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ON THE DISTRIBUTION OF EIGENVALUES OF DEGENERATE
ELLIPTIC DIFFERENTIAL OPERATORS FAR FROM
SELFADJOINT ONES FOR GENERAL BOUNDARY CONDITIONS

ALl SAMERIPOUR

REsUME. Dans cet article, oBtudie les propétés spectrales d’un @pateur difé-
rentiel elliptique non-auto-adjoirftPu)(t) = —(h(t)q(t)u'(t))'(¢), défini sur I'es-
paceH, = L?(0,1)" sous des conditions frogties de type Dirichlet. Ich(t) €
C1(0,1), q(t) € C?(]0,1],End C*).

Dans ce travail les conditions impees sur la fonctioh(¢) sont plus grérales
gue celles que I'on retrouve dans l'article de Boimatov et Seddighi [4]. Nous sup-
posons de plus que, pour chaques [0, 1], les valeurs propres de la fonction
matricielleq(t) sont simples, non-nulles et disfges dans certainesgions du plan
complexe en relation avec le secteur férin= {z € C : |argz| < ¢}, ¢ € (0, 7).

On y aborde diftrentes questions telles la coiealde des fonctions propres
geréerali€es de I'ograteurP dans H, ; la sommabilié au sens des @hodes
d’Abel avec crochets de l&8e de Fourier deslementsf € H, repiesenés comme
combinaison ligaire des fonctions propresmgrali®es deP ; un estiné de lanorme
de la esolvante deP dans diferents cas ; la distribution asymptotique des valeurs
propres deP dans le cas des conditions de type Dirichlet ainsi que pour d’autres
types de conditions aux frogties.

ABSTRACT. In this article, we investigate the spectral properties of a non-selfad-
joint elliptic differential operatof Pu)(t) = —(h(t)q(t)u'(t))'(t), defined on space
H, = L?(0,1)*, with Dirichelet-type boundary conditions. Hekét) € C(0, 1),
q(t) € C?(]0,1],End C*).

In view of the paper by Boimatov and Seddighi [4], let the conditions made on the
functionh(t) be sufficiently more general than [4]. Assume that for every[0, 1]
the matrix functiory(¢) has simple non-zero eigenvalues arranged in the complex
plane in different locations in view @b C C, where® = {z € C : |argz| < ¢},
v € (0,m).

We consider such questions as the completeness of the system of root vector
functions of the operatoP in H,; summability of the Fourier series of elements
f € H, written as a linear combination of root vectors Bfby Abelian methods
with brackets; resolvent estimate of the operdtan the different cases; asymptotic
distribution of eigenvalues d? which satisfies Dirichet-type boundary conditions,
and also other boundary conditions.

Recu le 13 janvier 2003 et, sous form&fiditive, le 12 mars 2003.
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1. Introduction. We consider the weighted Sobolev space
He = WZ,(0,1)" = WZ,(0,1) x - -+ x WZ,(0,1)

(¢ times) as the space of vector function@) = (ui(t),...,ue(t)) defined on(0, 1)

with the finite norm
1/2
Cedt+/ |u(t) \Cedt> :

du(t
= ht
o= ([ nio] %

Here the notatio- |- stands for the norm in spa@. The above definition of norm
has been previously used. (See [9], [10].) Of course this could also be done in matrix
language, but at the cost of greater notational complexitﬁ@we denote the closure
of C§°(0, 1) with respect to the above norm (i.¢1, is closure ofC5°(0, 1) in the
He). C5°(0,1) denotes the space of infinitely differentiable functions with compact
supportin(0,1). If ¢ = 1, then,H = Hy, H = H, andH = ﬁl.

We now consider a non-selfadjoint elliptic differential operator of type

(Pue) = - 5 (n0a0 ).

acting on spacél, = L?(0, 1)’ with Dirichelet-type boundary conditions. Heliét) €
CY(0,1), q(t) € C?([0,1],End C*). Assume that for eache [0, 1] the matrix function
q(t) has/-simple non-zero eigenvalugs(t), ..., ue(t) in the complex plane. Let
p;i(t) € C?([0,1], j = 1,...,¢ (Note that in Section 4, the latter assumptions are
needed to ensure that we are able to diagonalize the matrix fungti¢rfor each

t € [0,1].) Moreover, letb = {z € C: |argz| < ¢}, ¢ € (0,7) be some closed sector
with vertex at zero. We now consider different locations for the eigenvaly@s in
view of ® ¢ C. We also suppose that(t) ¢ C(0,1) be a positive function that
satisfies the following inequalities:

cait®(1— )P < |h(t)| < M, (1.2)

W (t)] < Mte/271%1 (1 — 4)B/27 1%z (1.2)

wherea, 3 > 0,ande; = 0if o # 1lande; > 0if a = 1,6, = 0if B # Ll ande, > 0
if 3=1.

For a closed extension of the operafbaccording to spacH, = Wéh(o, 1)¢ above,
we need to extend its domain to the closed domain

D(P) C {u € Hy N W2106(0,1)" = hY2u' € Hy, (hqu') € Hg}

(see [7]). HereW3 ,.(0,1)" = WZ,.(0,1) x --- x W3 ,.(0,1) (¢ times) where
sz, oc(0, 1) is the space of the functionsgt) (0 < ¢ < 1) in the form

2 1l-¢ ] 2
Z/ ‘u(l)(t)‘ dt < oco. Vee(0,3).
i=0"*¢
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In this article, we investigate the spectral properties, and the asymptotic distribution
of eigenvalues of the non-selfadjoint differential operatomvhich is defined on space
H, = L?(0,1)* for two boundary conditions. Here, and in the sequel, the value of the
function argz € (—m, 7] and||T|| denotes the norm of the bounded arbitrary oper&tor
acting onH or H,.

To get a feeling for the history of the subject under study, refer to the papers [2-4].
In [2,3], the asymptotic spectral of the operafdmwas investigated by assuming that
the functionh(t) = ¢7(1 — t)7. In [4], the differential operators of arbitrary binary
sequences were studied. In this paper, the conditions we make on the fur(¢liane
sufficiently more general than [4].

The paper has seven sections. Section 1 is devoted to introduction. In Section 2,
we have Theorem 2.1 on the resolvent estimate of the differential opetatmting
on H in a certain case.g,, in this case, we will study Theorem 2.1 under assumption
(2.2)). In Section 3, we have Theorem 3.1 on the estimate resolvent of the differential
operatorA, acting onH in the general caseé¢., in this case, we will study Theorem 3.1
which, in contrast to Theorem 2.1, does not include assumption (2.2) of Theorem 2.1).
It is necessary to make a further remark regarding Theorem 2.1 and Theorem 3.1. We
will see that Theorem 2.1, under the assumption (2.2), leads to an assertion including
two estimates (2.3) and (2.4). Meanwhile Theorem 3.1, without including assumption
(2.2) of Theorem 2.1, leads to a similar assertion, but asserts only statement (2.3) of
Theorem 2.1, which becomes (3.2). In Section 4, we assume that fot eaj¢h1] the
matrix functiong(t) has¢-simple non-zero eigenvalugs(t) € C?[0,1], j =1,...,%,
arranged in the complex plane in the following way:

pa(t), ... pe(t) € C\ @

Then, we estimate the resolvent of differential operd®racting on spacéd, =
L?(0,1)%. In Section 5, completeness of the system of root vector functions of the
operatorP, by the Abelian method with brackets is studied. In Section 6 we let some
eigenvalueg; (¢) of the matrix functiory(¢) take another location in the complex plane
in the form

:U’l(t)v cet 7ﬂu(t) € Ry, ,uu+l(t)7 tet 7/~L€(t> eC \ P,

and then, under these conditions, we determine the asymptotic distribution formula for
the eigenvalues functiotv(t) = card{j : |\;| < t}, ast — +oo. In Section 7, we

prove Theorem 7.1, as Theorem 6.1 is proven in Section 6, but under general boundary
conditions {.e., in contrast to Dirichelet-type boundary conditions).

2. On the resolvent estimate of the differential operatord in H = L(0, 1).

Theorem 2.1. Let ® C C be some closed sector with vertexCatand setP = A,
q(t) = wp(t) in the definition of the operataP, as in Section 1. Then, we obtain

(00 =~ (Houn ™).

acting onH = L,(0,1). Assume that

u(t) € C?0,1], wp(t)eC\®,  VYtel01], (2.1)
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arg{u(tn )} < g5, (Viatz € [0.1)). (2.2)

Then, for sufficiently large in moduluse @, the inverse operatafA — \I)~! exists
and is continuous in the spadé = L?(0, 1), and the following estimates hold:

A=ADY < Mo A™S (Ae®, A > Ca), (23)

|h?/2 % (A=ADTH < MLINTY2 (A€ d, |\ > Co), (2.4)
where the numberd/s, M}, and Cy > 0 are sufficiently large numbers depending
on®and® = {z e C:|argz| < ¢}, p € (0,7).

Proof. Here, to establish Theorem 2.1, we will first prove the assertion of Theorem 2.1
together with estimate (2.3). As in Section 1, for the closed extension the opdrator
(for more explain see chapter 6 of [7]), we need to extend its domain to the closed set

D(A) = {v € HNWee(0,1) - W%/ € H, (h') € H}

Let the operatord, now satisfy (2.1), (2.2), then, there exists a real (—, 7], such
that for the complex numbef” we havele?”| = 1, and so

d <Re{eu(t)}, N < —ReleA}, ¢ >0,Vte[0,1, Aed. (25)

By integrating from both sides of < Re{eu(t)} for v € D(A) we will have

1 1
¢ / h(t)|o' (1) Pdt < Re / TRl (1) 2dt = Re{e (Av,v)}. (2.6
0 0

Here the symbol-, -) denotes the inner product ifi. Notice that the above equality
in (2.6) is obtained by the well-known theorem of thesectorial operators, which
are closed by extending their domain to the closed domaiti.imfhese operators are
associated with the closed sectorial bilinear forms that are densely defiftédfor
further explanation see the well-known Theorem 2.1, chapter 6 of [7]). This is why, we
extend the domain of the operatdrno the closed domain in spaé¢ above.

By (2.5), we haver/|\| < —Re{e"A}, ¢ > 0, VA € ®. Multiplying the latter
inequality by [, [v(t)[2dt = (v,v) = [|v]|? > 0, then

1
c’|)\|/ l0(#)[2dt < —Re{eT A} (v, v).
0
By the latter inequality, and (2.6), and by considerig- 1/M, it follows that

1 1 ) )
/h(t)\v’(t)zdtﬂ)\/ lu(#)[2dt < M Re{e™ (4, v) — €7 A\(v, v)}
0 0

=M Re{e”((A —M)v,v)}
< M [ [[{lv]}| (A = AT)v]]
= M |[Jv[[[[(A = AL)v]| (27)
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or

1 1
/ B(t) o (0)2dt + | / jo(t) dt < M |Jo]] (A — AT)ul].
0 0

Since [ h(t)|v'(t)|2dt is positive, we will have also

1
AllJvl? = MI/O [o(®)[2dt < M [lv]| [[(A = X)wll, (2.8)

[All[oll < MI[(A = Al

The above relation ensures that the operator A7) is one-to-one, which implies that
ker(A — \I) = 0. Therefore, the inverse operatot — A\I)~! exists and its continuity
follows from the proof of the estimate (2.3) of Theorem 2.1. To prove (2.3), we set
v=(A—-X)"1f, f € Hin(2.8), so that

1
W/O (A~ M)_lf(t)lzdt <M (A= XD YA = XD (A= XD
Since(A — M) (A — \I)~Lf = Id(f) = f it follows that

1
W/O (A= AD7Yf () |%dt < M||(A— D)7 | £]I-
Therefore,
IMIA = AD) T P < M (A= XD

By canceling the positive terfi( A — A\I)~1f|| from both sides of the latter inequality
we find
A =AD T < M| £l

and since\ # 0, this implies that|(A — A\I)~Lf|| < M |A|7Y||f||. The end result is
I(A = AD 7Y < Ma| A

This estimate completes the proof of the assertion Theorem 2.1, together with the
estimate (2.3).

To complete the proof of Theorem 2.1, here, we must prove estimate (2.4), therefore,
we begin to prove the estimate (2.4) of Theorem 2.1. As in the first arguments to prove
estimate (2.3) above, here, we drop the positive ﬂeqrgﬁol |v(t)|?dt from

1 1
/ () (1) |dt + W/ [o(t)2dt < M |[v]| [|(A — M)l
0 0

It follows that .
/0 h(t)|V'(t)[Pdt < M |Jv]|[|(A = AL)v]|.
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Setv = (A — XI)~1f, f € H inthe latter inequality, and as above, by proceeding with
similar calculations, we then obtain:

1 d 1 2 -1 -1
| ro| A=A e < M= DA IA = ADA = ADL
Since,(A — XI)(A—X)71f = f, and
1 d 2
| ro| G-t a < arica—an i .

consequently by (2.3) we hayi¢A — AXI)~1f|| < M ||f]||\|~L. Then,

1 d 2
| ro| A=A e < Mica— DT < 02 R,

Therefore,
! d -1 2 / -1 2
[ h0)| A= AN dt < MNP
ie., p
_ 2 —
th/za(A—M) YT < My ATHIAIP
or J
1222 (A= ADTE| < Myl A2
Consequently,

th/Z%(A —AD7H| < Mp|IATYR.
This estimate completes the proof of (2.4). Theorem 2.1 is thereby provied.

3. On the resolvent estimate of the differential operatorA in H = L»(0,1) in the
general case.In this section, we will derive a new general theorem by dropping the
assumption (2.2) from Theorem 2.1 in Section 2.

Theorem 3.1. As in Section 1, le be some closed sector with vertex(ain the
complex plane. If we se&® = A, ¢(t) = p(t) in the definition of the operatoP in
Section 1, then, the differential operator below follows:

(00 =~ (roun ).

acting onH = L»(0, 1). Assume that
p(t) € C?0.1), u(t)eC\®,  Vtel[0.1], (3.1)

then, for sufficiently large in modulus € ®, the inverse operatofA — \I)~! exists
and is continuous in spacé = L?(0, 1), and the following estimate holds:

I(A = AD)7H| < Ma|A|™ (32)
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whereMg, Cy > 0 are sufficiently large number depending érand |\| > Cs.

Proof. To prove the assertion of theorem 3.1 together with (3.2), we construct the
functions (1) (2), ..., ©(p) (1), p)(t), ..., 1y (t) so that each one of the functions
pi(t), 5 =1,...,p (t € suppy;)), as the functionu(t) in Theorem 2.1 satisfies
(2.2). Therefore, let

H(1) (t)a <o H(p) (t)a #(1) (t)’ < P(p) (t) eC™ [07 1]7
satisfy
0< o;(t), i=1,....p, gofl)(t) +~-+(p%p)(t) =1(0<t<1)

(1) € C5°(0,1), e (t) = p(t), Vitesuppeg
pi) €C\S, Vtel0,1, j=1,...,p.

%w

_ s .
|arg{uy) (t)ug) (t2)}] < g (Vintz€suppyg), j=1....p.

In view of Theorem 2.1, and by (2.3), and (2.4) §8t;)v)(t) = A(t), we will have
the differential operator

du(t)
()0 = 5 (1O 0“2 ).
acting onH = L»(0, 1) where
D(A(j)) = {U eHN W22,Ioc(ov 1) : W2 ¢ H, (h,u(j)vl), € H} .

Due to the assertion of Theorem 2.1, fogfO\ € ® the inverse operatdtd — \I)~ 1
exists and is continuous in spaBe= L?(0, 1), and satisfies

_ _ d _ _
I(Ag) = AD7H < MATY B2 (Ag) = AD Y < MATVE (33

Let us introduce )
TN =Y e (Ag) — M) o). (34)
j=1

Heregp; is the multiplication operator il by the functiony; ().
Consequently,
(A — )\I)T()\)v =h+h+I3+1,

where )
I =- Z (R(t)ule)D)y (A — M) ey,

=1
P
d _
L= hu(p)ig (Ag — M) e,
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p
d
I3=— § ()(hﬂd (A — A ro)v)i,
j=1

P
Iy = —A Z i) (Ag) = M) Y.

As ) (t) = p(t) (v t € suppy(;), replaceu(t) by ;) (t) in the sumiz. Then, in
view of 3301 () 2(t) =1, we WI|| have

d ) .
I+ I = = Y o0 | (i (A = AD HeGy0)i + MA) = M) o

j=1
p p
=Y o) (A — ADAG) — =Y epv=v
j=1 Jj=1

i.e. I3+ 14 = v. When considerind; + I, = G(\)v, then(A —AI)T'(\)v = v+G(A\)v.
Or equivalently
(A= AXT(A\) = I+G(N). (3.5)

Using the fact tha(p(j); € C*°(0,1), and by (3.3), we can estimaig, I, as follows

1]l < MZ [(Ag) =AD" Ypgyv]| < M Aol

1]l < MZ H (Agy = AD) " pgyo]] < M IA7Y2 o]l.

Using these estimates, and in view@f\) above, we will have
GO @) < all + ([l < M AT (ol + M7 A7 o]l
being that\ is sufficiently large, implies thgt\|~* < |X\|~%/2 then
IGOV) < Mg |\, (3.6)

By this A we can also haveG()\)|| < 1/2 < 1 where\ € ®. Now by this, and using
the well-known theorem in the operator theory, we conclude Ra€(\) and hence,
by (3.5),(A— AXI)T'()\) are invertible. Therefor§ A — \I)T(\)) ! exists, and by (3.5)

(T HA-ADt=T+G0\) (3.7)
Adding +I and—1 to the right side of (3.7) it follows that
(TO\) Y A=A T=T+G\)1-T1+1
SettingF'(\) = (I + G(\))~! — I implies that

(TO) HA-AD)=T+F(\).
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In view of |G()\)|| < 1/2 < 1, and (3.6), by applying the geometric seriesFgn)

IEMI < D IGHW < GNP +IGENI+IGENIZ+---)
1=2

<GV PL+1/2+1/4+--)
< 2(Mj |A|7%)?

ie.,
IFV] < Kg| A%

Now by (3.3) and (3.4)

T = |3 () — A1t |
j=1

< Mg [[(Agy = AD Y|
< MY Mg |\71

i.e.
1TV < Kg |AT

By this and (3.7), it follows that
1A =ADTH = [T I+ FOV)|
< Ky \THA+Ee AT
< K N1+ Kok [N 72

Since|\| 7% < [A| 7%, then
I(A=AD)7Y < Ma|AI™ (Al = Ca, A€ D).
This estimate completes the proof of (3.2); therefore Theorem 3.1 is provied.

4. On the resolvent estimate of the differential operator inH,.

Theorem 4.1. Let P, h(t), ¢q(t) and @ be defined as in Section 1. Suppose that for
eacht € [0,1] the matrix functiong(t) has ¢ distinct non-zero simple eigenvalues
i (t) € C?[0,1] (1 < j < ¢) located in the complex plar@, in the form

,u]_(t),...,,ug(t) S (C\‘I) (41)

As in Theorem 2.1, but here we let the operafoacting on the spacél, = L?(0, 1)5
with Dirichelet-type boundary conditions. Then, for sufficiently large in modukasp,
the inverse operatofP — \I)~! exists and is continuous in the spalie = L?(0, 1)
and the following estimate holds:

I(P =AY < Mg A~ (4.2)
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whereMg, Cy > 0 are sufficiently large number depending érand |\| > Cs.

Proof. The conditions which we consider on the eigenvalugs) of the matrix func-
tion ¢(t) guarantee that one can convert the maj(i¥ to the diagonal form

q(t) = U)A@®)UL(t), whereU(t), U1(t) € C?([0,1],End C*)

andA(t) = diag{pa(t), ..., ue(t)}. Consider spacél, = H @ --- @ H (¢ times). Let
us introduce the operator

B(\) =diag{(PL - AI)7Y,... (P, — AI)7}, (4.3)

acting on the spack,. Due to results of Theorem 2.1, ifwe d&t= Aforj =1,... ¢,
then, here as previously, we will have

(o) =~ (w5 )

D(P;) = {v € HNW26e(0,1) : Y2 € H, W2 € H, (hug!) € H}

According to the results that obtained in Section 2, it follows that the opeftdy,
defined in (4.3), exists and is continuous for sufficiently large absolute values d#.
We consider the operatdi{\) = UB(\) Ut where(Uu)(t) = U(t)u(t), (u € Hy).
Consequently, it follows that

(P — ADT(\)u = —% (h(t)q(t)Z(U(t)B()\)U1(t)u(t))> T AT+ T
where
7=~ 4 (MU0 FEOU Hou)
= —% (hl/z(t)U(t)A(t);B(A)U—lu(t)>
= —U% (hl/z(t)A(t)ciB()\)U‘lu> — U’(t)h(t)A%B()\)U_lu.

Using the equality

_%h(t) <AZB()\)V> =V+ABO)Y, V=Ulu

We can then write

—U% (h(t)A(t)iB(A)U—lzL) = —U(V+AB\)V), V=U .

Thus, we have

d
Ty = \UBANU u — U’(t)h(t)A$B()\)U_lu +UU .
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d
Ty = —= (W2U'BOU™ ), T3 = -AU@BONU .

Using (2.3), (2.4), and from the above relations, we have
(P—=XDT(\)=I1+T°+12

whereT? = (h) RU'B\NUL, |T?]] < M|A7Y2 (A € @, || > Cs).
By the Hardy-type inequality (see Chapter 6 of [4]), we have

1
/ t—1+5’1(1 - t)_1+8/2‘y(t) |2dt
0

1 1
< M(eh,eh) / ()2 dt + M () <)) / £ )My (1) P,
0 0
VyeH, eyeh#0.

Sincelq(t)U’ (t)|ce—ce < M, and by (1.2), we will estimate the operatb} as follows:
using the Hardy-type inequality above, and takifig= 3(\)u, then we have

1 1
/ W (2 [(BOYu) () B d = / W ()2 [W (D)2, dt
0 0
1
< M, / 10724 (1 1)~ Z2 W (1) 2, dt
0

1
< Mg/ £ (1 £)° 1254 (1 — 0% W (1) 2, dt
0

+ M|(BON)w)[, -

i.e.
1 1
/0 (1) 21 (BOu) (8B dt < My /0 19 (1— 1) 125 (1— 02 W/ ()2, dt
+ M|(B(Mu)%,

Sincet®1(1 — t)%2 < M’, and by (1.2) and the estimates (2.3) and (2.4), the last
inequality is equivalent to

1 1
/0 () | (B(Nu) (D)2 dt < Mz’ /O 1 (1 — 1) [W/(1) 2, dt + M|(BOw) 2,
1
< Mg’ /0 B(E) W/ ()3 dt + M| (B 2,
As in Section 2, for finding the estimates (2.3), (2.4) we have
1 1
/0 W ()R [(BOu) () dt < M /0 B(t) (W (8) 2, dt + MI(B(\w) 2,

1
< Mj /O Bt (W (8) 2 dt + MI(BOw) 2,
< MYINY2 4 M A
< M@ |>\|—1/2
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Then||T9|| < Mg |\|~¥/? for sufficiently large absolute-value afc ®. Consequently,
(P =AW\ =1+FN), [FOI<MNY2 Aea, |N>C). (44)

Proceeding as in Section 3 (see the calculations (3.6) and (3.7) in Section 3) since
[FN)| < M |A~Y2, it easily follows thatl + F(\) and so, by (4.4JA — AI)T'(\) is
invertible. We then have

(P=ADLN) = (I +FMN) ™

As in Section 3, recall that by adding/“and —I to the right side of the relation
above we will have

(T+FA\) =T +FO\)1-T1+1

Again as in Section 3, settimg(\) = (I + F()\))~t — I, since|| F(\)|| < M|X|~Y/2,
this implies
YOI < Ko [AITH (Ae®, [A>0). (4.5)
Consequently,
(P- X)L =TI +Y(N) (4.6)

since
I\ =UBMNU™Y, B\ =diag{(PL— X)L, (P, =Xt} (47)

Putting A; = P;, j = 1,...,¢, in (3.3), one gets{(P; — AI)~Y|| < Mg |72, for
j=1,...,¢ Itfollows that|[T'()\)|| < K% |\~ and therefore

[(P = AD)7H| < [TV + Y ()]
< K AL+ K AT
< Mo A1

I(P =AY < Mg A~

where My is a sufficiently large number depending énThis completes the proof of
Theorem 4.1. O

5. Completeness of the system of root vector functions of the operatdt in H, and
summability of the Fourier series of elementsf € H,.

Theorem 5.1. Leth(t) > ct"(1—1t)Y (y < 2), and letS C & \ R+ be some closed
sector with origin at zero. Then for sufficiently large modulus S, the operator

(A — XI)~'is a compact operator of order not larger thdrn2; the spectrum of the
operatorA consists of discrete countable eigenvalues counted according to multiplicity
with perhaps an isolated point at infinity; the Fourier series of an arbitrary vector
function f € H, of the system of the root of vector functions of the operatpr
converges tg by the Abelian method with brackets of ordér= 1/2 +¢ (wheres > 0

is a sufficiently small number).
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For the definition of summablity by Abelian methods (introduced by Lidskij) see
[1]. The symbolNy(t) denotes the number of eigenvalues of the operatodoes
not exceed (counted according to multiplicity), and satisfies the following inequality
No(t) < M(1+t)Y2,

Proof. Lete??, A € C be the same numbers as in Section 2, and let the opetatave
the same conditions as in (2.2), (2.3), such that 0. Since, as in Theorem 2.1, we
showed that the operater — AI has a continuous inverse and by (2.3), it follows that
the operator.(\) = ¢ (A — \I) is anm-sectorial operator in spadé (see [7]), and
so has the bilinear form

1 1
Ly[v1,v9) = ei'y/o h(t)u(t)vi(t)vh(t) dt — )\em/o vi(t)va(t)dt

where its domain iD[Ly] = H. Recall that as in Section 2, by closed extension its
domain implies that this bilinear form is densely defingHnand so it is closed and
sectorial inH. Now by Theorem 3.2 [7, volume VI, 8.3.1] the following relation is true

LN = Ly *NE WL () (5.1)
in which K (\) is a bounded operator having continuous inverse:
IEWNI <M, KN <M (0#xe@) (5.2)

andLo(\) is a selfadjoint operator il associated with the bilinear form

1 ] - ) 1
Lo[vr,v2] = /0 Rele h(t)u(t)]vy (£)vh(t) dt — Re(e™ ) /0 v (t)va(t) dt,

D[Lon] = H.
By (2.2) we have
I +INDY2L 20 < M (A > 1, A€ S), (5.3)

in which L' is a positive selfadjoint operator # associated with the bilinear form
1 —_— A~
Closed = [ b @50 DIC) =
0
Now suppose thai(t) > ct7(1—t)Y (v < 2), then

I+ NDYAL + DY < M (A > 1 A€ S) (5.4

in which L” is a positive selfadjoint operator i associated with the bilinear form

1 ~
L [v1, v7] :/0 (1 — ) u(t)vi(t)vh(t) dt, D[L"] =H.
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Sincey < 2,(L"+T)~! € 0. (H). Hereo, (H) denotes the space of compact linear
operators onH, and for the symbolV (7, L") the corresponding eigenvalues of the
operatorL” does not exceed, we have (see [7] Chapter 7]):

N(r,L") ~ constx 7Y/2, 7 — +c0. (5.5)

SinceL” is a positive selfadjoint operator, we have

~1/2

(L + XD,

<MNY4 (0£x1€e9) (5.6)
and
(L"+ NI)™Y2 € 0, (H), VYp>1 (5.7)

For the definition ob,(H) and the nornj - |, refer to [7]. According to (5.1)-(5.4), we
have

L7YN) = Z7HA = AT = (I + (NDY2 K (A) (L7 + A1) Y2 Ka(),
in which the functiong<1()\), K2(\) satisfy the following inequalities
K1 <M, [[Ko(N)[| <M, (]A[=1, A€ §5).

From these inequalities, and from (5.5), (5.6) we hade- \I)~1 € o,(H) for all
g>1/2and

[(A= A7, < Ma|(L" + |)\\I)*1/2\§ <M NY2 (A|>1, A e 8).

These estimates are fulfilled when the operatpsatisfies the condition (2.3) in The-
orem 2.1 (as we saw in the proof of the first step of Theorem 2.1). Analogously, when
the operatord does not satisfy (2.3), these estimates are again satisfied for the operator
A (this was shown in the proof of Theorem 3.1). Therefore, the order of the resolvent
of the operator does not exceegl From the closed extension of the domain of the
operatorP to the closed set, we note that P) is a closed set in the compact spate

which this implies that the imbeddirﬁg C 'H, is compact (for the definition see [1]).
Consequently, the operatet has a discrete countable spectrum (because, compact
operators have a discrete countable spectrum). Now, according to Theorems 6.4.1 and
6.4.2 of [1], we obtain the proof of Theorem 5.1, by helping of the system of root
vector functions of the operatet in H,, and for the summability of the Fourier series

of elementsf € H,, by applying the Abelian methods with brackets. Indeed, from
(5.7), (5.8), and by applying Theorem 6.4.1 of [1], we can establish that the system
of root vector functions of the operatdris completed irfH,. Analogously, by apply-

ing Theorem 6.4.2 of [1], we can prove that the Fourier series of any vector function
f € Hy, by the the system of root vector functions of the operatpis summable to

f by the Abelian methods with brackets of ordér= 1/2 + ¢ (for sufficiently small

e > 0). Moreover, we now get the estimad(t) < M(1+t)/2, ¢ > 0, in which

No(t) = card{j : |\;| < t}, andAg, Ao, .. is the sequence of eigenvalues of the
operatorA. Since for sufficiently large absolute values)o€ S, the operatod — AT
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has continuous inverse, then for sufficiently lajge jo, we have\; ¢ S. Without loss
of generality we can supposed that

{zeC:|argz| <60} C {0} UInt(S), O<9<%

where
[Aj+t[ > Co(t+|N;]), VE>1, 5> jo. (5.8)

Since the sum of the eigenvalues of the kernel operator does not exceed its kernel norm
(see [7]), therefore (see (5.7)), now, by (5.8), we have

+00
/dNO <2t/ dmng/ dNo(7)
T+t 0 T+t

< 2tcglz‘/\jl+t‘ <2tC;H(A+eD)7Y,

j=1
<20 1+t < M(1L+1)Y2.

This completes the proof of Theorem 5.1[]

6. On the asymptotic distribution of eigenvalues of the differential operatorP in

H,. Let P, h(t), q(t) and® be defined as in Section 1. Moreover, suppose that for each
t € [0, 1] the matrix functiong(t) has/-simple non-zero eigenvalues(t), . . ., ue(t)

in the complex plane. Let;(t) € C2[0,1], 7 = 1,...,£. In view of the aboveb C C,

we assume that the eigenvalygst) (1 < j < ¢) are arranged in the complex plane in
the form

pa(t), -5 pw(t) € Rey puwa(t), .. pue(t) € C\ @.

(For a more indepth explanation, we can say thagferl, ..., v the eigenvalues;(t)
lie on the positive real lin®.+, and forj = v + 1,.. ., ¢ the eigenvalueg; () lie outside
of the closed angeb in the complex plan€). Under the above conditions, we will
have the following theorem.

Theorem 6.1. Let the above assumptions be satisfied, then the distribution eigenvalues
functionN (t) = card{j : |\;| < t} satisfies the following asymptotic formula:

N(t) ~ A2 ast — 0o, A= Z/ B2, Y28 dt.

Proof. We know that for an arbitrary bounded operaifier and an arbitrary kernel
operatorl}
tr(T1T2) = tr(12T1), |ThT2l < |Talal| T2l

(e.g, see [7]). Using the above relations, and by the results (4.5)—(4.7), we get

[e.9]

tr((P = AI)~ (CA) + O YN,
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4

tr(T(\) = tr(UBANU ) =tr(B(\) = Y _tr((P; — AI)™Y),

j=1
T < [UNT BN < MA™Y (A€ @, |A] > Co).
From these last relations we see that

o0

Ztr ~ADH+O(N™H, A= 400, A€ (6.1)
j= 1
LetAg, Ao, ..., and)\]ﬂ, Aj2,. .. bethe sequences of the eigenvalues of the operators
PandP; (j =v+1,...,¢),respectively. By (6.1),

ZA_A ZZM O(A™), A —+o0, A€ @ (6.2)

k=1j=1

We takey = {z € C : |argz| < ¢}, wherey € (0, ¢) (we know from Section 1,
thaty € (0, 7)) is a fixed number). We can also take the inggxsuch that forj > jo,
the following inequality is true:

largAjx| > ¢, k=v+1....¢, |arg\;| <. (6.3)

Moreover, also let the properties of the eigenvalugg) above, satisfy the following
conditions for the eigenvalues

)\j7k€R+,k:1,...,l/, /\j7k€C\(I),k:V+l,...,€.

From these conditions we conclude that, > 0 (for j = 1,...,v). With these
considerations in mind, we can change the Suf_, to the>"%_, in (6.2). We then
have

O(IN™, X— +o0, \€dd.

ZA_A >y

)\
J=jo kljjok

Multiplying both sides of the above equation by+¢)~, ¢ > 1, using the contour
integral method (see [5], chapter 4), and by (6.3), integrate with respacttdy, it
follows that

A+/\ ZZ,\+,\k O(N™Y), A — +oo.

Jj=Jo k=1 j=jo

(Remark that here, as above, by applying the contour integral method, we can change
the negative-sign to the positive-sign in the denominator of the above relation). We
now use the countable discreteness of the eigenvalues of the operéatote that this
property of the eigenvalues @t can be easily seen). Then, we can change the above
series to the following integral

[E0 5 O oy, o
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where
N(r)=cardj: |\j| <7}, Ni(r)=cardj: \jx <7}, k=1...,v

In view of the previous conditions concerning the functiafy, u(t), and by applying
[7, Chapter 7], we can derive the following formula for the functidigt), k = 1, ..., v
as follows

Ni(t) ~ cpt?, t — +o0

where 1
o = 1/ W2 2 dt, k=1, .

™Jo

By (6.4), we have that

ANy (T
/ t+¢ Nz/ HT, £ — +oo,

Now, if for this last relation we apply the Shkalikov multi-ray Tauberian theorem (see
[11]), that implies

t) ~ iNk(t), t — +00

whereN,(t) ~ ¢ t¥? andc;, as above. Consequently, the following asymptotic formula
is valid:
N(t) ~AtY?, t — +o00

where
Z / W2t ).

This completes the proof of Theorem 6.1

7. Spectral asymptotic of differential operators for general boundary conditions.
Let the differential operator

Pou= S (h(t)R()2%), D(Po) = C5°(0,1)

acting on spacéi,, suppose that(t), R(t) be defined as in Section 1, but, in con-
trast to Section 1, here we consider another extended opdratathich, however,
cannot be given by the help of Dirichlet-type boundary conditions. &dbe the
same angle as in Theorem 6.1, such that the eigenvalp@s of the matrix R(t),
satisfy p1(t), ...,y (t) € Ry, pys1(t), ..., ue(t) € C\ ® where 1< v < /. Let
p;i(t) € C?[0,1], Vt € [0,1],j = 1,...,¢, also letP be a closed extension of the
operatorP; such that:

1) S C @ be an arbitrary sector with origin at zero, such that R+ = 0, andS
contains a finite number of the eigenvalues of the opefator
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2) There existsanumber> 1/2,¢ € (0, ¢), ¢ > 0, such that the inverse operator
(P — M)~ L exists and is continuous fok| > ¢, arg\ = =+ and the following
estimate is true

[P =AD7H < MINT= (|A] 2 ¢, argA = £9)).

Here, as before, let the symhWl(¢) denotes the number of eigenvalues of the operator
P located inside the angfeand not exceeding the numblzeFrom the above conditions,
we have the following theorem (similar to Theorem 6.1)

Theorem 7.1. Let the above assumption be satisfied, then the distribution eigenvalues
function N (¢t) = card{j : |\;| < ¢t} satisfies the following asymptotic formula:

1< 1 _
N(t) ~ ctY2 ast — oo, c= Z/ B2 2 1)t
™4

Proof. LetP be the same operator as in Section 6. For sufficiently large absolute values
A € S, letarg\ = £+ and consider

ON) = (P —X)"tu— (P—=AD)"Yu, uwe Hy, |ulg, =1
Choose the orthonormal basﬂél(k), ceey W,EA) in the space of solutions of the equation

_% (h(t)R(t) dq;i”) —Mu(t), 0<t<L

We know thatt < 2 (see [8]), so that we have

0(A) = ) ai(MW;(A), i (A) = (0(A), W;(A)).

oL
i MPT
iR

Therefore

tr((P = AD)™H) —tr((P=AI)~ !<Z|qj )| < 218(M\)|n,

<2(|(P = ADH+ (P = AD7H)
<M(NT+ M%) A—oo, argh =+
Hence, by applying the asymptotic formula for the functiof{Z — A1)~?), as in
Section 6, the proof of Theorem 7.1 is completed.]
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Résune substantiel en francais.Dans cet article, ortudie les propétes spectrales
d’un operateur diferentiel elliptique non-adjoint

Pue) = - 5 (n0a0 5.

défini sur 'espacd, = L?(0,1)¢ sous des conditions frogties de type Dirichlet. Ici
h(t) € C*(0,1), q(t) € C?([0,1],End C*).

Ony aborde difrentes questions telles la corifpide des fonctions propresrgrali-
sees de l'ograteurP dansH, ; la sommabilié au sens des @hodes d’Abel avec
crochets de laé&yie de Fourier deélementsf € H, repesenés comme combinaison
linéaire des fonctions propresmgralies deP ; un estiné de la norme de l&solvante
de P dans diferents cas ; la distribution asymptotique des valeurs propré akns
le cas des conditions de type Dirichlet ainsi que pour d’autres types de conditions aux
frontieres.

Soit H, I'espace de SoboleW’3, (0, 1)* ponceré par une fonction positivi(t) des
fonctions vectorielles(t) = (u1(t), ..., uy(t)) définies sur l'intervallg0, 1), muni de

la norme (finie)
1 1 1/2
lul+ = </0 h(t)‘dzit) ;dt+/0 |u(t)‘éedt) :

La fermeture de 'espad@g°(0, 1)¢ par rapport la norme - |+ est noéeH,. Soit

(Pue) = - 5 (noa0 ™).

un ogérateur diferentiel elliptique non auto-adjoint agissant sur 'espdge- L2(0, 1)¢
avec des conditions fromties de type Dirichlet. Les conditions que nous imposons
sur la fonctionh(t) sont plus @rérales que celles que I'on retrouve dans 4,

h(t) € C(0,1) une fonction positive satisfaisant le€gali€s :

c1it®(1— )8 < |h(t)| < M, (1.2)

(1)) < M/2-Yen (1 g)B/etees (12)

oua>0,0>0,avecs; =0sia#leteg >0sia=1;e2=0sif#1ete; >0
si 3 = 1. Afin d’obtenir une extension fer@e de I'oerateurP relativement I'espace
H,, onétend le domaine de cet@mteur au sous-ensemble fé&m

D(P) C {u € Hy N W2 166(0, 1) hY2u/ € Hy, (hqu') € Hg} .

L'article est divi€ en sept sectioné la section 2, on y f@sente le thoeme 2.1 qui
fournit un esting de la norme de l&solvante de I'oprateur diférentiel

()0 =~ (oun ).
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agissant sur 'espacd = L»(0,1). En supposant que
u(t) € C?0,1], u(t)eC\®,  VYtelo,1], (2.1)

arglu(t)p (L)Y < 5. (it € [0,1)), (2.2)

on conclut que poun € & tel que|\| est suffisamment grand, I'épateur inverse
(A — \I)~!existe et est continu sur I'espage= L?(0, 1), et que les esti@s suivants
sont valides :

I(A=ADTH < Mo NTH (A€ @, [N > Ca), (23)

InY/? %(A —ADTH < MG AP (A ed, A > Ca). (24)

Ici les quanties Mg, M}, etCe > 0 sont desé&els positifs @pendant de I'ensembie
oud ={zeC: |argz| < ¢}, ¢ € (0,).

La section 3 est consaa la cetermination d’estir@s de lagésolvante de I'oprateur
A agissant su?(0,1) dans un cas pluségéral. Dans cette section on obtient un
nouveau tBoreme, le t@oeme 3.1, en laissant tomber I'hypeéte (2.2).

A la section 4, le thoeme 4.1 fournit un estijnde la ésolvante de I'oprateur
différentiel P agissant suf, et soumisa des conditions frorgres de type Dirichlet.
Dans ce tko®me on suppose que pour chadue [0, 1] la fonction matricielleg(t)
pos@del valeurs propres non nulles distinctes et simpleét) € C2[0,1] (1 < j < ¢),
ou ua(t),...,me(t) € C\ ®. De facon semblable a&sultat obtenu au doeme 2.1
dans le cag = 1, on a que pouh € @, |\| > Cs, 'opérateur invers¢P — \I)~1
existe, est continu sur I'espad et satisfait I'esting || (P — )| < Mg|A|71 ou
Mg etCyp sont deséels positifs qui dpendent de I'ensembfe. On remarque que les
conditions impo8&es sur les valeurs propeg(t) de la fonction matriciellg(t) peuvent
étre repesenges sous la forme

q(t) = UOAGUL(E), od U(t),UL(t) € C¥([0,1], End CY)

et au A(t) = diag{ua(t),...,une(t)}. En utilisant cette reg@sentation dey(t), le
théoeme 4.1 est obtenu comme une cangence du #oreme 2.1.

A la section 5, la compltude de I'ensemble des fonctions propréségaliges de
I'opérateurP estétudi pour la néthode de sommabiitd’Abel. A la section 6, en
supposant cette fois que les valeurs proprgs) sonttelles ques(t), .. ., 1. (t) € Ry,
pos1(t), ..., pe(t) € C\ @, onétablit au tleoeme 6.1 une formule sur la distribution
asymptotique des valeurs propres Ao, ... de P comme suit :

N(t) = card(j : |\j] <t} ~ A2t — +o0

ou
v 1
A=l 3 / WY YA (8 dt.
7Tj_l 0

Des gsultats sur la distribution asymptotique des valeurs propres da#tgur diferen-
tiel P, cette fois soumis d’autres types de conditions aux framés, sonégalement
obtenusa la section 7.
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