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AN INTRODUCTION TO ELLIPTIC CURVES AND THEIR
DIOPHANTINE GEOMETRY — MORDELL CURVES

KATSUYA MIYAKE

RESUME. Nous cecrivons d’abord la conjecture de Birch et Swinnerton-Dyer et
indiquons I'importance de lagpnetrie diophantienne des courbes elliptiques. Puis
nous passons en revue I'histoire des courbes de Mogdel 23 + k, k € Q.
Ensuite, nous nous concentrons sur égétrie des courbes elliptiques sQret

sur l'arithmétique des courbes elliptigu@smultiplication complexe. La derie
section est consaee au survol des travaukaents de l'auteur sur laegnétrie
diophantienne des courbes de Mordell de la forme

N 4b
M :y?=2®— B*B+3), ol B = -5 avech € Q,

assodkes aux corps cubiquestérmirés par le polydme X3 +bX +b, b € Q.

ABSTRACT. We first give a brief description of the Birch and Swinnerton-Dyer
conjecture and indicate the importance of the Diophantine geometry of elliptic
curves. A brief historical review of the Mordell curvgd = z° +k, k € Q, is

also given. Then we deal with the geometry of elliptic curves dveand with

the arithmetic of those elliptic curves which have complex multiplication. The last
section is devoted to a brief review of the author’s recent work on the Diophantine
geometry of the Mordell curves of the form

M :y?=2%—B*(B+3), whereB:% with b € Q

associated to the cubic field defined by the polynomidh bX +b, b € Q.

1. Introduction.

1.1. Oneofthe deepest and mostinteresting problems on the arithmetic of elliptic curves
over the rational number field is certainly the Birch and Swinnerton-Dyer conjecture
([BS-63, BS-65]). It claims that certain basic analytic invariants of the Hasse-Weil
L-function of an elliptic curve can be expressed via the periods and some algebraic
invariants. A refined description of the conjecture looks quite analogous to the residue
of the Dedekind zeta-function of an algebraic number field at thegeld., although,

at present, we cannot see any mathematical reasons for the resemblance.
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It has been proved by the epoch-making work of Andrew Wiles [Wi-95], com-
plemented by C. Breuil, B. Conrad, F. Diamond and R. Taylor [BCDT-01], ¢katy
elliptic curve over the rational number fie{@ is modular and hence that its Hasse-Weil
L-function L(s) coincides with thel-function of a related modular form. Therefore,
L(s) has a functional equation and can be analytically continued all over the complex
plane as a meromorphic function. If the order of its zere at 1 is r, say, then the
limit value lims_1 (s — 1)~"L(s) is well defined. This order is called the analytic
rank of the elliptic curve, and is conjectured to coincide with the Mordell-Weil rank
of the curve, that is, th&-rank of the free part of th&-module ofQ-rational points.

(This is the easy-to-state part of the Birch and Swinnerton-Dyer conjecture. The precise
description of the conjecture is, for example, found in the textbook of J. Silverman
[Si-86].)

It should also be noted that tHefunctions of two elliptic curves ove coincide
with each other if and only if the curves are isogenous @uérhis is now an immediate
conclusion of the isogeny theorem (fQ) of the celebrated work [Fa-83, Fa-84] of G.
Faltings in which he proved the theorem for every algebraic number field along the way
to proving the Mordell conjecture.

The analytic basis of the Birch and Swinnerton-Dyer conjecture has thus been settled.
It is however far beyond my task here to present anything substantial concerning that
conjecture. My goal is to give a brief geometric background on elliptic curves and to
introduce the Diophantine geometry of a certain family of Mordell curves.

1.2. In 1914 Mordell investigated integral solutions of the equation
M) > =a23+k

with & € Z in his article [Mo-14]. Then Nagell [Na-24] studied rational points on the
curve whenk is a perfect cube. In his paper [Fu-30] Fueter worked on the equation
by expressing it ag® = 42 + D and factorizing the right hand side in the quadratic
field Q(v/—D). The papers [Ca-50] of J. W. S. Cassels and [Se-51, Se-54] of E. S.
Selmer are to be considered as classic references. In 1998 J. Gebel,areth. G.
Zimmer [GPZ-98] published their article “On Mordell’s Equation” after which | chose
the terminology Mordell curves$in this survey. As you see from the fact that they take
the values of the parametérin Z or in QQ, their main interest is in the Diophantine
geometry of the equation. Indeed, the cuivé—2*3%) for k = —243% is a short form

of the Fermat cubic curv&3 + Y3 + Z3 = 0. Furthermore, the curve

M(—2*334%) 1 2 = 23 — 243342
with A € Q — {0} is a short form of the cubic twist
F(A) : X3+Y3 =427

of the Fermat cubic curve; they transform into each other @¥esee [Ca-50] for
example.

In Chapter 2, we briefly review the geometry of elliptic curves given by the short
Weierstrass formg? = 423 — gox — g3 over the fieldC of complex numbers. (If we
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replacey, g», andgs, respectively, by 2, g»/4, andgs/4, then we can transform it to

a form with the leading coefficient of the right hand side equal to 1.) Then our curve
M (k) has complex multiplication by the imaginary quadratic fi€l¢h/—3), and its
j-invariant is equal to 0. The book [C0-89] of D. A. Cox is a fine classic introduction
to complex multiplication.

In Chapter 3, we study some Diophantine relations between a family of elliptic curves
given by a general cubic polynomial and a subfamily of our Mordell curves. The set of
Q-rational points of each member of the subfamily is described by a certain subset of
the related cubic field. We also illustrate a Diophantine way to obtain short forms of the
elliptic curves with the help of Mordell’s celebrated book [Mo-69]; (see [Mi-03-1,2]).

The basic references on our present subject are the books [Si-86] and [Si-94] of J.
Silverman, and [ST-92] of J. Silverman and J. Tate.

2. Elliptic curves over C.

2.1. The algebraic curve defined by a short form.Let us call an equation im andy
of the form

E:yZ:P(:p) ::ax3+b$2+cac+d, a,b,c,d € C,

ashort form The setE[C] of those pairgz, y) of complex numbers which satisfy the
equationE forms an algebraic curve:

E[(C] = {(x7y)‘x7y€(ca yzzax3+b:v2+cx+d}.

We assume # 0 to obtain an elliptic curve. Then by replacingndy by az anda?y,
respectively, we may assume that the leading coefficient of the cubic polynBinial
is equal to 1z = 1. Next we replace by = — b/3. Then the coefficient af vanishes.
Hence we may assume without losing generality that the short form is given as

E:y?=P(z):=23+cx+d, c,deC.

The curveE[C] is embedded in the projective spa&C) with the homogeneous
coordinate systeri)X : Y : Z) by puttingz = X/Z andy = Y/Z. Then we have the
homogeneous equation

E:Y2%Z = X3+¢cXZ%+dZ°.

Since the hyperplane at infinity is given = 0, E[(C] has just one point at infinity
P, =(0:1:0).We have

E[C] = E[C] U {Px}.

To obtain an elliptic curve such &C], we need one more condition. LA{ P(x)) :=
—(4c® + 27d%) be the discriminant of the cubic polynomi&l(z) = 22 + cx + d.
ThenP(x) has a multiple root if and only i\ (P(x)) = 0. In this case, furthermore,
the curveE|[C] is rational because its function field(x, y) is equal to the rational
function field C(u),u = y/(z — «) wherea is a multiple root. Hence we assume
A(P(z)) = —(4c® + 27d%) # 0.
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2.2. Thej-Invariant. One of the most important invariants of the elliptic cuivés

17284c)® 108(4c)3

IE) =~ 16A(P(x)) ~ a3+ 21

We also define the discriminant
A(E) := 16A(P(x)) = —16(4c® + 27d?)

of EF as an important quantity for the elliptic curye

Proposition 2.2.1. (i)The projective curve defined by the short form
E:y?>=a%+cx+d, (c,d € C),

is non-singular if and only i\(E) # 0. In this case the curve is an elliptic curve.

(i) LetE’ : y? = 23+ /2 +d’ be another elliptic curve and lét be a common field
of definition of/ and E’. ThenE and E’ are isomorphic (over the algebraic closure of
K)ifand only ifj(E) = j(E').

(ii) For everyjo € C there is an elliptic curve defined ovéx(jo) with j-invariant
equal tojg.

For the proof see [Si-86, IIE1].

Remarks.(1) The curvesM (k) : 4 := 23+ k (k € C, k # 0) are nothing but those
elliptic curves which havg-invariant equal to 0.

(2) Letd = 0. Then forE : y? = 2 + cx we havej(E) = 1728. Thereford? is
isomorphic toEy : y? = 23+ x overC.

(3) Supposecd # 0 and putt = ¢3/d?. Then replacinge andy by dz/c and

(d/c)3y, respectively, we have the equation

E(t):y?=a3+tx +1.

Then
4  27(B®)
av2r 2 = 5 B0

J(E(t)) = 1728

This shows that we can fingland hence an elliptic curvg(t), with j(E(t)) = jo for
a givenyp.

2.3. The universal covering ofE[C]. We show that the universal covering BfC] is
the complex planeC by use of the Weierstrags-function. Then we also see that
EI[C] is biholomorphic to a complex torus of the for@/A where A = Zuwq +
Zwa, With w1, w2 € C, is alattice inC. (Our basic reference is [Si-86,VI].)

Letw; andw, be two complex numbers independent over the fietd real numbers.
We may assume that the imaginary part-of= w1/w> is positive by exchanging the
indices if necessary. Thenbelongs to the upper half complex plafie Conversely,
everyr on $) corresponds to a lattice withh = a7 andw,; = «, witha € C — R.
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For such a latticé\ we define the Weierstragsfunction by the series
1 1 1
LR VR (e B33
weA—{0}

This converges absolutely and uniformly on every compact sub&etof, and defines
a meromorphic function of with a double pole with residue 0 at each lattice point. It
is clear that this is an even functiop{—z; A) = p(z; A). Its derivative

p/(z;A) = —ZZ (le)3
weA

is also a meromorphic function dfi with a triple pole with residue 0 at each lattice
point. We havey'(—z; A) = —'(2; A).
We need some Eisenstein series associated to the |Attitemely the series

1
Gar(A) == 2
weA—{0}
which converges absolutely for each natural nuniber 1.

Theorem 2.3.1. (i)Bothp(z; A) andg’(z; A) are periodic with respect to the satof
the periods: for eachy € A,

plz+wih) =p(ziA),  @z+wid) =g (5 0).
Moreover, every meromorphic function @ywhich is periodic for all elements of, is
a rational combination op(z; A) and¢’(z; A).
(i) The two functiong(z; A) and¢’(z; A) satisfy the equation
o (2: M) = 4p(2; A)® — 60G4(A)p(z; A) — 140G6(A).
We define a magr from C — A to P?(C) by

U(z) = (p(z;A) : %p’(z;A) :1), zeC-A

Then this can naturally be extended to a map
¥ C — P?(C)

by setting

forz = w € A. Put

g2 = g2(A) 1= 60G4(A), g3=ga(A):=140Gs(A), c:= —g92 di= g
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Then it follows from Theorem 2.3.1(ii) that the image bfis contained in the curve
E|[C] for the equation
E:y?=Pz):=2>+cr+d.

Hence we have an injective map
U :C/A — E[C]

from the complex toru€/A into E[(C]. (Note that? maps 0 to the point at infinity
P, = (0:1:0 of E[C].) This ¥ is actually an analytic isomorphism. Indeed, we
have the following theorem (see [Si-94§4)).

Theorem 2.3.2. (Uniformization Theorem for elliptic curves ov€r) Letc, d be a pair
of complex numbers which satisfés + 2742 # 0. Then there exists a unique lattice
A onC for which we have

92(A) = 60G4(A) = —4c,  g3(A) = 140G6(A) = —4d.
Moreover the ma : C/A — E[C] for
E:y?=x3+cx+d
is a complex analytic isomorphism.

Remark.It is easy to see that theinvariant of the elliptic curve of Theorem 2.3.2 is
a function ofr = wy/wy € 9, A = Zw; + Zw,. This is the so-calleélliptic modular
function and this is an automorphic function for the linear fractional action i &L

on $; that is
faT+b i a b
J <c7'+d> =j(r) for [c d] € SLy(Z).

This corresponds to a basis change of the lattidsy a matrix.

2.4. Complex multiplication. Let f(z) be an elliptic function. This means thjfz)
is a meromorphic function off with two independent periods. Suppose tfiét) is
not a constant function, and put

A(f) ={wlw e C, f(z+w) = f(2)}.

Then there exists a pair of elementsw, € A(f) suchthatwe hav&(f) = Zwi+Zwy.
It follows from Theorem 2.3.1(i) thaf(z) belongs to the function field

Ky = Clp(z: A(f)), ¢ (2 A(f)))-

Forn € Z,n # 0, putg(z) := f(nz). Theng(z) is also an elliptic function; it is clear
that A(g) = n=t- A(f). SinceA(g) containsA(f) in this case Ky, is a subfield
of K (y). Therefore,g(z) is expressed as a rational combinationggf; A(f)) and
@' (2, A(f)). The field Ky is a finite algebraic extension of the subfi€ldf(z)).
Hencef(z) andg(z) have an algebraic relation.

In his celebrated paper [Ab-1827], N. Abel was much interested in the case where
f(z)andg(z) := f(uz) have an algebraic relation for some complex numixdifferent
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from a rational number. Suppose that this is the case. We say thahas complex
multiplication by .

Let P(X,Y) be a polynomial in two variableX andY over C, and assume
P(g(z), f(z)) = 0 as a function of. Then for eaclw € A(f), we have

P(g(z+w), f(z+w)) = Pg(z +w), f(2)) = 0.

Therefore,g(z + w) is also a root of the polynomiaP(.X, f(z)) over K. Since

all meromorphic functions ove form a field, the polynomiaP (X, f(z)) has only

a finite number of roots in the field; actually, the number is less than or equal to the
degree. Hence we easily see that the set

Si={weAf) [g(z+w) =g(2)} = A(f) N Alg)

is asubmodule ok ( f) of finite index. Hence th&-rank of S is 2, andS is a submodule
of A(g) = u~1- A(f) of finite index. Then there is a natural numiér> 0 such that
we haveNu~t- A(f) € S € A(f). Puta := Nu~t Thena - A(f) C A(f). This
relation is expressed with the basis elementandw, of A(f) as

o= [e )]

(073 e . ,

w2 c d w2

wherea, b, ¢, d € 7Z with ad — bc # 0. Thereforex is an eigenvalue of the:2 2 matrix

with rational entries, and hence a quadratic irrational number. By dividing both sides of
the equation by, we see that each eof andr, and hence, = Na™ 1, generates the

same imaginary quadratic field. Sinee A(f) C A(f), multiplication by« induces a
holomorphic endomorphism,, of the complex toru€/A(f) to itself.

Proposition 2.4.1. (i)An endomorphim of a complex tordg A which map9 to itself
is always given ag,, for somen € C which satisfies the conditiam- A C A.

(i) A complex toru€C/A admits complex multiplication if and only if the element
T = wi/wy € 9, for a basiswi and w;, of the lattice A, generates an imaginary
quadratic field.

For a proof of Proposition 2.3.3(i), see [Si-86,%#]. The proof of (ii) will easily
follow from the above arguments.

Example. Let us consider the curve defined by
E:y>=2%+d, decC.

By Theorem 2.3.2 the curve is isomorphic to a complex tdfyd for some lattice
A; the origin 0 of the abelian grou@/A is mapped to the poinP,, at infinity. Put
¢ := (=1++/=3)/2 where ¢ = 1. Then the automorphism defined by sending
(z,y) to (Cx,y) fixes P,. Therefore this curve has complex multiplication by the
elements of the imaginary quadratic fiéld/—3).

Conversely, suppose that the complex tafus= C/A has complex multiplication
by ¢. Then we may assume that= Zr + Z for somer € Q(v/—3) because we may
replacel’ by the isomorphic torus obtained by multiplying by somge . As is well
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known, the ring of integer® of Q(v/—3) is equal tdZ[(]. Therefore the&Z-moduleA is
an9-module becaus¢- A C A. HenceA is a (fractional) ideal of)(v/—3). Since the
class number of)(v/—3) is equal to 1, this ideal is principal; that is, there is an element
A € Q(+/—3) such that we hav = X - O. Then the isomorphism of the tori, obtained
by multiplying by A~1, sendsT" to C/© for which we see- = (. Hence we conclude
thatj(¢) = 0 (see [Si-94, Appendix A3]). By Theorem 2.3.1(ii)" is isomorpic to a
curve defined by an equation of the fodin: 2 = x° + d for somed € C.

3. Mordell curves and cubic fields.

3.1. Introduction. In this section we study those elliptic curves which are defined over
the rational number fiel@@ and whose rational points ov@r are described by certain
subsets of the associated cubic fields. The cifve E(P(u)) we are interested in is
defined by the equation

E:uwd=Pu)=u+aud+bu+c

whereP(u) is an irreducible cubic polynomial im overQ. Note that the left hand side
of the equation isv? in this part. We show, however, that its short form is a Mordell
curve we introduced in Section 1.2. One of the points at infinity is rational Qver
(although the two others are not). Hence we have an elliptic curve define@olet
E[Q] denote the set of all rational points BfoverQ. For a more detailed treatment,
we refer to [Mi-03-2].

Take a root of P(u) in the complex number fiel@, and letK' = Q(¢) be the cubic
field generated by. Put

W(E {a—a£+b|ab€Q,NK/@ —1}

Then there is a bijective map from¥(¢) onto £[Q] which maps 1= W (&) to the point

at infinity in E]Q]. This fact will be proved in Proposition 3.2.2. Note that the subset
of K* is not well determined by the cubic field itself but depends o& or, we may
say, on the polynomiaP (u); indeed, the isomorphism between the cubic figidand
Q(n) bijectively maps/V (&) to W(n) if we take another rooj of P(u). In this way, we
can completely describe the set of all rational point€afver Q by the subsetV(¢)

of the cubic fieldK.

It is clear thatW(¢) = W(s¢ +t) for all s,t € Q, s # 0. Hence the affine
transformationu — s~1u — s71¢, for s,t € Q, gives a bijective correspondence
between the sets of rational points of the curves @ethen in Section 3.3 we shall
reduce via affine transformations the cuf/eP (u)) to two typical elliptic curvedp(a)
andEp(b) which are defined as

{ Fola) :w®=ul+a,
Eo(b) :w®= R(b;u) :=ud+bu+b,

and respectively parametrized byb € Q*. The first curvel'p(a) is isomorphic to the
well known pure cubic twisf® + Y2 + aZ3 = 0 of the cubic Fermat curve. Its short
form is a Mordell curvelMs(a) defined as

Ms(a) : y? = 2% — 23332
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(see, for example, Cassels [Ca-50]). In Section 3.4, we will show in a standard manner
that a short form ofFy(b) is

_

M7(B) :y?*=2>—B?(B+3), B 5

(We use the indices of the curves here in such a way that they are consistent with the
ones in [Mi-03-1].)

3.2. Miscellaneous elementsLet P(u) = eu® + au? + bu + ¢ be an irreducible cubic
polynomial inu over@Q, and letEl = E(P(u)) be a curve defined by the equation

E(P(u)) : w® = P(u) = eu®+ au® + bu + c.

Proposition 3.2.1. One of the points aF at infinity is rational overQ if and only if the
leading coefficient of P(u) is a cube inQ (other than0). In this case, the two other
points of E at infinity are not rational ovefQ but overQ(1/—3).

As we stated it in the introduction, we suppose that one of the point Bfu))
at infinity is rational overQ. Then by the last proposition we have= 3, r € Q*.
Replacing the variable in the defining equation of by rw, we may hereafter assume
e=1.

Let¢ be aroot ofP(u) in the complex number fiel@, and letK = Q(¢) be the cubic
field generated by. Furthermore, letV () be the subset ok * defined in Section 3.1.

Proposition 3.2.2. There exists a bijective map fromv(¢) onto E[Q] which maps
1 € W(¢) to the point at infinity inE[Q).

Proof. Let¢, ¢’ and¢” be the three roots @dP(u) in C. Then we have

P(u) = (u—=&)(u—¢)(u—-¢").

Hence forr € Q, we haveP(r) = Ng /q(r — &). Fora = a& +b € W(§) with a # 0,
putu = —b/a andw = —1/a. Then we haves® = P(u) because N/o(a) = 1; that
is, we have a pointu, w) = (—=b/a, —1/a) of E[Q]. Fora =b € Q,

Ng/g(e) = 6% =1 ifand only ifor = 1.

Define amap : W(§) — FE[Q] by p(a) := (=b/a,—1/a) for a = a& +b € Q with

a # 0 and putp(1) := the point at infinity inE[Q]. It is clear thatp is well defined
and injective. There is only one point at infinity #[Q]. Let (u,w) = (r,s), with

r,s € Q, be a point of£[Q]. Then we have® = P(r) and hence # 0 because’(u)

is irreducible ovefQ. Therefore(r, s) = p(«) with a = (=1/s)¢ +1r/s € W(E). The
proof is completed.

Lemma 3.2.3. Forall s,t € Qwith s # 0, W(§) = W(s€ +1t).
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3.3. The curvesFyp(a) and Ey(b). Let us see how our curvE(P(u)) for the cubic
polynomial P(u) = 43+ au? + bu + ¢ can be isomorphically reduced to eithéy(a) or
Ep(b) as defined in Section 3.1 without changing the)$&t). First putz = u +a/3.
Then we haveP (u) = 23 + ¥z + ¢ with

b =—a?/3+b and ¢ =2a3/27—ab/3+c.

SinceP(u) is irreducible ovefQ, ¢ is not equal to 0. It’ = 0, then we have the curve

Fo(a) : w® = u® +q;

here we replaced and¢’ by the letters, anda, respectively, for simplicity.
Suppose now’ # 0. Puty = % - z. Then we see

A 5 b° b3
<C,> “P(u) =y +?-y+?-
We have therefore the curve

Eo(b) : w® = R(b;u) = u® + bu +1;

here, for simplicity, we replace§ Sw, Yy andi’% by the lettersv, u© andb, respectively.
We easily see by Lemma 3.2.3 that the origi&(¢) coincides with eitheVV(¥a) for
Fy(a) or W(n) for Ep(b) wheren is a root of R(b; u).

Proposition 3.3.1. The elliptic curveE(P(u)) is isomorphic over) to either Fy(a)
or Ep(b) for somex or b in Q with the same subs&V () of the cubic field(&).

Remark.In our previous work [Mi-03-1], we studied the family of elliptic curves
Ei(c):wd = P(cu) ==ud+ul+c

where P(c; u) is an irreducible cubic polynomial i@[«]. This polynomial is related

to R(b;u) := u3+ bu + b as follows: as before let be a fixed root ofR(b; u). Then
¢~Lis aroot of P(c;u) with ¢ = b~1. This relation may give us a morphism between
the two algebraic curveBy(b) and E1(c). If we try to pick up such one, however, it
may not be defined ovep as we don't see a natural correspondence betweéf)
andW(£71). Hence we should initiate the reduction process of this section if we want
a homomorphism of elliptic curves defined o@gr

3.4. The short form of Eq(b). In this final section, we prove our main result Bp(b).
The author is indebted to M. Imaoka for a portion of the calculation.

Theorem 3.4.1. (i)For b € Q — {0, —27/4}, the short form o (b) is M7(B), B =
4b/9 € Q — {0, —3} and is defined by the equation

4,
M7(B) :y? =23 - B*(B+3) for B = gb € Q- {0,-3}.

(i) M7(B) has a rational point
(z0,y0) = (B+4, 3B+8).
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This is not a torsion point unless eith&= —4 or B = —8/3, and hence its Mordell-
Weil rank is greater than or equal tbif B # —4,—8/3.
(iii) The exceptional curves

M7(—4) :y*=2%+16 and M7(-8/3):y*=2°— (4/3)°
have Mordell-Weil rank= 0. Its torsion group is of ordeB and 2, respectively, and is
generated by the poirttzo, yo) = (0, —4) and (zo, yo) = (4/3,0), respectively.
Proof. (i) PutiW = w + u. Then we obtain
3Wu?+ (3W2 —byu = -W3+b

from the equationv® = u? + bu + b. To make a perfect square out of the left-hand side,
multiply both sides by 1%, and get

(6Wu+3W? — b)? = —3W* — 6bW?2 + 126W + b°.

The constant term of the right-hand side is a square. Hence by multiplying both sides
by b%/WW*, we obtain
V2= (X —3)*+12(X — 3)° - 6b(X — 3) - 3b?
= X*_—6(b+9)X%+36(b+6)X —3(b+9)?

if we put

b(6Wu +3W2 — b) B2 6bu b
Then we utilize the method of Mordell [Mo0-69, Ch.10, Th.2]. If we put= b + 9,
B =9(b+6), andy = —3(b+9), then we have 8+ = 0 and—ay — 3% +a® =
b2(4b + 27). Therefore we easily obtain

y? = 23 — (4b)%(4b + 27)
if we put
r=2X%+2Y —2a and y=4X(X?+Y —3a)+4y.

If we divide both sides of the equation by227hen we have

y\2  [x\3 a4\ ? 4b
(27)‘(9)‘(9 g "3
Hence we obtain part (i) of the theorem by replacirg® andy/27 by = and y,
respectively.
(i) The former half is confirmed by a direct calculation. For the latter half, put

P = (z0,yo) for simplicity and suppose that it is of finite order. We know by Fueter
[Fu-30] (also see [GPZ-98, Proposition 1]) that the torsion part of the rational points of
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a Mordell curve is cyclic and of order 1, 2, 3 or 6; furthermore, a rational point on it is
of order 2 or 3 if and only if itg/-coordinate is equal to O or itscoordinate is equal to
0, respectively. We see immediately that= 0 if and only if B = —8/3; in this case,
we haveM (—8/3) : y? = x° — (4/3)% and the pointP is of order 2. It is also clear
thatzo = 0 if and only if B = —4; in this case, we hav&/(—4) : y? = 2%+ 16 and
the order ofP is 3.

Let us now check ifP might be of order 6. Suppose thag # 0 andyo # 0. The
xz-coordinater(2P) of 2P = P + P on M7(B) is given by

zo(20® — 8- B2(B +3))

x(2P) = 402 ;

see, for example, Silverman and Tate [ST-92]. We know:that 0. Hence

2(2P) = 0 <= 20° — 8- B%(B+3) = —7B% — 12B?+48B +64=0
<= (7B)*+12(7B)> - 48-7- (1B) — 64- 7> = 0.

Since the algebraic integeBis contained i), it is a rational integer which divides the
constant term-64- 72. Such a divisor is, however, unable to make the cubic polynomial
equal to 0 as is easily checked. Therefore we conclude that the pasmhot of order
6. This completes the proof of (ii).

(i) 1tis sufficient to show that the Mordell-Weil ranks of the curves

M(—8/3):y?> =22 —(4/3)® and M(—4):y?=23+16

are equal to 0. The latter curve is in Table 1 of Cassels [Ca-50]; as to the former, it is
isomorphic toy? = 23 — 32 - 2% which is also in the table.
The theorem is now completely proved.
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Résunt substantiel en francgais.Cet article se veut une courte introductianla
géonttrie diophantienne des courbes de Mordell de la forme

M :y? = 2> — B}(B+3), B:% avech € Q.

Ce sont probablement les courbes les plus standard parmi les courbes de Mordell
récemmenétudiées en relation avec les corps cubiques. L'ensehhl®] des points
rationnels deM sur @Q (incluant le pointa I'infini) est décrit au moyen d’un sous-
ensemble du corps cubiquéfihi par le poly®@me X2 +bX +b. Il Savere qu'ily a une
bijection naturelle entrd/[Q] et

W(E) = {a=a&+b| Ngjg(a) = 1,0,b € Q}

ol ¢ est une racine complexe @€ + bX + b qui engendrds = Q(&).
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Nous donnons dans l'introduction une courte description de la conjecture de Birch
et Swinnerton-Dyer, mettant en valeur I'importance dedargetrie diophantienne des
courbes elliptiques, et faisons un survol historique des courbes de Mgtdelk:2 + k,

k € Q.Linvariantj de ces courbes esgala 0, de sorte que ces courbes sontisomorphes
sur le corpsC des complexesd la courbe y? = 28 + 1. Elles sont multiplication
complexe via une racine troésne de I'unié du corps quadratique imagina@é./—3).

Ces prop@tés sont typiques des courbes de Mordell parmi les courbes elliptiques
définies suf) sous laforme de Weierstrass, ce qui explique quédm@trie des courbes
elliptiques surC et leur geonetrie diophantienne s sont touta fait differentes.

Au chapitre 2, nous passons en revue ce qui a &da ¢eonetrie des courbes
elliptiques surC. A la Section 2.4, on rencontrera I'aspect ariitique de ces courbes
elliptiguesa multiplication complexe. Vraiment, ceci fatl'origine de I'importance
de la tleorie algbriqgue des nombres au®l8iecle, et au cours des vingt preres
anrees du 20siecle alors que Takagi a finalemebtssia établir la theorie du corps
de classes. Le chapitre 3 est explicitement cogsacm court survol de lagpnétrie
diophantienne des courbes de Mordell.
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