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ON THE CANONICAL FORMS OF FINITELY
GENERATED MODULES OVER COMMUTATIVE RINGS

IsmalIL AKHARRAZ AND MOHAMED ELHASSANI CHARKANI

RESUME. Soit R un anneau commutatif é/ un R-module de type fini. Alors\/

est un CF-module s/ = @ ,R/I;, ol les]; sont des i@aux deR etl; C --- C

I, # R.Le moduleM est dit NCF si les i@aux; sont principaux. Dans cet artlcle
nous revoyons lesésultats que nous avomsablis dans [3] et [2] concernant la
decomposition de modules de type fini sur des anneaux commutatifs &alisns

les proprétes des CF-modules en termes @adix de Fitting et nous examinons les
NCF-modules sur des anneaux locaux et des anneaux de valuation. En particulier,
nous donnons des conditionéagssaires et suffisantes pour qu'un module de type
fini soit un NCF-module.

ABSTRACT. Let R be a commutative ring and 1é¥/ be a finitely generated-
module. ThenM is a CF-module ifM = @I ,R/I;, where thel;,” s are ideals

of Randl; C --- C I, # R. The moduleM is said to be a NCF-module if

the I;'s are cyclic. In this paper, we review the results we established in [3] and
[2] concerning the decomposition of finitely generated modules over commutative
rings. We study the properties of CF-modules in terms of Fitting ideals, and we
investigate the NCF-modules over local rings and valuation rings. In particular,
we give necessary and sufficient conditions for a finitely generated module to be a
NCF-module.

1. Introduction. Throughout this noteR will denote a commutative ring andi/ a
finitely generated?-module. A canonical form fol is a decomposition

M=R/I1&- @R/,

where thel;’s are ideals of® andl; C --- C I,, # R. If M has a canonical form, the
ideals!; are uniquely determined (see [8]), and we say tWais a CF-module When
the ideald; are principal, the decomposition is called ti@mal canonicaform of M
and M is called aNCF-module

In this note we give a survey of the results published in [3] and [2] on the decom-
position of finitely generated modules over commutative rings. We exhibit conditions
forcing finitely generated modules over local rings and valuation rings to be NCF-
modules.

Recu le 10 septembre 2003 et, sous forrafnitive, le 6 mai 2005.

(©Association matematique du Qebec



14 On the canonical forms of finitely generated modules over commutative rings

The Fitting ideals are fundamental tools in this investigation. These invariants are
defined as follows: LeX = {zi,...,z,} be a set of generators af/. A relation
in M is a vector(as, ...,a,) in R such thaty"" ; a;z; = 0. For positive integers
k=0,...,n—1,thek! Fitting ideal ofM is defined to be the ideal}, (M) generated
by the determinants of afln — k) x (n — k)-submatrices of the matrix

(0 QA1n,
KM)=]| ° ,
( ) a1 Qin,
where the vector&u;1, . . ., a;,) are the relations id/. If £ > n, we define F,(M) =

R. These ideals form an ascending sequence of invariant idedl$ fodependently of
the choice ofX (see [6] or [10]). Most of our computations on Fitting ideals are based
on the following proposition; see [2].

Proposition 1.1. Let M = M; & M> be a direct sum of two finitely generatétt
modules. Then the following properties hold true:

(i) For any positive integek, Fi,(M1) C Fy+(M) and Fj(Mz) C Fp 4, (M)
where n; and ny are the sizes of the sets of generatorsMf and M,
respectively.

(II) Fk(Ml) - Fk+1(Mi)-Fn_1(M), wherek < n;—1, i =1,2 and n = ny+no.

If M is a CF-module such that = & ; R/I;, then by [2] we have
Fk(M) = Ip+1. .. In, for k =0,....,n—1

There are two numerical invariants attached to the sequence of Fitting ide&ds of
namely

v(M) :=min{k | Fp,(M) =R} and w(M):=min{k | Fy(M) # 0}.

Denote byl (M) the idealF,, (M) and byu (M) the minimal number of generators
of M. In the case of a finitely generatéimoduleM whereR is a local ring, we have
w(M) =v(M); see [3] and [1].
Proposition 1.2. LetI; C --- C I, be an increasing sequence of proper idealgof
LetM = @ ,R/I;. Then we have:

(i) p(M) =v(M)=n,

(i) w(M) is the greatest positive integérverifyingl, C (0 : Iy+1...1,).

2. NCF-modules over local rings.A normal canonical form for &-moduleM is a
decomposition
M = @i R/ (ai),

wherea; dividesa;+1 fori = 1,...,n — 1 and(a1) # R; we say that\ is a NCF-
module. In this case, the idedls;) are uniquely determined.
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Proposition 2.1. Let M = @' ; R/(a;) be a NCF-modulé/ over R. Then we have
(i) Fp(M)=(a1r...an—g)fork=0,...,n—1,
(i) If Fo(M) contains a non-zero divisor, theén,,_x+1) = (Fx—1(M) : F.(M)),
fork=1...,n.

Proposition 2.2. SupposeR is a local ring. LetM be a finitely generated R-module
and p(M) = n. Suppose thatF,,_1(M) is a principal ideal. ThenR/F,,_1(M) is
a direct summand af/.

The following main theorem of [2] gives conditions for a finitely generdteahodule
to be aNC' FF—module.

Theorem 2.3. Supposer is a local ring. LetM be a finitely generate®-module. Let
w(M) = r. Then the following assertions are equivalent:

(i) Fork > w(M), the idealF} (M) is principal and can be canceled in the set of
non-zero ideals oR.

(i) The moduleM verifiesM = (®;_7R/(a;)) ® R®, whereq; dividesa;+1 and
(a;) can be canceledfat < i <r —s—1, s =w(M)anda1R # R.

Corollary 2.4. Let M be a finitely generated module over a local ridiyand let
w(M) = r. Suppose thak(M ) is a regular ideal (sd (M) contains a non-zero divisor
element). Then the following assertions are equivalent:

(i) The module\/ is a NCF-module.
(i) The Fitting ideals of\f are principal ideals.

Corollary 2.5. SupposeR is a local ring. LetM and M be two finitely generatef-
modules whose Fitting ideals are principal ideals which can be canceléd(l¥/) =
Fy.(M") for all positive integers:, thenM and M are isomorphic NCF-modules.

3. The case of valuation rings.The main result of this section gives a condition under
which any finitely generated module over a valuation ring is a NCF-module.

Proposition 3.1. SupposeRr is a valuation ring. LetM be a finitely generated-
module whose Fitting ideals are principal ideals, andiet p(M). If N is a direct
summand of/ such thatV/ = N @ R/ F,,_1(M), then the Fitting ideals oV are also
principal ideals.

Theorem 3.2. Supposer is a valuation ring. LetV/ be a finitely generate®-module
whose Fitting ideals are principal ideals, and ket= (M ). Then there exist elements
ai,...,anin RsuchthatM = & ; R/(a;), whereg; dividesa;+1fori =1,...,n—1.

As a corollary of this theorem we obtain a result of R.B. Warfield [8].
Corollary 3.3. Every finitely presented module over a valuation ring is a NCF-module.

Corollary 3.4. Supposer is a valuation ring. Let\/ be a finitely generate&-module
whose Fitting ideals are principal ideals. Théa is finite free if and only if there exists
a positive integer- such thatt,_1(M) = 0and F,.(M) = R.

In virtue of this corollary, the computation of the Fitting ideals of a finitely generated
moduleM allows us to decide whethéd is free or not. For two ideals andJ of R,
define thequotient ideabf I by Jtobe(I : J) ={a € R |al C J}.
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Lemma 3.5. SupposeR is a valuation ring. Leta, ..., a,, be elements ik such
that a; dividesa;+q fori =1,...,n — L. LetM = &} ; R/(a;), and letp = w(M)
andg = v(M). Then

R if k<p—1,
Anng((az...an—p)) ifk=p—1,
(Fe(M) 1 Fraa(M)) = < (an-g) fp<k<qg_l
(a1...ap—g+1) if k =q—1,
[ R if k> q.

Corollary 3.6. LetRbe avaluationring. Led/ be afinitely generate®-module whose
Fitting ideals are non-zero principal ideals. Théfi & &} —5 R/(Fj,(M) : Fa(M)),
wheren = u(M).

Corollary 3.7. SupposeR is a valuation ring. Let\/ and M be two finitely generated
R-modules. Suppose that the Fitting ideals\éfare non-zero principal ideals. Then,
M = M’ ifand only if F,(M) = F,.(M") for all positive integers.

Résun® substantiel en francais.Soit R un anneau commutatif (unitaire) &f un
R-module de type fini. Une forme canonique teest une dcomposition

M=~R/L®- - ®R/I,,

ou I; estunickal deRetl; C --- C I, # R. Si elle existe, cette@omposition
est unique [8]. Si les iaux; sont principaux, cettea@tomposition s'appelléorme
canonique normalée M.

Les ickaux de Fitting interviennent au cours de notre investigation. Voici comment
ils sont céfinis. SoitX = {x1, ..., z,} un ensemble degyérateurs dé/. Unerelation
dans)M estunvecteufas, . . ., a,) deR" telqued " ; a;z; = 0.Pourk = 0,...,n—1,
les ideaux de Fitting Fi, (M) de M sont céfinis commeetant les i@aux engends par
les ceterminants de&: — k) x (n — k)-sous-matrices de la matrice

algp ... A1n
KM)=| -
( ) a;1 Ain ’
ou les vecteurga;1, . . ., a;,) sont les relations dan¥/. Si k& > n, nous @finissons

F,(M) = R. Ces ickaux forment une suite ascendante €dx invariants poui/
independamment du choix d€ (voir [6] ou [10]).

Il existe deux invariants assez importants pour le test de la &tertle la libe@
locale des modules de type fiai savoir

v(M):=min{k | F,(M) =R} et w(M):=min{k| F,(M) # 0}.
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Théoreme 2.3.Soit R un anneau local et soid/ un R-module de type fini. Posons
w(M) = r. Les deux assertions suivantes seqaivalentes :
(i) Pourtoutk > w(M), I'idéal Fj,(M) est principal simplifiable parmi les &hux
non nuls dek.
(i) Nous avons I'isomorphisme

M = (®IZ7R/(a;)) & R®,

ou a; divisea;+1 et(a;) est simplifiable pout < i <r—s—1, avecs = w(M)
eta1 R # R.

Théoreme 3.2. Soit R un anneau de valuation &/ un R-module de type fini dont les
idéaux de Fitting sont principaux. Posons= 1.( M) le nombre minimal de@rérateurs
de M. Alors il existeay, . .., a, dansR tels queM = &7 ; R/(a;), OU a; divisea;+1
pour¢i=1....,n—1
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