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OSCILLATORY SINGULAR INTEGRALS AND
COMMUTATORS WITH ROUGH KERNELS

SHANZHEN LU AND HuoOXxIONG WU

RESUME. Par la néthode de la @composition en blocs pour une fonction noyau
et moyennant des @galies pEcises pour les polyimes, on obtient une condition
nécessaire et suffisante, et&isent \erifiable, pour que soit boées surL?(r™)

une classe d'ifggrales singudires oscillatoires avec noyau. De plus, on obtient un
critere pour gu'un commutateur d'ordre sujeur forné d’'une inégrale singubre
oscillatoire et d'une fonction BMO soit boerdans I'espacé? avec poids.

ABSTRACT. By the method of block decomposition for kernel function and some
precise inequalities concerning polynomials, the authors give a verifiable neces-
sary and sufficient condition so that a class of oscillatory singular integrals with
rough kernels are bounded @7 (r™) and establish thé?-boundedness for these
oscillatory singular integral operators. In addition, the authors also discuss the
weightedL?-boundedness for higher order commutators formed by the oscillatory
singular integral and a radial BMO function and obtain a criterion on the weighted
LP-boundedness for these commutators.

1. Introduction and statement of results. Let R", n > 2, be then-dimensional
Euclidean space and™~! be the unit sphere iR" equipped with the normalized
Lebesgue measurz = do (). And let{2 be homogeneous of degree zeraksh

We consider the oscillatory singular integral operator defined by

77() = pao. [ eI D10y (g)ay

n |z —y|"

and the corresponding maximal operator defined by

T* f(x) = sup

e>0

[ e o)=Y gy
|z—y|>e

|z —y|"

whereP(z, y) is areal polynomial oiR™ x R"™, andh € BV (R+) (i.e.h(r) is abounded
variation function on[0, co)). In 1987, Ricci and Stein [RS] proved that/if = 1
and K (z) = Q(z/|z|)|z|~"h(|z|) € CY(R™\ {0}), thenT is bounded on.?(R"),
1 < p < co. Afterwards, Lu and Zhang [LZ] showed thatis bounded o .?(R"),

Recu le 12 novembre 2002 et, sous forngdimtive, le 16 écembre 2002.
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48 Oscillatory singular integrals and commutators with rough kernels

1 < p < oo, provided that2 € L7(S"™1), 1 < ¢ < o0, and [4,_1 Q(a')do(2) = 0.
And they also gave a criterion on thi&-boundedness @f. In 1995, Jiang and Lu [JL1]
improved the above results to the caQec Llog* L(S™ 1) (see [FP, HP] for other
improvements). In addition, for the maximal operdl6t, Lu and Zhang [LZ] proved
that7™* is bounded orl?(R"), 1 < p < oo, if Q € LI(S™ 1) for g > 1.

In this paper, we will focus on the case BS’O(S"‘l) forqg > 1. Here,Bg’O(S”‘l)
denotes certain block spaces, which was introduced by Jiang and Lu (see [LTW] for
the details of block spaces). In [KS], Keitoku and Sato showed that fog any,

U Lr(Sn—l) C Bg,O(Sn—l)’
r>1

whichis a proper inclusion. And the relationship betw%ﬁ(sn—l) andL log*L(S" 1)
remains open. Therefore, it is a meaningful work to study the boundedness of singular
integral operators with kernél Bg’o(Sn—l). Recently, Al-Hasan and Fan [AF], Hus-
sain and Pan [HP] established some delicate results for certain singular integrals with
kernels belonging tcBg’o(S”—l). Meanwhile, Hussain and Pan [HP] also considered
the following oscillatory singular integral operator with convolution polynomial phase,

Tsa) = poo. [ P Dn(e— o) T fg)ay,

n |z —y|"
where the phas® is a polynomial. Using the Fourier transform estimates and Little-
wood-Paley theory, they proved th@tis bounded onLr(R"), if Q@ € BX%(s"1)
for ¢ > 1. However, the method used in [HP] fails for the operafowith general
polynomial phasé’(x, y), sinceT is not a convolution operator. We shall employ the
method of rotation and some delicate techniques, which are very different from that
used in [HP], to improve all of results mentioned above to the cﬁgg(sn—l) for
q > 1.

On the other hand, fd2 € L log* L(S™~1), Ding and Lu [DL] studied the weighted
LP-boundedness on the higher order commutéj6rformed byT" and a radial BMO
functiond, and gave a criterion on weightéd-boundedness faf;". Another purpose
of this paper is to study the weightdd’-boundedness of;" mentioned above, for
Qe Bg’o(Sn—l). Before stating our results, let us introduce some relevant definitions
(see [DL] and [LTW]).

Definition 1. (i) A real-valued polynomiaP(z, y) is called non-trivial, ifP(x, y) does
not take the form of%y(x) + Pi(y), whereP, and P; are polynomials defined dR™.

(i) We will say that the non-trivial polynomiaP(z, y) has propertyP, if P(x,y)
satisfies

P(xz,y) = P(x —t,y — t) + R1(x,t) + Ra(y, 1), t e R", (1.1)

whereR1 and Ry are real polynomials.
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Definition 2. Letb(r) € Lioc(R+). If
1]+ = sup 7 /!b — byldr < oo,

then we say(r) € BMO(R+), whereb; = [, b(r)dr/|I|.

Definition 3. Suppose thay > 0 andw € Lioc(R4). For 1 < p < oo, we say
w € Ap(R4), if there is a constar@ > 0 such that for any C R,

(,}‘ /Iw(r)dr> <G’ /Iw(r)‘l/“’—l)dr)pl <O < .

Moreover, if there is a constadt > 0 such thatv*(r) < Cw(r) a.e.r € Ry, then
we sayw € A1(R+), wherew* denotes the Hardy-Littlewood maximal function.of

defined by
w*(t) = su
0= 5w 1 [

For 1< p < oo, we denote

Ap(Ry) = {w:w > 0,w € Lioe(R+) andw? € A,(R+) }.

Definition 4. A g-block onS"~1is anLi(1 < ¢ < oo) functionb(z) that satisfies
(i) suppb C @;
(i) [olly < Q9

whereQ = S" 1N {y cR": |y —¢| < p, for somet € S~ Landp € (0,1] }.

Definition 5. The block spacer}’O on S"1 are defined by

BO(smh = { Qe LY(s" Y ZCb ), M({C}) < o0 },

where eaclt; is a complex number, eaéhy is ag-block supported i), and
Myt4G)) = Z’C’{ og 7}

It should be pointed out that the method of block decomposition for functions was
originated by Taibleson and Weiss [TW] in the study of the convergence of the Fourier
series. Later on, many application of the block decomposition to harmonic analysis were
discovered (see [MTW], [So], [Lo], [Lu]). For further background and information on
the theory of spaces generated by blocks and its applications to harmonic analysis one
can consult the book [LTW]. We remark that in this paper, we are very much motivated
by the work of [LZ] and [HP], some ideas are from [RS], [JL1] and [DL]. Now let us
formulate our main results as follows.
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Theorem 1. LetT be the singular integral operator correspondingfoi.e.

_ Qx —
O T
n |z -yl
If @ € BX°(S"1) for ¢ > 1andh € BV(R.), then forl < p < o, the following two
facts are equivalent:
(i) If P(x,y) is a non-trivial polynomial, thef” is bounded orL.?(R"™).
(i) The truncated operator of’,

Tof@ =po [ oo B )y

|lz—y|<1 |'r - y’n
is bounded orl.?(R™).

Theorem 2. Letl < p < o0, h € BV(R+) and Q) € BS’O(S”—l) for ¢ > 1. If the
singular integral operatofl is bounded on.?(R"), then so isT" for any real-valued
polynomial P(z, y).

Theorem 3. Suppose thaf) € BS’O(S”—l) for g > 1, [4u-1 Q(2")do(2") = 0 and
h € BV(R4). ThenT is a bounded operator ofi?(R™), 1 < p < oo, for any real-
valued polynomiaP(z, y).

Theorem 4. Suppose thaP(z,y) is a real valued polynomial. Ik € BV(R4), Q €
BS’O(S”‘l) for ¢ > 1and [, . Q(2")do(2") = 0, then the maximal operatdf* is
bounded o .?(R™) for 1 < p < oc.

Remark 1.SincelJ,., L"(S"™1) C BS’O(S”—l) for anyq > 1, all of the above results
is an essential improvement on the corresponding results in [LZ]. And Theorem 3
greatly improves the corresponding result of [HP].

Theorem 5. Letl < p < oo, ©2 be homogeneous of degree zéiQz|) € BV (R:),
b(x) = b(]z]) € BMO(R:). For anym € N U {0} and any real-valued polynomial
P(x,y) defined orR™ x R", define the higher order commutat®}™ formed byT’
andb,

. Oz —
7 f(a) = po. | e’P@’y),;_yﬁ)h(\x — y)lb() = b(y)]" f(y)dy.
If Q(x) € BY(S7~1) for g > 1, andw(z) = w(|z|) € A,(R+), then the following two
statements are equivalent:

(i) If P(x,y) is anontrivial polynomial, theffy™ is bounded orL?(w).

(i) The truncated operator

Tyof(x) = po. / h(lz — y)b(x) — b@)]™ F(y)dy

lz—y|<1 |‘T - y’n

is bounded orl.?(w). Here LP(w) denotes the weighted Lebesgue space
LP(R™, w(z)dx).
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Theorem 6. Letl < p < o0, Q, h, b, m, w andT}" as in Theorem 5. " is bounded
on LP(w), then for anym € N U {0} and any real polynomiaP(z,y) on R x R",
T;" is also bounded of? (w).

Theorem 7. Let1 < p < oo, Q(x) € BY°(5"~1) for ¢ > 1, homogeneous of degree
zero andfg,,, Q(az")do(2') = 0, h(|z]) € BV(R+), b(z) = b(|z|) € BMO(R+). Then
for anym € N U {0} and any real-valued polynomidt(x, y) defined oR™ x R", the
higher order commutatdf;™ is bounded orL?(R").

Throughout the rest of this paper, we always use the Iéttev denote a positive
constant that may vary at each occurrence but is independent of the essential variables.

2. Some inequalities for polynomials.As in [RS], our treatment will be based in part

on some simple but useful inequalities concerning polynomials. Here, by a slight but
crucial modification, we shall give some more precise estimates, which will play a
crucial role in proving our main theorems, on polynomials than ones in [RS].

Proposition 1. Supposep(z) = Z|a‘<d a,x® is a polynomial of degred and let
e < 1/2d, then a

—€

/|ac|<1 @) “de<CAT| Y aal |

| <d

whereC', A depend only on the dimensienand, in the latter, the total degree pfz),
but not on the coefficients,, }.

Proof. Using the idea of Ricci and Stein in [RS], we verify the lemma as follows:

Case 1 Whenn = 1, write p( )= Z? oajxﬂ Without loss of generality, we
assumezj _ola;| = 1. Smcef ) |p x)|dz and Z] ola;| give equivalent norms on
the polynomials of degree Thusf 1 Ip(x)|dr > ¢ > 0, and there is amg € [-1,1]
so that|p(zo)| > 2c. Now write p(x) = (p(x)/p(x0))p(xo) and split the rootgc; }
into two sets: those of the formy, with |3;/| < 2, and the remaining rootgy;~ } with
|vj#| > 2. Hence

= [[(=-8;)/ H(xo - Bjr)

—E&
‘—E

-

‘p(x) ‘p(xo

y/

J

i H(w =)/ H(wo —75)

Now, the tern [T, (zo—03;7)|° +| < 2.Nextthe

(
term| [T;» (z — ;) / T (0 — )|~ is bounded T (|| + 1)/ (17| = 1))
3%, sincez, mg € [—1,1] and|y;»| > 2. Finally, |p(z0)| = < c¢<. Altogether then
Ip(x)|7° < A%| ][ (z — Bj)| . Notice thated < 1/2 and by ad-fold use of Holder’s
inequality, we get

1 1
“dx < A® — B.4|7%d
[ worisns [ e~
1 J l/d
§A5H</ |x—ﬂj/€dx> < CA°.
-1

j/
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Case 2 Whenn > 1, by induction, it suffices to illustrate this im = 2. Write

p(z,y) = 3 apexy’, and assume again that |ax| = 1. Choose the paito, £o SO
that|ay,e,| is maximal, then of coursy,,| > 0. Now, by the case 1,
—&

/||<1 ‘p(x,y)‘_adx < CAj ( Zakﬂ/‘) < CAj Zakogyg
= k l ]

Integrate the resulting inequality into get

—€
// - l‘ y d:rdy < CA AE (Z ‘ak07€’> < CA‘i 3“1190,(0’_& < CA°,
¢

ly|<1

—&

which proves the proposition.OJ

By Proposition 1, similar to Corollary 1 and 2 in [RS] (see [RS], p. 183), we have
the following two propositions:

Proposition 2. Suppose(x) = Zm:d a.x® is a homogeneous polynomial of degree
dinR", withe < 1/2d. Then
—€ / < Aa o
| )| ety < 04 ( 3 jaal |
|a|=d
whereC and A are as in Proposition 1.
Proposition 3. Supposep(z) = Z\a|§d asx® is a (not necessarily homogeneous)
polynomial of degred in R™, withe < 1/2d. Then

—&

sup p(z —y)| “do(a’) <CA° [ > aal |

yeR™ Jz|<1 la|=d

whereC and A are as in Proposition 1.

3. Boundedness on oscillatory singular integralsLet us begin with several lemmas.
Set

Mof(z) = sup= / )If (@ — y)ldy.
y<r

r>0 rr

Lemma 1. Letl < p < oo, Q € LY(S" 1) andh € L®(R.). If Tp and Mg, are
bounded on.?(R"), then so isT; for any real polynomialP(z, v), whereTp andTp is
the truncated operator ¢f and T, respectively.

Decompose’(z,y) as

Z aaﬁxayﬂ + Z aaoxa + Z GO[J?JB

o< |a|<k/
o<|gl<t!

= Q(z,y) + Pi(x) + Pa(y).

Clearly, if P(z,y) is non-trivial, then O< k¥’ < k and 0< ¢’ < ¢, wherek and/ are
the highest degree afandy in P(x,y) respectively.
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Lemma 2. Letl < p < oo, Q € LY(S" 1), h € L®(Rs) and T, = T — To. If T
and Mg, are bounded orl?(R"™), and T, is bounded orl?(R"™) for Q(x,y), thenT
is bounded orL.?(R™) for P(z,y).

Lemma 3. Letl < p < oo, Tp be a truncated operator defined by
Tof@) =po. [ Ko fw)dy
lz—y[<1

If the real polynomialP(z, y) satisfieq1.1) in Definition 1 and the oscillatory integral
Ty defined by

Tof (x) = po. /| IR )y
z—y

is bounded orL?(R"), thenTy is also bounded o? (R™).
Lemmas 1-3 are the unweighted cases of Lemmas 3-5 in [JL1], respectively.

Lemma 4. Let1l < p < oo, h € BV(Rs) and € BY°(5"~1) with ¢ > 1. Then
To =T — Tp is bounded or.?(R™), for any real non-trivial polynomiaP(z, y).

Proof.  SinceQ € BX%(571), we have
Q) =D Cebs(a),
which eachb, is ag-block, supported i), and
> |C] <1 +log" 1) < 0.
. Q]

We decomposé’,, as follows:

Tof(@)= [ eren 2Dy )y
lz—y[>1

|z =yl
> - bs(x —
-y e D0y )y
=1 2i-1<|z—y|<27 |z —y
=Y CTE i f (@),
j=1 s

Thus -
| Too fllp < D> 1Cs) D NTE i fllp-
s j=1

We shall show that

D i 1
> 75 flp<C (1 +log" o] |> 1 £1lp-
j=1 s
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Write
P(z,y) = ansr"y”,

la|<k
[8]<¢

wherek > 0 and¢ > 0. Sinceh € BV(R:), using Proposition 2 and Proposition 3,
by a method similar to that used in [LZ], we can prove that, for ary 2 < co and
0<f<1,

1T5%.5.fllp < CA279% by pr sy 1 £l (3.1)

holds uniformly ind € (0,1] such thaty < min{k/2¢,k/(k+¢)\'}, where(1/)) +
(1/X') =1, C, A depend only om, p and, in the latter case, deg), but not on the
coefficients ofP(z, y).

Now, we estimat¢|T§O7ijp for eachb,. Notice that for eaclh,, supphs C Qs and
b5l pa(sn-1) < 1Qs| D11 |Qy] > 9/(179), we take) = ¢, then

1% fllp < C279%bsll pagon—1f I, < C279°1Qu| =074 fl|, < C277%| £,

if |Qs] < /(-9 we take\ = log|Q,|/(1+l0g|Q;|) and we can choosk= o /X <
min{k/2¢,k/(k +¢)\'}, whereo is a positive constant only depending brand /.
Thus, by Hdlder’s inequality, we obtain

IT5, £ llp < CATX 2709/ by || o sy 1 f 1o
< 0 A°/109(1Qs|™1) 9—00j/10g (|Qs7) 155 ]| Lagsn-1y 1Qs| ¥D=FD | £,
< CA=0/1081Qs 2003/ 1091Qs| ¢ |A/N=L 71,
< CAT/1091Qs] P05/ 1091Qs] | ) 12/1091Qs| £,
< CA=0/1001Qs| 203/ 1091Qs] | £l

Since|Q,| < e?/(1~9), we have—log|Q,| > ¢/(q — 1) > 1. Consequently, il < 1,
thenA—0/1091@s| < 1;if A > 1, thenA—°/1091@s| < Ao(a=1)/a = ¢, Hence

175, fllp < C© 2079710919 £,
Therefore, for each, if |Q,| > ¢?/(1~9) then
DTl < C D27l fllp < Cllflp:
j=1 j=1

and if |Q,| < /(179 then

DTS fllp < €Y 2079181Rs ) ), < Clog 1511 f1l
=1 =1 °
This shows that
x - 1
1Too fllp < Z ‘CS| Z HToo,ijp < CZ ‘CS‘ <1 +log" |Q|> 1£1lp < Cllflps
s 7j=1 s s
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which proves the lemma.

Proof of Theorem 1(i) = (ii): To do this, we choosé(zx,y) such thatP(z,y) has
property’P. SinceT is bounded on.”(R™) and using Lemma 4, we know that,,
is bounded o .’(R™). SoTp = T — T is also bounded o’ (R™). Therefore, by
Lemma 3 we obtain thalky is bounded orL?(R™).

(i) = (i): SinceTp is bounded onZ?(R™) and the well-known fact thad/, is
bounded onl.?(R") for Q € LY(S"~1). By Lemma 1, we get thdky is bounded on
LP(R™). And by Lemma 4, we know th&t,, is bounded or.?(R™). SoT = Tp + T
is bounded or.?(R™). This proves Theorem 1.[]

Proof of Theorem 2If P(z,y) is trivial, the conclusion is obvious. IP(z,y) is
non-trivial, then Theorem 2 is directly deduced from Lemma 2 and Lemma 4, since
BY°(sn-1) ¢ LY(5"1) and Mg is bounded onZP(R") for Q € L1(S™1) (see
[Du]). O

Proof of Theorem 3From [AF], we know that under the assumption of Theorem 3, the
singular integral’ is bounded o.? (R™). Thus Theorem 3 is animmediate consequence
of Theorem 2. O

Proof of Theorem 4We shall carry out the argument by a double induction on the
degree inz andy of the polynomialP(z, y) as in the proof of Theorem 2 in [LZ]. Let
k and/ be positive integers. Note that (see [HP])

[ - sy

z—y|>e |x - y‘n

T" f(z) = sup

e>0

is bounded orL.?(R™) under the assumption of Theorem 4. Bas also bounded on
LP(R™) for real polynomials with the forn#, (z) + P>(y). Thus, we may assume that the
conclusion of Theorem 4 holds for all real polynomials which are sums of monomials
of degree< k in 2 times monomials of any degreegntogether with monomials which

are of degree in x times monomials which are of degreef in y. Write

P(z,y) = Y aapr®y’ + R(z,y).
|x|=Ek
o1t
Since our conclusion is clearly invariant under dilation, we may assume that
> laasl = 1.
||=Ek

[8]=¢

If kK =0, thenP(x,y) is a trivial polynomial. Thus Theorem 4 holds. For general
P(z,y), we have

T*f(x) < sup

e QU —
/ ) e Pan) T ZY) s fdy
T—Y|>€

O<e<1 ‘x - y’n
. Qx —
esupl [ e X4y ()
e>1 | |p—y|>e lz —yl
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< sup
O<e<1

4 Qz —
/ ezP<x,y)(7?i)h(\x —y)f(y)dy
1>[z—y[>e z =yl

A Qx —
o[ eIy sy
lz—y|>1 [z =yl

+ sup
e>1

/| ) P T V)00 Fdy
Tz—y|>e

=Ty f(z) + + T f ().

A Qx —
[ ey sy
le—y|>1 2 =yl

By Lemma 4, it suffices to prove thdf andT, are(L”, L”) type operators. Notice
that Lemma 1 of [LZ] for2 € L1(S™1)is valid (see [JL2], p. 399-400), by the method
similar to proving (2.4) in [LZ] (see [LZ], p. 208-209), we can easily prove thais
a(LP, LP) type operator.

Now we estimatel’, f. For each fixedt > 1, we have uniqug/ € Z* such that
2/-1 < ¢ < 27. Hence

-y
e =9l ¢y 1ay
Jez*r J2I-1<|z—y| <2/ |z -yl

>° . Qlx —
| P (e — o) Y gy
2i-1<|z—y|<27 |$ - y‘

T f(x) = sup h(le — )

+ sup
Jer ;T

(o.9)

< CMof(z)+)

=1

iP(a Qlxr —y
| @ — ) EE gy
21-1<|z—y|<27 |(L‘ y’

By the LP-boundedness af/, for Q € L(S"~1), and the method similar to proving
Lemma 4, we get

1T llp < ClIf I,

which proves Theorem 4.0

4. Weighted boundedness on commutatorsTo begin with, we give some preliminary
lemmas.

Lemma 5[DL]. If 1 < p < oo, then the weights irﬁp(RJr) have the following
properties:
(i) Ay(Rs) C Ap(Rs).
(i) For anyw(r) € ﬁp(]&), there are weightsi;, v; such thatv? € Aj(R+)
1=1 2andw = Ulvéfp.
(i) Foranyw(r) € A,(R+), there exists > 00 thatw* € A,(R.).
(iv) Foranyw(r) € A,(R+), there exists > Osothatp—e > landw € A, .(Rs).
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Lemma 6[Du]. Letl < p < oo, Q(z) € L*(S"~1), homogeneous of degree zero. If
w € Ap(R+), then

Maf(x) = sup— 1 — )| (@)ldy

r>0 1" |lx—y|<r
is bounded orL?(w) and | Mo fllpw < ClQ rasn—1) [ fllpw-
Set

Gf(z) =puv. - K(z,y)f(y)dy,

Gof(0) =poo. [ K(a.)f()dy.
lz—y|<1
Lemma 7 [JL1]. Letl < p < oo, w(xz) > 0. If G is bounded on.?(w), then the
inequality

1/p 1/p
( / IGof(x)I”w(w)dw> <c, ( / !f(y)l”w(y)dy> (4.1)
|lz—y|<e ly—t|<l+e

holds for anye > 0, whereC. is independent aofand f.
Conversely, if (4.1) holds for certain> 0, thenGy is bounded or.? (w).

Lemma 8 [DL]. Letl < p < oo, h(r) € L®(Rs), w(z) = w(|z|) € Ap(Rs). If

Q ¢ LY(S™ 1), homogeneous of degree zero, @n¢see Theorem 1 for the definition)
is bounded orL?(w), then for any(x) = b(|z|) € BMO(R:), m € NU {0}, and any
real-valued polynomiaP(z, y), the operator

T f(z) = p.o. eiP(x’y)L(x—y)h T — b(z) — b(y)|™ d
Tor@) =po [ STy ble) ~ b)) )y
is bounded orl.? (w).

Lemma 9. Letl < p < o0, §2, h, b, m andw be as in Theorem 5. Then for any real
polynomial P(x,y) onR™ x R™, the operator

m ) = eiP(Ly)Q(x_y) T — ) — m
TS = [ e T~ yDlb) b))y
is bounded orlP (w).

Proof. SinceQ(a') € BY°(571), we have(z') = > Csbs(2'), where eachh is a
g-block supported i), and>"_ |C;| (1 +log*(1/]Qs])) < oc.
Decomposé;” | f as follows:

tps) = [ e S yibe) - b))y

|lz—y|>1 ’$ - y|n

= > eiP(tc, )M v o) — .
;Zsjcs /Zﬂ'lsx—y|<2j ' |z —y[" h(lz = yl)[b(x) = b(y)]™ f(y)dy
=YD G f(@).

j=1 s
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Thus -
1T f o < D 1O D IT3S o fllpos (4.2)
s j=1
In what follows, we shall prove
00 - ) 1
ST o fllpw < C (1 +10g X 11l - (4.3)

J=1

To prove (4.3), we only need to prove that for egch N, there existg; > 0 such

that '
C27W || f|lpw if |Q,] > e9/(1-0);

HTb,j,spr,w < { sz/lomQS'”prw, if ’Qs| < eq/(lfq);
whereC, n are independent gf, s, f andQ.

We shall carry out the proof of (4.4) by induction em Sinceh € BV(R,) and
P(z,y) is nontrivial real-valued polynomial, by a method similar to that in the proof
of Lemma 4, we can prove that there existsyan 0 such that
CZ_éij”p,w» if [Qs| > GQ/(l_Q);
CRI/ BN ], i Q] < /-0,

(4.4)

umwmws{ (4.5)

Without loss of generality, we consider only the cagg,| < ¢?/(1~9), On the other
hand, we have

0 |bs(x — y)|
ITh5sf (@) < /21—1<|a;_y|<21 WWL@ —yDIf(W)ldy < CMy, f ().

From Lemma 5 and Lemma 6, it follows that
1755 lporse < ClIMy, fllp e < Clfllpre- (4.6)

Combining (4.5) with (4.6), and using the Stein-Weiss theorem of interpolation with
change of measure [BL], we get

0 i/ s
||Tb,j,sf||p,w < c2mi/lee|Q: ‘Hf”p,w?

wheren; does not depend of) s, f and(2. This shows that (4.4) holds for = 0.
Form > 1we assume that (4.4) holds far—1: foranyy € LP(w)withw € A,(R+),
we have

||Tbrnj;1pr7w < Cznm—lj/ |09|Q5‘Hf

|p7w'
By w € A,(R+) and Lemma 5, there exists> 0 such thats'** € A,(R,). Therefore,
foranyy € LP(w*),

175755

Lol rve < C2Imaad/ V9IRSl £ e (4.7)

Repeating the proof of Theorem 3 in [DL], we can obtain the following results: for any
0 €0,2n],p € Lp(epb(1+a) COSH/a),

HTlTj:glngp,epb(hg)cose/s S Czn;;l_lj/ IOngS‘H‘P||p76pb(1+E) cosf /ey (48)
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whereC' andn!,_, depend only om, b andw, but not onj, s andé. By interpolating

with change measure between (4.7) and (4.8), we see that fof an)0, 27|, ¢ €
Lp(wepbcose),

T3 bl ervcoso < C279710919eN ]| cosa, (4.9)

whereC ando are independent gf k andd. Moreover, ifwe legy () := f(z)e (@)e’?
then it is easy check that for afye [0, 27],

go € LP(wer* ) and ||g|, pvco0 = || |- (4.10)

For simplicity, we denote

Kona(av) = 7@ TE= Dl — ylba) B Pz sy (@~ )

So, by the above notation and the following equality (see (3.5) in [DL])

2T '
b(:n) — b(y) - 2:|7'r/0 6619(b(m)—b(y))6—7,9d9’

we have

nﬁJ<>=/’K‘1@—ymm»—mwuwmy

2 . )
/ Ko1(a <23T / eelg(b(x)—b(y))e—wdg) )y

27 ) . .
/ Kp_1(x — y)f(y)e_b(y)eledyeb(x)ezee_ledH

:1fT H(go) (@)e" ) e %o,
21 Jo 0O

Hence, by Minkowski's inequality, we get

1 27
T L < =
e <5 [ ([

1
- 27T/O ” b]s (99)|’p,wepbcosed9.

From (4.9) and (4.10), it follows that

p

z)et?
Ty o) (x)e"™

1/p
w(m)dx) do

1 2m ) .
uﬁmwshﬁ 27319910l gy | ypenno 48 = C273/09IQ:|

This shows that (4.4) also holds for.
Therefore, for anyn € NU {0}, if |Q,| > ¢?/(1~9), then

ST o fllpw < C D27 fllpw < Cllfllpw;

j=1 7j=1
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if |Qs] < e?/(1=9) then

o0 (o)
D T fllpe < C 207181900 £, < Cllog 5~
j=1 i=1

|Qs| HfHPw

Summing the above results, we get (4.3). Thus

||Tboof||Pw < Z ’C ‘Z ”Tb]sprUJ

j=1

<032 (] (14108 7)< €Il

which proves Lemma 9. [

Lemma 10[DL]. Letl < p < oo, h(r) € L=(S" 1), w(z) = w(|z|) € Ay(R4),
b(x) = b(|z|) € BMO(R.4), m € NU {0}. If Q € L}(S"~1) and the operator

Tz%f(a:) = p.v./ M

lz—y|<1 |$ - y|n

h(lz = yl)[b(x) — b(y)]™ f (y)dy
is bounded or.?(w), then for any real-valued polynomi&l(zx, y), the operator

Tpse) = poo. [ e Do y)ota) — b)) )y

lz—yl<1 ‘.%' - y’n
is bounded orl? (w).

Proof of Theorem 5(ii) => (|) By Lemma 9, it is known thafl;" | is bounded on
LP(w). And observe thaBg°(S"~1) ¢ L*(S"1), by theLP(w) boundedness dF,
and Lemma 10, we see tHﬁgj}) is also bounded o?(w). Thus,T;™ is bounded on

LP(w).
(i) = (ii): To do this, as in the proof of Theorem 1, we chod3gr, y) such that
P(z,y) has propertyP, and decompose

TP f(x) = po. /| | 1eiP<x’y>W‘y>h<m —yDib() — b)™ Fy)dy
r—y|<

|z — y|™

Qx
o[ e S b - b)) )
|z—y|>1 ‘:U y|
= Tyof () + Ty f(y)-
From Lemma 9, it follows thal}"  is bounded orL?(w). Thus, T} is also bounded

on LP(w).
Now we taket € R™. For|z —t| < 1, we have

Tyof (x) = Tolf ()x B2 ()] (2)-
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Thus, by Lemma 7, we get

1/p 1/p
( / T3 ()] w( )dl‘> <C ( / 1f(y) !pw(y)dy> (4.11)
lz—t|<1 ly—t|<2

whereC' is independent of and f. By (1.1), we write

Tb%f(x) _ e—z‘R1(r,t)/ ez’P(m,y)Jm(x,y)f(y)e—iP(a:—t,y—t)e_iRz(%t)dy’

lz—y|<1
wheret € R",
) = S W h(le = o) — b))

Express:~“£(@=tv=1) into the Taylor series

(=)

7!

.

—iP(o—ty—t) _ [Pz —t,y — 1)

Mg

<.
Il
o

jl {Zaw (z — )" t)ﬁ}j
_ wax—t — ).

il
=0

I
10 10

8

Hence

1/p
(/ ‘Tb of (z ‘p )dx)
le—t|<1

=1
<D D b (/
k=0 v

lz—t|<1

vy [ e )

z—yl<l

» 1/p
x ¢ b)) — t)”dy‘ w(x)dw)

o0 "
< jzz(:) jll MZV: by, 11671 </;v—t<l ‘Tb% [f(,)ez‘Rz(-,t)(. _ t)z/] (ﬁ)’pw(a:)d;p> p7

whereé = (1,1,...,1). By (4.1), we obtain

1/p
lz—t|<1

=1
<O 5D busle (/
]:0] w,v

ly—t|<2

1/p
|f(y)(y — t)”!pw(y)dy)
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o0 1 .
<O 7 2 sl </|
j=07" p,

y—t|<2

1/p
|f (y)lpw(y)dy>

© 4 J 1/p
<03 S lanslien’] < / !f(y)lpw(wdy)
=07 \ap ly

Z |aa,8| |§a”7ﬁ‘ 1/p
< Ce®P ( \f(y)!pw(y)dy>
ly—t|<2

1/p
<C </|y—t|<2 If(y)\”W(y)dy> ,

wheren = (2,2,...,2). By Lemma 7, this implies (ii) and proves Theorem %]

—t|<2

Proofs of Theorem 6 and Theorem Since BY°(sm1) ¢ L1($"~1), Theorem 6 can
be directly deduced from Lemma 8 and Lemma 9. And Theorem 7 immediately follows
from Theorem 6 and the known result thiats bounded or.?(R") (see [AF]). O

Acknowledgmentdhis research was supported by the National 973 Project and SEDF
of China.

Résume substantiel en francais.SoientS” 1 la sptere de rayon 1 darR” (n > 2)
muni de la mesure normadie de Lebesgue, re#do = do (x’) et Q homogene de
degg zero suR™. On consi@re I'operateur @fini par I'integrale singure oscillatoire

77 @) =po. [ Pen T g0y r)dy

n |z —y["
et I'opérateur maximal assdgi

T f(x) = sup

e>0 |'T - y’n

/ BILCENI (lz —yl) Q=) y)f(y)dy ,
|z—y|>e

ou P(z,y) estun poly@me el sulR™ x R™, eth € BV (R;) (c’est-a-dire,h(r) estune
fonctiona variation borée suff0, o0)). Lopérateurl” aéte étudi pour la premére fois
dans [RS]. Les@sultats qui s’y trouvent ont ensué& gererali€s. (Voir par exemple,
[LZ], [JL1], [FP] et [HP].) De plus, il aéte demonté par Lu et Zhang [LZ] qué™ est
borré surL? (R™) (0 < p < <) lorsqueQ € L4 (5"~1) pourg > 1.

Nous consiérons ici le ca$) € BY° (S"~1) pourg > 1, o Be® (S"~1) désigne
une classe d’espaces blocs introduite pour la peesrfois par Jiang et Lu san&tude
des inégrales singudires borges. (Voir [LTW].) Cet espace eséfini comme suit. Un
g-bloc surS™—* est une fonctiom(x) dansL? (1 < ¢ < oo) telle que

(i) suppb C Q;
(i) [Ib]l, < QI
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ou
Q=S"tn{yeR":|ly—¢ < ppouruné € S"Letpe (0,1 }.

Les espaces blodﬁg’o surS™~1 sont alors éfinis par
B (") = {Q eLN(S" Y Qy) =D Cubs (v) , M2 ({C}) < oo},
ou chaque”; est un nombre complexe, chadueest ung-bloc avec support dangs,

et
L1
MO ({Cs}) = g\@\{lﬂog @}

Il a éte cemonté par Keitoku et Sato [KS] que, pogr> 1 quelconque,

UL (5" € 5o (5™

r>1

ol l'inclusion est stricte. La relation ent8?° (S"~1) et Llog* L (S"~1) demeure
inconnue. Rcemment, Hussain et Pan [HP] dntdie I'opérateur inégral singulier
oscillatoire avec polydme de convolution de phas‘fﬁ, Utilisant des estiras propres
aux transforrées de Fourier et la dorie de Littlewood-Paley, ils ont moétquef est
borré surL? (R™) lorsquef2 € BY° (S"~1) pourg > 1. Cependant, la &thode utilige
dans [HPEchoue dans le cas d’'un@nateufl” avec polytome de phas®(z, y) géréral,
puisquel’ n'est alors pas&cessairement un émteur de convolution. Nous employons
plutdt la methode de rotation avec des techniques asskzates qui diferent de celles
utilisees dans [HP], afin tendre lesasultats qui s’y trouvent au cﬁ’o (5™1) pour

q > 1.

Lorsque? € BY? (5*1), onétudie les commutateurs d'ordre guigur?;” formés
deT et d’une fonctiorb qui esta la fois BMO et radiale. On donne, dans ce contexte,
un critere pour qud;” soit borré dansl.” avec poids. Nosasultats principaux sont les
suivants.

Théoréme 1. SoitT l'int égrale singukere assod@ea T et cefinie par

Ti@) = po. [ 0o = o) T sy

|z — y|"

Sion aQ € BY° (5" 1) pourq > 1, h € BV (R:) etl < p < oo alors les deux
énon@s suivants soréquivalents :

(i) SiP(z,y) estun polydme non-trivial, alorsI” est borré surLP (R™).
(i) L'opérateurTy définia partir deT par

Tof(x) =p-v-/ h(lz —yl)

lz—y|<1 |$ - y‘n

est borre surL? (R™).
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Théoréme 2. Soientl < p < oo, h € BV (R.) etQ € Bo° (S"~1) pourg > 1. SiT
est borreé surL? (R™), alorsT

Théeoreme 3. SoientQ e BJ° (5"~1) pour ¢ > 1, Jon-1Q (') do (2') = O et
h € BV (R4). Alors T est borre sur L? (R™), 1 < p < oo, pour tout polydme €el
P(z,y).

Théeoreme 4. SoientQ € B (S™ 1) pour g > 1, [, 1 Q(2')do (') = O et
h € BV (R;). Alors, pour tout polydme €el P(x,y), 'opérateur maximall™ est
borné surL? (R™) pourl < p < oc.

Théoreme 5. Soientl < p < oo,  homogne de degdr £ro, h (|z|) € BV (R+) et
b(z) = b(|z]) € BMO(R+). Pourm € N U {0} quelconque et tout polgme gel
P(x,y) défini surR™ x R™, définissons le commutateii}™ formé deT" et deb :

T f(x) = p.v./ e P (@) 79@ ~9)
n |z —y|”

h(|z —yl) [b(z) = b)]™ fy)dy.
SiQ(z) € By (S"1) pourg > 1etw(z) = w(|z]) € 4,(R.) alors les deux
énone@s suivants soréquivalents :
(i) Si P(x,y) est un polydme non trivial, alorsI;™ est bore sur I'espace de
Lebesgue.r (w) = LP (R", w(z)dz) avec poidsv(z).
(i) L'opérateur tronge

Tp/(e) = po. [ Q=9 b (10— y)) [bla) — bw)]™ F)dy

|lz—y|<1 |‘T - y|n
est borre surL?(w).

Théoreme 6. Soientl < p < oo, 2, h, b, m,w etT;" comme au thoreme 5. ST est
borré surL? (w) alors, pourm € N U {0} quelconque et tout polgme €el P(x,y)
surR™ x R", on a quel;™ est aussi boré surL?(w).

Théoréme 7. Soientl < p < oo, Q(z) € BY° (57~1) pourg > 1 homogne de deg¥
zer0, [4,_1Q (¢') do (2/) = 0, h(|z|) € BV (R+) etb(z) = b(|z[) € BMO(Rs).
Alors, pourm € N U {0} quelconque et tout polgme €el P(z,y) surR™ x R™, on
a que le commutatedr;™ d’ordre sugerieur est bor@ surL? (R™).

On obtient cesésultatsa partir d’inegali€es sur les polydimes, que nousnoncons
maintenant.

Proposition 1. Soitp(x) = ngd aqz® un polyrdme de degr d et soite < 1/2d.
Alorson a

—€
/ ‘p(x)‘_gdx < CA®° Z |aq|
lz[<1 || <d

ou C' et A ne cependent que de la dimensiaret A dépend aussi du degrdep(x)
mais non des coefficien{s,, }.
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Proposition 2. Soitp(z) = szd ax® un polyrome homogne de dedrd dansR™
et soite < 1/2d. Alors on a

—&

/Snl |p(x)}_€da («/) < CA® Z |aq|

|ao|=d

ou C et A sont comma la proposition 1.

Proposition 3. Soit p(z) = _|4/<q@ax® un polyrome (pas cessairement ho-
mogene) de dedrd dansR" et soite < 1/2d. Alors on a

—&

sup p(z — )| “do () < CA° [ > aa]

yeRn Jjo|<1

ou C et A sont comma la proposition 1.

Nous montrons ensuite les lemmea 4, dont é&coulent les tkoemes 1a 4, et les
lemmes 5 10 qui entrinent les tlkoemes 5 7.
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