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INVARIANT FACTORS OF AN ENDOMORPHISM
OF A PROJECTIVE MODULE

IsmalL AKHARRAZ AND LHOUSSAIN EL FADIL

RESUME. Soit R un domaine commutatif iBgralement clos. Pour tout endomor-
phismeu d’'un R-module projectifl/ de rang constant nous définissons un poiye
caracéristique et donnons une suite finie de pdigres unitairegs; (u, X) }1<i<:
dont le produit est le polydme caradristique deu et s; (u, X) divise s;+1(u, X).
Comme pour les facteurs invariants dans le cas des espaces vectoriels, caspslyn
sont les @rérateurs unitaires des@dux[F;_;(M,,) : Fi_;+1(M,)], ou F;(M,,) est

le ;¢ idéal de Fitting duRk[X]-moduleM,, défini surM viau. Nous donnons aussi
le lien entre les; (u, X) et les facteurs invariants de.,, tels que éfinis en [3].

ABSTRACT. Let R be a commutative integrally closed domain. For any endomor-
phismu of a projectiveR-moduleM of constant rank, we define its characteristic
polynomial and we give a finite sequence of monic polynomfal$u, X)}1<;<¢

such that their product is the characteristic polynomial @nd s;(u, X) divides
si+1(u, X). Like the invariant factors in the case of vector spaces, these polynomials
are the monic generators of the idedis_; (M,,) : Fy_+1(M,)], whereF;(M,,) is
the " Fitting ideal of theR[X]-module,, defined onM via u. We also give the

link between the;(u, X)’s and the invariant factors df/,,, as defined in [3].

1. Introduction. Let R be a commutative ring with unity, ant¥ a finitely generated
R-module. In this paper, we are concerned with the classical problem of classification
of R-endomorphisms of a projective constant ragnodule M. We shall assign to
each endomorphism of M a finite set of monic polynomials such that when= K
is a field andM = F is a finite dimensional vector space, these polynomials are the
classical invariant factors associated:to

Let M be ankR-module and: : M — M an R-endomorphism. The endomorphism
u converts)/ into anR[X|—module byX - x = u(x) for eachw € M. We will denote
M by M, when we viewM as anR[X]|—module viau.

In the classical case, i.e. whéh= K is a field andM = F is a finite dimensional
vector space, the invariant factors theorem implies

M, = @K[X]/(si(qu)),
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20 Invariant factors of an endomorphism of a projective module

where{s;(u, X)}1<i<; are the invariant factors af, i.e. are monic generators of the
ideals[F;_;(Ey,) : Fi—i+1(Fy)]1<i<t, WhereF;(E,) is thest” Fitting ideal of E,,. Two
endomorphisms andv are similar if and only ifs;(u, X) = s;(v, X) for eachi, or
equivalently, if and only ifF;(E,) = F;(E,) for eachi. In Section 2, we recall the
notion of the Fitting ideals of a finitely presented module over a commutative ring and
describe some of their properties. We also give the characteristic exact sequence which
allows us to compute the Fitting idealsiaf,, when is a finite freeR-module and. is

an endomorphism af/. In Section 3, we prove Lemma 3.1 and Proposition 3.2 which
are crucial tools in the proof of our main result, Theorem 3.3, in which we give the
construction of the invariant factofs; (u, X ) }1<;<; associated to an endomorphism

of a projectiveR-module of constant rank. We show that the invariant factor&/gf
according to the definition in [3], are the smallest principal ideal®f | generated

by monic polynomials that contain thg(u, X). In the fourth section, we give the
construction of the invariant factofs; (u, X ) }1<i<; associated to an endomorphism

of a projective module of constant rank.

2. Preliminaries and notation. Let R be a commutative ring with unity, andf/ a
finitely presented module. We denote By M) thei'" Fitting ideal of M (see [1]), i.e,
if

u

R™ R M 0

is a presentation af/, and A is the matrix ofu relatively to someR-bases ofR™ and
R™, then

Uy w(A) iFk=012 .. n—1,
Fk(M):{

R if k> n,

wherelt,, 1 (A) is the ideal generated by tfve — k) x (n — k) minors of A. The Fitting
ideals satisfy the following properties:

(1) 0C Fo(M) C Fa(M) C -

(2) (Anng(M))™ C Fo(M) C Anng(M).

(3) Letu: R — R’ be a homomorphism of commutative rings. Thenior O,
Fk(R, RR M) = Fk(M) ‘R

In particular, if.S is a multiplicatively closed subset &, and! is an ideal ofR, then
for any positive integet:,

Fi(S7*M) = S~YF,(M) and Fj,(M/IM) = F.(M) - R/1.

Let M be a finitely generate@-module andu : M — M an R-endomorphism.
We have the characteristic exact sequence

O—>R[X]®RM£>R[X]®RML>M1L4>O

where
Yu(f(X)@m) =X - f(X)@m — f(X) ®u(m)
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and
e(f(X) ®@m) = f(X) -m= f(u)(m)

for each(m, f(X)) € M x R[X] (see [1]). Therefore if\/ is a finite freeR-module

andA is the matrix ofu, thenX I,, — A is a matrix ofy,,, wherel,, is then x n identity

matrix. SofFy(M,) = U,—(X I, — A) for any positive integek. In consequence, the

ideal Fo(M,,) is the principal ideal generated by the characteristic polynogijéX )

of u, while the idealsF}(M,,) for k£ > 1 are not principal in general. Therefore in this

case, we can talk about the characteristic polynomial but not about the invariant factors.
In the third section, we show that for an endomorphism of a finite free module over an

integrally closed domain, we can construct a sequence of monic polynomials analogous

to the invariant factors in the case of vector spaces.

3. Invariant factors of an endomorphism. In this section,R is an integrally closed
domain and: is a R-endomorphism of a finite freB-moduleM of rankn. Let K be
the quotient field of?, and setl = K @z M andu(K) = 1, ® u. Then

for any positive integek (see [1, Proposition 1.2]).

Lemma 3.1. Let J be an ideal ofR[ X ], which contains a monic polynomial &.X].
SetK - J = f(X)K[X], wheref(X) € K[X]is monic. Then we have:
() f(X) € RIX],
(i) J < f(X)R[X],
(i) f(X)R[X] is the smallest principal ideal a®[X] generated by a monic poly-
nomial that containg/.

Proof. (i) Let g(X) be a monic polynomial iy. Then there exists(X) € K[X] such
thatg(X) = f(X)h(X). Hence every root of (X) is a root ofg(X), and every root
of f(X) is integral overR. Sincef(X) is monic, its coefficients are integral ovAt
The fact thatR is integrally closed implies that(X ) € R[X].

(i) Let g(X) € J. Theng(X) = f(X)h(X) with h(X) € K[X]. Moreover, since
f(X) is monic, the Euclidian algorithm implies that there exist polynomjél§) and
r(X) in R[X] such thaty(X) = f(X)q(X) + r(X), where the degree of(X) is
smaller than the degree ¢f X). Hencer(X) = 0 andh(X) = ¢(X) € R[X]. So
g(X) € f(X)R[X] and thenJ C f(X)R[X].

(iii) Suppose that there exist another monic polynomgigk’) in R[X]| such that
J C g(X)R[X]. ThenK - J C ¢g(X)K[X]. So f(X)K[X] C ¢(X)K[X]. Hence
f(X) = g(X)h(X), whereh(X) € K[X]. Then, by Gauss Lemma(X) € R[X]
(f(X) andg(X) are monic). Hencg(X)R[X] C g(X)R[X]. O

For two ideals! and.J of R, we denote by : .J] the quotient ideal of and.J, i.e.,

I:J]={a€R|aJ CI}.
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Proposition 3.2. For any positive integek:, there exists a monic polynomigd (X)
(resp.q;,(X)) in R[X] such thatg, (X)R[X] (resp.q;,(X)R[X]) is the smallest prin-
cipal ideal of R[X] generated by a monic polynomial that contaifg(M,,) (resp.
[Fie(My) @ Frer(My))).

Proof. Let k be a positive integer. Set
J = Fk(Mu) and J' = [Fk(Mu) . Fk+1(Mu)].

On the one hand, we know that(E, k) = F(M,)K[X] for any positive integer.
Thean(Eu(K)) = J - K[X]. So, by [2, corollary 3.15, p. 43],

[Fie(Bu(re)) * Fra(By))] = J' - K[X].
Set
J - K[X] = qu(X)K[X] and J' = g, (X)K[X],
where g, (X) and ¢, (X) are two monic polynomials of{[X]. On the other hand,

J = Fy(M,) = U,—(XI, — A), wheren is the rank ofM, and A is a matrix ofu.
Then.J and.J’ contain monic polynomials. So the result holds by Lemma 3.1 (iii).

The following result gives the construction of the “invariant factors” of an endomor-
phism of a finite free module.

Theorem 3.3. SupposeR is an integrally closed domain, anda R-endomorphism of a
finite freeR-module)/. There exist unique monic polynomialgu, X), ..., s¢(u, X)
of positive degree verifying:
() xu(X) = s1(u, X) - - s¢(u, X ), wherex, (X) is the characteristic polynomial
of u.
(i) Fori=1,...,t—1, s;(u, X) dividess;+1(u, X).
(iii) For each positive integeft < ¢t — 1, the ideal( Hf;’f si(u, X)) is the smallest
principal ideal of R[ X'] generated by a monic polynomial that contaiig M,,).
(iv) For each positive integet > t, the smallest principal ideal dR[X'| generated
by a monic polynomial that contairf§; (M) is R[X].

Proof. Lett = min{k > 0| F(M,) = R[X]}. For any positive integek, there exists

a monic polynomialy, (X) of R[X] such thatg, (X)R[X] is the smallest principal
ideal of R[X] generated by a monic polynomial that contaifig(M,,) : Fi+1(My)]
(by Proposition 3.2). Then we put(u, X) = ¢;_,(X) fori = 1,...,t. So we have

a sequence of monic polynomials &{X]. The uniqueness of these polynomials is
insured by the definition of thg/(X). Since the polynomials (u, X), ..., s¢(u, X)
are the invariant factors of(K), then (i) and (ii) holds. Finally (iii) and (iv) are
consequences of Proposition 3.2]

Definition 3.4. Let the assumptions and notation be as in Theorem 3.3. We define the
invariant factors ot as the polynomial$s; (u, X) }1<i<; given in Theorem 3.3.

The following corollary makes the link between the invariant factors ahd the
invariant factors{ o (M,,) },>1 of M, defined in [3] by

k
5k(Mu) = AnnR[X] (/\(Mu)> R
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k
where (M,,) is thek™ exterior power of\/,,.

Corollary 3.5. Letk be a positive integex ¢— 1. Thens;_(u, X ) R[X] is the smallest
principal ideal of R[ X ] generated by a monic polynomial that contadps; (M,,).

Proof. Let k be a positive integex ¢t — 1. Then on the one hand,

O (Eu(r)) = Anngx) (/\ (Euuo)) :

On the other hand,

k+1 k+1 k+1

(see [9, p. 204]). Then

k+1

k+1
ANNg(x] (/\ (Eu<K>)> = Anngy) (K [X] ®Rx) /\(Mu)>
k+1
=5 (AnnR[X} <R[X] OR[X] /\(Mu)>> ;

whereS = R\ {0}. So

E+1 k+1
Anng ] (/\ (Eu(K))> = Anngx, (/\(Mu)> K[X].
Hence6k+1(Eu(K)) = 5k+1(Mu)K[X] Since

Or+1(Eu(r)) = [Fr(Bu(ry) * Fre1(Ey(x))]
= [Fr(My) : Fre1(My) ] K[X] = sp—(u, X)K[X],

thendye1(M,) K [X] = si—k(u, X)K[X]. By [5, corollary 1.4],
Xu(X)R[X] = Fo(My) © Ot (M),

s0dx+1(M,,) contains a monic polynomial @[ X ]. The result holds by Lemma 3.1

4. The case of a projective module of constant rankln this section, our aim is to
extend the main result, Theorem 3.3, of the previous section, which allows us to define
invariant factors of an endomorphism of a projective module of constant rank. First, we
define the characteristic polynomial @f Let P be a maximal ideal oR, up the Rp-
endomorphism of\/p, which extends:, andyp ,,(X) the characteristic polynomial of

up.
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Lemma4.1. If Ris a domain, thernyp ., (X) is a monic polynomial irR[.X| of degree
n, defined independently of the choice of the maximal ifkeal .

Proof. Let K be the quotient field oR andP a maximal ideal ofR and(es, .. ., e,)
a Rp-basis of Mp. Then (e1,...,e,) is a K-basis of K ®p M. Since theRp-
endomorphismup and the K-endomorphismu(K'), induced byw, operate in the
same manner ovefes, . . ., e, ), then they have the same characteristic polynomial.
Consequently,

xuy)(X) e [] RplX]

Pemax(R)

and thenyp ., (X) is @ monic polynomial inR[X] of degreen which is defined inde-
pendently of the choice of the maximal idgalof R. [

Setl(u) = {f € R[X] | f(u) = 0} the annihilator ideal of\/,,. Then we have the
natural extension of McCoy’s Theorem.

Proposition 4.2. Let R be a domain)M a projectiveR-module of constant rank and
a R-endomorphism/. Then

I(u) = [(xu(X)) : Fa(My)].

Proof. SinceP pemaxr) Fr is afaithfully-flatR-algebra, it suffices to check the result
for localization. Sincg Fy(M,))p = F1(Muy), Xup(X) = xu(X) and[] : Jlp =
[Ip : Jp] for all ideals and.J of R, we can use the classical theorem of McCoy]

Corollary 4.3. Let R be a domain)M be a projectiveR-module of constant rank and
u a R-endomorphism/. Theny, (u) = 0. In particular, v is integral overR.

Remark 4.4.Let u be aR-endomorphism of a projectivB-module of constant rank.
Sinceu is integral overR, if R is an integrally closed domain, the minimal polynomial
pyu(X) of wlies in R[X], i.e., I(u) is a principal ideal which is generated by a monic
polynomial of R[X]. Consequentlyf1(M,) is a principal ideal ofR[X], which is
generated by, (X)/uu(X).

For any maximal idealP of R, Mp is a free Rp-module. Letsi(up, X),...,
st(up, X) be the invariant factors afp, which do not depend upon the choice of the
maximal idealP of R. Define the invariant factors ef as the invariant factors afp
for some maximal idedP of R. SinceRp is an integrally closed domain, we have the
following result:

Theorem 4.5. Under the previous hypotheses, the following properties hold true.
(1) xu(X) = s1(u, X) - - s¢(u, X), wherey,,(X) and i, (X) are respectively the
characteristic polynomial and the minimal polynomiahof
(i) s;(u, X) dividess;+1(u, X)fori=1,...,¢t — 1.
(iii) For each positive integer < t — 1the ideal(]‘[’;llc si(u,X)> is the smallest
principal ideal of R[ X'| generated by a monic polynomial that contaifig M,,).

(iv) For each positive integet > ¢, the smallest principal ideal dR[X] generated
by a monic polynomial that contairts; (M, ) is R[X].
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Résune substantiel en francgais.SoientR un anneau commutatif unitaire &f un R-
module. La donae d’unR-endomorphisme de M permet de munif/ d’'une structure
de R[X]-module :X - m = u(m) pour toutelémentm de M. Le R[X]-module obtenu
sera nok M,,.

Consicerons le cas classique, c’esdire le casb R = K estuncorps el = E
est unK-espace vectoriel de dimension finie. Dans ce cas, on sait que les facteurs
invariants(d; (u, X))1<i<s dew, ou d;(u, X) divised;+1(u, X) pouri = 1,...,s — 1,
sont les @rérateurs des BAuX ([Fs_i(Ey) : (Fs—i+1(Fy)])1<i<s, OU F;(E,) est le
i® idéal de Fitting deF,. Les ictaux de Fitting de¥,, sont des i@aux deK[X] et
Fy(E,) est engendr par le poly@me caradristique deu.

Nous allons nous inspirer de ce lien entre les facteurs invariants etdagxdle
Fitting, dans le cas classique, pour construire une suite analogue dépelyanitaires
dansle cas des modules projectifs de rang fini sur un anné&guafement clos. D’abord,
soit M un R-module libre de rang fini; on a la suite exacte

RIX] ©r M~V RIX]@p M —£“> M, — 0,
ou
Y(f(X)em) = X-f(X)@m—f(X)ou(m) et o(f(X)@m) = f(X)m = f(u)(m)

pour toutélementm de M et tout polydme f(X ') de R. Donc si on ésigne par une
matrice deu alors X I,, — A est une matrice de,,, ou I,, est la matrice uni d’ordren.

Par congquentFy(M,) = U, (X I, — A) pour tout entier natured. Ainsi Fo(M,,)

est engendr par le poly®@me caradristiquey, (X ) dew, tandis que les autres@dux

de Fitting ne sont pasatessairement principaux. Par suite, on peut toujours parler du
polyndme caradristique de: mais pas de ses facteurs invariants.

Expliquons comment sur un anneatgigitalement clos on peut construire une suite
de polyrdomes unitaires dé& analoguea celle des facteurs invariants dans le cas des
espaces vectoriels. On suppose @uest un anneau commutatif @gralement clos et
M est unR-module libre de rang muni d’'un R-endomorphismes. Soit K le corps
des fractions d&k. On posell = K @r M etu(K) = 1x ® u. Alors

Eyx) = K[X] ®@px) My et Fi(Eyk)) = Fi(My) - K[X]
pour tout entier naturel.
Proposition 3.2. Pour tout entier naturet;, il existe un polydme unitairey; (X) (resp.
q,(X)) de R tel queqi(X)R[X] (resp.q, (X)R[X]) est le plus petit idal de R[X]
contenantFy, (M,,) (resp.[Fi(M,) : Frs1(M,)]).
Le resultat suivant donne la construction des facteurs invariants d’'un endomorphisme
de module libre sur un anneauégralement clos.

Théoreme 3.3.Supposons qu& est inegralement clos. Soit/ un R-module libre
de rang fini muni d’unR-endomorphisme.. On a une suite de polgmes unitaires
uniquessy (u, X), ..., s¢(u, X) de R qui vérifient les proprétes suivantes :
() xu(X) = s1(u, X) - s¢(u, X), ou x,(X) est le poly@me caractristique
dew;
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(i) s;(u, X) divises;+1(u, X), pouri =1,...,¢t — 1,

(iii) Pour tout entier positit: < ¢ —1, ld&al ( [T/} s:(u, X)) estle plus petitidal

de R[X] contenantFy(M,,) et engende par un poly@me unitaire;

(iv) Pour tout entier positift > ¢, le plus petit idal deR[X| contenantty,(M,,) et

engende par un poly®@me unitaire esR[X].

Définition 3.4. On c&finit les facteurs invariants decommeétant les polyémes

(si (uv X))lgigt

construits dans le #oeme pecedent.

Dans le cas d’'u-module)M projectif de rang constant, on donne ugegyalisation
du polyrdbme caradristique d’un endomorphisme On montre que lek-endomor-
phismeu et le K-endomorphisme:(K') ont le méme polydme caradristique. On

montre que le ttoeme de Cayley-Hamilton reste aussi vrai dans ce cas. Par suite, le

R-endomorphisme: est entier sur I'anneau gralement clos? et admet donc un
polyndme minimal dans?[X]. On termine avec un #oeme analogue au @edent,
dans le cas des modules projectifs de rang fini sur un annezgratément clos, qui
nous permet deéfinir la suite des facteurs invariants dedans le cas des modules
projectifs de rang fini sur un anneauégtalement clos.
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