form

Pij(x, z) = (−1)i+1

((
1

i+ 1

)j+1

zi+1 −
(

1
j + 1

)i+1

xj+1

)
+
∑

µabx
azb

in case (1) and

Pij(x, z) = (−1)I
((

2I−1

I

)J
zI −

(
2J−1

J

)I
xJ

)∑
µabx

azb

in the other cases. The two sums run over some couples (a, b) such that a < j + 1 and
b < i+ 1 in the first one, and a < J and b < I in the second one.

Proof. The proof is straightforward. The only point which may be obscure is that
when d = 1 in (1), why there is no term λabx

azb such that

a(i+ 1) + b(j + 1) = (i+ 1)(j + 1)− 1?

Indeed formula (12) gives 0 for the computation of pun−1vm + qvm−1un. �

3. Proof of Theorem 1

We recall the definition of Bernoulli’s polynomials Bk(t) and their links with the
polynomials σk(t). They are defined by

xext/(ex − 1) =
∑
k≥0

Bk(t)xk/k!

Bernoulli’s numbers Bk are given by Bk := Bk(0). We will use the following formula
which relates σk(t) to Bk(t) (see [7, Chap. 18]):

(15) σk(t) = (Bk+1(t+ 1)−Bk+1) /(k + 1).
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Before proving Theorem 1, we recall some definitions and also a result from [4].

Let K be a field and let f(t) be a non-constant polynomial over K. A functional
decomposition of f(t) over K is a relation of the form f(t) = g(h(t)), where g(t) and
h(t) are non-constant polynomials over K. This decomposition is called non-trivial if
degg ≥ 2 and degh ≥ 2. If f(t) has a non-trivial decomposition then we say that f(t)
is decomposable over K. In the opposite case, we say that f(t) is indecomposable over
K. Two decompositions

f(t) = g1(h1(t)) and f(t) = g2(h2(t))

are called equivalent if there exists a polynomial l(t) ∈ K[t] of degree 1 such that

g2(t) = g1(l(t)) and h1(t) = l(h2(t)).

Two proofs of this result are given in [4].

Lemma 3. If k is odd, then Bk(t) is indecomposable over C. If k is even, then any
non-trivial decomposition of Bk(t) over C is equivalent to the decomposition Bk(t) =
Bk

(
(t− 1/2)2

)
, where Bk(t) is a polynomial with rational coefficients of degree k/2,

indecomposable over C.

Let k be an even integer. Then from formula (15) and the above lemma, we have

σk(t) = (Bk+1(t+ 1)−Bk+1) /(k + 1)

=
(
Bk+1

(
(t+ 1/2)2

)
−Bk+1

)
/(k + 1)

=
(
Bk+1

(
t2 + t+ 1/4

)
−Bk+1

)
/(k + 1)

=
(
Bk+1 (2σ1(t) + 1/4)−Bk+1

)
/(k + 1)

= l1
(
Bk+1(l2(σ1(t)))

)
,

where l1(t) = (t−Bk+1)/(k + 1) and l2(t) = 2t+ 1/4.

Hence, σk(t) = σk(σ1(t)), where σk(t) = l1(Bk+1(l2(t))). It follows (see the
formulas in the introduction) that σk(t) = Fk(t) and we deduce easily the following.

Corollary 3. If k is even, then σk(t) is indecomposable. If k is odd, then Fk(t)
is indecomposable and any non-trivial decomposition of σk(t) is equivalent to the de-
composition σk(t) = Fk(σ1(t)).

Proof of Theorem 1. (1) Suppose that i (for example) is even. By Corollary
1,

Rest (σi(t)− x, σj(t)− y) = λ[P (x, y)]e,
where λ is a non-zero rational number, P (x, y) is an irreducible polynomial over Q and
e = [Q(t) : Q(σi(t), σj(t))]. Luroth’s Theorem tells us that there exists h(t) ∈ Q(t)
such that Q(σi(t), σj(t)) = Q(h(t)). Moreover since the field Q(σi(t), σj(t)) contains
polynomials, we may suppose that h(t) is a polynomial; see [9, Th. 4, Chap. 1.2]. Let
σi(t) = gi(h(t)) and σj(t) = gj(h(t)), where gi and gj are polynomials with rational
coefficients. From Corollary 3 any functional decomposition of σi(t) is trivial and the
one of σj(t) is trivial or equivalent to σj(t) = Fj(σ1(t)), and this last possibility occurs
only if j is odd.
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Suppose first that both decompositions are trivial. Then deggi = deggj = 1 or
degh = 1. In the first case we deduce that there exists l(t) ∈ Q[t], with degl = 1, such
that σj(t) = l(σi(t)). Hence i = j, contradicting the assumptions. So we only have
to consider the second case. Here we have Q(σi(t), σj(t)) = Q(h(t)) = Q(t), hence
e = [Q(t) : Q(σi(t), σj(t))] = 1. Suppose now that the decomposition of σi is trivial
and that of σj is equivalent to σj(t) = Fj(σ1(t)). Then there exists l(t) ∈ Q[t], with
degl = 1, such that σj(t) = gj(l(t)) and h(t) = l(σ1(t). Thus degh = 2. We deduce
that deggi = 1 and σi(t) = gi(h(t)) = gi(l(h(t))). Hence, i = 1, which contradicts
our hypothesis.

(2) Suppose that i and j are odd. Let

σi(t) = Fi(σ1(t)) and σj(t) = Fj(σ1(t)),

where Fi and Fj are the Faulhaber’s polynomials which are indecomposable by Corol-
lary 3. As in part (1) there exists a polynomial h(t) ∈ Q[t] such that

Q(Fi(t), Fj(t)) = Q(h(t)).

Let Fi(t) = gi(h(t)) and Fj(t) = gj(h(t)). Then deggi = deggj = 1 or degh = 1. In
the first case, there exists l(t) ∈ Q[t], with degl = 1, such that Fj(t) = l(Fi(t)), hence
i = j contradicting the hypothesis. In the second case,

Q(Fi(t), Fj(t)) = Q(h(t)) = Q(t),

hence e = [Q(t) : Q(Fi(t), Fj(t))] = 1. It follows that Rij(x, y) is irreducible over Q
and it is the minimal polynomial of (Fi(t), Fj(t)). It is also clear that this polynomial
is the minimal polynomial of (σi(t), σj(t)). Corollary 1 then implies

Rest (σi(t)− x, σj(t)− y) = µ[Rij(x, y)]e
′
,

where µ ∈ Q and

e′ = [Q(t) : Q(σi(t), σj(t))] = [Q(t) : Q(σ1(t))] = 2.

�

4. Proof of Theorem 2 and Proposition 1

Dickson’s polynomials are defined recursively by the formulas:

D0(x, a) = 2, D1(x, a) = x, and Dn(x, a) = xDn−1(x, a)− aDn−2(x, a).

The explicit expression of these polynomials for n ≥ 1 is given by [9]:

Dn(x, a) =
[n/2]∑
i=0

n

n− i

(
n− i
i

)
(−a)ixn−2i,

where [n/2] denotes the largest integer smaller or equal than n/2. The following result
is a paticular case of [9, Th. 10, Chap. 1.5].

Lemma 4. Let f(x) ∈ Q[x] be a polynomial of degree n ≥ 2. Then the following
conditions are equivalent:

(1) The polynomial (f(x)− f(y)) /(x− y) is absolutely irreducible;
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(2) f(x) is indecomposable over Q, and if n is an odd prime number, we do not
have f(x) = αDn(x+ b, a) + c for some α, a, b, c ∈ Q with a = 0 if n = 3.

Corollary 4. Let j be an even integer, with j ≥ 2, and let

φj(x, y) = (σj(x)− σj(y)) /(x− y).

Then φj(x, y) is absolutely irreducible.

Proof. By the formulas given in the introduction, we have

(σ2(x)− σ2(y)) /(x− y) = (x2 + xy + y)/3 + (x+ y)/2 + 1/6

=
1
3
x2 +

(
1
3
y +

1
2

)
x+

1
3
y2 +

1
2
y +

1
6
·

The discriminant of this polynomial as a polynomial in x is given by

∆(y) = −1
3
y2 − 1

3
y +

1
36

and it is clear that this is not a square. Hence, φ2(x, y) is absolutely irreducible. Sup-
pose that j ≥ 4 and φj(x, y) is reducible over C. Since σj(x) is indecomposable (see
Corollary 3), by the preceding lemma there exists a positive integer n and rational cons-
tants α, a, b, c such that σj(x) = αDn(x+ b, a) + c. Comparing degrees on both sides
gives n = j + 1. Moreover, identifying the coefficients of xj+1, xj , xj−1, xj−2 and
xj−3 successively and using formula (1) leads to the following equations:

α = 1
j+1 ;

nb = 1
2 ;

α
[
n(n−1)

2 b2 − na
]

= j
12 ;

n(n−1)(n−2)
6 b3 − n(n− 2)ab = 0;

α
[
n(n−1)(n−2)(n−3)

4! b4 − n(n−1)(n−2)
2 ab2 + n(n−3)

2 a2
]

= −j(j−1)(j−2)
720 ·

Solving the first three equations gives α = 1/(j + 1), b = 1/2 and a = j/24. The
fourth equation is satisfied with these values of a and b. The fifth equation implies that
12j = 7 which is impossible. Hence, φj(x, y) is absolutely irreducible. �

Proof of Theorem 2. Let Tijk(x, z) = Resy (Pij(x, y), Pjk(y, z)) .

Step (1). Suppose that Tijk(x, z) = 0. Then there exists β ∈ Q(x, z) such that
Pij(x, β) = Pjk(β, z) = 0; hence β ∈ Q(x) ∩ Q(z) = Q, which is impossible (see
Corollary 2).

Step (2). We show that Pik(x, z) | Tijk(x, z). Since Pik(x, z) is the minimal
polynomial of (σi(t), σk(t)), it is sufficient to prove that

Resy (Pij(σi(t), y), Pjk(y, σk(t))) = 0,

which is the case since y = σj(t) is a common root of the polynomials for which we
compute the resultant.
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Step (3). We show that Sik(x, z) | Tijk(x, z). Since Sik(x, z) is the minimal
polynomial of (σi(s), σk(t)) along φj(s, t), it is sufficient to prove that

Resy (Pij(σi(S), y), Pjk(y, σk(T ))) = 0,

where S, T are transcendental elements satisfying φj(S, T ) = 0. But this is true since
y = σj(S) = σj(T ) is a common root of the polynomials appearing in the resultant.

Step (4). For any polynomial g(x, z) ∈ C[x, z], we denote by V (g) the zero set of
g in C2. Let (x0, z0) be an element of V (Tijk). Then Resy (Pij(x0, y), Pjk(y, z0)) is
zero. Since Pij(x, y) and Pjk(y, z), viewed as polynomials in y, have constant leading
coefficients, there exists y0 ∈ C such that Pij(x0, y0) = Pjk(y, z) = 0. Thus, there
exists (s0, t0) ∈ C2 such that x0 = σi(s0), y0 = σj(s0), y0 = σj(t0), and z0 = σk(t0).
If s0 = t0, then (x0, y0) ∈ V (Pik). If s0 6= t0, then (x0, y0) ∈ V (Sik). It follows that
V (Tijk) ⊂ V (Pik) ∪ V (Sik). Set

Tijk(x, z) = Pik(x, z)e1Sik(x, z)e2
∏
l∈L

Rl(x, z)el ,

where L is a finite set that may be empty and Rl(x, z) is an irreducible polynomial for
each l. It is known that the decomposition of V (Tijk) into its irreducible components is
given by V (Tijk) = V (Pik)∪V (Sik)∪l∈LV (Rl). Hence, V (Rl) = ∅ and Tijk(x, z) =
Pik(x, z)e1Sik(x, z)e2 . �

Proof of Proposition 1. For polynomials g(x, z) and h(x, z), we write g(x, z) ∼
h(x, z) to mean that these polynomials are equal up to multiplication by a non-zero
constant. We first claim without proof that

Pik(x, z) ∼ Sik(x, z) if and only if σj(x)− σj(y) | Pik (σi(x), σk(z)) .

Suppose by contradiction that Pik(x, z) ∼ Sik(x, z), then the (usual) leading form of
σj(x)− σj(z) divides the leading form of Pik (σi(x), σk(z)). The leading form of the
first one is ∼ xj+1 − zj+1. The leading form for the second one is

∼

{
x(i+1)(k+1)/d − z(i+1)(k+1)/d if i or k is even,

x(i+1)(k+1)/2d − z(i+1)(k+1)/2d if i and k are odd,

where d = (i + 1, k + 1) or d = ((i+ 1)/2, (k + 1)/2) (see Corollary 2). It follows
that j + 1 | (i + 1)(k + 1)/d in the first case and j + 1 | (i + 1)(k + 1)/(2d) in the
second one. Hence, j + 1 | lcm(i+ 1, k + 1) which contradicts our assumptions. �
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