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THE ENGEL CONTINUED FRACTION EXPANSIONS
OVER THE FIELD OF LAURENT SERIES: ALGORITHM,
METRIC PROPERTIES AND FRACTAL DIMENSIONS

JuN WU

RESUME. Le butde cet article est d’introduire l@deloppement en fraction continue
d’Engel sur le corps de€sdes de Laurent. Nous discutons des pretps netriques
élémentaires des chiffres en pofmes apparus dans I&wkloppement. Aussi la
dimension fractale des ensembles d'exceptioerstie.

ABSTRACT. The aim of this paper is to introduce the Engel continued fraction
expansion over the field of Laurent series. We discuss some basic metric properties
of the polynomial digits occurring in the expansion. Also the fractal dimensions of
exceptional sets are studied.

1. Introduction. Real numbers have different kinds of representations, such as decimal
expansions, continued fraction expansiorigdth series, Engel series, Sylvester series
expansions and Cantor infinite products (see [7] and [24]). These representations have
been proved to be useful tools to study the arithmetic properties of real numbers. Quite
recently, Hartono, Kraaikamp and Schweiger [9] introduced a new continued fraction
algorithm with non-decreasing partial quotients, called the Engel continued fraction
expansion.

Instead of expansions of real numbers, expansions over the field of Laurent series
have been studied extensively. Artin [1] and Magnus [19,20] had studied a Laurent series
analogue of simple continued fractions of real numbers, involving “digitsto, . . .
lying in a polynomial ringF[z]. In addition to sketching elementary properties of an
n-dimensional “Jacobi-Perron" variant of this, Paysant-Leroux and Dubois [21,22] also
briefly outlined certain “metric” theorems analogous to some of Khintchine’s [12] for
real continued fractions. Analogous to the so called Oppenheim expansions of real
numbers, discussed in Perron [23] Chapter 4 and Galambos [7], A. Knopfmacher and
J. Knopfmacher [13,14] introduced the various unique expansions of formal Laurent
series over a fieltl, as the sums of reciprocals of polynomials. In the case of tlieth
expansions of Laurent series, ergodic and other metric properties have been investigated
by J. Knopfmacher [16] and extended by A. Knopfmacher and J. Knopfmacher [15]. For
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the Engel expansions of Laurent series, the corresponding results have been discussed by
Grabner and A. Knopfmacher [8]. Fan and the author [5] studied the metric properties for
the general Oppenheim expansion of Laurent series. For the topic of metric Diophantine
approximation over the field of Laurent series, please refer to [3], [17] and [6].

In [9], Hartono, Kraaikamp and Schweiger studied the ergodic properties of the
Engel continued fraction expansions of real numbers. The main aim of this paper is to
introduce the analogous Engel continued fraction expansions over the field of Laurent
series. Not only the ergodic properties of the Engel continued fraction expansions over
the field of Laurent series are discussed, but also the asymptotic properties of the
polynomial digits occurring in the expansions. In addition, we also consider the fractal
properties of exceptional sets.

This paper is organized as follows. In section 2, the algorithm which generates the
Engel continued fractions over the field of Laurent series is introduced and the basic
properties of the expansions are discussed. Section 3 is devoted to study the metric and
ergodic properties of the Engel continued fraction expansions and the fractal properties
of exceptional sets are investigated in section 4.

2. The Engel continued fraction expansions over the field of Laurent seried.et
L =TF ((z71)) denote the field of all formal Laurent serigis= Y">° c,z~" in an
indeterminater, with coefficients:,, all lying in a given fieldF.

We also consider the ring[z]| of polynomials inz, and the fieldF(z) of rational
functions inz, with coefficients inF.

If ¢, # 0, we callv = v(A) the order ofA above, and define the norm (or valuation)
of Atobe| Al = ¢~¥), where initiallyg > 1 may be an arbitrary constant. Letting
v(0) = +o0, ||0]| = 0, one then has (cf. Jones and Thron [11] Chapter 5):

|Al| > Owith ||A]| =0iff A=0,

|AB| = |A] - ||B] and

|lcA + BB]| < max(||A||, ||B]|) for non-zeron, 5 € F
with equality whenj| A|| # || B||.

From above, the norn || is non-Archimedean, and it is well known thétforms a
complete metric space under the mefrisuch thaip(A, B) = ||A — B]|.

Remark 2.1.Since the metrig is non-Archimedean, it follows that each point of a disc
may be considered its center and thus if two discs intersect, then one contains the other.
ForA =2 cpz ™ e L, let[A] = > ..oz ™ € Flz], and refer tdA] as
the integral part ofA € £. Then—uv(A) := —v is degree def] of [A] relative toz.
The function] | was used by Artin [1], Baum and Sweet [2] and Magnus [19,20] for
their continued fractions.
Let I denote the valuation ideal™*F [[=~1]] in the ring of formal power series
FllzY],iel={zeL: |z <1}
Forz =3 > ¢,z " €1, letry = x. If 2, # 0, (n > 1), is already defined, then
leta,(z) = ], and put

Ty = (1 —an(:v)) L. (1)

n
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Then

ay(x)
ap—1(x)
ap () + an(x)xne1

This process ends if,, = 0 for somen > 1.

Theorem 2.2. Everyzx € [ has a finite or convergent (relative g expansion of the
form

x = 1a @ = [0;a1(z), ax(x),...],
ar(z) + )
az(aj) +...
wherea,,(z) € F[z] and
degaji(x) > 1and deg(an+1(x)) > deg(a,(x)) + 1forn > 1. (2)

The expansion is unique far subject to the preceding “digit" conditions on the
an(z) € F[z], and is finite iffz € F(z), thatis,x is a rational function ot. In addition,
if we write

pu(z) 1
(@) o) | )
mlo)r an 10
ap(x) +-- -+ Z;(la:)
then
o R ®

Proof. If z € I has afinite expansion, itis obvious that F(z). Letz = % e F(z),
wherer(z), s(2), (s(z) # 0), are polynomials iff'|z]. Then by algorithm (1),

s(2)

2y — (S(Z) B [5(2)}) 1 @ — a1(x) _ s(z) —aa(o)r(z) r(l)(z)‘
) r@)) 48] a) a@riz T sO()
Noting that
@)+ >
k=1
thus .
5() = r(aa(e) +1(2) Y enz ™,
k=1

which implies
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i.e.
degr®(z) = deg(s(z) — r(2)as(z)) < degr(z) — 1.
Now let (n)
_r(z)
T+l = ) (Z) n= 15 27 5
then

—00 < --- < degr™(z) < - < degr(z).

Since deg-(™(z) € N U {0} U {—oo}, there exists an such thatz,, = 0.
If 2, # 0, x,+1 # 0 for somen > 1, suppose

1 o0
— =ap(z)+ Z ek
n k=1

By algorithm (1), we have

T = <a:1 - “"(x)> e ke ,i’“k

which implies
—v(an+1(z)) = v(2n+1) 2 —v(an(z)) + 1,

degan+1(x) > degay,(z) + 1. (5)

Now we prove (4). Without loss of generality, assumeas not in F(z) and let
{Z:E;;, n > O} be the sequence of convergents in the expansian thfat is,

n 1
Pa(@) _ = [0;a1(2), az(), . . ., an ()],
Gn () a1 ()
ay(x) +
ag(x) +-- -+ an-1(2)
an ()
where 288 = 2 and Zigg = al%x). It is easily seen as in the real case (see [9],
Proposition 2.1), that
() = an(2)pn-1(2) + an—1(x)pn—2(z) forn > 2, (6)
an(x) = an(z)gn-1(x) + apn—1(z)gn—2(x) forn > 2. (7)
From (6) and (7), one has
n—1
Pn(®)gn-1(x) = po-1(@)gn(z) = (=1)" " [ a;(2) forn > 2, (8)
j=1

pu(@)  pacale) (D" as(2)

an(®)  gnoa(z) Gn-1(2)qn () forn > 2. (9)
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By induction, one has that

pn (@) + an(2)Tn+1pn—1(2)
Gn (%) + an (2)Tns1gn1(x) nz1 (10)

€Tr =

In fact, if z € F(z), the special case,+1 = 0 givesz = ZZ((g From (8) and (10),

1)~ 1
Cpeal)  CVIEHe@
anl(x) anl( )(Qn(x) + an(l‘)xrﬁl%zfl(x))

By (5), (6) and (7), it is easy to see that

degpn(x) = deg(an pn 1 Z deg a] (12)

deg gy, (z) = deg(an ()gn_1(z Z dega;(z (13)
Thus by (5),

n—1 n
. po(z)|| qE dega; (»T)—E1 degaj(fﬂ)—gldegaj(i)
qn()

—ide ] n(n+
g A gaj(w)gq_ ()

Now we establish the uniqueness of the “digiig(z) € F[z]. It is enough to prove
the following claim.

Claim. Let{b,, n > 1} be a sequence If[z] withdegb; > 1,degb,+1 > degb, +1
foranyn > 1, and let{p,, n > 0}, {g,, n > 0} be givenin (6), (7). Theﬁg converges
(asn — oo) to an element: € I such that,, = a,(z) forn > 1.

In fact, from (9) and (13),

— E deg bj n(n+l)
_ j=1 ——

Pn Pn—-1 S q 7

gn Gn—1

and hencel* converges to an elemente £ becauseC is complete and || is non-
Archimedean. By (12) and (13)/,(5—2) = degb; > 1 for anyn > 1. Thusz € I.
Now

Pn = !
0;b1,b2,...,b, ’ H
dn [ 1,02y ] bl + bl[o;b27 R bn] ( )

using the same proof as above,

[0;b2,...,b,] — 2’ €1, asn — oo,
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andv(z’) = degb, > degby + 1. This impliesh1z’” € I. By lettingn — oo in (14) we

find that
1

N b1 + bia’

from which 1
bll'/:*—blef,
e

thusby = [2] = aa(z). Repeating the above argument yields thgtr) = by. By
induction one finds thai,, (z) = b, for n > 1. TheClaim has been proved and the
proof of Theorem 2.2 is finished.[d

Remark 2.3.From Theorem 2.2 and (9), ifis not inF(z), we have

> (1)l aj(x 0
xzz( S 1105 ), Haj(x) =1]1. (15)
j=1

0 Qn(x>Qn+1(x)

3. Metric properties of the Engel continued fraction expansions over the field of
Laurent series. From now on we assumg > 2 is a positive integer anfl = I, is
a finite field with exactlyg elements. In this casé€,is compact under the metrje
Let P denote probability measure with respect to the Haar measutermrmalized
by P(I) = 1. The Haar measure ahis the product measure dr,- ; F, defined by
P({a}) = ¢~ for each factor and any element F,,.

In order to establish metric and ergodic properties of the Engel continued fraction
expansions over the field of Laurent series, we need some preliminary results.

Lemma 3.1. For any dy, do,...,d, € IFy[z] satisfyingdegd; > 1 anddegd;+1 >
degd; +1,1<j <n-—1,we have

n—1
— X degd;—2degd,
Plrel: ai(x) =da, az(z) =da, ..., ap(z) =d,} =q 7= .

Proof. By Theorem 2.2 and Remark 2.3, the set

{rel: ai(x) =di, az(z) =da, ..., ap(x) =d,}

is a disc with center at
n—1 k; H
N =1 1

qrqk+1

M

and diameter

n—1
- ;1 degd;—2degd,,—1
q = ,

where{gq,, n > 0} are defined in (7). Thus

n—1
— X degd;—2degd,
Plrel: ai(z) =da, ap(z) =da, ..., ap(z) =d,} =q 7= .
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Proposition 3.2. Foranyds, do, . .., dn+1 € F4[2] suchthatlegd; > 1anddegd;+1 >
degd; +1,1 < j <n,we have
P{an+1(7) = dp+ilan(x) = dn}
= P{an+1(z) = dpsa|ar(z) = da, az(z) =da, ..., ap(z) = d,}
il
[ dn+1l1

i.e.{a,(x), n > 1} forms a Markov chain with transition probabilities,

1
Plan+1(z) = lpsalan(z) = 1} = I +1H2

if degl,+1 > degl, + 1, andO otherwise.
Proof. By Lemma 3.1,
P{an+l(m) = dn+l‘an(-73) = dna cee ,al(l‘) = dl}

_ P{al(a?) =ds,... ,an(:r) =dp, an+1(aj) = dn+1}
Plai(z) =d1,...,an—1(x) = dp-1, an(x) =d,}

- ,Eldeg dj—2degdy,1
iz

q

n—1
— Y degd;—2degdn
q =
|
| dn+a[?

On the other hand,
P{an+1($) = dp+1lan(r) = dn}

Plan(z) = dn, ap+1(v) = dpar}
Plan(z) = dn}
Y Plaj(x) =1;1<7<n—-1, ap(x) = dp, an+1(x) = dp+1}

= 16
S Pla(e) =y, 12 20— 1, an(e) = du} 19
n—1
> q— jgl degl;—degd,—2degd,n
= n—1 (17)
Z qi = degm;—2degdn,
_
[

where both the summations in the numeratorsin (16) and (17) are okgiall . ., [,,_1

€ F,[z] satisfying degy > 1, degl;+1 > degl; +1,1< j < n — 2, and degl,, >
degl,,_1 + 1, and both the summations in the denominators in (16) and (17) are over
all my, mo,...,my_1 € Fy[z] satisfying degni > 1, degm;+1 > degm; + 1,
1<j<n-2,anddegl, >degm, 1+1. O

Now we are going to prove thgtlega, (z), n > 1} forms a Markov chain.
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Lemma 3.3. For any positive integergs, k»,...,k, satisfyingk; > 1 andkjs1 >
k;+1,1<j<n-—1 wehave

P{z € I :degai(z) = k1,degaz(x) = ka,...,degan(z) = k,} = (¢ — 1)"q .

Proof. By Lemma 3.1,
P{z € I : degai(x) = ki1,degax(z) = ka,...,dega,(z) = k,}
=) Pla(e) =l1,a2(x) =la,...,an(x) = 1} (18)
n—1

-4 degl;—2degl,

- (19)
n—1

Y (20

— (g1,

where the summations in (18), (19) and (20) are ovdial, . .., [, € F,[z] such that
deglj :k‘j,lSj <n. 0O

Proposition 3.4. For any positive integergi, ko, ..., k,+1 satisfyingk; > 1 and
kjs1 > k;j+1,1 < j < n,we have

P{degan+1(z) = kn+1| degay(z) = k,}

= P{degay+1(x) = kn+1|degai(z) = k1,...,dega,(x) = k,}
— (q _ 1)qkn_kn+l.

Proof. By Lemma 3.3,

P{degan+1(x) = kp+1|dega,(z) = ky, ..., degai(x) = k1}
. P{deg al(x) =kq,... ,deg an+1(z) = kn+1}
P{degai(x) = k1,...,dega,(x) = ky}
IO VT
(g Drg
= (¢ — g Fm

On the other hand, write

An = {deg an($) = knv deg an+1($) - kn+l}7
By, = {degan(x) - kn}'

Also by Lemma 3.3, we have
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P{degan+1(z) = kn+1| degay(z) = ky,}

P{dega,(z) = k,, degan+1(z) = kn+1}
P{dega,(x) = ky,}
_ XP({degay0) =l 1S j<n=1nd)
> P{degaj(z) =m;,1<j<n-1}NB)
_ X(g—1)righen
>(g—=1)rghn

= (g — 1)g"Fm,

(22)

where both the summations in the numerators in (21) and (22) are over all positive
integerdy, lp, ..., l,—qsatisfyingly > 1,541 > 1;+1,1< j <n-2,andk, > [,,_1+1,

and both the summations in the denominators in (21) and (22) are over all positive
integersmy, mo, ..., my—1 satisfyingms > 1,mj+1 > m; +1,1<j <n—2,and
kn>m,_1+1. O

Foranyz € I, let{A,(z), n > 0} be the sequence of random variables such that
No(z) = degai(z), An(z) = degay+1(x) — dega,(z) forn > 1.
Now we prove our key result.

Theorem 3.5. {A,,(z), n > 0} is a sequence of independently and identically dis-
tributed random variables, and for arky> 1,

q—1

Plxel: Ay(x) =k} = 7

Proof. For anyn > 1 andk > 1, by Proposition 3.4,
Plrel: Ap(x) =k}

=Y P{A,(z) = k| degan(z) = j}P{degan(z) = j}
=1

8

P{degan+1(z) = k + j|dega,(z) = j}P{degan(z) = j}

j=1
[ele} . q— 1
= P{degan(x) :j} ’ A
=1 1
qg—1
_ T
Also it is easy to see, for ary > 1,
-1
Plael: Ao(z) =k} = qqk :
Now we prove that\,, (), n = 0,1, ..., are independent. For any positive integers

kla k2a ) kn+lv
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P{a: cl: Ao(m) = k‘l, Al(x) = kz, ey An(x) = kn+1}

n+l
= P{x e I:degay(z) = k1,degan(z) = ky + ko, ..., degan+1(z) = Zk]}

n+l

>k
= (¢g—1)™q =
= P{Ao(l‘) = k‘l}P{Al(l‘) = kz} s P{An(:[)) = k‘n+1}. O

Theorem 3.6. For the Engel continued fraction expansions of Laurent series, we have

- : éldegaj(z)_ﬁn 1t —u?)2
() nlinoo P{x el: D < t} = 7= Iie du,

(i) For P-almostallz € I,

. 1 _q
nlinoo - dega,(z) = 1 (23

(i) For P-almost allz € I,

dega,(z) — Ln
lim sup 9onlr) —gan _ VT

nooo  \/2nloglogn  ¢—1

dega,(z) — -Ln
iming 02990 — g v
n—oo  y/2nloglogn qg—1

Proof. By Theorem 3.5,

and

E(An(z)) = > kP{An(z) = k}
k=1

—~ ¢  q-1
Similarly,
E(An(x)?) =D kP{An(z) = k}
k=1
k=1 g q—1 (¢—1)7?
thus 2 2 q
Var(2a()) = E(An(r)?) = (E(An())? = (57

Hence by the central limit theorem, (see [25], p.331, Corollary 3), the strong law of
large numbers, (see [25], p.366, Theorem 3), and the iterated logarithm law, (see [25],
p.372, Theorem 1), we get the desired results of Theorem 85.

If we consider the random variablé{%” = ¢®(@) n =0,1,2,..., from

Theorem 3.5, these are independent and identically distributed with infinite expectation.
However, we have the following result:
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Theorem 3.7. For any fixede > 0,

im Ploer: |t “j+1<m)'—(q—1)>g —o,
n—o0 nlog, n = a;(x)
e o 2 || 4952 || — (¢ — 1) in probability.
a .:

Proof. We obtain our result following the idea of Theorem 5 in [15].

By Theorem 3.5, the random variabhﬁ%“ = ¢ =12 ..., are
independent and identically distributed, and it is easy to checlythiat) has infinite
expectation. For ang < n, define

ak+1($) . ak+l($)
= =0 if <nl
Ug(x) @ ||’ Vi(x) =01 (@) || = nlog, n,
and
Vi) = || 22 gy o i || 229 | jog, .
ag(z) ||’ ag(z) I
Then
P I 1 d aj+1(x) _ -1

< Plzel: |Ui(z)+: - +Uy(x) - (¢ — 1)nlog,n| > enlog,n}
+Plzel: Vi(zx)+---+V,(z) # 0}
By Theorem 3.5,
az(x)
a1(z)
=n Y (¢-Dg*

kigk>n log, n

T _h(1).

~ log,n

Plrel: Vi(x)+---+V,(z) #0} < nP{z e I:

' > nlog, n}

Also by Theorem 3.5, we have
E(Ui(z) +-- -+ Un(x)) = nE(U1(x)),
Var(Uy(z) + -+ - + Uy (x)) = nVar(Ur(z)),

where

E(Ui(@) = Y ¢"P(la(e) = k)

gk<n log, n

= Y ¢ "g-1q" =(¢-1log,([nlog,n]),

gk<nlog, n
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and
Var(Uy(z)) < E(Uy(z)?)
= Z (¢ —1)¢" < qn log, n

g*<nlog,n
Chebyshev’s inequality then yields
Plx e I: |Ui(z)+---+Upy(z) — nE(U1i(z))| > enE(Us(z))}

nVar(Ui(z)) qn? log,
~ (enE(Ua(x)))? ~ (e(q — Ynlog([n log, n]))*

=o(1).

SinceE(U1(x)) ~ (¢ — 1) log, n asn — oo, Theorem 3.7 follows. [J

For the convergent speed of the Engel continued fraction expansions of Laurent
series, we have

Theorem 3.8. For the Engel continued fraction expansions of Laurent seriesPfor
almost allz € I, we have

() q
li I =—
e 12 n? 09y || an () ’ 2(¢—-1)
Proof. From (11) and (5),
n+l
. pn(x) _ —Jg dega](m).
qn ()
By Theorem 3.6, foP-almost allz € I,
n+l
— 1dega;(x
lim iIog _ (@) lim 2.j-19e94;(2)
A 2108 7 = Gy | = i
T - deg an+2(x)
o nllnoo (n + 1)2 —n2
-1
2(q—1)

Remark 3.9.For the Engel continued fraction expansions of real numbers, the results
corresponding to Theorem 3.6, Theorem 3.7 and Theorem 3.8 have been established
by Kraaikamp and the author [10].

LetT : I — I be the transformation defined by

T(x)= <l - [lD 2 » foranyx # 0.
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By the algorithm generating the Engel continued fraction expansions of Laurent series,
we conclude that for any € I, if the recursive process does not stop, for any 1,

1
ai(x)

an-1(x)
an(z) + ap(z)T"x

(24)

xTr =

ay(z) +
az(x) +... 4

Now we consider the ergodic property Bfwith respect tdP. For anyn > 1 and
positive integerscy, ko, ..., k, satisfyingky > 1 andkjs1 > k; +1, 1 < j < n — 1,
we call

I, (k1, ko, ... ky) ={x €1:degai(x) =k1,...,dega,(x) = k,}

an-order cylinder.

Lemma 3.10. For any Borel set? C I and anyn-order cylinderl,, (k1, k2, ..., kn),

P(T™"ENI(k1, k2, kn)) = (g — V)P (T"Ly(ka, k2, .. k) N E) .

Proof. Foranym > 1andm-order cylindet,, (b1, b2, . . ., by, ), if b1 < k,, by Theorem
e T Ln(b1, b - o) 1 Lkt K - i) = 0. (25)
If by > k, + 1, by Lemma 3.3, we have
P(T "I (b1,b2, ..., by) N Ln(k1, ko, ... ky))

= P{z € I:degai(z) = ki,...,dega,(x) = ky,

degan+1(x) = b1, ..., degamn(x) = by}

= (q—1)"*"gm

=(¢—1"P (Im(bl, bo, ... ,bm)) . (26)

Combining (11) and (12), using standard measure theory, we have for any Borel set
Eel,

P(T"ENIy(ki ko, ... kn)) = (¢ — V)"P(T"Ip(k1, k2, ... . kn) N E) . O

Theorem 3.11. T is ergodic with respect te.

Proof. Suppose is a Borel set il such thal —'E = E.
For anyn > 1 andn-order cylinderl, (k1, k2, . . . , k»), by Lemma 3.10, we have

P(ENIL(ki k2, ... . ky)) =P (T "ENIL(k1,ka, ... kn))
= (¢ — 1)"P(T" I (k1, k2, ... . kn) N E) .

Noting thatT™ (I, (k1, k2, ..., kn)) = {x € I : degas(x) > k, + 1}, we have

P(ENIy(ki k2, ... ky)) = (¢—1)"P({z € I :degas(z) > k, +1} NE).
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By Lemma 3.3, we have

P(ENIy(k1, ko, ... kn))
P (In(k1, k2, ... kn))

For anyk > 0, let
D(k) == ¢*P ({x € I : degay(z) > k+1} N E).

= ¢"P ({z € I:degas(z) > kn + 1} N E).

SinceT~'E = E, by Lemma 3.10, we have
D(k) = ¢"P ({z € I : degas(z) > k+1} N E)

=¢" > P({z€I:degai(z) =s}NE)

s=k+1
=qF Z P({z €I:degai(z) =s}nN TﬁlE)
s=k+1
=¢"(q—1) > P({zr €I:degas(zx) > s+ 1} NE)
s=k+1

N
Jj=
In the same way,

D(k+1) = Z; " D(k+j+1).
J:

Thus
Dk+1) q¢—1

D(k) - .

D(k+1),

which implies that for any > 0,
D(k) = D(k+1).
SinceD(0) = P(FE), we have fom-order cylinderl,, (k1, k2, . .., kn),
P(EN (k1 k2, ..., kn))
P (In(k1, k2, . . kn))
By standard measure theory, for any Borel 4et I,
P(ENA)=P(E)-P(A).

— P(E).

ChoosingA = E¢, we have
0=P(ENE°) =P(E)-P(E°).
This impliesP(E) =0orP(E) =1. O

Now we consider the invariant measuresfoi_et jg be the Dirac measure concen-
trated at{0}.
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Theorem 3.12. §g is the only probability measure ahwhich is preserved by

Proof. Since! is compact and’ is continuous on/, thus there exists a probability
measure) on I which is preserved by'.
For anyk > 1, noting thatl’~"(11(k)) = () for n > k, we have

Q(L1(k)) = Q(I""(11(k))) = 0,
therefore

QUI\{0}) = 3 Q(Ia(
k=1

So
Q = do. O

Remark 3.13.From the proof of Theorem 3.12, we know, for Engel continued fraction
expansions of Laurent series, any non null measuré which is preserved by is
concentrated &f0}.

4. Hausdorff dimensions of the exceptional setsThe definition of Hausdorff measure
on/ is the same as that @&1. Fors > 0 and a subsdt of I, the Hausdorfé-measure
is given by

H(E) = ('siﬂ"o{ inf Z(diaij)s},

where the infimum is over all covers @&f by discsD; of diameter (in the metrip) at
mostd and diam denotes the diameter of a set. The Hausdorff dimensigisafefined
by
dmE =inf{s: H*(E) = 0}.
Remark 4.1.From the definition of Hausdorff dimension, it is easy to see that for any
Borel subset of I, if P(E) > 0, then dimE = 1.
From Theorem 3.6, we know that fBralmost allx € I,

1
- dega,(z) — Ll asn — oo.

Also note that deg@., () > n, so it is natural to consider the following set
A(a) ={zeI: lim 1 dega,(z) = a} (27)
n—oo n

foranya > 1.
We first state the mass distribution principle (see [4], Proposition 4.2) that will be
used later.

Lemma4.2. Suppos& C I andu isameasure with(E) > 0. If there exist constants
¢ > 0andd > 0such that
(D) < c(diamD)?

for all disc D with diameter dian < ¢, then

dimFE > s.
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Theorem 4.3. Foranya > 1,dimA(a) =1
Proof. Foranyn > 1, IetIE‘((J") [2] denote the polynomials ifi,[z] with degreen, that is
Ffl")[z] = {:U eFylz]: z= chzk, ¢ €Fq, (1<i<n), ande, # O}.
k=0

For anyn > 1 andby € FY"™ ) [2], by € F{™D (2] b, € FA™™ D[] where
int(a) denotes the integer part for any real numbgdefine

J(b1,b2,...,bp) ={z €I: ai(x) = b1, az(x) = by, ..., an(z) =by}.

We call J (b1, bz, . . . , b,) an-order basic disc. Noting that if{t: + 1)a) > int(na) +1
for anyn > 1, by Theorem 2.2 and Remark 2.1,we have that, b, . . ., b, ) is a disc
with center at

—0 e
and diameter
—int(e) 7int(2a)f---7int(na)fint(na)fl.

q

Also by Theorem 2.2, we have

(I) If (bl,bz,...,bn);ﬁ(/l, é,...,b%),J(bl,bz,...,bn)ﬂ,]( /1, /2,,[);1):(3
(i) J(b1, b2, ..., bp,bps1) C J(b1,ba,...,by,) foranyn > 1.

Let
E, =UJ(b1,by,...,by),
where the union is over ath € F\"™ ) [z], b, € Y@ () .. b, e TNy,
Then
E, ={x € I:degai(z) =int(a), ...,dega,(z) = int(na)}, (28)
andE,, consists of g — 1)"¢"(e)+intRa)++int(na) gisjoint discs with diameter
qfint(a)fint(Za)f---7int(na)fint(na)fl'
Define -
E = () En
n=1
It is obvious that
E ={x €I :degai(z) = int(ka) for anyk > 1}. (29

ThusE C A(«). Now we estimate the Hausdorff dimensionof '
Let . be a mass distribution support on E such that foray 1 andb; € FMD ],
by € TSN ] b, € T[],

(T (b1, b2, - bn)) = (g — 1) g M@ TNE) ), (30)
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For anys > 0, chooseng large enough such that for any> nq,
n?—3n+2>(n?+3n+2)(1-c¢). (31)
Foranyz € I andm > int(«) + int(2a) + - - - + int(npa), choosek > ng such that
int(a) + -+ - +int(ka) < m < int(a) --- +int((k + 1)),
which implies

—int(a) — -+ —int((k+ o) < —m
< —int(a) — -+ —int((k — 1)) —int((k — D)) — 1, (32)

thusB(z, ¢7™) :={y € I: ||y — x| < ¢ ™} can intersect at most on& — 1)-
order basic disc. In fact, if there exist, b, € Iﬁ‘g'”t(m))[z], 1< i< k-—1such
that (b1,b2,...,bk_1) # ( /1, ’2, R b?c—l)’ B(xz, ¢™) N J(by, b2, ..., bk_1) # 0
and B(z, ¢~™) N J(by,b5,...,0,_4) # 0, thenB(z, ¢-™) C J(b1,bo, ..., bgx—1)
and B(z, ¢-™) C J(by,b5,...,b._4). Thus by Remark 2.17 (b3, b5,...,0, ;) C
J(b1, b2, ..., bg—1) or J(by,ba,...,bp_1) C J(b],b5,...,b)_;), and this contradicts

J(bl,bz,. ~-,bk—1) N J(bll, ,2,..., ;c—l) = 0.
Therefore, by (31) and (32),

M(B(.%', q—m)) < (q o l)—(k—l)q—int(a)—int(Za)—~--—int((k:—l)a)
q—int(a)—int(2a)—-~-—int((k—l)a)

IN

A k-1 < q—L’“;” at+(k—1)a

IN

q

,k2+23k72a < q* (k+1)2(k+2) (1*8)

q
< (diamB(z, ¢~™))

«

1-¢

By Lemma 4.2, we have dif > 1 — ¢. Sincee is arbitrary, we have diri’ = 1. Note
thatE C A(a), thusdimA(a) =1. O

If «is an integer in Theorem 4.3, we can even get the following quite strong result.
For any positive integet, let

B(m) = {x € I : degay+1(z) — dega,(x) = m foranyn > 1}. (33)

Theorem 4.4. For any positive integem, dim B(m) = 1.

Proof. For any positive integem, leta« = m and E,,, E be constructed in the same
way as in the proof of Theorem 4.3. ThéhC B(m) and dimE = 1 by the proof of
Theorem 4.3, thus diB(m) = 1 and we complete the proof of Theorem 4.4

By Theorem 4.4, we can get the following corollaries immediately.

Corollary 4.5. The Hausdorff dimension of the set where (ii) and (iii) of Theorem 3.6
fail is 1.
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Corollary 4.6. For any positive integem, let

cm=eet i

o m(n+l)(n+2)
=q 2z foranyn > 1} .

Then
dimC(m) = 1.

In particular, the Hausdorff dimension of the set where Theorem 3.8 fdlls is

Remark 4.7.Using the same idea, the author [26] got the corresponding results of
Theorem 4.3 and Theorem 4.4 for the Engel expansions of Laurent series.
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Résun® substantiel en frangais.Nous introduisons, sur le corps dexies de Lau-
rent, le ceveloppement d’Engel en fractions continues et nous obtenons lesgtespri
meétriques des polydmes qu’on rencontre dans cewgloppement. De plus, noésu-
dions la dimension fractale pour certains ensembles exceptionnels.

Soientp un nombre premieg une puissance gg etlF, un corps finag élements. Soit
F, ((z71)) le corps des@ies formelles de Laurent erde la formed = "> ¢,z ™"
avec coefficients,, € F,. Comme d’habitud€f,[z] désigne I'anneau des polymes
enz surlF, etF,(z) le corps des fonctions rationnelles ea coefficients dang,.

Si ¢, # 0 dans la éfinition de A, alors l'ordre de A est dongé parv = v(A)
et sanorme (ou valuation) par ||A|| = ¢—““). Rappelons que la valuatigh| est
non-archinédienne sur le corpB, ((z1)) et queF, ((~%)) muni de la distance
p(A, B) = ||A — B|| estun espace @trique complet.

PourA=73%> cpz "€ L,onposdA] =3 . ocnz " € Fylz] qu'on appelle
partie integralede A. Evidemment, le nombre v(A) := —v est peciment le degr
deg[A] du polyrdbme[A] enz.

Repésentons paf I'id éalz~'F, [[z7!]] dans 'anneatf, [[~!]] des gries formel-
les en puissances de!. Donc, lesélements de sont péciment toutes lesésies
formelles) " 7 ; c,z~". De plusI est isomorphé [] - ; IF, et donc compact. Nous
avons donc la mesure de Haar norn&gisur/ que nous ésignons paP.

Soitz = Y 2 cpz " € I et posonse; = z. Soitz, (pourn > 1) défini par
récurrence comme suit. Pauy, # 0 on poser,(z) = [-] et

rwa= (o) ooy .
Alors
1 J—
v ar(z) +ay(z)zy
B 1
- a1 (z)
al(x) + az(x) . an_l(x)

an(z) + ap(z)Tpe1
Cependant, si;,, = 0, alors on cesse I'algorithme.
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Théoreme 2.2. Toutz € I admet un éveloppement fini ou infini (mais convergent par
rapporta p) de la forme

= [0;a1(x), az(x),...],

aveca,(x) € F,[2] et
degai(z) > let deg(an+1(x)) > deg(a,(z)) +1 pourn > 1. (2)

Si ces conditions sur les,(z) € F,[z] sont \erifiees, alors le dveloppement est
unique et il est fini si et seulementsk F,(z) (c’esta-dire lorsquer est une fonction
rationnelle enz). De plus, si on pose

() 1
) () 4 me 1(2) | ’
ag(x)+---+ Zn(:r)
alors on a
< @

Théeoreme 3.6.Par rapport au @veloppement d’Engel desres de Laurent en frac-
tions continues, on a

(i)

> dega;(z) — ;Ln

i— 1 t 2
lim P :rEI:Jl <t :/ e_“/zdu;
n—00 Vvna/(g—1) V2r J
(it)
lim. % degay(z) = ﬁ (23)

P-presque partout suf, et
(iii)
dega,(z) — -Ln

nooo  /2nloglogn  ¢—1

dega,(z) — -Ln
fming 290 — g1 VA
n—oo  +/2nloglogn q—1

P-presque partout suf.

et

ns(@) (n = 0,1,2,...), nous avons leésultat

an(x)

Pour les variables ahtoires
suivant :
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Théoréme 3.7.Pour toute > 0, on a

aj+1(z)

lim P{xel: !
aj(r)

n—oo nlog, n 4 .
‘7:

’—(q—l) >ep» =0

a;jn(z)

aj(z)

n
etdonc—L1t— "

nlog, n
J=1

— (¢ — 1) en probabilié.
Pour le taux de convergence dawloppement d’Engel d'une&se de Laurent en
fractions continues, nous avons &sultat suivant :

Théoreme 3.8.Pour le ceveloppement d’Engel d'uné&re de Laurent en fractions
continues, on a

P-presque partout sur.

A partir du tleoreme 3.6, on dduit que lorsque. — oo, on a

1 q
o degan(z) — -1

P-presque partout sur. De plus, on a deg,,(z) > n. Donc il est naturel dtudier les
ensembles

Ala) = {w el: nllnoo % dega,(z) = a} (27)

poura > 1.

Théoréme 4.3.0n adim A(«) = 1 pour touta > 1.
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