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INVARIANT FACTORS OF AN ENDOMORPHISM

OF A PROJECTIVE MODULE

ISMAIL AKHARRAZ AND LHOUSSAIN EL FADIL

RÉSUMÉ. Soit R un domaine commutatif intégralement clos. Pour tout endomor-
phismeu d’unR-module projectifM de rang constant nous définissons un polynôme
caract́eristique et donnons une suite finie de polynômes unitaires{si(u,X)}1≤i≤t

dont le produit est le polyn̂ome caract́eristique deu et si(u,X) divisesi+1(u, X).
Comme pour les facteurs invariants dans le cas des espaces vectoriels, ces polynômes
sont les ǵeńerateurs unitaires des idéaux[Ft−i(Mu) : Ft−i+1(Mu)], où Fi(Mu) est
le ie idéal de Fitting duR[X]-moduleMu défini surM via u. Nous donnons aussi
le lien entre lessi(u, X) et les facteurs invariants deMu, tels que d́efinis en [3].

ABSTRACT. Let R be a commutative integrally closed domain. For any endomor-
phismu of a projectiveR-moduleM of constant rank, we define its characteristic
polynomial and we give a finite sequence of monic polynomials{si(u,X)}1≤i≤t

such that their product is the characteristic polynomial ofu andsi(u,X) divides
si+1(u,X). Like the invariant factors in the case of vector spaces, these polynomials
are the monic generators of the ideals[Ft−i(Mu) : Ft−i+1(Mu)], whereFi(Mu) is
thei th Fitting ideal of theR[X]-moduleMu defined onM via u. We also give the
link between thesi(u,X)’s and the invariant factors ofMu, as defined in [3].

1. Introduction. Let R be a commutative ring with unity, andM a finitely generated
R-module. In this paper, we are concerned with the classical problem of classification
of R-endomorphisms of a projective constant rankR-moduleM . We shall assign to
each endomorphismu of M a finite set of monic polynomials such that whenR = K
is a field andM = E is a finite dimensional vector space, these polynomials are the
classical invariant factors associated tou.

LetM be anR-module andu : M −→ M anR-endomorphism. The endomorphism
u convertsM into anR[X]−module byX · x = u(x) for eachx ∈ M. We will denote
M by Mu when we viewM as anR[X]−module viau.

In the classical case, i.e. whenR = K is a field andM = E is a finite dimensional
vector space, the invariant factors theorem implies

Mu =
t⊕

i=1

K[X]/(si(u,X)),
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c©Association math́ematique du Qúebec



20 Invariant factors of an endomorphism of a projective module

where{si(u,X)}1≤i≤t are the invariant factors ofu, i.e. are monic generators of the
ideals[Ft−i(Eu) : Ft−i+1(Eu)]1≤i≤t, whereFi(Eu) is theith Fitting ideal ofEu. Two
endomorphismsu andv are similar if and only ifsi(u,X) = si(v, X) for eachi, or
equivalently, if and only ifFi(Eu) = Fi(Ev) for eachi. In Section 2, we recall the
notion of the Fitting ideals of a finitely presented module over a commutative ring and
describe some of their properties. We also give the characteristic exact sequence which
allows us to compute the Fitting ideals ofMu whenM is a finite freeR-module andu is
an endomorphism ofM . In Section 3, we prove Lemma 3.1 and Proposition 3.2 which
are crucial tools in the proof of our main result, Theorem 3.3, in which we give the
construction of the invariant factors{si(u,X)}1≤i≤t associated to an endomorphismu
of a projectiveR-module of constant rank. We show that the invariant factors ofMu,
according to the definition in [3], are the smallest principal ideals ofR[X] generated
by monic polynomials that contain thesi(u,X). In the fourth section, we give the
construction of the invariant factors{si(u,X)}1≤i≤t associated to an endomorphismu
of a projective module of constant rank.

2. Preliminaries and notation. Let R be a commutative ring with unity, andM a
finitely presented module. We denote byFi(M) theith Fitting ideal ofM (see [1]), i.e,
if

Rm //

u
Rn // M // 0

is a presentation ofM , andA is the matrix ofu relatively to someR-bases ofRm and
Rn, then

Fk(M) =
{ Un−k(A) if k = 0, 1, 2, . . . , n− 1,

R if k ≥ n,

whereUn−k(A) is the ideal generated by the(n−k)× (n−k) minors ofA. The Fitting
ideals satisfy the following properties:

(1) 0⊆ F0(M) ⊆ F1(M) ⊆ · · · .
(2) (AnnR(M))n ⊆ F0(M) ⊆ AnnR(M).
(3) Letu : R −→ R′ be a homomorphism of commutative rings. Then fork ≥ 0,

Fk(R′ ⊗R M) = Fk(M) ·R′.

In particular, ifS is a multiplicatively closed subset ofR, andI is an ideal ofR, then
for any positive integerk,

Fk(S−1M) = S−1Fk(M) and Fk(M/IM) = Fk(M) ·R/I.

Let M be a finitely generatedR-module andu : M −→ M anR-endomorphism.
We have the characteristic exact sequence

0 // R[X]⊗R M //

ψu
R[X]⊗R M //

ϕ
Mu

// 0

where
ψu(f(X)⊗m) = X · f(X)⊗m− f(X)⊗ u(m)
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and

ϕ(f(X)⊗m) = f(X) ·m = f(u)(m)

for each(m, f(X)) ∈ M × R[X] (see [1]). Therefore ifM is a finite freeR-module
andA is the matrix ofu, thenXIn−A is a matrix ofψu, whereIn is then×n identity
matrix. SoFk(Mu) = Un−k(XIn −A) for any positive integerk. In consequence, the
idealF0(Mu) is the principal ideal generated by the characteristic polynomialχu(X)
of u, while the idealsFk(Mu) for k ≥ 1 are not principal in general. Therefore in this
case, we can talk about the characteristic polynomial but not about the invariant factors.

In the third section, we show that for an endomorphism of a finite free module over an
integrally closed domain, we can construct a sequence of monic polynomials analogous
to the invariant factors in the case of vector spaces.

3. Invariant factors of an endomorphism. In this section,R is an integrally closed
domain andu is aR-endomorphism of a finite freeR-moduleM of rankn. Let K be
the quotient field ofR, and setE = K ⊗R M andu(K) = 1k ⊗ u. Then

Eu(K) ' K[X]⊗R[X] Mu and Fk(Eu(K)) = Fk(Mu) ·K[X]

for any positive integerk (see [1, Proposition 1.2]).

Lemma 3.1. LetJ be an ideal ofR[X], which contains a monic polynomial ofR[X].
SetK · J = f(X)K[X], wheref(X) ∈ K[X] is monic. Then we have:

(i) f(X) ∈ R[X],
(ii) J ⊆ f(X)R[X],

(iii) f(X)R[X] is the smallest principal ideal ofR[X] generated by a monic poly-
nomial that containsJ .

Proof. (i) Let g(X) be a monic polynomial inJ . Then there existsh(X) ∈ K[X] such
thatg(X) = f(X)h(X). Hence every root off(X) is a root ofg(X), and every root
of f(X) is integral overR. Sincef(X) is monic, its coefficients are integral overR.
The fact thatR is integrally closed implies thatf(X) ∈ R[X].

(ii) Let g(X) ∈ J . Theng(X) = f(X)h(X) with h(X) ∈ K[X]. Moreover, since
f(X) is monic, the Euclidian algorithm implies that there exist polynomialsq(X) and
r(X) in R[X] such thatg(X) = f(X)q(X) + r(X), where the degree ofr(X) is
smaller than the degree off(X). Hencer(X) = 0 andh(X) = q(X) ∈ R[X]. So
g(X) ∈ f(X)R[X] and thenJ ⊆ f(X)R[X].

(iii) Suppose that there exist another monic polynomialg(X) in R[X] such that
J ⊆ g(X)R[X]. ThenK · J ⊆ g(X)K[X]. So f(X)K[X] ⊆ g(X)K[X]. Hence
f(X) = g(X)h(X), whereh(X) ∈ K[X]. Then, by Gauss Lemma,h(X) ∈ R[X]
(f(X) andg(X) are monic). Hencef(X)R[X] ⊆ g(X)R[X]. ¤

For two idealsI andJ of R, we denote by[I : J ] the quotient ideal ofI andJ , i.e.,

[I : J ] = {a ∈ R | aJ ⊆ I}.
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Proposition 3.2. For any positive integerk, there exists a monic polynomialqk(X)
(resp.q′k(X)) in R[X] such thatqk(X)R[X] (resp.q′k(X)R[X]) is the smallest prin-
cipal ideal ofR[X] generated by a monic polynomial that containsFk(Mu) (resp.
[Fk(Mu) : Fk+1(Mu)]).

Proof. Let k be a positive integer. Set

J = Fk(Mu) and J ′ = [Fk(Mu) : Fk+1(Mu)].

On the one hand, we know thatFr(Eu(K)) = Fr(Mu)K[X] for any positive integerr.
ThenFk(Eu(K)) = J ·K[X]. So, by [2, corollary 3.15, p. 43],

[Fk(Eu(K)) : Fk+1(Eu(K))] = J ′ ·K[X].

Set
J ·K[X] = qk(X)K[X] and J ′ = q′k(X)K[X],

whereqk(X) and q′k(X) are two monic polynomials ofK[X]. On the other hand,
J = Fk(Mu) = Un−k(XIn − A), wheren is the rank ofM , andA is a matrix ofu.
ThenJ andJ ′ contain monic polynomials. So the result holds by Lemma 3.1 (iii).¤

The following result gives the construction of the “invariant factors” of an endomor-
phism of a finite free module.

Theorem 3.3. SupposeR is an integrally closed domain, andu aR-endomorphism of a
finite freeR-moduleM . There exist unique monic polynomialss1(u,X), . . . , st(u,X)
of positive degree verifying:

(i) χu(X) = s1(u,X) · · · st(u,X), whereχu(X) is the characteristic polynomial
of u.

(ii) For i = 1, . . . , t− 1, si(u,X) dividessi+1(u,X).
(iii) For each positive integerk ≤ t− 1, the ideal

( ∏t−k
i=1 si(u,X)

)
is the smallest

principal ideal ofR[X] generated by a monic polynomial that containsFk(Mu).
(iv) For each positive integerk ≥ t, the smallest principal ideal ofR[X] generated

by a monic polynomial that containsFk(Mu) is R[X].

Proof. Let t = min{k ≥ 0 | Fk(Mu) = R[X]}. For any positive integerk, there exists
a monic polynomialq′k(X) of R[X] such thatq′k(X)R[X] is the smallest principal
ideal ofR[X] generated by a monic polynomial that contains[Fk(Mu) : Fk+1(Mu)]
(by Proposition 3.2). Then we putsi(u,X) = q′t−i(X) for i = 1, . . . , t. So we have
a sequence of monic polynomials ofR[X]. The uniqueness of these polynomials is
insured by the definition of theq′i(X). Since the polynomialss1(u,X), . . . , st(u,X)
are the invariant factors ofu(K), then (i) and (ii) holds. Finally (iii) and (iv) are
consequences of Proposition 3.2.¤
Definition 3.4. Let the assumptions and notation be as in Theorem 3.3. We define the
invariant factors ofu as the polynomials{si(u,X)}1≤i≤t given in Theorem 3.3.

The following corollary makes the link between the invariant factors ofu and the
invariant factors{δk(Mu)}k≥1 of Mu defined in [3] by

δk(Mu) = AnnR[X]

(
k∧

(Mu)

)
,
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where
k∧
(Mu) is thekth exterior power ofMu.

Corollary 3.5. Letk be a positive integer≤ t−1. Thenst−k(u,X)R[X] is the smallest
principal ideal ofR[X] generated by a monic polynomial that containsδk+1(Mu).

Proof. Let k be a positive integer≤ t− 1. Then on the one hand,

δk

(
Eu(K)

)
= AnnK[X]

(
k∧(

Eu(K)

)
)

.

On the other hand,

k+1∧ (
Eu(K)

)
=

k+1∧ (
K[X]⊗R[X] Mu

) ∼= K[X]⊗R[X]

k+1∧
(Mu)

(see [9, p. 204]). Then

AnnK[X]

(
k+1∧ (

Eu(K)

)
)

= AnnK[X]

(
K[X]⊗R[X]

k+1∧
(Mu)

)

= S−1

(
AnnR[X]

(
R[X]⊗R[X]

k+1∧
(Mu)

))
,

whereS = R \ {0}. So

AnnK[X]

(
k+1∧ (

Eu(K)

)
)

= AnnR[X]

(
k+1∧

(Mu)

)
K[X].

Henceδk+1(Eu(K)) = δk+1(Mu)K[X]. Since

δk+1(Eu(K)) = [Fk(Eu(K)) : Fk+1(Eu(K))]

= [Fk(Mu) : Fk+1(Mu)]K[X] = st−k(u,X)K[X],

thenδk+1(Mu)K[X] = st−k(u,X)K[X]. By [5, corollary 1.4],

χu(X)R[X] = F0(Mu) ⊆ δk+1(Mu),

soδk+1(Mu) contains a monic polynomial ofR[X]. The result holds by Lemma 3.1.¤

4. The case of a projective module of constant rank.In this section, our aim is to
extend the main result, Theorem 3.3, of the previous section, which allows us to define
invariant factors of an endomorphism of a projective module of constant rank. First, we
define the characteristic polynomial ofu. LetP be a maximal ideal ofR, uP theRP -
endomorphism ofMP , which extendsu, andχP,u(X) the characteristic polynomial of
uP .
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Lemma 4.1. If R is a domain, thenχP,u(X) is a monic polynomial inR[X] of degree
n, defined independently of the choice of the maximal idealP of R.

Proof. Let K be the quotient field ofR andP a maximal ideal ofR and(e1, . . . , en)
a RP -basis ofMP . Then (e1, . . . , en) is a K-basis ofK ⊗R M . Since theRP -
endomorphismuP and theK-endomorphismu(K), induced byu, operate in the
same manner over(e1, . . . , en), then they have the same characteristic polynomial.
Consequently,

χu(K)(X) ∈
⋂

P∈max(R)

RP [X]

and thenχP,u(X) is a monic polynomial inR[X] of degreen which is defined inde-
pendently of the choice of the maximal idealP of R. ¤

SetI(u) = {f ∈ R[X] | f(u) = 0} the annihilator ideal ofMu. Then we have the
natural extension of McCoy’s Theorem.

Proposition 4.2. LetR be a domain,M a projectiveR-module of constant rank andu
a R-endomorphismM . Then

I(u) = [(χu(X)) : F1(Mu)].

Proof. Since
⊕

P∈max(R) RP is a faithfully-flatR-algebra, it suffices to check the result
for localization. Since(F1(Mu))P = F1(MuP ), χuP (X) = χu(X) and [I : J ]P =
[IP : JP ] for all idealsI andJ of R, we can use the classical theorem of McCoy.¤
Corollary 4.3. LetR be a domain,M be a projectiveR-module of constant rank and
u a R-endomorphismM . Thenχu(u) = 0. In particular,u is integral overR.

Remark 4.4.Let u be aR-endomorphism of a projectiveR-module of constant rank.
Sinceu is integral overR, if R is an integrally closed domain, the minimal polynomial
µu(X) of u lies in R[X], i.e.,I(u) is a principal ideal which is generated by a monic
polynomial of R[X]. Consequently,F1(Mu) is a principal ideal ofR[X], which is
generated byχu(X)/µu(X).

For any maximal idealP of R, MP is a freeRP -module. Lets1(uP , X), . . . ,
st(uP , X) be the invariant factors ofuP , which do not depend upon the choice of the
maximal idealP of R. Define the invariant factors ofu as the invariant factors ofuP
for some maximal idealP of R. SinceRP is an integrally closed domain, we have the
following result:

Theorem 4.5. Under the previous hypotheses, the following properties hold true.

(i) χu(X) = s1(u,X) · · · st(u,X), whereχu(X) andµu(X) are respectively the
characteristic polynomial and the minimal polynomial ofu.

(ii) si(u,X) dividessi+1(u,X) for i = 1, . . . , t− 1.

(iii) For each positive integerk ≤ t − 1 the ideal
(∏t−k

i=1 si(u,X)
)

is the smallest

principal ideal ofR[X] generated by a monic polynomial that containsFk(Mu).
(iv) For each positive integerk ≥ t, the smallest principal ideal ofR[X] generated

by a monic polynomial that containsFk(Mu) is R[X].
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Résuḿe substantiel en français.SoientR un anneau commutatif unitaire etM unR-
module. La donńee d’unR-endomorphismeu deM permet de munirM d’une structure
deR[X]-module :X ·m = u(m) pour toutélémentm deM . LeR[X]-module obtenu
sera not́eMu.

Consid́erons le cas classique, c’est-à-dire le cas òu R = K est un corps etM = E
est unK-espace vectoriel de dimension finie. Dans ce cas, on sait que les facteurs
invariants(di(u, X))1≤i≤s deu, où di(u, X) divisedi+1(u, X) pouri = 1, . . . , s− 1,
sont les ǵeńerateurs des id́eaux([Fs−i(Eu) : (Fs−i+1(Eu)])1≤i≤s, où Fi(Eu) est le
ie idéal de Fitting deEu. Les id́eaux de Fitting deEu sont des id́eaux deK[X] et
F0(Eu) est engendré par le polyn̂ome caract́eristique deu.

Nous allons nous inspirer de ce lien entre les facteurs invariants et les idéaux de
Fitting, dans le cas classique, pour construire une suite analogue de polynômes unitaires
dans le cas des modules projectifs de rang fini sur un anneau intégralement clos. D’abord,
soitM unR-module libre de rang finin; on a la suite exacte

R[X]⊗R M //

ψu
R[X]⊗R M //

ϕu
Mu

// 0,

où

ψ(f(X)⊗m) = X·f(X)⊗m−f(X)⊗u(m) et ϕ(f(X)⊗m) = f(X)·m = f(u)(m)

pour toutélémentm deM et tout polyn̂omef(X) deR. Donc si on d́esigne parA une
matrice deu alorsXIn−A est une matrice deψu, où In est la matrice unit́e d’ordren.
Par conśequent,Fk(Mu) = Un−k(XIn −A) pour tout entier naturelk. Ainsi F0(Mu)
est engendré par le polyn̂ome caract́eristiqueχu(X) deu, tandis que les autres idéaux
de Fitting ne sont pas nécessairement principaux. Par suite, on peut toujours parler du
polynôme caract́eristique deu mais pas de ses facteurs invariants.

Expliquons comment sur un anneau intégralement clos on peut construire une suite
de polyn̂omes unitaires deR analoguèa celle des facteurs invariants dans le cas des
espaces vectoriels. On suppose queR est un anneau commutatif intégralement clos et
M est unR-module libre de rangn muni d’unR-endomorphismeu. SoitK le corps
des fractions deR. On poseE = K ⊗R M etu(K) = 1K ⊗ u. Alors

Eu(K)
∼= K[X]⊗R[X] Mu et Fk(Eu(K)) = Fk(Mu) ·K[X]

pour tout entier naturelk.

Proposition 3.2. Pour tout entier naturelk, il existe un polyn̂ome unitaireqk(X) (resp.
q′k(X)) de R tel queqk(X)R[X] (resp.q′k(X)R[X]) est le plus petit id́eal deR[X]
contenantFk(Mu) (resp.[Fk(Mu) : Fk+1(Mu)]).

Le résultat suivant donne la construction des facteurs invariants d’un endomorphisme
de module libre sur un anneau intégralement clos.

Théorème 3.3.Supposons queR est int́egralement clos. SoitM un R-module libre
de rang fini muni d’unR-endomorphismeu. On a une suite de polynômes unitaires
uniquess1(u,X), . . . , st(u,X) deR qui vérifient les propríet́es suivantes :

(i) χu(X) = s1(u,X) · · · st(u,X), où χu(X) est le polyn̂ome caract́eristique
deu;
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(ii) si(u,X) divisesi+1(u,X), pour i = 1, . . . , t− 1;
(iii) Pour tout entier positifk ≤ t−1, l’id éal

( ∏t−k
i=1 si(u,X)

)
est le plus petit id́eal

deR[X] contenantFk(Mu) et engendŕe par un polyn̂ome unitaire;
(iv) Pour tout entier positifk ≥ t, le plus petit id́eal deR[X] contenantFk(Mu) et

engendŕe par un polyn̂ome unitaire estR[X].

Définition 3.4. On d́efinit les facteurs invariants deu commeétant les polyn̂omes

(si(u,X))1≤i≤t

construits dans le th́eor̀eme pŕećedent.

Dans le cas d’unR-moduleM projectif de rang constant, on donne une géńeralisation
du polyn̂ome caract́eristique d’un endomorphismeu. On montre que leR-endomor-
phismeu et le K-endomorphismeu(K) ont le m̂eme polyn̂ome caract́eristique. On
montre que le th́eor̀eme de Cayley-Hamilton reste aussi vrai dans ce cas. Par suite, le
R-endomorphismeu est entier sur l’anneau intégralement closR et admet donc un
polynôme minimal dansR[X]. On termine avec un théor̀eme analogue au préćedent,
dans le cas des modules projectifs de rang fini sur un anneau intégralement clos, qui
nous permet de d́efinir la suite des facteurs invariants deu, dans le cas des modules
projectifs de rang fini sur un anneau intégralement clos.

REFERENCES

1. J. A. Hermida Alonso and M. Pisonero,Invariant factors of an endomorphism and finite
free resolutions, Linear Algebra Appl.187(1993),201–226.

2. M. F. Atiyah and I. G. MacDonald,Introduction to commutative algebra, Addison-Wesley
Publishing Co.,Reading, Mass.-London-Don Mills, Ont.,1969.

3. M. Auslander and D. A. Buchsbaum,Invariant factors and two criteria for projectivity of
modules, Trans. Amer. Math. Soc.104(1962), 516–522.

4. W. C. Brown,Matrices over commutative rings, Monographs and Textbooks in Pure and
Applied Mathematics, vol.169,Marcel Dekker Inc.,New York,1993.

5. D. A. Buchsbaum and D. Eisenbud,What annihilates a module?, J. Algebra47 (1977),
231–243.

6. H. Fitting,Die Determinantenideale eines Moduls, Jahresbericht, Deutsch, Math. Verein
46 (1936),195–228.

7. G. Karpilovsky,Topics in field theory, North-Holland Mathematics Studies, vol.155,
North-Holland Publishing Co.,Amsterdam,1989.

8. R. E. MacRae,On an application of the Fitting invariants, J. Algebra2 (1965),153–169.
9. H. Matsumura,Commutative ring theory, Cambridge Studies in Advanced Mathematics,

vol. 8, Cambridge University Press,Cambridge,1986.
10. N. H. McCoy,Concerning matrices with elements in a commutative ring, Bull. Amer. Math.

Soc.45 (1936),280–284.

I. AKHARRAZ
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