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HOMOMORPHISM DUALITY IN EDGE-COLOURED GRAPHS

ZAHEER BAWAR, RICHARD C. BREWSTERAND DANIEL A. MARCOTTE

RESUME. SoientG et H des graphes aux@tes colo@es. UrhomomorphismeeG
versH, no€ G — H, est une fonctiorf : V(G) — V(H) qui préeserve les dtes,
et leurs couleurs. On pose H = {G : G — H}. De méme, pour une famille de
graphes aux &tes coloesF, on poseF 4 :={G : pourtoutF € F, F 4 G}.
Pour tout graphe avec&es cologesH de multiplicitt deux et d’ordre au plus
deux, on @crit une classe de graphes au&tas cologesF;, telle que

Furt = —H

Nous employons ces caradisations pour identifier une structure des voisines dans
la cakgorie des chemins rouges-bleus, accentuant un raccomtl@nre chemins
oriengs.

ABSTRACT. Given edge-coloured graplis and H, a homomorphism o€’ to H,
denotedG — H, is a mapping o’ (G) to V(H) that preserves edges and their
colours. We define~ H = {G : G — H}. Similarly, for a family of edge-
coloured graphs™, we defineF 4 ={G : foral F € F,F /4 G}. For each
edge-coloured grapH with two edge-colours and at most two vertices, we describe
a classFy such that

Fu/r = —H

We use these characterizations to identify a gap struatuteicategory of red-blue
paths, highlighting a connection to oriented paths.

1. Introduction. The concept of a homomorphism, i.e. a structure preserving, s
well developed in many areas of mathematics. In graph thibergreserved structure is
edges. In contrast, for example to groups, testing for tistexxce of a homomorphism
from one graph to another is a notoriously difficult problemwen when the target graph
is fixed. Specifically, given a fixed grapt, the HOM-H problem asks whether an
input graphG admits a homomorphism t&. If H contains a loop the problem is
trivial — the answer is always yes. H does not contain a loop, the problem is solvable
in polynomial time if H is bipartite; and it is NP-complete otherwise, see [6]. la th
caseH is bipartite, i.e. HOMH is (known to be) polynomial, it is well known how to
characterize thos@ such thatG — H:

e if H contains no edges, thén— H if and only if G contains no edge; and

e if H contains an edge, th&in — H if and only if G contains no odd cycle.

Recu le 2 septembre 2003 et, sous forraérdtive, le 14 &vrier 2005.
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In other words we can describe which graghisnap to H via the absence of some
forbidden structure mapping 6.

In this paper we examine edge-coloured graphs with the dgaloalucing similar
duality theoremsWe again focus on HOM{ problems solvable in polynomial time,
specifically red-blue graphd with order at most two.

We present definitions below, followed by the duality thewse We conclude the
paper by applying these theorems to study the structureeotdtegory of red-blue
graphs. We highlight similarities with the category of oied graphs.

Anedge-colouredgrapty = (V(G), E1(G), E2(G), ..., Ex(G))is asetof vertices
V(G) together withk edge sets consisting of unordered pairs of vertices. Wehese t
simpler notation$” and F; when the grapld- is clear from the context. We say th@t
hasmultiplicity £, and we callE; the edges of colour Theorderof G is |V |. We note
that (V, E;) is a (classical, undirected) graph for eachVe allow loops, but parallel
edges of the same colour are uninteresting to us, and thusonstdered. However,
there may be edges of different colours between a given padértices. Given we allow
parallel edges (of different colours), the teatge-coloured multigrapmay be more
appropriate; however, the term edge-coloured graph ibksttadin the literature. The
edge{u, v} will normally be denoted.v. In this paper we restrict our attention to finite
edge-coloured graphs.

Theunderlying graptof an edge-coloured gragh= (V, E1, ..., E}) isthe classical
graph(V, E1U---U Ey), i.e. the graph obtained by ignoring edge-colours and pilalti
edges. We denote the underlying graphdyTo say that an edge-coloured graph has
some property means the underlying graph has the propentyexample, an edge-
colouredcliqueis an edge-coloured graph where between every pair of distértices
there is at least one edge of some colour.

Given edge-coloured graplisand H of multiplicity £, ahomomorphisrof G to H
is a functionf : V(G) — V(H) which preserves edges, i.e.uif € E;(G) for some
i, 1 <i <k, thenf(u)f(v) € E;(H). We writeG — H to indicate the existence of a
homomorphism of7 to H.

Let H be afixed edge-coloured graph of multiplickyThe decision problem HOM-
H is defined as follows:

HOM-H
Instance: An edge-coloured grapf¥ of multiplicity k.
Question: DoesG admit a homomorphism t& ?

For this paper we focus on the situation tlhas multiplicity two and order at most
two. While HOM-H is NP-complete in general, in this restricted situation HGMs,
in fact, solvable in polynomial time [2, 3]. As is often thesegor polynomial solvable
HOM-H problems, we are able to providedaality theorendescribing which edge-
coloured graph& admit a homomorphism t&/. Given H, define— H :={G : G —
H}. For afamily of edge-coloured grapis defineF /4 :(={G : forall F € F,F /~
G}. WhenF = {F} we use the shortdr 4. Finally, let 7 — :={G : for someF €
F,F — G}.

For each edge-coloured grapgh of multiplicity two and order at most two, we
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describe a class of edge-coloured grafhssuch that
Fut = —H

That is, we characterize which edge-coloured gra@laimit a homomorphism tél,

in terms of forbidden homomorphisms from the cl&3s. Such a description is referred
to as aduality characterizationMoreover, for each sucH, F has an algorithmically
well behaved description, indeed in many of our examgplgss a single edge-coloured
graph. Thus, the duality characterizations go®d characterizations the sense of
Edmonds. We call the sét; theobstruction sefor H. Duality characterizations where
F(={F})is asingle edge-coloured graph are studied in [9]. In suciason, we call
(F, H) aduality pair.

The proof that HOMH is polynomial time solvable in [2, 3] is via a reduction to
2-SAT. We remark that the proof holds féF of order at most two andnymultiplicity.
(An extension of our duality results to higher multiplicity straightforward, although
notationally cumbersome.) Also, we remark that the obsittas sets (especially the
odd figure eights in Subsection 3.2) are fairly natural gitrenreduction to 2-SAT.

Two edge-coloured graphd and B are homomorphically equivalerif A — B
and B — A. Clearly, for given equivalent edge-coloured graphsind B, for any
edge-coloured grapfi, G — A if and only if G — B. We remark that the category of
edge-coloured graphs (with homomorphisms) can be viewadami-order. We apply
the usual operation of creating a partial order by consiggmbnequivalent objects, i.e.
we have a partial order on the equivalence classes undestih@horphically equivalent
relation. (See [7].) (Readers familiar with the concept obeewill recognize that each
equivalence class has a natural representative, namalyityee core in the class, [5].)

Observe that the stateme(it, H) is a duality pair is simply that the principal ideal
generated byH (in the partial order) is equal to the complement of the ppakfilter
generated by". Such pairs turn out to be connected to density in the abav@jparder
in the following way. A pair(A, B) of edge-coloured graphs such thét— B and
B 4 Alis agap pairif for every Z such thatA — 7 — B, eitherZ — Aor B — Z.
Thatis, A coversB in the partial order. In [9] a correspondence between ga pad
duality pairs is presented.

We conclude the paper by examining the gap structure in ttegoey of edge-
coloured paths. We note the similarity to the gap structar®fiented pathssf. [1,8].

For the remainder of the paper, all edge-coloured graphs mantiplicity two. We
will refer to such edge-coloured graphsrad-blue graphsWe will refer to colour 0
as blue and colour 1 as red. In diagrams we will draw blue edgeslid lines and red
edges as dotted lines.

Edge-coloured paths play an important role in our work. Wéwske a string ofR’s
andB’s to describe such a path. Th& character of the string i (respectivelyB) if
the k™ edge of the path is red (respectively blue). We will use théais exponential
shorthand, e.gR B’ R denotes a path of lengih+ 2 whose first and last edges are red,
and whose remaining edges are blue. N@&@enotes a two vertex edge-coloured graph
with a single red edge.
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2. Targets of order 1. There are four red-blue graphs of order 1. The convention for
naming the graphs is as follows: each graph is nafiédthe superscript 1 refers to
the order ofH; and the subscript indicates which loops are present. Wheris -’
there are no loops. Whem is b (respectivelyr) there is a single loop of colour blue
(respectively red). Finally, if is rb, there are two loops: one blue and one red.

Every red-blue graph admits a homomorphisnﬁﬁj thus the obstruction set for
H}b is empty. Only red-blue graphs with no red (respectivelgbkdges admit a homo-
morphism toH} (respectivelyH?). Finally a red-blue graph admits a homomorphism
to H! if and only if it has no edges. The following proposition isnradiate.

Proposition 2.1. For the red-blue graphs of order one, the following hold:

{R,B}A = —H"

{R}# = —Hj
{B}+ = —H;
{}7“ = _’H;Lb

3. Targets of order two. Throughout this section we assume our target has vertex set
{0, 1}. We will not consider targets which are homomorphicallyieglent to an edge-
coloured graph on one vertex, since the obstruction setthése targets are already
identified. Specifically, we may assume that neither O norslehkbop of colour blue
and a loop of colour red, for such a target is homomorphiczdlyivalent tof %,

We will use the notatiorHé?ﬁY to describe the target. The stringcan be—, r, b, ord
to indicate there is no edge, a red edge, a blue edge, or bethexdlge and a blue edge
from O to 1 respectively. The string (respectivelyy) can take the value-,r, or b to
indicate there is a no loop, a red loop, or a blue loop on vdriggspectively 1). When
« = d we say thatd contains adigon

3.1. Digon free targets. There are five digon free targets up to reversal of edge-calou
Proposition 3.1. Let H = H;, andF = RB. Then—H = F /.

Proof. Let G be an edge-coloured graph. Th@n— H if and only if no vertex oG is
incident with both a red and a blue edgé’]

Proposition 3.2. LetH:HElj_. LetF={C : C'is an odd cycle with only blue edges
U{R}. Then— H = F /.

Proof. An edge-coloured graply admits a homomorphism té& if and only if G
contains no red edges, agtlis bipartite. [J

Proposition 3.3. LetH = H? andF = {C : C'is a cycle containing an odd number

of blue edges Then— H = ]7-"7@.

Proof. Let G be a red-blue graph. Clearly under any homomorphisi& ¢é H, the
ends of each red edge must receive the same image. Thuls lbet the red-blue graph
obtained by contracting each red edg&biWe haveG — H if and only if G. — H.
The latter condition holds if and only if the blue subgraplébfi.e. (V(G.), Eo(G.)),
is bipartite. The result follows. O
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Proposition 3.4. LetH = HZ} andF = RBR. Then— H = F />

Proof. Let G be a red-blue graph. Map all the vertices incident with a mgeeto O,
and map all others to 1. This a homomorphism unless two esrticapped to O are
joined by a blue edge. Clearly in this caBe— G. O

Theorem 3.5. LetH:HEb,r andletF={C : C'is an odd cycle with only blue eddes
U{RB?*'R : k > 0is an intege}. Then— H = F /.

Proof. Let G be a connected red-blue graph. (For disconnected graphsnvepply
the following algorithm to each component.) ClearlyGf ¢ 7 —, thenG /4 H.
Conversely, supposg € F /4. Letr be a vertex incident with both a blue edge and
a red edge. (If no such vertex exists, ti@rcontains only blue edges, and is bipartite.
HenceG — H.) Labelr with 1. We proceed with a breadth first labeling frerwith
the following rules:

e If parentu) is labeled 1 and the edge par@nt is red, then labed, with 1.
e If parentu) is labeled 1 and the edge pareni is blue, then labed with 0.
e If parentu) is labeled 0 and the edge par@nt is blue, then labed with 1.

Theexpected fourthule for the case “pareft) is labeled 0 and parefat)w is red” is
not required since throughout the labeling the followinggimant is true: % is labeled 0
(respectively 1) if and only if there is a walk fronto « containing an odd (respectively
even) number of blue edges.” Thus under the assumptiorGihatF -4, we cannot
have parertt:) labeled with 0 and the edge paréniu red. Hence the rules above define
a labeling for the entire grapd. We claim this labeling is a homomorphisth— H.
Suppose to the contrary this is not the case. Then using vaeiamt it is easy to see
there existd" € F such thatt" — G, a contradiction. [J

3.2. Targets with digons. We now define the obstruction sets for all two vertex edge-
coloured graphs which contain a digon (a pair of edges betWesnd 1: one of each
colour). The category of all targets with digons is showniguire 1.

odd *

even *

Fig. 1 — Targets with digons.

Definition 3.6. An odd figure eights a closed walk of distinct verticaguvy - - - vo;vg
v2j+2 - - - U2k—10, that is, a closed walk consisting of two odd cycles shategvertex
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vp. The edges;_1v; are theodd (respectivelyever) edgesvherei is odd (respectively
even). The set of all odd figure eights where the odd edged amaur « and the even
edges are of coloy# is denotedr8,, 5. Note thatx and/3 can take the valuesfor red,

b for blue, and«. The valuex denotes “do not care”; that is, no restriction is placed on
the edge colour.

An example of an odd figure eight is shown in Figure 2 belowhlnéxample, the
odd edges are blue, and the even edges are a mix of blue andgesd. &hus, the
example belongs to both8, . and 78, ..

Fig. 2 — An odd figure eight.

The obstruction set for each target in Figure 1 is a colleatibodd figure eights. In
the top row, both the odd and the even edges have their capacified. In the middle
row the obstructions have the colour of only one of the oddvene=dges specified.
Finally for the bottom row there is no specification of the edglours, ¢f. Proposition
4.4). The obstruction set for each target is indicated béentarget.

Theorem 3.7. The following equalities hold:

HHE(%_ = f8*7*74>
—HX = F8,, 4
— H% = F8,, />

Ty

— HE = F8yy 7>

Proof. First considerd = HECf_. Itis clear thatG — H if and only if the underlying
graph of G, G, is bipartite. We claim this is the case if and onlyGf € F8, , /.

Supposé is not bipartite. Therdz contains some odd cycte. Letu be a vertexirC.

ConstructF' by taking two copies of” and identifyingu in the first copy withu in the
second copy. We havé — G andF € F8, .. On the other hand if som& — G and
F' € F8, ., thenE’ is not bipartite and consequentlyis not bipartite.
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A similar argument shows- H,?‘f, = F8,; . This follows from the observation
thatG € H2? if and only if the blue subgraph, .6V (G), Eo(G)), is bipartite.

Supposed = H,?‘}) Let G be an edge-coloured graph, andtdie a vertex inG.
Labelr with 0. Notice that the vertices adjacenttby a blue edge must map to 1 under
any homomorphism. This motivates the following labelintesufor the construction
of a breadth first search tree. However, unlike the examlegeg these rules will not,
in general, label all of7. Rather we will label a subgraph of G such that one of the
following holds: either the labeling is a homomorphigm S — H, and moreover
any homomorphisrof g : G\S — H can be use to extenfito a homomorphism of
G — H; or we discovel” € 78, , such thatF" — G.

e Label the rooty, of the BFS tree with 0.
e Labelu with 0 if parentu) is labeled 1, and the edge parent. is red.
e Labelu with 1 if parentu) is labeled 0, and the edge parent. is blue.

The following invariant remains true throughout the labegliif  is labeled O (re-
spectively 1), then there is an even (respectively odd)tlemglk fromr to « whose
first edge is blue, and whose edges alternate blue/red.

Let.S be the maximal set of vertices labeled by these rules, arfd:Iét — {0, 1} be
the labeling. The mappinfjis a homomorphism unless there is a blue (respectively red)
edge whose ends are both labeled 0 (respectively 1). Inr@ietse, using the invariant,
one can easily find a walk of odd length which starts and enttshlie edges (incident
at r) and whose edges alternate blue/red. Clearly we can cehstnuodd cycleC”
whose edges alternate blue/red (starting and ending witheadalge at vertex) such
thatC — G andx +— r.

If such a walk exists, we construct a new DFS tree using thesrabove with the
exception that we label with 1. Again either the labeling is a homomorphism of the
labeled vertices tdi or there is an odd length cycle, s@y, whose edges alternate
red/blue (again starting at verte¥}, with C’ — G andz — r.

If in both cases we discover odd walks, then Ietbe the edge-coloured graph
constructed by taking a copy 6fand a copy of” and identifyingz in the two copies.
Clearly FF — G andF € F8,,. HenceG /4 H.

On the other hand, suppose one of the labelings does definmanmarphism, say
from the subgraptb to H. Further suppose is a vertex ofG adjacent to a labeled
vertex, butw is not labeled. Observe,if is adjacent t@ andv is labeled O (respectively
1), then the edgev must be red (respectively blue).Notice there are two eitesof
the homomorphisn$ — H to the subgraph o (S) U {w}: one wherew is labeled
0 and the other where is labeled 1. Both extensions are indeed homomorphisms.
Hence, any homomorphism gf: G\S — H can be combined witlf : S — H to
give a homomorphisnif +g) : G — H. (Here(f +g)(u) = f(u) if u € S andg(u)
otherwise.) Thus we choose any unlabeled vertex, and begDFS labeling process at
that vertex. Either we discovét /4 H, or we extend the labeling to a homomorphism
G — H.

Finally, consider”H = H,?fi_. We labelG using the following labeling rules:

e Label the rooty, of the BFS tree with 0.
e Labelwu with O if parentfu) is labeled 1 (the edge parénju is either red or
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blue).
e Labelu with 1 if parentu) is labeled 0, and the edge parent. is blue.

In this case the following invariant remains true througttbe labelingu is labeled
0 (respectively 1) if and only if there is an even (respedyiveld) length walk fronv
to v whose edges first, third, fifth, etc. (respectively secoadsth, sixth, etc.) edges
are blue.

As above, either the labeling defined a homomorphism on araph®fG, or we
discover an odd cycle starting atsuch that odd numbered edges (starting with edge
number one) are blue. In this latter case, labelith 1 and repeat the DFS labeling.
Either we have a homomorphism of the labeled subgrah,tor we discover an odd
cycle starting at whose even edges are blue. This cycle, together with thecfice,
shows that there i8' € 78, ., suchthatr" — G, and thusy /4 H. In the former case,
we may extend the homomorphism as described abave.

4. Density in red-blue graphs. Initially our duality results were motivated by al-
gorithmic considerations of HOM{E. However the following theorem from [9] con-
nects duality pairs to gap pairs. The product used belowds#tegorical product
V(G x H) = V(G) x V(H); and (u1,v1)(uz,v2) € E;(G x H) if and only if
uuU2 € EZ(G) andvivp € EZ(H)

Theorem 4.1(NESETRIL AND TARDIF). If (A, B) is a duality pair, then(4 x B, B) is
a gap pair.

We now explore some questions in the category of red-blughgtaWe introduce

an infinite family of duality pairs, and we examine the cop@sding infinite family of
gap pairs. This gap structure is similar to the structureoin the category of oriented
paths, see below. Finally, we apply our duality results tmpote a natural categorical
limit.
Definition 4.2. Let: > 1. The red-blue grapH; has vertex se0, 1, ... , i}, blue edge
set{01,12,23 ..., (i — 1)i,7i} and red edge s€i00}. That is, H; is a blue path of
lengthi with a blue loop on one end, and a red loop on the other. Thékexlgraph
F;is RB*~1R.

Theorem 4.3. For eachi, the pair(F;, H;) is a duality pair, and the paif Fj+1, F}) is
a gap pair.

Proof. Itis easyto verify that; A~ H;. ThusifF; — G, thenG 4~ H,;. Hence suppose
F; # @G. For each vertex in G, letd(v) be the minimum distance fromto a vertex
incident with a red edge. (We use the convention ttia} is oc if v is in a component
with no red edges.) Label each vertexvith min{d(v),:}. In particular, each vertex
incident with a red edge is labeled with zero. Also, any twdiges adjacent in blue
must receive labels that differ by at most 1. Thus the lalgedefines a homomorphism
to H; unless two vertices adjacentin blue, say, receive the same label, sgy(with

0 < j < 7). However, in this case there is a walk of lengy#23 in G whose first edge
and last edge are red, and whose interior edges are bluewa@lkiss a homomorphic
image ofF;, a contradiction. This completes the proof thaf, H;) is a duality pair.
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Given Theorem 4.1 above, we could complete the proof by prpthat £, is
homomorphically equivalent té/; x F;, and thus(F;.1, F;) is a gap. However, we
proceed with a direct proof of the gap pair statement.

Let Z be a red-blue graph, anfd: F;+1 — Z, g : Z — F; be two homomorphisms.
We will show thatZ — Fj.1 or F; — Z. In fact, we may assume thatis connected.
(Otherwise we can apply the argument below to each comparfeit Either all
components o map toF;+1 or F; maps to some component gf from which the
result follows.) Also,we may assuniecontains a vertex incident with both a blue and
ared edge. (Otherwisg is a bipartite edge-coloured graph containing only bluessdg
oronly red edges, and in this case it maps to a single edgg 0j Let the vertices of;;
bewvg, vy, ..., v2+1, and the vertices aF;.1beug, us, . . . , uz+3 (in the natural order).

We define a partitio P;}5*5 on the vertices ofZ as follows: P; = g~*(v;), for
j=0,1,2iand Z + 1. Thus each red edge ihhas one end iy and one end i®y, or
one end in each af,; and P»;+1. Call a vertex (of7) mixedif it is incident with both a
blue edge and a red edge. At this point each mixed vertéxtias been placed iR; or
P,;. It remains to assign the vertices incident with only bluge=ito some se?;. Call
these verticeblue only vertices(Since the homomorphispo f : F;+1 — F; must be
onto, we havey : Z — F; is onto, andP; # (.)

Let P; be the blue only vertices at distange- 1 from a mixed vertex inP; for
j=23,...,2i— 1. Finally, for each blue only vertax at distance at least 2 1 from
some mixed vertex i, we do the following: If the distance is odd, then addo P»;
otherwise, addv to P»;_;. We note that a blue only vertex, saymay be mapped to
v1by g. In this case, we remove from P; and assigrr toP; for some; > 2, based
on the distance from to a mixed vertex inP;. Hence after assigning all the blue only
vertices to somé’;, the setP; will not contain any blue only vertices.

EachP; is independent. This follows from the fact that Z — F; is a homomor-
phism. In fact, it is easy to see that the functign Z — F; defined byg'(w) = v; if
w € Pjis a homomorphisny — F;.

Let X be the vertices irP; that are distance exactly 2 1 from a mixed vertex in
P. (SinceZ — F; is onto, the sefX is not empty.) If there is a mixed vertex iX,
then clearlyF; — Z. On the other hand, if there are no mixed verticeXirthen letY’
be the vertices iP,;_; that are distance (exactly) 2 2 from P;. There are no edges
from a mixed vertex inP,; to a vertex inY". Hence the mapping : Z — Fj.1 defined
by
uj ifwePjforj=0,1,...,2i — 2
ugi—1 fwey
U; ifweX
ugie1  Ifw € Poy_1\Y

U2i+2 if we le'\X

L ugiez  If w € Poj

is a homomorphism. The key observation required to verifif thisindeed a homo-
morphism, is that two blue only vertices both of which are saredistance from a
mixed vertex inP; cannot be adjacent singéZ) would contain an odd length cycle, a
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contradiction. Similarly for two blue only vertices at andodistance. [

The homomorphism theory for directed graphs and for reé-btaphs is very similar.
This has caused some to speculate there must be a natusstiamfrom one theory
to the other, and vice versa. As further evidence, we notetllegagaps between the
red-blue paths correspond in a very natural way to the gaipeelea oriented paths of
net-length three, see [10]. In a companion work, [4], we stitege are essentially the
only gaps in the category of red-blue paths, mirroring tteults for oriented paths.
In fact, we show there exists a correspondence betweertitépatiented graphs and
bipartite red-blue graphs which preserves the densitgisire.

To conclude the paper we examine again the family of duadiissgrom Theorem 4.3.
We use the following proposition to construct a greateseio@ound for the family.

Proposition 4.4. Let X andY be edge-coloured graphs such thét— Y. Suppose
that— X = Fx /A and—Y = Fy 4. ThenFy — C Fx —.

Proof. LetG € Fy —. ThenG 4 Y.HenceG 4 X, andG € Fx—. O

The families introduced in Theorem 4.3 have the propertias-t- , H3 — Hy —
H, and by Proposition 4.4 we havg, —C F, —C F3 —C ---. Let H,, be the
edge-coloured graph on three vertices §ayy, z} with a blue loop onr, a blue edge
betweeny andz and a red loop oa. We claim thatH ., is the greatest lower bound for
the family { H;} in the homomorphism order.

Proposition 4.5. The edge-coloured grapH, is such thatl,, — H; fori = 1,2,
3,... MoreoverifX — H; forall 7, thenX — H..

Proof. The fact thatH,, — H; for all i is clear. Suppos&X — H; for all i. Then
F; /£ X for all 4, i.e. RB%~1R /4 X for all i > 1. Thus there are not two mixed
vertices inX joined by an odd length path of blue edges. Howeser~ H,, if and
only if X contains only blue edges, or all paths of blue edges betwéadmaertices
have even length. ]

The least upper bound of the famili¢s; —} is the union of the families. Thus the
obstruction set for the greatest lower bound{éf;} is the least upper bound of the
obstruction sets.

Corollary 4.6. Let H., be defined as above. Then

[e.e]

=1

Of course the above is really a discussion of categoricaidiand colimits. To see
H, is the limit of theH,’s define a functo#" : N — {H;} wheref; : i — (¢ — 1) and
F(fl) = pPi- Thus,

Corollary 4.7. Letp; : H; — H;_1 be homomorphisms. Then there exigts H, —

H; such thatp;¢; = ¢;_1. Moreover for anyX such that there are homomorphisms
¥; + X — H; such thatp;1; = v;_1, we have a homomorphism: X — H., such
thaty; = ¢;a.
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Résune substantiel en francgais.Le concept d’homomorphisme, c’estdire de fonc-
tion préservant les structures, est standard en ema#tiques. En #orie des graphes, la
structure pesenee est celle des @tes. [Bterminer I'existence d’'un homomorphisme
entre deux graphes est un prétme notoirement difficile. Ceci contraste avec les
caégories algbriques pour lesquelles il existe toujours un homomorpaisrivial
entre deux objets.

Dans les casw determiner I'existence d’'un homomorphisme se fait en un &emp
polyndmial, on peut souventtrouver ureileme dit dedualité, c’esta-dire une descrip-
tion des graphe& pour lesquels il existe un homomorphisme vers un grapfigé, en
fonction de certaines structures pour lesquelles il ntexiss d’homomorphismes vers
G. Par exemple, il existe un homomorphisme&#ieers K, si et seulement si il n’existe
pas d’homomorphisme d’un cycle impair vess Dans cet article, nous donnons des
théoemes de duaktpour les graphes bicolorésd’ordre au plus deux, étudions les
liens de ces@sultats avec la densitlans la c&gorie des graphes bicolores.

Un graphe aux agétes colorgesG = (V(G), E1(G), E2(G), ..., Ex(G)) est un
ensemble de somméig ) ainsi quek ensembles d'&tes donaes par des paires non
ordonrees de sommets. On dit q@eest demultiplicité &, et on appelle leélements
de E; les aktes de couleui. L'ordre de G est|V(G)|. Sik = 2, on dit queG est
un grapheouge-bleuLes boucles sont admises, mais lestes paraélles de la rame
couleur sont sans i@t pour nous. Tous les graphes sont suppdinis.

SoientG et H des graphes aux&tes colomes de multiplicié £. Unhomomorphisme
deG versH est une fonctiorf : V(G) — V(H) qui préserve les &tes, c’est-dire
que siuv € E;(G) pour un certain, 1 < i < k, alors f(u) f(v) € E;(H). Nous
écrivonsG — H pour indiquer I'existence d’'un homomorphisme@eersH.

Etant doni H, on pose— H:={G : G — H}. De néme, pour une famille de
graphes aux &tes cologesF, on poseF 4 :={G : pourtoutF’ € F,F /4 G}.
Dansle casoF = {F'} on utilise la notation plus simple€ /4. En outre,F — :={G :

il existe ' € F tel queF’ — G}.

Pour tout graphe avecé&tes cologesH de multiplicitt deux et d’ordre au plus

deux, on @crit une classe de graphes au&tas coloesFy telle que

Fu+/ = —H.

Des caradrisations de duaBtou (= {F'}) consiste en un seul graphe avegtas
coloriées onéte étudiées par Ngefil et Tardif. Dans cette situation, on appe(lg, H)
une paire dedualite. Notons que la cagorie des graphes auxéaes coloes (avec
les homomorphismes tels quédtits ci-haut) peuétre vue comme un semi-ordre.
On applique l'oration usuelle pour éer un ordre partiel en cong&ichnt les objets
nonéquivalents. Une pairgd, B) de graphes aux ates coloes telle quel — B et
B /4 Aestune pairgoisinesi pour chaque telqued — Z — B,Z — AouB — Z.
C’esta-dire queA couvreB dans l'ordre partiel. N&efil et Tardif ont cecouvert une
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correspondance entre les paires voisines et les pairesatigiéddans la ca&gorie des
sysemes relationnels). Nous explorons ce lien dans les graphgss-bleus.

Les chemins aux &tes colofes sont dcrits par les mots de 'ensemb{é, B}.
La k€ lettre du mot estR (respectivemenB) si la k€ arete du chemin est rouge
(respectivement bleue).

Résultats sur la dualite. Il y a quatre graphes rouges-bleus d’ordre 1. On note ces
graphes de la fagon suivante: chaque graphe estifipbl 1 referea I'ordre deH eto
indique quelles boucles sontgsentes dang. Sia est—, il n'y a pas de boucles. Si

estb (respectivement) alors il y a une unique boucle de couleur bleue (respecevem
rouge) et siv estrb, il y a deux boucles, une rouge et une bleue.

Proposition 2.1. Pour les graphes rouges-bleus d’ordre un, on a:

{R,B} /> = —H"

{R} 4 = —Hj
(B} = —H,
4 = —H,

Dans le cas des graphes rouges-bleus d’ordre deux, I'emsateb sommets est
{0, 1}. On note les grapheHgf‘fy ou « est—,r, b oud pour indiquer qu'il n'y a pas
d’'arétes, une d@te rouge, une ate bleue ou une ate bleue et une ate rouge entre
0 et 1 respectivement. La variable(respectivement) peut prendre les valeurs, r
oub pour indiquer qu'il N’y a pas de boucle, une boucle rouge, el lboucle bleue au
sommet O (respectivement 1).

Théeoreme. Pour un graphe rouge-bleu sansées parakles (entre deux sommets
distincts), on a

—Hy, = {RB}+
—H?_ = {C: C estun cycle impair d’ates bleues seulemgnt { R} />

— HZ = {C : C estun cycle contenant un nombre impair @&tes bleugs/
—HZ% = {RBR} 4

— H? = {C: C estun cycle impair d'a@tes bleues seulemé¢nt { RB**'R} /4

Définition 3.6. Un double-cycle impaiest une marche feree de sommets distincts
VOU1 - . . U2;UQU24+2 - . - V2k—1V0, C'esta-dire une marche ferge consistant en deux cy-
cles impairs ayant en commun le sommgt Les aktesv; _jv; sont ditesimpaires
(respectivemenpaireg si i est impair (respectivement pair). Lensemble de tous les
double-cycles impairs dont lesées impaires sont de couleuret les aétes paires
sont de couleurg est noé 78, 3. Notons quex et 3 peuvent prendre les valeurs
pour rougep pour bleu et. La valeurs signifie qu’aucune restriction n’est imp&esa

la couleur des @&tes.
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Théeoreme 3.7.Pour un graphe rouge-bleu avecétes parakles (entre deux sommets
distincts), on a

—H*_ =7F8,.4
—H2 =78,/
— H2 = F8,, 4
—HX = F8,,/ .

Densité dans les graphes rouges-bleus.

Théoreme 4.1(NESETRIL AND TARDIF). Si (4, B) est une paire de duaét alors
(A x B, B) est une paire voisine.

Définition 4.2. Soiti > 1. Le graphe rouge-ble#/; a pour ensemble de sommets
{0,1,...,i}, ensemble d'@tes bleue$01,12 23, ..., (i — 1)i,i:} etensemble d’'&-
tes rougeq00}. Le graphe rouge-blefi; estRB%~1R.

Théoreme 4.3.Pour chaque, la paire (F;, H;) est une paire de duaét et la paire
(Fi+1, F;) estune paire voisine.

1.

2.

10.
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