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OSCILLATORY SINGULAR INTEGRALS AND

COMMUTATORS WITH ROUGH KERNELS

SHANZHEN LU AND HUOXIONG WU

RÉSUMÉ. Par la ḿethode de la d́ecomposition en blocs pour une fonction noyau
et moyennant des inégalit́es pŕecises pour les polynômes, on obtient une condition
nécessaire et suffisante, et aisément v́erifiable, pour que soit bornées surLp(Rn)
une classe d’int́egrales singulìeres oscillatoires avec noyau. De plus, on obtient un
critère pour qu’un commutateur d’ordre supérieur forḿe d’une int́egrale singulìere
oscillatoire et d’une fonction BMO soit borné dans l’espaceLp avec poids.

ABSTRACT. By the method of block decomposition for kernel function and some
precise inequalities concerning polynomials, the authors give a verifiable neces-
sary and sufficient condition so that a class of oscillatory singular integrals with
rough kernels are bounded onLp(Rn) and establish theLp-boundedness for these
oscillatory singular integral operators. In addition, the authors also discuss the
weightedLp-boundedness for higher order commutators formed by the oscillatory
singular integral and a radial BMO function and obtain a criterion on the weighted
Lp-boundedness for these commutators.

1. Introduction and statement of results. Let Rn, n ≥ 2, be then-dimensional
Euclidean space andSn−1 be the unit sphere inRn equipped with the normalized
Lebesgue measuredσ = dσ(x′). And letΩ be homogeneous of degree zero onRn.

We consider the oscillatory singular integral operator defined by

Tf(x) = p.v.

∫
Rn

eiP (x,y) Ω(x− y)
|x− y|n

h(|x− y|)f(y)dy

and the corresponding maximal operator defined by

T ∗f(x) = sup
ε>0

∣∣∣∣∣
∫
|x−y|>ε

eiP (x,y)h(|x− y|)Ω(x− y)
|x− y|n

f(y)dy

∣∣∣∣∣ ,
whereP (x, y) is a real polynomial onRn×Rn, andh ∈ BV(R+) (i.e.h(r) is a bounded
variation function on[0, ∞)). In 1987, Ricci and Stein [RS] proved that ifh ≡ 1
andK(x) = Ω(x/|x|)|x|−nh(|x|) ∈ C1(Rn \ {0}), thenT is bounded onLp(Rn),
1 < p < ∞. Afterwards, Lu and Zhang [LZ] showed thatT is bounded onLp(Rn),
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1 < p < ∞, provided thatΩ ∈ Lq(Sn−1), 1 < q ≤ ∞, and
∫
Sn−1 Ω(x′)dσ(x′) = 0.

And they also gave a criterion on theLp-boundedness ofT . In 1995, Jiang and Lu [JL1]
improved the above results to the case,Ω ∈ L log+ L(Sn−1) (see [FP, HP] for other
improvements). In addition, for the maximal operatorT ∗, Lu and Zhang [LZ] proved
thatT ∗ is bounded onLp(Rn), 1 < p < ∞, if Ω ∈ Lq(Sn−1) for q > 1.

In this paper, we will focus on the case,Ω ∈ B0,0
q (Sn−1) for q > 1. Here,B0,0

q (Sn−1)
denotes certain block spaces, which was introduced by Jiang and Lu (see [LTW] for
the details of block spaces). In [KS], Keitoku and Sato showed that for anyq > 1,⋃

r>1

Lr(Sn−1) ⊂ B0,0
q (Sn−1),

which is a proper inclusion. And the relationship betweenB0,0
q (Sn−1)andL log+L(Sn−1)

remains open. Therefore, it is a meaningful work to study the boundedness of singular
integral operators with kernelΩ ∈ B0,0

q (Sn−1). Recently, Al-Hasan and Fan [AF], Hus-
sain and Pan [HP] established some delicate results for certain singular integrals with
kernels belonging toB0,0

q (Sn−1). Meanwhile, Hussain and Pan [HP] also considered
the following oscillatory singular integral operator with convolution polynomial phase,

T̃ f(x) = p.v.

∫
Rn

eiP (x−y)h(|x− y|)Ω(x− y)
|x− y|n

f(y)dy,

where the phaseP is a polynomial. Using the Fourier transform estimates and Little-
wood-Paley theory, they proved that̃T is bounded onLp(Rn), if Ω ∈ B0,0

q (Sn−1)
for q > 1. However, the method used in [HP] fails for the operatorT with general
polynomial phaseP (x, y), sinceT is not a convolution operator. We shall employ the
method of rotation and some delicate techniques, which are very different from that
used in [HP], to improve all of results mentioned above to the case,B0,0

q (Sn−1) for
q > 1.

On the other hand, forΩ ∈ L log+ L(Sn−1), Ding and Lu [DL] studied the weighted
Lp-boundedness on the higher order commutatorTm

b formed byT and a radial BMO
functionb, and gave a criterion on weightedLp-boundedness forTm

b . Another purpose
of this paper is to study the weightedLp-boundedness onTm

b mentioned above, for
Ω ∈ B0,0

q (Sn−1). Before stating our results, let us introduce some relevant definitions
(see [DL] and [LTW]).

Definition 1. (i) A real-valued polynomialP (x, y) is called non-trivial, ifP (x, y) does
not take the form ofP0(x) + P1(y), whereP0 andP1 are polynomials defined onRn.

(ii) We will say that the non-trivial polynomialP (x, y) has propertyP, if P (x, y)
satisfies

P (x, y) = P (x− t, y − t) + R1(x, t) + R2(y, t), t ∈ Rn, (1.1)

whereR1 andR2 are real polynomials.
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Definition 2. Let b(r) ∈ Lloc(R+). If

‖b‖∗,+ = sup
I⊂R+

1
|I|

∫
I
|b(r)− bI |dr < ∞,

then we sayb(r) ∈ BMO(R+), wherebI =
∫
I b(r)dr/|I|.

Definition 3. Suppose thatω ≥ 0 andω ∈ Lloc(R+). For 1 < p < ∞, we say
ω ∈ Ap(R+), if there is a constantC > 0 such that for anyI ⊂ R+,(

1
|I|

∫
I
ω(r)dr

)(
1
|I|

∫
I
ω(r)−1/(p−1)dr

)p−1

≤ C < ∞.

Moreover, if there is a constantC > 0 such thatω∗(r) ≤ Cω(r) a.e.r ∈ R+, then
we sayω ∈ A1(R+), whereω∗ denotes the Hardy-Littlewood maximal function ofω
defined by

ω∗(t) = sup
t∈I⊂R+

1
|I|

∫
I
ω(r)dr.

For 1< p < ∞, we denote

Ãp(R+) :=
{

ω : ω ≥ 0, ω ∈ Lloc(R+) andω2 ∈ Ap(R+)
}
.

Definition 4. A q-block onSn−1 is anLq(1 < q ≤ ∞) functionb(x) that satisfies

(i) suppb ⊂ Q;
(ii) ‖b‖q ≤ |Q|(1/q)−1.

whereQ = Sn−1 ∩ { y ∈ Rn : |y − ξ| < ρ, for someξ ∈ Sn−1 andρ ∈ (0, 1] }.

Definition 5. The block spacesB0,0
q onSn−1 are defined by

B0,0
q (Sn−1) =

{
Ω ∈ L1(Sn−1) : Ω(y′) =

∑
s

Csbs(y′), M0,0
q ({Cs}) < ∞

}
,

where eachCs is a complex number, eachbs is aq-block supported inQs, and

M0,0
q ({Cs}) =

∑
s

∣∣Cs

∣∣ {1 + log+ 1
|Qs|

}
.

It should be pointed out that the method of block decomposition for functions was
originated by Taibleson and Weiss [TW] in the study of the convergence of the Fourier
series. Later on, many application of the block decomposition to harmonic analysis were
discovered (see [MTW], [So], [Lo], [Lu]). For further background and information on
the theory of spaces generated by blocks and its applications to harmonic analysis one
can consult the book [LTW]. We remark that in this paper, we are very much motivated
by the work of [LZ] and [HP], some ideas are from [RS], [JL1] and [DL]. Now let us
formulate our main results as follows.



50 Oscillatory singular integrals and commutators with rough kernels

Theorem 1. LetT be the singular integral operator corresponding toT , i.e.

Tf(x) = p.v.

∫
Rn

h(|x− y|)Ω(x− y)
|x− y|n

f(y)dy.

If Ω ∈ B0,0
q (Sn−1) for q > 1 andh ∈ BV(R+), then for1 < p < ∞, the following two

facts are equivalent:

(i) If P (x, y) is a non-trivial polynomial, thenT is bounded onLp(Rn).
(ii) The truncated operator ofT ,

T0f(x) = p.v.

∫
|x−y|<1

h(|x− y|)Ω(x− y)
|x− y|n

f(y)dy

is bounded onLp(Rn).

Theorem 2. Let 1 < p < ∞, h ∈ BV(R+) and Ω ∈ B0,0
q (Sn−1) for q > 1. If the

singular integral operatorT is bounded onLp(Rn), then so isT for any real-valued
polynomialP (x, y).

Theorem 3. Suppose thatΩ ∈ B0,0
q (Sn−1) for q > 1,

∫
Sn−1 Ω(x′)dσ(x′) = 0 and

h ∈ BV(R+). ThenT is a bounded operator onLp(Rn), 1 < p < ∞, for any real-
valued polynomialP (x, y).

Theorem 4. Suppose thatP (x, y) is a real valued polynomial. Ifh ∈ BV(R+), Ω ∈
B0,0

q (Sn−1) for q > 1 and
∫
Sn−1 Ω(x′)dσ(x′) = 0, then the maximal operatorT ∗ is

bounded onLp(Rn) for 1 < p < ∞.

Remark 1.Since
⋃

r>1 Lr(Sn−1) ⊂ B0,0
q (Sn−1) for anyq > 1, all of the above results

is an essential improvement on the corresponding results in [LZ]. And Theorem 3
greatly improves the corresponding result of [HP].

Theorem 5. Let 1 < p < ∞, Ω be homogeneous of degree zero,h(|x|) ∈ BV(R+),
b(x) = b(|x|) ∈ BMO(R+). For anym ∈ N ∪ {0} and any real-valued polynomial
P (x, y) defined onRn × Rn, define the higher order commutatorTm

b formed byT
andb,

Tm
b f(x) = p.v.

∫
Rn

eiP (x,y) Ω(x− y)
|x− y|n

h(|x− y|)[b(x)− b(y)]mf(y)dy.

If Ω(x) ∈ B0,0
q (Sn−1) for q > 1, andω(x) = ω(|x|) ∈ Ãp(R+), then the following two

statements are equivalent:

(i) If P (x, y) is a nontrivial polynomial, thenTm
b is bounded onLp(ω).

(ii) The truncated operator

T
m
b,0f(x) = p.v.

∫
|x−y|<1

Ω(x− y)
|x− y|n

h(|x− y|)[b(x)− b(y)]mf(y)dy

is bounded onLp(ω). HereLp(ω) denotes the weighted Lebesgue space
Lp(Rn, ω(x)dx).
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Theorem 6. Let 1 < p < ∞, Ω, h, b, m, ω andTm
b as in Theorem 5. IfT is bounded

on Lp(ω), then for anym ∈ N ∪ {0} and any real polynomialP (x, y) on Rn × Rn,
Tm

b is also bounded onLp(ω).

Theorem 7. Let 1 < p < ∞, Ω(x) ∈ B0,0
q (Sn−1) for q > 1, homogeneous of degree

zero and
∫
Sn−1 Ω(x′)dσ(x′) = 0, h(|x|) ∈ BV(R+), b(x) = b(|x|) ∈ BMO(R+). Then

for anym ∈ N∪{0} and any real-valued polynomialP (x, y) defined onRn×Rn, the
higher order commutatorTm

b is bounded onLp(Rn).

Throughout the rest of this paper, we always use the letterC to denote a positive
constant that may vary at each occurrence but is independent of the essential variables.

2. Some inequalities for polynomials.As in [RS], our treatment will be based in part
on some simple but useful inequalities concerning polynomials. Here, by a slight but
crucial modification, we shall give some more precise estimates, which will play a
crucial role in proving our main theorems, on polynomials than ones in [RS].

Proposition 1. Supposep(x) =
∑

|α|≤d aαxα is a polynomial of degreed and let
ε < 1/2d, then ∫

|x|≤1

∣∣p(x)
∣∣−ε

dx ≤ CAε

∑
|α|≤d

|aα|

−ε

,

whereC, A depend only on the dimensionn, and, in the latter, the total degree ofp(x),
but not on the coefficients{aα}.

Proof. Using the idea of Ricci and Stein in [RS], we verify the lemma as follows:
Case 1 When n = 1, write p(x) =

∑d
j=0 ajx

j . Without loss of generality, we
assume

∑d
j=0 |aj | = 1. Since

∫ 1
−1 |p(x)|dx and

∑d
j=0 |aj | give equivalent norms on

the polynomials of degreed. Thus
∫ 1
−1 |p(x)|dx ≥ c > 0, and there is anx0 ∈ [−1, 1]

so that|p(x0)| ≥ 2c. Now write p(x) = (p(x)/p(x0))p(x0) and split the roots{αj}
into two sets: those of the formβj′ with |βj′ | < 2, and the remaining roots{γj′′} with
|γj′′ | ≥ 2. Hence

∣∣p(x)
∣∣−ε =

∣∣∣∣∏
j′

(x−βj′)/
∏
j′

(x0−βj′)
∣∣∣∣−ε∣∣∣∣∏

j′′

(x−γj′′)/
∏
j′′

(x0−γj′′)
∣∣∣∣−ε∣∣p(x0)

∣∣−ε
.

Now, the term
∣∣∏

j′(x0−βj′)
∣∣ε is bounded by 3dε, since|x0| ≤ 1 and|βj′ | ≤ 2. Next the

term|
∏

j′′(x− γj′′)/
∏

j′′(x0− γj′′)|−ε is bounded
∏

j′′
(
(|γj′′ | + 1)/(|γj′′ | − 1)

)ε ≤
3dε, sincex, x0 ∈ [−1, 1] and |γj′′ | ≥ 2. Finally, |p(x0)|−ε ≤ c−ε. Altogether then
|p(x)|−ε ≤ Aε|

∏
j′(x− βj′)|−ε. Notice thatεd < 1/2 and by ad-fold use of Ḧolder’s

inequality, we get∫ 1

−1

∣∣p(x)
∣∣−ε

dx ≤
∫ 1

−1
Aε
∏
j′

∣∣x− βj′
∣∣−ε

dx

≤ Aε
∏
j′

(∫ 1

−1

∣∣x− βj′
∣∣−dε

dx

)1/d

≤ CAε.
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Case 2 Whenn > 1, by induction, it suffices to illustrate this inn = 2. Write
p(x, y) =

∑
ak`x

ky`, and assume again that
∑
|ak`| = 1. Choose the pairk0, `0 so

that|ak0`0| is maximal, then of course|ak0`0| > 0. Now, by the case 1,∫
|x|≤1

∣∣p(x, y)
∣∣−ε

dx ≤ CAε
1

(∑
k

∣∣∣∣∑
l

ak,`y
`

∣∣∣∣
)−ε

≤ CAε
1

∣∣∣∣∑
l

ak0`y
`

∣∣∣∣−ε

.

Integrate the resulting inequality iny to get∫ ∫
|x|≤1
|y|≤1

∣∣p(x, y)
∣∣−ε

dxdy ≤ CAε
1A

ε
2

(∑
`

∣∣ak0,`

∣∣)−ε

≤ CAε
1A

ε
2

∣∣ak0,`0

∣∣−ε ≤ CAε,

which proves the proposition.�

By Proposition 1, similar to Corollary 1 and 2 in [RS] (see [RS], p. 183), we have
the following two propositions:

Proposition 2. Supposep(x) =
∑

|α|=d aαxα is a homogeneous polynomial of degree
d in Rn, with ε < 1/2d. Then∫

Sn−1

∣∣p(x)
∣∣−ε

dσ(x′) ≤ CAε

∑
|α|=d

|aα|

−ε

,

whereC andA are as in Proposition 1.

Proposition 3. Supposep(x) =
∑

|α|≤d aαxα is a (not necessarily homogeneous)
polynomial of degreed in Rn, with ε < 1/2d. Then

sup
y∈Rn

∫
|x|≤1

∣∣p(x− y)
∣∣−ε

dσ(x′) ≤ CAε

∑
|α|=d

|aα|

−ε

,

whereC andA are as in Proposition 1.

3. Boundedness on oscillatory singular integrals.Let us begin with several lemmas.
Set

MΩf(x) = sup
r>0

1
rn

∫
|y|<r

|Ω(y′)||f(x− y)|dy.

Lemma 1. Let 1 < p < ∞, Ω ∈ L1(Sn−1) and h ∈ L∞(R+). If T0 and MΩ are
bounded onLp(Rn), then so isT0 for any real polynomialP (x, y), whereT0 andT0 is
the truncated operator ofT andT , respectively.

DecomposeP (x, y) as

P (x, y) =
∑

0<|α|≤k′
0<|β|≤l′

aαβxαyβ +
∑

aα0x
α +
∑

a0βyβ

:= Q(x, y) + P1(x) + P2(y).

Clearly, if P (x, y) is non-trivial, then 0< k′ ≤ k and 0< `′ ≤ `, wherek and` are
the highest degree ofx andy in P (x, y) respectively.
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Lemma 2. Let 1 < p < ∞, Ω ∈ L1(Sn−1), h ∈ L∞(R+) andT∞ = T − T0. If T
andMΩ are bounded onLp(Rn), andT∞ is bounded onLp(Rn) for Q(x, y), thenT
is bounded onLp(Rn) for P (x, y).

Lemma 3. Let1 < p < ∞, T0 be a truncated operator defined by

T0f(x) = p.v.

∫
|x−y|<1

K(x, y)f(y)dy.

If the real polynomialP (x, y) satisfies(1.1) in Definition 1 and the oscillatory integral
T0 defined by

T0f(x) = p.v.

∫
|x−y|<1

eiP (x,y)K(x, y)f(y)dy

is bounded onLp(Rn), thenT0 is also bounded onLp(Rn).

Lemmas 1-3 are the unweighted cases of Lemmas 3-5 in [JL1], respectively.

Lemma 4. Let 1 < p < ∞, h ∈ BV(R+) and Ω ∈ B0,0
q (Sn−1) with q > 1. Then

T∞ = T − T0 is bounded onLp(Rn), for any real non-trivial polynomialP (x, y).

Proof. SinceΩ ∈ B0,0
q (Sn−1), we have

Ω(x′) =
∑

s

Csbs(x′),

which eachbs is aq-block, supported inQs and∑
s

∣∣Cs

∣∣ (1 + log+ 1
|Qs|

)
< ∞.

We decomposeT∞ as follows:

T∞f(x) =
∫
|x−y|≥1

eiP (x,y) Ω(x− y)
|x− y|n

h(|x− y|)f(y)dy

=
∞∑

j=1

∑
s

Cs

∫
2j−1≤|x−y|<2j

eiP (x,y) bs(x− y)
|x− y|n

h(|x− y|)f(y)dy

:=
∞∑

j=1

∑
s

CsT
s
∞,jf(x).

Thus

‖T∞f‖p ≤
∑

s

∣∣Cs

∣∣ ∞∑
j=1

‖T s
∞,jf‖p.

We shall show that

∞∑
j=1

‖T s
∞,jf‖p ≤ C

(
1 + log+ 1

|Qs|

)
‖f‖p.
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Write
P (x, y) =

∑
|α|≤k
|β|≤`

aαβxαyβ,

wherek > 0 and` > 0. Sinceh ∈ BV(R+), using Proposition 2 and Proposition 3,
by a method similar to that used in [LZ], we can prove that, for any 1< λ ≤ ∞ and
0 < θ < 1,

‖T s
∞,jf‖p ≤ CAδ2−jθδ‖bs‖Lλ(Sn−1)‖f‖p (3.1)

holds uniformly inδ ∈ (0, 1] such thatδ < min{k/2`, k/(k + `)λ′}, where(1/λ) +
(1/λ′) = 1, C, A depend only onn, p and, in the latter case, deg(P ), but not on the
coefficients ofP (x, y).

Now, we estimate‖T s
∞,jf‖p for eachbs. Notice that for eachbs, suppbs ⊂ Qs and

‖bs‖Lq(Sn−1) ≤ |Qs|(1−q)/q. If |Qs| ≥ eq/(1−q), we takeλ = q, then

‖T s
∞,jf‖p ≤ C2−jθδ‖bs‖Lq(Sn−1)‖f‖p ≤ C2−jθδ|Qs|(1−q)/q‖f‖p ≤ C2−jθδ‖f‖p;

if |Qs| < eq/(1−q), we takeλ = log |Qs|/(1 + log|Qs|) and we can chooseδ = σ/λ′ <
min{k/2`, k/(k + `)λ′}, whereσ is a positive constant only depending onk and `.
Thus, by Ḧolder’s inequality, we obtain

‖T s
∞,jf‖p ≤ CAσ/λ′2−θσj/λ′‖bs‖Lλ(Sn−1)‖f‖p

≤ CAσ/ log(|Qs|−1) 2−θσj/ log(|Qs|−1) ‖bs‖Lq(Sn−1) |Qs|(1/λ)−(1/q) ‖f‖p

≤ CA−σ/ log |Qs| 2θσj/ log |Qs| |Qs|(1/λ)−1 ‖f‖p

≤ CA−σ/ log |Qs| 2θσj/ log |Qs| |Qs|1/log |Qs| ‖f‖p

≤ CA−σ/ log |Qs| 2θσj/ log |Qs| ‖f‖p.

Since|Qs| < eq/(1−q), we have− log |Qs| > q/(q − 1) > 1. Consequently, ifA ≤ 1,
thenA−σ/ log |Qs| ≤ 1; if A > 1, thenA−σ/ log |Qs| < Aσ(q−1)/q = C. Hence

‖T s
∞,jf‖p ≤ C 2θσj/ log |Qs| ‖f‖p.

Therefore, for eachbs, if |Qs| ≥ eq/(1−q), then

∞∑
j=1

‖T s
∞,jf‖p ≤ C

∞∑
j=1

2−jθδ‖f‖p ≤ C‖f‖p;

and if |Qs| < eq/(1−q), then

∞∑
j=1

‖T s
∞,jf‖p ≤ C

∞∑
j=1

2θσj/ log |Qs|‖f‖p ≤ C log
1
|Qs|

‖f‖p.

This shows that

‖T∞f‖p ≤
∑

s

∣∣Cs

∣∣ ∞∑
j=1

‖Tm
∞,jf‖p ≤ C

∑
s

∣∣Cs

∣∣ (1 + log+ 1
|Qs|

)
‖f‖p ≤ C‖f‖p,
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which proves the lemma.�

Proof of Theorem 1.(i) ⇒ (ii): To do this, we chooseP (x, y) such thatP (x, y) has
propertyP. SinceT is bounded onLp(Rn) and using Lemma 4, we know thatT∞
is bounded onLp(Rn). SoT0 = T − T∞ is also bounded onLp(Rn). Therefore, by
Lemma 3 we obtain thatT0 is bounded onLp(Rn).

(ii) ⇒ (i): Since T0 is bounded onLp(Rn) and the well-known fact thatMΩ is
bounded onLp(Rn) for Ω ∈ L1(Sn−1). By Lemma 1, we get thatT0 is bounded on
Lp(Rn). And by Lemma 4, we know thatT∞ is bounded onLp(Rn). SoT = T0 + T∞
is bounded onLp(Rn). This proves Theorem 1.�

Proof of Theorem 2.If P (x, y) is trivial, the conclusion is obvious. IfP (x, y) is
non-trivial, then Theorem 2 is directly deduced from Lemma 2 and Lemma 4, since
B0,0

q (Sn−1) ⊂ L1(Sn−1) and MΩ is bounded onLp(Rn) for Ω ∈ L1(Sn−1) (see
[Du]). �

Proof of Theorem 3.From [AF], we know that under the assumption of Theorem 3, the
singular integralT is bounded onLp(Rn). Thus Theorem 3 is an immediate consequence
of Theorem 2. �

Proof of Theorem 4.We shall carry out the argument by a double induction on the
degree inx andy of the polynomialP (x, y) as in the proof of Theorem 2 in [LZ]. Let
k and` be positive integers. Note that (see [HP])

T
∗
f(x) = sup

ε>0

∣∣∣∣ ∫
|x−y|>ε

Ω(x− y)
|x− y|n

h(|x− y|)f(y)dy

∣∣∣∣
is bounded onLp(Rn) under the assumption of Theorem 4. SoT is also bounded on
Lp(Rn) for real polynomials with the formP1(x)+P2(y). Thus, we may assume that the
conclusion of Theorem 4 holds for all real polynomials which are sums of monomials
of degree< k in x times monomials of any degree iny, together with monomials which
are of degreek in x times monomials which are of degree< ` in y. Write

P (x, y) =
∑
|α|=k
|β|=`

aαβxαyβ + R(x, y).

Since our conclusion is clearly invariant under dilation, we may assume that∑
|α|=k
|β|=`

|aαβ| = 1.

If k = 0, thenP (x, y) is a trivial polynomial. Thus Theorem 4 holds. For general
P (x, y), we have

T ∗f(x) ≤ sup
0<ε<1

∣∣∣∣∣
∫
|x−y|>ε

eiP (x,y) Ω(x− y)
|x− y|n

h(|x− y|)f(y)dy

∣∣∣∣∣
+ sup

ε≥1

∣∣∣∣∣
∫
|x−y|>ε

eiP (x,y) Ω(x− y)
|x− y|n

h(|x− y|)f(y)dy

∣∣∣∣∣
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≤ sup
0<ε<1

∣∣∣∣∣
∫

1>|x−y|>ε
eiP (x,y) Ω(x− y)

|x− y|n
h(|x− y|)f(y)dy

∣∣∣∣∣
+

∣∣∣∣∣
∫
|x−y|≥1

eiP (x,y) Ω(x− y)
|x− y|n

h(|x− y|)f(y)dy

∣∣∣∣∣
+ sup

ε>1

∣∣∣∣∣
∫
|x−y|>ε

eiP (x,y) Ω(x− y)
|x− y|n

h(|x− y|)f(y)dy

∣∣∣∣∣
:= T ∗

0 f(x) +

∣∣∣∣∣
∫
|x−y|≥1

eiP (x,y) Ω(x− y)
|x− y|n

h(|x− y|)f(y)dy

∣∣∣∣∣ + T ∗
∞f(x).

By Lemma 4, it suffices to prove thatT ∗
0 andT ∗

∞ are(Lp, Lp) type operators. Notice
that Lemma 1 of [LZ] forΩ ∈ L1(Sn−1) is valid (see [JL2], p. 399-400), by the method
similar to proving (2.4) in [LZ] (see [LZ], p. 208-209), we can easily prove thatT ∗

0 is
a (Lp, Lp) type operator.

Now we estimateT ∗
∞f . For each fixedε > 1, we have uniqueJ ∈ Z+ such that

2J−1 ≤ ε < 2J . Hence

T ∗
∞f(x) = sup

J∈Z+

∫
2J−1≤|x−y|<2J

|h(|x− y|)| |Ω(x− y)|
|x− y|n

|f(y)|dy

+ sup
J∈Z+

∞∑
j=J+1

∣∣∣∣∣
∫

2j−1≤|x−y|<2j

eiP (x,y)h(|x− y|)Ω(x− y)
|x− y|n

f(y)dy

∣∣∣∣∣
≤ CMΩf(x) +

∞∑
j=1

∣∣∣∣∣
∫

2j−1≤|x−y|<2j

eiP (x,y)h(|x− y|)Ω(x− y)
|x− y|n

f(y)dy

∣∣∣∣∣ .
By theLp-boundedness ofMΩ for Ω ∈ L1(Sn−1), and the method similar to proving
Lemma 4, we get

‖T ∗
∞f‖p ≤ C‖f‖p,

which proves Theorem 4.�

4. Weighted boundedness on commutators.To begin with, we give some preliminary
lemmas.

Lemma 5 [DL]. If 1 < p < ∞, then the weights iñAp(R+) have the following
properties:

(i) Ãp(R+) ⊂ Ap(R+).
(ii) For any ω(r) ∈ Ãp(R+), there are weightsυ1, υ2 such thatυ2

i ∈ A1(R+)
i = 1, 2 andω = υ1υ

1−p
2 .

(iii) For anyω(r) ∈ Ãp(R+), there existsε > 0 so thatω1+ε ∈ Ãp(R+).
(iv) For anyω(r) ∈ Ãp(R+), there existsε > 0so thatp−ε > 1andω ∈ Ãp−ε(R+).
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Lemma 6 [Du]. Let 1 < p < ∞, Ω(x) ∈ L1(Sn−1), homogeneous of degree zero. If
ω ∈ Ãp(R+), then

MΩf(x) = sup
r>0

1
rn

∫
|x−y|<r

|Ω(x− y)||f(y)|dy

is bounded onLp(ω) and‖MΩf‖p,ω ≤ C‖Ω‖L1(Sn−1)‖f‖p,ω.

Set

Gf(x) = p.v.

∫
Rn

K(x, y)f(y)dy,

G0f(x) = p.v.

∫
|x−y|<1

K(x, y)f(y)dy.

Lemma 7 [JL1]. Let 1 ≤ p < ∞, ω(x) ≥ 0. If G0 is bounded onLp(ω), then the
inequality(∫

|x−y|<ε
|G0f(x)|pω(x)dx

)1/p

≤ Cω

(∫
|y−t|<1+ε

|f(y)|pω(y)dy

)1/p

(4.1)

holds for anyε > 0, whereCε is independent oft andf .
Conversely, if (4.1) holds for certainε > 0, thenG0 is bounded onLp(ω).

Lemma 8 [DL]. Let 1 < p < ∞, h(r) ∈ L∞(R+), ω(x) = ω(|x|) ∈ Ãp(R+). If
Ω ∈ L1(Sn−1), homogeneous of degree zero, andT (see Theorem 1 for the definition)
is bounded onLp(ω), then for anyb(x) = b(|x|) ∈ BMO(R+), m ∈ N ∪ {0}, and any
real-valued polynomialP (x, y), the operator

Tm
b,0f(x) = p.v.

∫
|x−y|<1

eiP (x,y) Ω(x− y)
|x− y|n

h(|x− y|)[b(x)− b(y)]mf(y)dy

is bounded onLp(ω).

Lemma 9. Let 1 < p < ∞, Ω, h, b, m andω be as in Theorem 5. Then for any real
polynomialP (x, y) onRn × Rn, the operator

Tm
b,∞f(x) =

∫
|x−y|≥1

eiP (x,y) Ω(x− y)
|x− y|n

h(|x− y|)[b(x)− b(y)]mf(y)dy

is bounded onLp(ω).

Proof. SinceΩ(x′) ∈ B0,0
q (Sn−1), we haveΩ(x′) =

∑
s Csbs(x′), where eachbs is a

q-block supported inQs, and
∑

s |Cs|
(
1 + log+(1/|Qs|)

)
< ∞.

DecomposeTm
b,∞f as follows:

Tm
b,∞f(x) =

∫
|x−y|≥1

eiP (x,y) Ω(x− y)
|x− y|n

h(|x− y|)[b(x)− b(y)]mf(y)dy

=
∞∑

j=1

∑
s

Cs

∫
2j−1≤|x−y|<2j

eiP (x,y) bs(x− y)
|x− y|n

h(|x− y|)[b(x)− b(y)]mf(y)dy

:=
∞∑

j=1

∑
s

CsT
m
b,j,sf(x).
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Thus

‖Tm
b,∞f‖p,ω ≤

∑
s

∣∣Cs

∣∣ ∞∑
j=1

‖Tm
b,j,sf‖p,ω, (4.2)

In what follows, we shall prove

∞∑
j=1

‖Tm
b,j,sf‖p,ω ≤ C

(
1 + log+ 1

|Qs|

)
‖f‖p,ω. (4.3)

To prove (4.3), we only need to prove that for eachj ∈ N, there existsη > 0 such
that

‖Tm
b,j,sf‖p,ω ≤

{
C2−ηj‖f‖p,ω, if |Qs| ≥ eq/(1−q);

C2ηj/ log |Qs|‖f‖p,ω, if |Qs| < eq/(1−q);
(4.4)

whereC, η are independent ofj, s, f andΩ.
We shall carry out the proof of (4.4) by induction onm. Sinceh ∈ BV(R+) and

P (x, y) is nontrivial real-valued polynomial, by a method similar to that in the proof
of Lemma 4, we can prove that there exists anδ > 0 such that

‖T 0
b,j,sf‖p,ω ≤

{
C2−δj‖f‖p,ω, if |Qs| ≥ eq/(1−q);

C2δj/ log |Qs|‖f‖p,ω, if |Qs| < eq/(1−q).
(4.5)

Without loss of generality, we consider only the case,|Qs| < eq/(1−q). On the other
hand, we have

|T 0
b,j,sf(x)| ≤

∫
2j−1≤|x−y|<2j

|bs(x− y)|
|x− y|n

|h(|x− y|)|f(y)|dy ≤ CMbsf(x).

From Lemma 5 and Lemma 6, it follows that

‖T 0
b,j,sf‖p,ω1+ε ≤ C‖Mbsf‖p,ω1+ε ≤ C‖f‖p,ω1+ε . (4.6)

Combining (4.5) with (4.6), and using the Stein-Weiss theorem of interpolation with
change of measure [BL], we get

‖T 0
b,j,sf‖p,ω ≤ C2η1j/ log |Qs|‖f‖p,ω,

whereη1 does not depend onj, s, f andΩ. This shows that (4.4) holds form = 0.
Form ≥ 1 we assume that (4.4) holds form−1: for anyϕ ∈ Lp(ω)withω ∈ Ãp(R+),

we have
‖Tm−1

b,j,s f‖p,ω ≤ C2ηm−1j/ log |Qs|‖f‖p,ω.

By ω ∈ Ãp(R+) and Lemma 5, there existsε > 0 such thatω1+ε ∈ Ãp(R+). Therefore,
for anyϕ ∈ Lp(ω1+ε),

‖Tm−1
b,j,s ϕ‖p,ω1+ε ≤ C2η′m−1j/ log |Qs|‖f‖p,ω1+ε . (4.7)

Repeating the proof of Theorem 3 in [DL], we can obtain the following results: for any
θ ∈ [0, 2π], ϕ ∈ Lp(epb(1+ε) cosθ/ε),

‖Tm−1
b,j,s ϕ‖p,epb(1+ε) cosθ/ε ≤ C2η′′m−1j/ log |Qs|‖ϕ‖p,epb(1+ε) cosθ/ε , (4.8)
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whereC andη′′m−1 depend only onp, b andω, but not onj, s andθ. By interpolating
with change measure between (4.7) and (4.8), we see that for anyθ ∈ [0, 2π], ϕ ∈
Lp(ωepb cosθ),

‖Tm−1
b,j,s ϕ‖p,epb cosθ ≤ C2σj/ log |Qs|‖ϕ‖p,epb cosθ , (4.9)

whereC andσ are independent ofj,k andθ. Moreover, if we letgθ(x) := f(x)e−b(x)eiθ
,

then it is easy check that for anyθ ∈ [0, 2π],

gθ ∈ Lp(ωepb cosθ) and ‖gθ‖p,ωpb cosθ = ‖f‖p,ω. (4.10)

For simplicity, we denote

Km−1(x, y) = eiP (x,y) Ω(x− y)
|x− y|n

h(|x− y|)[b(x)− b(y)]m−1χ2j−1≤|x−y|<2j (x− y).

So, by the above notation and the following equality (see (3.5) in [DL])

b(x)− b(y) =
1

2π

∫ 2π

0
eeiθ(b(x)−b(y))e−iθdθ,

we have

Tm
b,j,sf(x) =

∫
Rn

Km−1(x− y)[b(x)− b(y)]f(y)dy

=
∫

Rn

Km−1(x− y)
(

1
2π

∫ 2π

0
eeiθ(b(x)−b(y))e−iθdθ

)
f(y)dy

=
1

2π

∫ 2π

0

∫
Rn

Km−1(x− y)f(y)e−b(y)eiθ
dyeb(x)eiθ

e−iθdθ

=
1

2π

∫ 2π

0
Tm−1

b,j,s (gθ)(x)eb(x)eiθ
e−iθdθ.

Hence, by Minkowski’s inequality, we get

‖Tm
b,j,sf‖p,ω ≤

1
2π

∫ 2π

0

(∫
Rn

∣∣∣Tm−1
b,j,s (gθ)(x)eb(x)eiθ

∣∣∣p ω(x)dx

)1/p

dθ

=
1

2π

∫ 2π

0
‖Tm−1

b,j,s (gθ)‖p,ωepb cosθdθ.

From (4.9) and (4.10), it follows that

‖Tm
b,j,sf‖p,ω ≤

1
2π

∫ 2π

0
C2σj/ log |Qs|‖gθ‖p,ωpb cosθdθ = C2σj/ log |Qs|‖f‖p,ω.

This shows that (4.4) also holds form.
Therefore, for anym ∈ N ∪ {0}, if |Qs| ≥ eq/(1−q), then

∞∑
j=1

‖Tm
b,j,sf‖p,ω ≤ C

∞∑
j=1

2−ηj‖f‖p,ω ≤ C‖f‖p,ω;
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if |Qs| < eq/(1−q), then

∞∑
j=1

‖Tm
b,j,sf‖p,ω ≤ C

∞∑
j=1

2ηj/ log |Qs|‖f‖p,ω ≤ C log
1
|Qs|

‖f‖p,ω.

Summing the above results, we get (4.3). Thus

‖Tm
b,∞f‖p,ω ≤

∑
s

∣∣Cs

∣∣ ∞∑
j=1

‖Tm
b,j,sf‖p,ω

≤ C
∑

s

∣∣Cs

∣∣ (1 + log+ 1
|Qs|

)
‖f‖p,ω ≤ C‖f‖p,ω

which proves Lemma 9. �

Lemma 10 [DL]. Let 1 < p < ∞, h(r) ∈ L∞(Sn−1), ω(x) = ω(|x|) ∈ Ãp(R+),
b(x) = b(|x|) ∈ BMO(R+), m ∈ N ∪ {0}. If Ω ∈ L1(Sn−1) and the operator

T
m
b,0f(x) = p.v.

∫
|x−y|<1

Ω(x− y)
|x− y|n

h(|x− y|)[b(x)− b(y)]mf(y)dy

is bounded onLp(ω), then for any real-valued polynomialP (x, y), the operator

Tm
b,0f(x) = p.v.

∫
|x−y|<1

eiP (x,y) Ω(x− y)
|x− y|n

h(|x− y|)[b(x)− b(y)]mf(y)dy

is bounded onLp(ω).

Proof of Theorem 5.(ii) ⇒ (i): By Lemma 9, it is known thatTm
b,∞ is bounded on

Lp(ω). And observe thatB0,0
q (Sn−1) ⊂ L1(Sn−1), by theLp(ω) boundedness ofT

m
b,0

and Lemma 10, we see thatTm
b,0 is also bounded onLp(ω). Thus,Tm

b is bounded on
Lp(ω).

(i) ⇒ (ii): To do this, as in the proof of Theorem 1, we chooseP (x, y) such that
P (x, y) has propertyP, and decompose

Tm
b f(x) = p.v.

∫
|x−y|<1

eiP (x,y) Ω(x− y)
|x− y|n

h(|x− y|)[b(x)− b(y)]mf(y)dy

+
∫
|x−y|≥1

eiP (x,y) Ω(x− y)
|x− y|n

h(|x− y|)[b(x)− b(y)]mf(y)dy

:= Tm
b,0f(x) + Tm

b,∞f(y).

From Lemma 9, it follows thatTm
b,∞ is bounded onLp(ω). Thus,Tm

b,0 is also bounded
onLp(ω).

Now we taket ∈ Rn. For |x− t| < 1, we have

Tm
b,0f(x) = Tm

b,0[f(·)χB(t,2)(·)](x).
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Thus, by Lemma 7, we get(∫
|x−t|<1

∣∣Tm
b,0f(x)

∣∣p ω(x)dx

)1/p

≤ C

(∫
|y−t|<2

|f(y)|pω(y)dy

)1/p

(4.11)

whereC is independent oft andf . By (1.1), we write

T
m
b,0f(x) = e−iR1(x,t)

∫
|x−y|<1

eiP (x,y)Jm(x, y)f(y)e−iP (x−t,y−t)e−iR2(y,t)dy,

wheret ∈ Rn,

Jm(x, y) =
Ω(x− y)
|x− y|n

h(|x− y|)[b(x)− b(y)]m.

Expresse−iP (x−t,y−t) into the Taylor series

e−iP (x−t,y−t) =
∞∑

j=0

(−i)j

j!
[P (x− t, y − t)]j

=
∞∑

j=0

(−i)j

j!

{∑
α,β

aα,β(x− t)α(y − t)β

}j

=
∞∑

j=0

(−i)j

j!

∑
µ,ν

bµ,ν(x− t)µ(y − t)ν .

Hence(∫
|x−t|<1

∣∣T m
b,0f(x)

∣∣p ω(x)dx

)1/p

≤
∞∑

k=0

1
k!

∑
µ,ν

|bµ,ν |

(∫
|x−t|<1

∣∣∣(x− t)µ

∫
|x−y|<1

eiP (x,y)Jm(x, y)f(y)

× e−iR2(y,t)(y − t)νdy
∣∣∣pω(x)dx

)1/p

≤
∞∑

j=0

1
j!

∑
µ,ν

|bµ,ν ||ξµ|

(∫
|x−t|<1

∣∣∣Tm
b,0

[
f(·)eiR2(·,t)(· − t)ν

]
(x)
∣∣∣p ω(x)dx

)1/p

,

whereξ = (1, 1, . . . , 1). By (4.1), we obtain(∫
|x−t|<1

∣∣T m
b,0f(x)

∣∣p ω(x)dx

)1/p

≤ C
∞∑

j=0

1
j!

∑
µ,ν

|bµ,ν |ξµ|

(∫
|y−t|<2

|f(y)(y − t)ν |pω(y)dy

)1/p
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≤ C
∞∑

j=0

1
j!

∑
µ,ν

|bµ,ν ||ξµ||ην |

(∫
|y−t|<2

|f(y)|pω(y)dy

)1/p

≤ C

∞∑
j=0

1
j!

∑
α,β

|aα,β||ξαηβ|

j (∫
|y−t|<2

|f(y)|pω(y)dy

)1/p

≤ Ce

∑
α,β

|aα,β||ξαηβ|(∫
|y−t|<2

|f(y)|pω(y)dy

)1/p

≤ C

(∫
|y−t|<2

|f(y)|pω(y)dy

)1/p

,

whereη = (2, 2, . . . , 2). By Lemma 7, this implies (ii) and proves Theorem 5.�

Proofs of Theorem 6 and Theorem 7.SinceB0,0
q (Sn−1) ⊂ L1(Sn−1), Theorem 6 can

be directly deduced from Lemma 8 and Lemma 9. And Theorem 7 immediately follows
from Theorem 6 and the known result thatT is bounded onLp(Rn) (see [AF]). �
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Résuḿe substantiel en français.SoientSn−1 la sph̀ere de rayon 1 dansRn (n ≥ 2)
muni de la mesure normalisée de Lebesgue, notéedσ = dσ

(
x′
)

et Ω homog̀ene de
degŕe źero surRn. On consid̀ere l’oṕerateur d́efini par l’intégrale singulìere oscillatoire

Tf (x) = p.v.

∫
Rn

eiP (x,y) Ω(x− y)
|x− y|n

h
(
|x− y|

)
f(y)dy

et l’opérateur maximal associé

T ∗f(x) = sup
ε>0

∣∣∣∣∣
∫
|x−y|>ε

eiP (x,y)h
(
|x− y|

) Ω (x− y)
|x− y|n

f(y)dy

∣∣∣∣∣ ,
oùP (x, y) est un polyn̂ome ŕeel surRn×Rn, eth ∈ BV (R+) (c’est-̀a-dire,h(r) est une
fonctionà variation borńee sur[0,∞)). L’opérateurT aét́e étudíe pour la premìere fois
dans [RS]. Les ŕesultats qui s’y trouvent ont ensuiteét́e ǵeńeraliśes. (Voir par exemple,
[LZ], [JL1], [FP] et [HP].) De plus, il áet́e d́emontŕe par Lu et Zhang [LZ] queT ∗ est
borńe surLp (Rn) (0 < p < ∞) lorsqueΩ ∈ Lq

(
Sn−1

)
pourq > 1.

Nous consid́erons ici le casΩ ∈ B0,0
q

(
Sn−1

)
pourq > 1, où B0,0

q

(
Sn−1

)
désigne

une classe d’espaces blocs introduite pour la première fois par Jiang et Lu sans l’étude
des int́egrales singulìeres borńees. (Voir [LTW].) Cet espace est défini comme suit. Un
q-bloc surSn−1 est une fonctionb(x) dansLq (1 < q ≤ ∞) telle que

(i) suppb ⊂ Q ;
(ii) ‖b‖q ≤ |Q|(1−q)/q ;
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où
Q = Sn−1 ∩

{
y ∈ Rn : |y − ξ| < ρ pour unξ ∈ Sn−1 etρ ∈ (0, 1]

}
.

Les espaces blocsB0,0
q surSn−1 sont alors d́efinis par

B0,0
q

(
Sn−1) =

{
Ω ∈ L1 (Sn−1) : Ω

(
y′
)

=
∑

s

Csbs

(
y′
)
,M0,0

q

(
{Cs}

)
< ∞

}
,

où chaqueCs est un nombre complexe, chaquebs est unq-bloc avec support dansQs,
et

M0,0
q

(
{Cs}

)
=
∑

s

∣∣Cs

∣∣{1 + log+ 1
|Qs|

}
.

Il a ét́e d́emontŕe par Keitoku et Sato [KS] que, pourq > 1 quelconque,⋃
r>1

Lr
(
Sn−1) ⊂ B0,0

q

(
Sn−1)

où l’inclusion est stricte. La relation entreB0,0
q

(
Sn−1

)
et L log+ L

(
Sn−1

)
demeure

inconnue. Ŕecemment, Hussain et Pan [HP] ontétudíe l’opérateur int́egral singulier
oscillatoire avec polyn̂ome de convolution de phase,T̃ . Utilisant des estiḿes propres
aux transforḿees de Fourier et la théorie de Littlewood-Paley, ils ont montré queT̃ est
borńe surLp (Rn) lorsqueΩ ∈ B0,0

q

(
Sn−1

)
pourq > 1. Cependant, la ḿethode utiliśee

dans [HP]́echoue dans le cas d’un opérateurT avec polyn̂ome de phaseP (x, y) géńeral,
puisqueT n’est alors pas ńecessairement un opérateur de convolution. Nous employons
plutôt la méthode de rotation avec des techniques assez délicates qui diff̀erent de celles
utilisées dans [HP], afin d’étendre les ŕesultats qui s’y trouvent au casB0,0

q

(
Sn−1

)
pour

q > 1.
LorsqueΩ ∈ B0,0

q

(
Sn−1

)
, onétudie les commutateurs d’ordre supérieurTm

b formés
deT et d’une fonctionb qui està la fois BMO et radiale. On donne, dans ce contexte,
un crit̀ere pour queTm

b soit borńe dansLp avec poids. Nos résultats principaux sont les
suivants.

Théorème 1. SoitT l’int égrale singulìere assocíeeà T et d́efinie par

Tf(x) = p.v.

∫
Rn

h
(
|x− y|

) Ω(x− y)
|x− y|n

f(y)dy.

Si on aΩ ∈ B0,0
q

(
Sn−1

)
pour q > 1, h ∈ BV (R+) et 1 < p < ∞ alors les deux

énonćes suivants sont́equivalents :

(i) SiP (x, y) est un polyn̂ome non-trivial, alorsT est borńe surLp (Rn).
(ii) L’opérateurT0 défini à partir deT par

T0f(x) = p.v.

∫
|x−y|<1

h
(
|x− y|

) Ω(x− y)
|x− y|n

f(y)dy

est borńe surLp (Rn).
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Théorème 2. Soient1 < p < ∞, h ∈ BV (R+) et Ω ∈ B0,0
q

(
Sn−1

)
pour q > 1. SiT

est borńe surLp (Rn), alorsT

Théorème 3. SoientΩ ∈ B0,0
q

(
Sn−1

)
pour q > 1,

∫
Sn−1 Ω

(
x′
)
dσ
(
x′
)

= 0 et
h ∈ BV (R+). Alors T est borńe surLp (Rn), 1 < p < ∞, pour tout polyn̂ome ŕeel
P (x, y).

Théorème 4. SoientΩ ∈ B0,0
q

(
Sn−1

)
pour q > 1,

∫
Sn−1 Ω

(
x′
)
dσ
(
x′
)

= 0 et
h ∈ BV (R+). Alors, pour tout polyn̂ome ŕeel P (x, y), l’opérateur maximalT ∗ est
borné surLp (Rn) pour1 < p < ∞.

Théorème 5. Soient1 < p < ∞, Ω homog̀ene de degŕe źero, h
(
|x|
)
∈ BV (R+) et

b(x) = b
(
|x|
)
∈ BMO (R+). Pour m ∈ N ∪ {0} quelconque et tout polynôme ŕeel

P (x, y) défini surRn × Rn, définissons le commutateurTm
b formé deT et deb :

Tm
b f(x) = p.v.

∫
Rn

eiP (x,y) Ω(x− y)
|x− y|n

h
(
|x− y|

) [
b(x)− b(y)

]m
f(y)dy.

Si Ω(x) ∈ B0,0
q

(
Sn−1

)
pour q > 1 et ω(x) = ω

(
|x|
)
∈ Ãp (R+) alors les deux

énonćes suivants sont́equivalents :

(i) Si P (x, y) est un polyn̂ome non trivial, alorsTm
b est borńe sur l’espace de

LebesgueLp(ω) = Lp
(
Rn, ω(x)dx

)
avec poidsω(x).

(ii) L’opérateur tronqúe

T
m
b,0f(x) = p.v.

∫
|x−y|<1

Ω(x− y)
|x− y|n

h
(
|x− y|

) [
b(x)− b(y)

]m
f(y)dy

est borńe surLp(ω).

Théorème 6. Soient1 < p < ∞, Ω, h, b, m, ω et Tm
b comme au th́eor̀eme 5. SiT est

borné surLp (ω) alors, pourm ∈ N ∪ {0} quelconque et tout polynôme ŕeelP (x, y)
surRn × Rn, on a queTm

b est aussi borńe surLp(ω).

Théorème 7. Soient1 < p < ∞, Ω(x) ∈ B0,0
q

(
Sn−1

)
pourq > 1 homog̀ene de degŕe

zéro,
∫
Sn−1 Ω

(
x′
)
dσ
(
x′
)

= 0, h
(
|x|
)
∈ BV (R+) et b(x) = b

(
|x|
)
∈ BMO (R+).

Alors, pourm ∈ N ∪ {0} quelconque et tout polynôme ŕeelP (x, y) sur Rn × Rn, on
a que le commutateurTm

b d’ordre suṕerieur est borńe surLp (Rn).

On obtient ces ŕesultats̀a partir d’ińegalit́es sur les polyn̂omes, que nouśenoncons
maintenant.

Proposition 1. Soitp(x) =
∑

|α|≤d aαxα un polyn̂ome de degŕe d et soitε < 1/2d.
Alors on a ∫

|x|≤1

∣∣p(x)
∣∣−ε

dx ≤ CAε

∑
|α|≤d

|aα|

−ε

où C et A ne d́ependent que de la dimensionn et A dépend aussi du degré dep(x)
mais non des coefficients{aα}.
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Proposition 2. Soitp(x) =
∑

|α|=d aαxα un polyn̂ome homog̀ene de degŕed dansRn

et soitε < 1/2d. Alors on a

∫
Sn−1

∣∣p(x)
∣∣−ε

dσ
(
x′
)
≤ CAε

∑
|α|=d

|aα|

−ε

où C etA sont commèa la proposition 1.

Proposition 3. Soit p(x) =
∑

|α|≤d aαxα un polyn̂ome (pas ńecessairement ho-
mog̀ene) de degŕed dansRn et soitε < 1/2d. Alors on a

sup
y∈Rn

∫
|x|≤1

|p(x− y)|−ε dσ
(
x′
)
≤ CAε

∑
|α|=d

|aα|

−ε

où C etA sont commèa la proposition 1.

Nous montrons ensuite les lemmes 1à 4, dont d́ecoulent les th́eor̀emes 1̀a 4, et les
lemmes 5̀a 10 qui entrâınent les th́eor̀emes 5̀a 7.
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