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ESTIMATES NEAR THE BOUNDARY FOR SOLUTIONS
OF PDE AND INTERPOLATION INEQUALITIES

AzzZEDDINE EL BARAKA

RESUME. Oneétablit les estimation& priori dans les espaces de Besov et dkler
pour les solutions de certains prebies aux limites elliptiques singuliers du type
Hermite et Tricomi. Une application est dazea la regularie des solutions de
certains prol#mes non ligaires. On utilise des@gali€s d'interpolation avec poids
pour des fonctiond.? vectoriellesa valeurs dans les espaces de Besov. Ce travail
prolonge les&sultats de [8], [9] et [16].

ABSTRACT. We give a priori-estimates in Besov andlder spaces for solutions of
linear degenerate elliptic boundary value problems of Hermite and Tricomi type.
An application of these estimates is given to obtain the regularity of some nonlinear
problems solutions. We make use of some interpolation inequalities with weights
for functions of vector-valued.” —spaces built on Besov spacBs , in the sense

of Bochner's integrals. This work extends the results of [8], [9] and [16].

1. Interpolation inequalities with weights.

1.1. Introduction and results. In [7] Caffarelli, Kohn and Nirenberg give a Sobolev
interpolation inequality with weight. Such a result was generalized by Lin [17] by
giving a sufficient and necessary condition for all parameters such that the following
inequality holds

1" Dl |1t 7 (11)

La(R™)

< [leny

Lr(Rn UHZP(R")

The main aim of this section is to give an interpolation inequality like (1.1) for
vector-valued functions taking their values in Besov-Peetre spaéks,, Campanato
spacesCP* and John and Nirenberg space BMO. Thus, we get an extension of some
interpolation inequalities interfering in a weighted Sobolev space and in the study
of some degenerate elliptic boundary value problems (see [4, 10, 11, 12, 15] among
others).

Another aim of this section will be to give an application of these inequalities to
obtain the regularity of a tempered distributi@m function of its normal and weighted
derivatives (Corollary 1.9 and 1.11). These results extend the interpolation inequalities
of [10], [11], [12] and [15] to a more general frame.

Recu le 29 novembre 2001 et, sous forngéitive, le 10 janvier 2003.
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First, we give the hypotheses, we define the spaces and we state the results.

To define the spaces, we will use a Littlewood-Paley partition of unity. Denote
z = (t,2) € R" x RN and¢ = (1,¢') its dual variable. Letp € Cg° (R™ x RY),
¢ > 0andp equal to 1 for¢| < 1, 0for|{| > 2. Let us tak&) (&) = (&) — ¢(2¢), we
have supp C {1/2 < |¢| < 2}. Forj € Z we set

Aju=0(27Dy)u, Aju=027Dy)u, Alu=0(27Dy)u

and denoting); (&) = - 0(27%¢) (= p(277¢) for £ # 0) we set

k<j
S’ju =1 (Dg)u, Sgu =1j (Dy)u, S;'u = 1j (Dy) u.
If 7 > 1 we setalso
Aju = Aju, A;-u = A;u, A;-’u = A;’u
Siu = (27 Dy)u, Siu = ©(277 Dyr)u, Siu = ©(277 Dy)u
and
Sou = Aogu = p(Dy)u, Sju= Agu = p(Dy)u, Sgu= Agu = @(Di)u.

If u € S’'(R™) then the nonhomogeneous decomposition & u = >, -, Agu
= o0 F Yk Fu] whereby = ¢ and (&) = (275€) — p(27+1¢) for k > 1.
F andF~! denote respectively the Fourier and the inverse Fourier transforms. On the
other hand, ifu € S'(R™N) with 0 ¢ suppu then the homogeneous decomposition of
wisu = ., Apu.

Following H. Triebel [21] we give the definition of the spadg$, .
Definition 1.1. Lets € Rand 1< p,q < +oo. The space3; ,(R" x RY) denotes the
set of all tempered distributions€ S’(R™ x RY) such that

1/q
Jollag ey = { 2 el | < o0

k>0
with the usual modification i = +oc.

Notation. We denotel?(B; ) the spacd.? (R"™; B; ,(R™)) of functions which ard.4
with respect to the (normal) variable@nd of class3, , with respect to the (tangential)
variablez’, equipped with the following norm

1/q
ol ey = 327N oy
k>0

The space®3; ,(R™ x RM) andL4(B, ,) are Banach spaces.

Remark 1.2.Itis classical thatit > 0, thenB5, , coincides with the Blder-Zygmund
spaceC?, and if further 1< p < +oc and 1< ¢ < +oo, thenB; ; coincides with the
Besov spacd\; , (cf.[21]).

We recall the definition of the scalg?**(R™ x R™) given in [15] and [14].
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Definition 1.3. Lets € R, A > 0, 1 < p < +oco. The spac&?*(R" x R"V) denotes
the set of all tempered distributionsc S’ (R™ x R") such that

1 - 1/p
H“HLP%S(RWRN) - {SUp‘Bp/ n+N) Z 2r HAJ‘“’H]ZP(B)} < Foo
Jj=J*

where the supremum may be taken overadt Z and all balls (or cubed® of R™ x RY
of radius (or length side)2’; | B| denotes the measure BfandJ* = maxJ, 0).

Now we introduce the homogeneous version of the spaeeésg which contain many
well known spaces as special cases: John and Nirenberg space BMO and Campanato
spaces£>* modulo polynomials. For this, we recall the notation of [21, chapter 5]:
Z'(R" x RY) = S(R™ x RY) /P denotes the set of all tempered distributions modulo
the setP of polynomials ofR™ x RY with complex coefficients.

Definition 1.4. Lets € R, A > 0, 1< p < +oo. The space&?*5(R" x RN) denotes
the set of allu € Z’ (R™ x RY) such that

i) = { 50 ey 27 Nl | < o

3>J

where the supremum may be taken overadl Z and all balls (or cubedy of R” x RY
of radius (or length side)2’; | B| denotes the measure Bf

The setsC?* and £P* are Banach spaces equipped with the above norms. As for
B; , we introduce the following.

Notation. We denote.?(£P*#) (resp.L?(LP*)) the spacd (R™;LP»*(RY)) (resp.
LP(R™, £P*(RN))) which is equipped with the following norm

1/p
HUHLP(LP’A’S) - {S ‘B”)‘/N Z ZJPSHAIUHLP(R”XB’)}

j>Jr

1/p
(1058l sney = { 3501w S 27 I o} )
J=

where the supremum may be taken ovet/at Z and all balls (or cubesp’ of RV of
radius (or length side) 2.

Remark 1.5.We gave in [13], [15] and [14] some properties of these spaces. For
instance, the derivatioP? is a bounded operator frof¥** to £P*s~lel and £2**
coincides algebraically and topologically with the Riesz-potential sp&a&®*) built

on Campanato spaag>* modulo polynomials for any < A < n + 2 ands € R.

For s = 0 we obtain the Littlewood-Paley characterization of BMO (case n) and
Campanato space® modulo polynomials.
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Now we introduce the hypotheses. ljet N, m,nandN € N\ {0}, further suppose
a, 3,7, p,q,r anda are real numbers satisfying

panrzla iéaél and m_j_E¢N (12)
m P
1o 0 24P .0 and 14250 (1.3)
p n qg n ron
1_a,1-a and v—j=ala—m)+(1—a)s (1.4
ropq ' '
Remark 1.6.From hypotheses (1.2), (1.3), (1.4) follow assumptions (0.1) to (0.9)

of [17].
The main result of this section is as follows.

Theorem 1.7. Under hypotheses (1.2) to (1.4), there is a constant 0 such that

17 D],

BRe-arr—) < CH\t‘O‘DmuHLP s(-ayra=m) H]t’ﬁuHLq (B3

||t/ D} u|

Lr l:r)\2su.(l a)+ty—j <CH‘t’ Dt uHLp Ep)\s(l a)ta—m H|t| UHL‘I La:N;sa+f3
) ( ) ( )

hold for anys € R, A > 0andu € C5°(R™ x RY). _

The statement remains true if we replatdy the dotted spacé.

Inequalities of Theorem 1.7 can be written in a different manner as compactness
inequalities.
Theorem 1.8.Lets € R and0 < a < 1. Under hypotheses (1.2), (1.3) and (1.4),
there exists a constait > 0 such that for any > 0 andu € C§°(R" x RY), the
inequalities

it DI ully, (goa-ernsy < C{S [ D" “H;(B;%—a)w—m)
—ag/(1-a)p Wﬁ“HLq(Bsaw)}
H|t|7Dgu| Zr(ﬁr,x,zsa(l—a)w—j) <C {5 H|t|aD;nuH]Zp(gp,MS(l—a)M—m)
+€—aq/ (1—a)p H|t|ﬁuHLq(m /\5a+5)}
hold.

The statement remains true if we replaééy the dotted spacé.

An application of the last result is given to the regularity of a tempered distribution
in function of the one of certain normal and weight derivatives.0olVe assume that

p,q,r>1 0<a<l andm—ﬁgéN (1.5)
p
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}+g>0and}+§>0 (1.6)
p n q n
1 a 1-a
-=—+ and a(a —m)+(1—a)3=0. 1.7
T= 0+t anda(a—m)+(1-a)f 17)

We have the following result.

Corollary 1.9. Lets be areal number- —m. Assume that (1.5), (1.6), and (1.7) hold.
If u € S’(R™ x RV) is such that

1) [t[Pu € L1 (B(gf;m)/Z(l—a)w),
(2) |t|aDZnu S Lp(BI(,’S;m)/Za+a—m), and
(3) Dy'we B, (R" x RY)

thenu € B™(R™ x RY) and there exists a consta6t > 0 independent of; such
that

] Bstm(RnxRN) = C{ sup HDf“‘ B, (RPxRN) T
> ‘Z'Zm y
| It]* D" “Hiﬁ( Bism/2ava=m) +|] ’t’ﬁ“HqL/qr( Biem2a-a9) }

Example 1.10.1f n =1,s > 0,p = ¢ =r,a = 0 and8 = —m + dm we find
again some results of [10] and [19]. For instance, in the ease- § = 2 (thus
B = 2anda = 1/2), if u € S'(RV*1) is such thatt?v € LP(R; Bi#H(RY)) and
D?u ¢ B;,p(RN”) thenu € B;},Z(RN”).

We can state an analogous result for the sp#ées’ and £7-*.

Corollary 1.11. Assume that (1.5), (1.6), and (1.7) holdulE S'(R™ x RY) is such
that

Q) [t|Pu € LI(LoMlstm)/21-a)s),
(2) [t|*Djru € Lp(LrA(stm)/2ata—m) ang
3) Dfu c ﬁr,)&m,s(Rn % RN) for any|k:| <m

thenu € LM**(R™ x RV). Moreover, there is a constanit > 0 independent of;
such that

Er,k,s+m(Rn><RN) S C{ Sup HD?U‘

I
|k|<m

Er,)&m,s(Rn XRN) +

H ’t|aD;nuHiﬁ(muwm)/zam—m) * H Wﬁu‘|qL/qT(cq,A,<s+m>/2<1—a>+ﬁ) }

The statement remains true if we replaééy L.

1.2. Proofs. First of all, we recall the basic result of [17].
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Theorem 1.12. Under hypotheses (1.2), (1.3), and (1.4), there exists a conStanD
such that for any, € S(R™) we get

lie D7

< C||jt]*Dy"

1t

“(R™) UHLP(R" “HLq R") °

1.2.1. Proof of Theorem 1.7.Througout this pape€’, Cy,, ... denote positive con-
stants whose values may change from line to line.
Applying Theorem 1.12 ta(t) = w(\t) where) is a parameter 0, we deduce
)\(va)rH‘t"yDJw‘ @)
< C)\(m e arH‘t‘aDt

(1-a)r (1.8)

La(R")’

Letu € C§°(R™ x RY). Replacingw by ALu(-,2'), k € N andz’ € RY, and
integrating over’ it follows

)\(j_wr //eRN H’tl’yDzA%u(-,x/)‘ .

W] ooy AP

dz’

L7 (R™)

)\—ﬁ(l—a)r H |t|ﬁA/

HLq(R”)

< [ AT D A, ) [

z'eRN
Using Holder’s inequality and assumption (1.4) we obtain
NS [ D) [y
x’ERN
(m—a) e
S R v
W eRN H t =k HLP(R)

—Bq B Al AR / (17(1)7‘/11
‘ {/MNA TN — } |

Choosing\ = 2%, multiplying by 2#s¢(1=%) and noting that the operators, and
[t|” D] commute, we deduce

2H @0 D AL (18 D] w) | vy <

Czk(s(lfa)ﬂxfm)arHA/ ‘t‘aDt

HLP(R”XRN)

« Qk(sa+B)(1- “)THA/ |t|ﬁ HLQ(R"XRN)

Summing ovek > 0 and using again dlder’s inequality

sz (2sa(l—a)+y— ])THA/ |t|’yDJ )l
k>0

r (Rn X RN)

ar/p
< C{ Z 2k(s(l—a)+a—m)pHA;C(’ﬂaD;nu)“ip(RnXRN)}

k>0
k(sa+ / q s
X {ZZ (sa ﬁ)qHAk(Mﬂu)HL'J(R”XRN)} ‘
k>0
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The proof of the first part of Theorem 1.7 is complete. To prove the second part, we

proceed in the same manner. ket C5°(R™ x RY), andB’ a ball of R centered at
zy and of radius 27, .J € Z. Replacing in (1.8} by Aju(-,2'), k € N, integrating

overz’ € B’ and using Klder’s inequality it follows
LrRM) dx’
!/ / p / ar/p
<of [ Am e Dp )} e’}
i 5 as g ) (1-a)r/q
x {/ AT Aku(-,:v)HLq(Rn)d:v} .
x/e !/

Replace) by 2% and multiply by 2krsa(i=a) /| g/|M/N

)\(j_wr //eB, “‘t‘ngA;Cu(-,x')| ;

L k(zsa(i-aymy- I ALt Diw) ||

\B’]’\/N LT (R?x B')

C
< ’B,|)\/N k(s(l—a)+ta— ma’rHA/ ‘t‘aDm HLP(RTLXB/)

x 2K Ca A= AL (1)) || ST

Holder’s inequality and assumption (1.4) give

LT (Rn X B/)

Z k23a1 a)+y—j)r HA/ |t|’yDJ )|

k>J*

|B'WN

Z s(1—a)+a—m)p HAI (‘t‘aDmu)Hp arfe
- ’B’ )\/N =5 k ¢ LP(R™x B’)

(1-a)r/q
{!B/|A/N Z M D AL (|t u HL‘I(R”xB’)}
k>t

ar
< CH’t|aD;nuHLp(cpws(lfa)m*m) H|t‘6uHLq(m Asa+B)
The proof of Theorem 1.7 is complete.
Theorem 1.8 is a consequence of Theorem 1.7 and the following classical inequality

(see [1] for example):

o y?
VEYTY
with
/ p ’ q

(1—a)r

ar/PH‘t’ﬁ HLq Bsa+6)

1/ “
x = (5 pH|t|°‘DZ”uHLP(B;,(;famfm)) and y=c¢

1.2.2. Proof of Corollary 1.9. First of all, we recall the following classical lemma [3].



20  Estimates near the boundary for solutions of PDE and interpolation inequalities

Lemma 1.13. LetA > 0,1 < p < g < +oo. For anyu € LP (R™) with suppFu C
{|¢] < A} and for all multi-indexx, there exist€”, > 0 such that

HDg < Ca)\laHn(l/p—l/q)HUHLP(RH).

“HLq(Rn)
The following lemma is proved in [14].

Lemma 1.14. Let R be a real> 1; there exista” > 0 such that for allA > 0 and
1 < p < +oo, for anyu € LP(R™) with suppFu C {\ < |{] < RA} and for any
k € N we get

< C*X7F sup || D2

u”LP (Rn)*
|| =k

HUHLP(Rn)

Now we prove the following interpolation lemma.

Lemma 1.15. Let s and § be two real numbers satisfying > —m/J, 6 > 1, and
let1 < r < +oo. Ifu € L"(B{™°) and Dj*u € By, O™ ™/°(R™ x RN), then
u e Bi™° (R x RN). Furthermore, there exists a constafit> 0 independent of
such that

lell

/3 (ReRN) S C{ ‘Ks‘gg | Dyul By O™/ (RnxRN) + | H ”7"/‘5)}

Proof. Let k € N; we write

k+1 k+1
Apu = Ak< Z A;’A;u> ( Z S Al + Z AYSE g >
i,5>0 j=k—2 j=k—2
The operatorg\,, S7 andsS}_, are uniformly bounded on”™ = L"(R™ x RY), thus

k+1 k+1
f X Iaull,+ 3 Al |-

j=k—2 j=k-2

Now Lemma 1.14 applied to the functian— ApA%u(t,z’), 2’ € RY, gives for
anyk >3

|AxAT ||, < C277™ sup || D{AAT ||, < C27™ sup | AxDsf

[¢[=m |¢[=m

Hence

k+1 k+1
C{ Z |4 Z 279 sup | Ay D \LT}

j=k—2 j=k—2 |€]=m
and thus for any > 3

k+1
2k(s+m/§)HAkuHLr < C{ Z i (s+m/9d) HAIUHL Zk(s m(6—1)/6)
j=k-2 [€]=m
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Sinces +m/0 > 0, we have|Ayul|,» < C|luf|rr < CHuHL,,(Bsm/a), for0< k <3.
Therefore ’
¢
[y < € 580 180l ony * [l ey |

The proof of Lemma 1.15 is completed

Corollary 1.9 is an immediate consequence of Theorem 1.8 and the cask of
Lemma 1.15. The following intermediate derivatives inequalities will be useful in the
second part of this paper.

Lemma 1.16. There exists a constarff > 0 such that for anye > 0, j,k € N,
jtk<m,j<mand-m+dk+;>01<p<+0

HDgUHLP(m;Bifém_j)/é(RN_l))
<C {EHDTUHU’(R2B§,p(RN71)) + CEHUHLP(R;B;T;:n/ts(RN—l))} >
17 Dl o, g vy

= C{g“D?““LP( +C~6Ht7m+5m“”m(

- Rs — - Rstm(RN—-1
R;Bg ,(RN-1)) R; Byt (R ))}

and

1Dt

B;-f-zgmfj)/é(RN) S C {gHDZn'LL’

By, Ry * Cel[u] B;Tz"/‘%RN)}

hold for anyu € C§°(RY).

Proof. It is classical that ifv and D*v belong to L?(R) then DJv € LP(R) for
j=0,...,m— 1and there exists a constarit> 0 independent of satisfying

HDgUHLP(R) S C{HD?UHLIJ(R) + HUHLP(R)} :
Applying this inequality tav(¢1/(m=7)\), X\ > 0, we deduce
HDg’UHLP(R) <C {EAm_jHD?tnUHLp(R) +€_j/(m_j))‘_ijHLp(R)} ’

Putv(t,z') = Au(t,2") [or v(t,2') = Agu(t,2")], £ € N, A = 27/% we integrate
with respect taz’ and next we multiply by 25+(m=3)/9) tg get the first and the third
inequality. The second inequality is obtained in the same way if we start with the
following inequality

|‘t_m+6k+j‘ngHLp(R) < C{HD?’UHLP(R) + Ht‘m+5mvHLP(R)} .

Lemma 1.16 is proved. [

The following interpolation lemmas will be the key to estimate the normal derivatives
for solutions of the degenerate PDE considered in the second part of this work.
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Lemma 1.17.Let s be a real numbeD < s < m and letl < p < +c0. If u €
LP(R; By ,(R¥"1)) andDj"u € LP(R; By, (RV™1)), thenu € B (R™). Further,
there exists a constanit > 0 independent of; such that

H“’ Bs ,(RN) = C{HDm“HLP R; By (RN-1)) F ”“HLP(R;B;J,(RN*))} '

Proof. Let/ € N; we write

£+1 (+1 k-1
Apu = A€< > A;;A;u) = Ag( > SiNu+ Y ZA’,;A;u>
k,j>0 j=0—2 k=¢—2 j=0

Lemma 1.14 applied to the function— A;A%u(t, x’), 2" ¢ RNV-1, gives for any

(>3, HAZAgAguHLP(RN) <02~ "””HDmA’uHLp . Hence,

+1
HAWHLP(RN) <C Z “A;u“LP(RN)

j:£72
0+1 k-1
. Z 2,,%ZZ(kfj)(S*m)Zj(S’m)HD?A;'“HLP(RN)
k=0—2 j=0

The sequence;, = Zk 12(k 7)(s=m) 9j(s—m HDmA’uHLp RY) is a convolution
product of the sequend@’(*=™)); € ¢* and the sequend@’ (>~ m)HD;”AguHLp)j €
. Hence(ey,)y, € (P and(zlsHAguHLp(RN))l € (P

The proof of Lemma 1.17 is complete[]

Lemmal.18. Let§ > 1beareal number satisfyingm+om € Nandletl < p < +oo.
Ifu e &'(RY),t~ m*fmg € L? (R; Bsx™ (RV-1)) andDy"u € L (R; By, (RV™1))
thenu € L? (R; Byy"/® (RV-1)) and there is a constartt > 0 such that

H HLP(R B3P (RN 1))

< C{HDtm +Hfm+5m

UHLP(R;B;’W(RN_l)) uHLp(R;B;T;n(RN—l))} .

Proof. If v € §’ (R)is such that=™*™y ¢ LP(R) andD}"v € LP(R)thenv € LP(R)
and there is a constatt > 0 satisfying

ol oy < € {0l gy * 160 oy

Next we argue in the same way as for Lemma 1.16.

Corollary 1.19. Lets andd be two real numbers satisfying> —m/J5,0 > 1, —m +
dmeNandletl < p < +oo.lfuecd (RN), tmmromy, = [P (R; B;;,m (RN_l))
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andD*u € B; (RM), thenDu e Bﬁj;(m*j)/‘s(RN), j=0,...,m— 1. Moreover,
there exists a constadt > 0 such that

1Dl

BB RY) S o {|| D) +[|emmem

Pia(3) llio s ) ) -

Proof. Lemmas 1.18 and 1.15 yielde Bjh™/° (RY) and we conclude with Lemma
1.16. O
1.2.3. Proof of Corollary 1.11. We recall the following needed lemmas proved in [14].

Lemma 1.20. Letl < p < +oo, andA areal < 0. If (a;,);,, is a sequence of positive
real numbers satisfyingu;, ); € F for anyv > 1, then there exists a constafit> 0

such that »
3 <Z ZuAajy> < Csupy ab,.

j>1 N>l v21li>1

We denotexB, a > 0, the ball with the same centeg asB and of radiusyr, where
r is the radius ofB3.

Lemma 1.21. For any integerM > O, there exists a constaxi,; > 0 such that for
anyJ € Z, zg € R, for any ball B centered atro with radius2~, for any/ € Z
andu € LP (R"),1 < p < +o0,

el < Co{ Wiz 3 2l |

v>—J+1

holds forF,, = {z € R™N : 2V < |z — xo| < 2"*1 } and A, denotes any product of
the operatorsA, Sy and the dotted operators.

Lemma 1.22. Letl < p < +oo and s € R. Further, letA anda > 0. Then we have
the following continuous embedding

Ep,)\,s+a/p(RN) AN Ep,A+a,S(RN) )

We have the same result for the dotted spates

Lemma 1.23. For any integerM > O, there exists a constaxf;; > 0 such that for
anyJ € Z, zo € R™, for any ball B centered atq with radius2~, for any/ € Z,

ke Nandu € WEP(R™N) 0 1P (R™N), 1 < p < +oc,

HAKUHLP(B) < Cp2tY ;Lﬂi HDgu”LP@B) +Cwm Z 2_(£+V)MHUHLP(F,,)

| v>_J+1
(L9)

holds forF, = { x € RV 1 2 < |z — x| < 2#*1 }.

Proof. Let/ € Z andy € C§°(R™¥),+ = 1 on 2B and supp) C 3B. We have

HAZUHLP(B) = HwAéuHLP(B) = HAE wuHLP(B) ol [Af’w] uHLP(B) :
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From Lemma 1.14 we deduce
[Acwul 1y 5y < 1A U] pgueny
< C*27% sup || Dg Agthul| e

)

o=k

< C Ckz ke s

lae|=

< CR2- M|S|up Z Cogl| D2 %HL% Rn+N)HD UHLP 3B) "
al=k B<a

up HwauHLP(Rn‘fN)

The classical estimations of the cutoff functionyield
a— J|a—p3

Hence _
HAE ¢UHLP(B) < Cp2 M2t \§|u<2 HD%UHLP(C%B) '

To estimatd| [Ay, v] we write forz € B,

UHLP(B)

[Ag, Y] u(z) = Appu(z) — (x)Agu(z)

20 ug)F @ - )iy
R

n+N\ZB

4 2V /3 b(y)u(y) F-20@ @ — y))dy.

B\2B

SinceF 10 € S(R"*V) we obtain in the same way as in the proof of Lemma 1.21,
for any integerL > n,

2 [ ) F 0@ e - )y )

’n+N\ZB
o(n+N)e Z / 19 (z — y))dy )

v>—J+1

<C 2n+N Z 2~ Z+1/LH HLp(F)’F ’l l/p

v>—J+1

Using|F, | ~ 2"*N)v and|B| ~ 2~7/("*N) it follows that

[ [ i Z 0 ] < €T 2N D

n+N\ZB VZ—J+1
(1.10)
Noting that 33 \ 2B C F_ j+1, we prove in the same way as above
(n+N)¢ —1gi0l(.. H < (—J)(n+N—L ‘
2 [ e e @ s, < Cu2 [ P

(1.11)
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Adding (1.10) and (1.11) we obtain
A o] ull sy < O 3 250D ful|
v>—J+1
The proof of Lemma 1.23 is complete[]
To prove Corollary 1.11 we will need the following interpolation lemma.

Lemmal1.24. If u € LP (LPA5*™) andDfu € LA™ (R™ x RY) forany|k| < m,
thenu € LA™ (R™ x RY) and there is a constard’ > 0 independent ofi such
that

[l < € S0P DEul s+ ] sy}

|k|<m
The statement remains true if we replaééy L.

Proof. For any integef > 3 we have

£+1 w+1
Apu = Ag( > A’,;A;u> = Ag( > SIAu+ Y A’,;S,glu) .

k,j>0 j=0=2 k=(-2

Let B = Q x B’ be a cube oR" x R centered at:g = (to, ;) and of length side
27, J € Z. We have

2€(s+m)HAg UHLP(B) < C{zé(swn) Z HAZS;-'A;'
it

+ ol(s+m) Z HAgAgs,gluHLp(B)} :
k~t

uHLp(B)
(1.12)

For the first term of the right hand side of the above inequality we use Lemma 1.21
to get for any integef! > 0

1 sTm
e 2 IS8
Cu B
< - 2€(s+m){ A + 2 L+ )M A/ }
- ’B|>\/(N+N)p H ZUHLP(ZB) VZ_ZJH H ZUHLP(FU)
Now
¢ sTm ! c stm
e 2 Pl < o 2 N e

and denoting3;, the cube oR” with the center{, and the length side*2?, we obtain
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for M sufficiently large

O g 5 M afu]

| B|M (n+N)p !
A L(s+m) o—(b—TJ)M UMl At
= gy o ;2 1A o,
<oz sy 2 g
- v>1 B/_J‘)‘/(Np) ¢ Lr(R™ XB;//_,J)
<oz e _ET |
B v>1 |B/,_ |M(p) LR x B _ )
We deduce
2€(S+m A S//A/u
S 222 7,
C sTm
< BN Z ol (s+ )pHA uHLP(RHXZB/)
>
Y 2 (s+m
+C Z (ZZ( M+>\/p) /() H /eUHLP(Ran,])>
>J Nv>1 _ M p -

Using Lemma 1.20 for the last term of the right
2l(s+m)

p
§ : v(—M+\/p)
2 < S |B,_,]M/n) | ZUHL‘”(R”BL—JJ

>0+ N>l
< C'sup Z e
v21ys iy By, ;MY

2€(s+m

1AL n py - (113

Hence

1 sTm
W Z Z ZZ( + )p HAKS‘;/A;UHZZ/F(B) S CHuHip(ﬁp’A’S“”) . (114)

To bound from above the second term of the right hand side of (1.12), we use
Lemma 1.23 with respect to the variabl®o get for any? > 3 and anyM > 0

1/p
HA A¢S)_ 1uHLP [/ HA AgSy_quf- H }
1/p
S Cp Z(J—K)TI’L|:/ sup HDkA[SK 1u HLp (3Q) /:|
B’ 0<|k|<m

1/p
+CM/’p|:/B,( Z 2- (Zﬂ/)MHAgSE 1’LL HLP(Ft)) dZL'/:|

v>—J+1
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<C 2(J—f)mHDfOAzSQAUHLP(SB)

—J)M M p Yr
+C 27 (=) [/ (Zz—” [AeS7_yul )| o g )> dx’]

whereF! = {t e R" : 2V < |t —to| < 21} C F! = {t € R" : |t — to| < 2*1}
andkp is a multi-index|ko| < m. Hence
1
———— " PN ALS, Al
C

Zs k

+ L Z opt(stm)o—(¢—J)Mp
|B|M(*N)

//{Zz—VMHAlsl a2 | oo )}pd:n’>.

v>1

(1.15)

For the first term of the right, we use Lemma 1.21 to deduce forddhy- 0

C S
iy 2, 2 1StaDi Ay )

£>J+
C
< - - opls DkoA
T | B|(m)/(n+N) g}; {H L’“HLp(eB
(X 2l snlyy,) |
v>—J+3 Y

Y A

+ C(m—N) Z oplso— (e—=J)M (szuM’

| B|(+m)/ >J* V>3

P
DkOAZUHLP(FV J))
<c|pf [ (rrevy

Y . ols p
+C Z {Zz (—M'+(A\+m)/p) O G HDfOA@“HLP(FVJ)} )

0>J° N >3

DenoteB,_; the cube 21B > F,_;, and use Lemma 1.20 for the last term
C

-z opts DkOAZS'_ wll?

| B|(+m)/ (n+N) g}; 1% -1 HLP(3B)

1
|Bl/7 |)\+m /(n+N) HD AZu”Li”(Bl,,J)

< DI sy * 503 2
< C sup HDtuHﬁp N — (1.16)

|k[<m
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For the second term of the right hand side of (1.15) we apjillglet’s inequality to the
sum inside the integral, thus

C e L p
W Z opl(s+m) o—(£ J)MP/I{EZ MHAESE qu( HLP(Ft J)} dz’
>

!
< 2p€(s+m)27(€7J)Mp quMp/Z A, S P
- ’B‘)‘/(”J“N) E;* ;1 H £ f—luHLP(FlfinB’)
c s+m) n—({— —v p
< 4yB|A/(n+N) 3 ptlsrmpe(t J)Mp(ZZ M/zHAESQ_luHLP(ﬁide,)) ,
>J* v>1

Note thatB, _; = 2°*1B 5 F!_, x B' andS;_,u = Y"'_ Ahu; we apply Lemma

1.21 to the ternﬂAgSé_luHLp(ﬁt i) 1O deduce for any/, M’ >0
v—J

e 2z e [ {5 s e g}

|B]M(n+N) =5 >1

'’ s+m) o (0— —v
< o  aptlemip( J)Mp<22 M2 {11811 o, )

>J* v>1
+O)M' || qt ’
Z 2—(u+o) SgluuLp(FM)}>
;1,>ny+1
—v 2 ’
O (R e R )
s+m) , /

+C Z (2 = JMZZ_”M/Z\BP\/ n+N)p 27 Z 27 ZHA UHLP(FM)) '

>Jt v>1 pzy=JHl

Now | BN (+N)p  2=JA/P ‘and putd = — M +(2)\/p) + 2R whereR is any integer
greater thars + m, we obtain by Lemma 1.20 fav/ sufficiently large (thusA < 0):

14

p
e L

£>J* v>1 =0
<C Z (2(5—J)(R—M) Z 2VA/ZZ o(t—j)(s+m—R)
>J* v>1 =0
2j(s+m—R) )
% n+N)p HA UHLP(ZBU J))

B, (MRp)/(

_CZ (Zzl/A/222€ 7)(stm—R)
L>J*

v>1

2j(stm—R)

, p
1B, |(M¥ED) (r+N)p 14500 e, - J))
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2j(stm—R)

< C sup
l/Zl ZZ(J—V_1)+ = |BV—J

<Csup Y (Zz(f—j)(”m—m
v21 s (J—u—1)* =0 |

/N
L0~

N
<\

u

)

T

3

?U

, p
ey |85l s, )

~

pi(stm—R) p
|(/\+Rp)/(Np) HAQUHLP(RnszLi‘])) .

SinceR > s +m the last sum is a convolution product of the sequences

2k(s+m—R) [1 d zk(s m—R) /P
( Jpett an |Br,_,|X+An)/ (V) |45l oo, e

Therefore with the aid of Lemma 1.22,
¢

0(s+ p
R

>J* v>1 =0 (1.18)
<C HUHLP(Q,MRP,wmfR) <C HUHIZ/p(Lp,/\,st,)‘

To estimate from above the last term of (1.17) we proceed in the same manner as
above

2 (stm , ,
— (=M —wMj2_ 4 oM o
;(2 >2 |B’A/(n+N 20 g ZHA uHLp(F#)>

v>1 pu>v—J+1
<Y 2= Mp(ZZ VM/z{ 2!(stm) o (tru—J)M’
> v>1 | B[ (n*N)p
X 22 uM’ Z HA UHLP(BW,, J)})
u>1

<C Z o(t=J)(~M—M'+R)p ( Z 25(—M—2M/+(2A/p)+23){ Z ou(—M'+(\/p)*R)

>Jt v>1 p>1

~ S ) ZA P
ZZ J |B . | (AM+Rp)/(n+N)p HAJ HLP(BH+V J)}>
j=0 Lt —J

whereR is any integer> s + m.
Choosing larger and large¥! and M’, (thus 2—))(-M-M"*R)p < 1) we apply
Lemma 1.20 twice and we get in the same way as for (1.18),

o . 2l(stm) o o ! P
Z(z MY M ey 2 D 2 Z”M‘“””(Fﬂ))
j=0

> J v>1 pn>v—J+1
2j(stm—R) P
(e— +m—R)
<Csupy (ZZ D) s | “’HLP(Ran’))
P2 B

< c HUHLP(ﬁpJ\*prﬁmfR) < C HuHLp(Lp,A,swn)- (119)
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From (1.17), (1.18) and (1.19) we obtain

C o L p
W Z 2p£(s+m)2 (£ J)MP/I{ZZ MHAfséflu('ﬂx,)HLp(ﬁﬁij)} dx’

I>J* v>1
< ClullLo(zrrcemy: (1.20)

Finally inequalities (1.15), (1.16) and (1.20) yield

1
- pr(s+m) AS  Aull?
| BN (n+N) K;+ ; ALk aBeul[ 7, )
S C { |ks|gBL HDquiP,)\+m,s(Rn+N) + HUHI[),P(LP,A,3+m)} (121)

Combining inequalities (1.12), (1.14) and (1.21), Lemma 1.24 is proved.
Corollary 1.11 is a consequence of Lemma 1.24 and Theorem 1.8.
2. Estimates near the boundary for solutions of degenerate elliptic problems.

2.1. Introduction and statement of the results. In this section we use the last interpo-
lation inequalities to prove the optimal a priori estimates in Besov spaces for solutions
of a class of linear degenerate elliptic boundary value problems. These estimates allow
us to deduce the regularity for some nonlinear degenerate partial differential equa-
tions. For more precision, we dendidzx; D,) the operator which can be written in an
appropriate local coordinates

L@D)= Y aw;(ta) =] po pj (2.1)

la/|+j<m

wherez = (t,2') € Ry x R¥~1, m € N, § is a real number such thatm + ém € N
and[—m +¢|a/| + j]* is the smallest nonnegative integer—m + §|/| + j. Here, the
coefficientsa,; (t,2") are complex-valued functions, infinitely differentiableRy’.

This class of operators (2.1) contains some classical differential operators. For instance,

e if § = 1thenL (x; D,) is aregular elliptic differential operator,

e if m = 2andd = 3/2 [resp.d = 2] then L (z; D,) is the Tricomi [resp.
Hermite] operator whose model is given RE by L = D? +tD?, [resp.
L = D?+12D? + AD,s; A € C]lwhere(t,2’) € R2.

This class of operators (2.1) was studied by many authors in the classical spaces of
SobolevH* andWW#P, Holder C* and in the spac€. Extensive references could be
found in the bibliography of this paper. On the other hand, in BMO Ahd spaces
we give in [15] the optimal a priori estimates for the linear boundary value problems
associated to the operator (2.1).

The proof of these estimates for the general boundary value problems with respect to
the operators (2.1) is given in two steps. The first one is based on one Peetre’s method
which is described in [6, 15, 18] and consists to use the Fourier transform with respect
to 2/ € RV~1 and to do a tangential harmonic analysis for Besov spB;g;;RiV),
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thereby we reduce the problem to one isomorphic theorem for an ordinary differential
equation and we estimate the “almost tangential” derivatives of the solution. The second
stepis based on the interpolation inequalities given in the last section needed to estimate
the normal derivatives of the solution.

We will need the following spaces.

Definition 2.1. Let 1 < p < +oc andd > 1. Further lets € R andm € N. We set
(i) WP (R) = {u € IP(R): Diu e LP(R) for0 < j < m}
andW{"*(R) = {u e W™P(R) : 7R DIy e IP(R) for0 < k+j < m,

—m+dk+je N}
(i) WP (R; Bs ,(RV™1))

_ {u e IP(R; By /P (RN1Y) 1 Diu e LP(R; B3Hm=9)/5(RN-1)) and

=MDl € LP(Ry B (RV 1) for0< k+j <m,—m+dk+j € N}
(iliy WP (RY) = {u € Bs/5(RN) : Diu € BSHm /5 (RN) and

om0l D2 Dl € By ,(RN) for 0 < |/ +j < m, —m +6]/| +j = O}

The spaceV;"” (R.+) [resp. W™ (R+; Bj ,(RV~1))] denotes the set of all re-
strictions toR. of elements of¥;"*(R) [resp.W;"* (R; Bs ,(RV~1))]. In the same
way, the spacéV;""*?(RY) denotes the set of all restrictions Ri’ of elements of
WP (RN,

Now we give the assumptions:

(H1) The operatorL (z, D,) is elliptic fort > 0in RY.

Let L° be the “principal part” of the operatdr (z, D,) defined as

LO=1%(t,2",Dy,Dy) = > aw; (0,2 ¢=m¥ole’l* pag pi
o |+ <m
—m+§|a’|+jEN
We assume then
(H,) The operatorZ? is elliptic fort > 0in RY.

This hypothesis (b) is equivalent to assume that for any couptéss RY and¢’ ¢
RN\ {0}, the polynomials in the variabte

PY(1) = Z aqj (0,2") g7 andP~ (1) = Z aerj (0,2') ¢’ (~1)%i7
[a/[+j<m lo/ |+j<m
—m+5|a’|+jEN —m+8|al |+5EN

have no real roots. Leti.be the number of the roots of the polynomiai(r) having
positive imaginary part. Finally, we suppose
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(Hs) Foranyw’ € RV, |w'| = 1, and for anyz’ € RY the problem

LO(t,2";w’, Dy) u(t) =0
DJu(0)=0 forj=0,...,ms—1

has only the solutiom = 0in S(R.).

The main result is as following.

Theorem 2.2. Lets be a real number- 0 and1 < p < +oo. Under hypotheses (i
(H,) and (H&), for any compact sek of RY, there exists a constanti, > 0 such that
for anyu € W{"*P(RY) with suppu C K,

sy < Nl iy * s

m+—l

+ > |l

(=0

—£0)/6—1/6
By ”(RNl)}

holds.

This theorem extends the results of [8], [9] and [16]. To shed some light on this
purpose we give the following examples.

Examples 2.3.
1. If § = 1 we find again the case of elliptic operatars2].
2. If m = § = 2 then we obtain Hermite’s operator givenRg by

L=D?+t*D? +\D,/, (t,2)€R+xRand\ecC.

If A\ # £(4k — 1), k € N\ {0}, and ifu is a solution of the problem

u € B, (R3)
Lu=f € B; ,(R%)

1-1/2
you =g € By Y#(R)

thenu belongs to

2 .
WZ’E”’(RE) = {ue B o(RY) : Du, D2, tDyDyu € By, 10o(RY) } -

C

If p = +o0, we find the Hlder regularity given in [8] and i < +oo we find the
LP regularity given in [9].
3. If m = 2 ands = 3/2 then we obtain Tricomi’s operator givenRt by

L =D?+tD?, (t,2) € R+ xR.
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If u is a solution of the problem

u € Bj,(R%)
Lu=fe€ B;’p(R?,)
You = g € B> ¥ (R)
thenwu belongs to

2+s, s+4/3 . s
W2t (R2) = {u € By o (R2) : Dfu, tD2u, tD; Dy € B}, 10o(R2) }.

If p = +o00, we find the Hblder regularity given in [16] and i < +oco we find the
LP regularity given in [9] and [16].

Remark 2.4.The method used in this paper can be adapted to the following class of
degenerate operators considered in [20], [22] and [6]:

min(k,2m)
L= > P D,) (2.2)
h=0

wherek, m € N, the functiony is C* from R™ to R with Q = {x € R"; p(z) > 0},

I' = {x € R"; p(z) = 0} anddy # 0 onT; P?"~"(z; D) is a differential operator
with smooth coefficients o2 and of order< 2m — h, PZm(x;D) is a properly
elliptic differential operator orf2. The model of the class (2.2) is given &% by

L =tA, + XD+ D),z = (t,2') € R+ x R. We can state an analogous result as
Theorem 2.2 for the class of operators (2.2).

An application of Theorem 2.2 is given to the regularity for solutions to the following
completely nonlinear boundary value problem

ue WMHTPRN), 0<p<1
F (1,2l 0/ o) = 0 (2.3)

yu=0,£=0,...,ms—1

whered, = 0/0y is the real derivationy and F' = F (t,x’;pa/j)oﬂa,wgm are real

functions,F smooth in its arguments. Lét be the linearized operator of (2.3):

I = Z ot (t, ZL'/) t[—m+5‘a’|+j]+a§//ag

<[/ |+5<m

where the coefficients,; (t,z') = F (t,a'; =141 92 0] ) /9p,; belong to
the Holder space&* (RY).

We assume

(H}) The operatotL is elliptic for¢ > 0in RY.
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(H5) The following operatod.? is elliptic for ¢ > 0in RY

LO=L0(t,a; 0y, 0) = > aary (0,27) 7 Mg o]
la/[+j<m

—m+§|a’|+jEN
ranyw € , |W'| = 1, ana itor anyxr’ the problem
(Hy) Fo "e RN, || =1,and f "€ RN th bl
LO(t, 2", 8) u(t) =0
Hu@ =0 forj=0,...,ms—1

has only the solution = 0in S (R:).

Theorem 2.5. Under hypotheses (), (H;) and (H3), if u solves the problem (2.3),
thenu € C*°(RY).

2.2. Traces. In this section we characterize the trace for eIemenWOB‘FS’p(RiV) and
WP (R, By, (RN ).
Theorem 2.6. Letm be an integer> 1,/ € {0,1,...,m — 1}, s e Rand1 <p <
+o0o. For u € Wi"? (Ry; B; ,(RV™1)), the series)” ., DfAju(0,-) converges in
S'(RN-1) and define an elementu belonging to the spacB; " ~/*~/%" (RN-1)
and the mapu — ~.u is a continuous operator fromi;"" (R+; B ,(R¥71)) to
s+t(m—€)/6—1/6; _
Bp;)( )/ /p(RN 1)_
Also, if s > O there exists an extension operathy from B\~ "/°~/P(RN-1)
to Wi P(RY) € WP (Ry; Bs ,(R¥~1)) such that

Yeo Ry = |dB;7+£m—2)/6—1/6p(RN71) .

In particular, if s > O the operatory, is bounded and surjective frovy""*?(RY)
onto B5Hm=0/0-1/% (RV-1).

Proof. SinceW;"? (Rs) — W™P (Ry) — C™ 1 (R,), foranyinteger 0< ¢ < m—1,
there exists a constadf, > 0 such that for every € W;"" (R+)

[DEe(O)] < Co[[v ][y e,y

holds. We deduce for any > 0O (if p < +o0)

a?|Dp(0)" < CF Y oY D[ g,
r=0 (2.4)

(m—¥8k)p—1|| ,—m+Sk+r yr, ||P
+ ) a |t Div|[ gy
0<k+r<m
—m+ék+reN

Now letu € W™ (R+; Bs ,(RV™1)). For j integer> 0 we set

w (ta') = Afu (ta') € W™ (R C= (RN71) n 17 (RVY).
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Apply inequality (2.4) tot — u; (t,2’), takea = 277, integrate with respect to
2 € RN=1 and multiply by 2(s+m/9)p=i/3 1o get

2(s+(m—0) /5—1/6p)pH DfA’ HLp RN

< Cg{ Z 2j(s+(m_r)/6)pHD:A;'“HZP(R{V)
r=0

Y 2wl “t—m+5k+rD§A/u]‘Lp(RN)}

0<k+r<m
—m+dk+reN

We deduce that: — ~,u is a bounded operator fromV;"” (R+; B ,(RY 1))
to Bym O (RN-1) ety e BHmTO/TYPRN-1) 0 < ¢ < m — 1. Let
vo € C5°(R) be equal to 1 in a neighborhood of 0. If we se(t) = t‘po(t)/¢! we
haved,p,(0) = 1 anddfp,(0) = 0fork # ¢, 0< k <m — 1.

For ¢ integer> 0, we set

Rgu t x ZRJ t :1:
7>0

where Rju (t,2') = 27940, (2i/9¢t) Abu(2'). Let 0 < r < m, K an integer>
s+ (m—r)/dandk + |o/| < K. We have

HDﬁlefD?E?UHLP(RN) < 27t/ 2i(k+r)/8 3 p=i/0p £ 2i(|a’|=(s+(m—£)/6-1/ép))

<& i (k+[o | = (s*+(m—r)/5)) (sinces > 1)

where(e;); € ¢°(N). The real interpolation of Besov spaces yields thak,u belongs

to B5™ /% (RN and

HD{ﬁgu‘

sz}gm—r)/é(RN) < CHU‘ B;;gm—é)/é—l/ép(RNfl)-

In the same way as above we prove that ikOr < m, K interger> s and
r+|o’| < K thend =1’ 1" Dol pr Ryu € By (RY) and

[el=m+0ie+7]” ped pr Ry

By »(RY) < CHU’ B;fém’l)/‘sfl/&P(RNfly

ConsequentlyR, is bounded fromByy ™=/~ (RN=1) to ™7 (RN). We
setRyu = ﬁgu \Ry, and it is not hard to see that

Yeo Ry = |dB;j]§m—e)/6—1/sp(RN_1) :

The proof of Theorem 2.6 is completel]
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2.3 An ordinary differential equation. We consider a class of ordinary differential
operators defined oR+ by

L= Y ayt ™*D]

0<j+k<m
—m+dk+jEN

whereay; € C. We assume
(H) Foranyr e Randt >0, >  agjt ™"k £0.

0<j+k<m
—m+5k+jEN

This condition (H) is equivalent to say that the polynomial

" .

PHr)= Y ayr
k+j<m
—m+dk+jEN

does not vanish on the link. Let m. be the number of the roots of the polynomial
P*(7) having positive imaginary part.

Theorem 2.7. Under the condition (H) the operatdt from W™ (R+) to LP(Rs4) is a
Fredholm operator and its index is equalite,.

Corollary 2.8. We have
Ker(L) N W;™P(R+) = Ker(L) N S (Rs)

whereKer(L) = {u € D'(R+) : Lu = 0}.
The proof of the last results is similar to the one of the gase2 given in [5].
2.4. Proof of Theorem 2.2.1n order to prove Theorem 2.2, the first step is the following

Proposition 2.9. Lets € R. Under hypotheses @i (Hz) and (H), for any compact set
K of RY, there is a constanf'x > 0 such that for any, € W™ (R+; Bs ,(RV 1)),
suppu C K, the following inequality holds:

HUHWg”’p(RJ,;Bf,’p(RN—l)) < CK{ HLUHLP(RJ,;Bg,p(RN—l))

m+—1

+ 3 el

=0

+
By /0O (RN -1y HUHLP(R+;B§T£”/“(RN1))}

Proof. Using the freezing technique of the coefficientsiofat the point 0 we can
restrict ourselves to prove Proposition 2.9 for the following homogeneous operator
with constant coefficients

0 _ 70/,. m —m+|a |+5 o' I
L= LO(t; Dy, D) = D"+ Y agt "M DY D]
la/ [+j<m
j<m
—m+3|a’|+jEN

wherea,; € C.
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Sety = (V)o<v<m.—1- With the aid of Theorem 2.7, we prove (as in [6,10])
that under hypotheses (H (Hz) and (H), for every¢’ € RY—1\ {0}, the opera-
tor (L° (¢;¢', Dy) ,) is left invertible fromW;"" (R+) onto L? (R+) x C™ and if
K¢ denotes its left inverse, then the mappiig— K is C> from RV~1\ {0} to
L (L? (R+) x C™; W™ (R+)) and for any multi-indexy’, there existg”,, > 0 such
that for any¢’, 1/2 < |¢'| < 2, and for any(f, g) € LP (R+) x C™*,

HDé, Ke(f.g

(2.5)

me PRy S 9) HLP(R+)><C"H

holds.
First of all, we will prove that there is a constarit> 0 such that

m—1

HUHLP(RN*;W?’I’(RJ,)) = C{HLOUHLP(RNl;LP(m)) + Z HW“HLP(RNl)} (2.6)
=0

holds for anyu € S (RV=% W™ (R+)) whose tangential spectrum belongs to the
annulus 2 < [¢'| < 2.
For this, apply the operatdiZ° (¢; ¢’, Dy) ,v) to the relation

Fu(,€) = / E (o) dyf

yields the system

LO(t;€ D) Fu (&) = FLOu(¢) = [e ¢ (L%) (-,y)dy
% Fu (- €) Fru(€) = [e W (yu) (v)dy.

Apply K¢ to that system gives

Fu () = [ K (10 () 0 ()
Since

e dg’
u(a) = / €D (¢) Fu (- €) (27T)5N_1 e o (RYY)

® is equal to 1 on 12 < |¢'| < 2 and its support belongs to an annulus, we integrate
by parts with respect t¢' to obtain

z(:): y)g/ !
// (I—Agf)M@(f’)Ke(Lou(-,y) u(y)ydy =
(1+|2'— (2m) N

Inequality (2.5) yields

1
H“('vx/)HWg’vP(m) < C/ (1+|e — y,|2)M I (Lou (vy) u(y) HLP(R+)><Cm+dy/'
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This integral is a convolution product of a functioniof (RY~1) (for M large) and
a function of L? (RV~1). Inequality (2.6) is proved.

Letu € W™ (R+; Bs (RN 1)) with suppu € K, K is a compact set &Y. For
j € N,wesetu;(x) = Aju (279/°t,2772/).1f j > 1, thenu; € S (RN 1 W™ (Ry))
and its tangential spectrum belongs to the annfily2 < |¢’| < 2}. Since

(Lou)j = 2m/91%,; and (vew); = 240y
we apply inequality (2.6) to eaah;, j > 1,

2imp/® Huy Hip(RNfl;Wva(m))

m+—1
<C {”(LO“)J'HZP(RN1;LP(R+)) + Z 2J(m—é)p/6H(wu)jszp(RN1)}
£=0

holds forp < +oo.
Develop and multiply by 27,

Z2jp(s+(m*r)/6)HA}DZUHZP(RiV)+ > 2jp(s+k)HAQFWMWDMHZP(RN)

r=0 0<k+r<m
—m+Sk+reN

m+—l
<C {ijsHA}LOuHip(Riv) + Z sz(s+(m€)/61/5p)HAg,WuH7£p(RN_1)} .
¢=0

Therefore

H“HW(;"’P(R+;B;,,,(RN‘1))

ma—1 (2.7)
<C { HLOUHLP(RAB;YP(RNfl)) + Z HW“‘ BoHm=0/3-1/%p (rN -1y + RO} :
=0

where

Ro = Z HAé)DguHLP(RiV) + Z HAé)tierékﬂD:uHLp(R{V) :

r=0 0<k+r<m
—m+ék+reN

In the same way we obtain (2.7) fpr= +o00. Since supp. C K, we estimate from
above the remainder terfy,

m—1

Ro < HAE)D?Z“HLP(RLV) +Ck Z HAE}D:UHLP(R{,V)
r=0

m—1

< HAé)D?luHLP(RiV) + Ok Z HD:UHLP(R+;B;;§m77')/571(RN*1))
r=0
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Lemma 1.16 yields a constait > 0 such that for any > 0,
Ro < HAODm“HLp(RN) +CKO{ HD “HLP(R+ ;B (RN-1))

(2.8)
Gl [ PR §

Now, equationLOu = f gives

/ 1 g—m+|a! |+j "'nJ
=NoLo%u — Y agAgt M DY Dl
lo/[+j<m
j<m
—ma+§|a’[+5€N

hence

HA Di" UHU,(RM HLOUHLP(RgB;’p(RN—l))
+C Y |l DY D)

|o¢’|+j§m
j<m
—m+§|a’|+jEN

Lp(Ry; By, MM =D/ 0L (g —1y)”

Now suppu C K yields

HAOD UHLP(RN) HL “HLF(R+BS (RN-1))
m—1

+Cg Z HD?UHLP(R+;B;TI§""J‘)/571(RN*1)) )
=0

Lemma 1.16 together with (2.8) and (2.7) give Proposition 2[9.

Theorem 2.2 will be a consequence of Proposition 2.9 and the following estimate:
For every compact set” of RY, there exists a constantx > 0 such that

HuHW"”S p(RN) < CK {HLU‘ B3, (RM) + H’LLHWm p(R+ ’p(RNfl))} (29)

holds for anyu € W™ (RY), suppu C K.
Proof of (2.9). Let us take O< s < 1. We decompose

Lu = a(x)Dj"u + Z aa/j(x)t[7m+5|a/|+j]+D;“,ngu+ Z aa/j(x)Dg‘,/Dzu

|/ [+j<m la/|+j<m
j<m j<m
—m+§|a/|+5>0 —m+§|a’ |+ <0

where the functiom is C>* (RY) and does not vanishe &Y.
(i) with Lemma 1.17 we have for ang/| +j < m,j < mand—m+4|a/|+j =0
(thus|o/| = (m —j)/9)

HDQ D}

»(RY)

<C {HDx/ DtuHLP(RhB;}’p(RNfl)) + HDg’/DT—luHLP(RJ,;Bgz)l(RN*l))}

=¢ {HDj“"LP<R+;BzTém""”‘5<RNfl>> * HDiﬂ““LP<R+:B£;5"”“””‘%RN*I))}

< C H HWm p(R+ Bs, RNﬁl)) (Since5 > 1) (210)
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In the case-m +d|a’| +j € N\ {0}, Lemma 1.17 yields

i3t el

By ,(RY)
—m+s|a’ |+5 pa! nJ
<c { It DY D s v
_ / i—1 / y
+ |t Dy Dg“HLz}(RhB;;l(RNfl))

+ Htm+5a/|+jD§;,'Dg+1uHLP(RhB;’pl(RN_l))}.
Lemma 1.16 gives a constaft> 0 such that forany =0,...,m — 2

—m+8|d/ |[+5 ne! nJ
|t DS D]

B;s;,p(Riv) < ¢ }|uHW§”’p(R+;B§,p(RN—1))- (211)
Forj = m — 1 (thus|o/| = 1 ands > 2) Lemma 1.17 and suppC K give

|£°1D D"~y

Bs (RN )< Ck H HW"”’(R+ ;B3 ,(RN-1))" (212)
Inequalities (2.10), (2.11) and (2.12) yield a const@it > 0 such that

Ht m+5|o/|+jDa Dju’

B RN) <CKH HW”LP(R B3 (RN~ 1)) (213)

holds for anyla/| + j < m, j < mand—m +§|a/| +j € N.

(i) Inthe casga/| +j < m, j < m,—m+d|d/|+j > 0and—m+d|d/|+j ¢ N, we
set—m+d|a’|+j = k+pwithk € Nand 0< p < 1, (thus[—m +§|a/| +4]" = k+1).
Using Lemma 1.17 we prove in the same way a8)in

[tl=m+ledl*3 D D |

By »(RY) = Ck HUHWém’p(RJ,;B;’p(RN—l))- (2.14)
(iii) On the other hand, equatidn: = f gives

D'u=b(z)Lu — Y bar(a)tm M DO DIy — N by () DS Diu.

la/ [+j<m la/ [+j<m
j<m j<m
—m+§|a’|+j>0 —m+§|a’ |+ <0

We deduce from (2.13) and (2.14)

1Di

)<0K{HLu>BS o+ Iolhyzeoge o)

o'
A\ .
() B; ,(RY)
lo [+j<m

+ Z HbaJ m’Dg

<m
—m+§|a’ |+j<0

To finish the proof of (2.9) we have to estimate from above the term

Hba] DO‘ D} u‘

Bj ,(RY)
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Inthe caséa’| > (m —j5)/6 —1,s+(m—j)/6 —1<s+|d| <s+(m—j)/I the
following compact inequality

b () DS Dl

<C Dju /
By ,(RY) = 12 ’BZTA‘*'(RM

< c{e||Df|

J
oy * Cell DAl gm-nia-s §
and the second part of Lemma 1.16 yield

|6 (2) DS D)

6—1 .
By (Riv)}

< c{e|ppl

B »(RY) Bs, RN * Cel|ul

In the casea’| < (m — j)/6 — 1, we apply Lemma 1.16 fof = s+ |a/| — (m — j)/0
instead ofs

Hba/j(ac) g‘:Diu‘

B3, (RY) = C||D}ul

< c{e|ppyl

/
By (RY)

)+ Cellu]

B; »(RY By 5‘1(R£V)} '

Therefore

1Dy (2.15)

B ,(RY) < Ck {HLU‘ Bs ,(RY) + HUHW(;T”””(R+;B§7P(RN—1))} :

The above inequality together with Corollary 1.19 yield

1Dl

sy < O {1l ooy * el o vy - (218)

Inequalities (2.13) (2.14) (2.15) and (2.16) make the proof of (2.9) complete for
0 < s < 1. To prove (2.9) in the general case- ¢ +r withg € Nand 0< r < 1, we
do an induction omg.

2.5 Proof of Theorem 2.5.Forh € R\ {0}, |h| smalland: = 1,..., N — 1 consider
the difference quotients of a functian

pinv(t,z') = % (Tihv(t,x') — U(t,x’))

wherer;pv(t, ') = v(t, z1,...,2; +h,...,xn_1). Set

D;p(0) = F(t,xl,...,xi +oh,...,xN_1,

t[_m+5|a/|+ﬂ+a§//8gu + o_hpih(t[—m+5|a"+j]+8?l/agu))

lo/|+j<m’

From problem (2.3) we dedug%1 dg’—;h(a)da = 0 and then the following family of
equationsL;; (pinu) = fin, Where

L’Lh = z aza]}] (t’ x/) t[_m+6‘a’|+j]+ao¢llag

T
o/ [+j<m
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, L oF
aflh/j (t,:c') = /o e (t,xl, e, xitoh, . xN_1,

ol 90 o+ ohpy (E 0 0 D) ) do

Lor
fih(t’x/):_/ %<t>$17~--7$i+0ha--~aCUN—l;
0 i

t[fm+5\a/|+j]+a?,’8zu + Uhpih(t[*m+5|a’\+ﬂ+8§‘,/8gu))da.

Note that the coefficients!’;,; and the functiory;, belong toCjo*(RYY), uniformly

as|h| — 0, if u € WJE1*(RN) ¢ ¢ N, while this hypothesis and Theorem 2.2

Jloc
(for L;;, and p;,u) give a uniform bound on théV(;”J'(““)’m(K)-norm of pipu as

|| — 0, K is a compact set &®2Y. Therefore ifu e W(;'fgé““)’”o(RiV), ¢ e N, then

Opyu € WLIHE70(RIVY and thusu € W 1*)*>°(RN) This argument can be

iterated repeatedly to yield Theorem 2.5.

Acknowledgement.am grateful to Professor Gerard Bourdaud who pointed out to me
a rectification of the statement and the proof of Lemma 1.23.

Résune substantiel en francgais.Le but de ce travail est dtablir les estimationa
priori dans les espaces de Besov construits/sud < p < +oo, pour les solutions
d’une classe de probines aux limites ligaires assoes aux oprateurs (2.1) elliptiques
singuliers du type Hermite et Tricomi. Pour atteindre ce but, on commence par donner
des iregali€s d'interpolation avec poids du type (1.1) pour des fonctidghgectorielles
a valeurs dans les espaces de Besov—P@lj,quRN) ou bien dans les espaces de
CampanataC?*(RY). Une application de ces égalies est donee a I'étude de la
regularié des distributions tengrees en fonction de celle de leursriyéesa poids et
dérivees normales. De telleségaligés interviennent dansétude de certains espaces
de Sobolewa poids et dans&tude de la&gularie des solutions de certains preiries
aux limites elliptiques singuliers (voir [4, 10, 11, 12, 15]).

Voici le résultat principal de cet article.

Théoreme 2.2.Soits un réel> 0etl < p < +oo. Sous les hypo#ses (H), (Hy) et
(H3), pour tout compack deRY, il existe une constant€ > 0, telle que pour tout
u € WiP(RY) avecsuppu C K on ait

HUHW(;'”S”’(RX,V)

+ . m .
= > |ltletd D3 Diull gy * D D]

|o¢’|+j§m j:o
—m+5|a/|+j20

st(m—j)/6
By P RY)

m+—1

By, RN T % (R

<c{zu

s+(m—2£)/5—1/6 + u stm /65— }
By 0o (RN -1, | \B;p/ LRY)
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l'opérateur L étant cfini par (2.1),z = (t,2') € R+ x R¥=1, m € N, § étant
un réel \erifiant —m + ém € N, et [-m +d|d/| +j]+ désigne le plus petit entier
> —m+d|d]|+].

Ce tleoeme prolonge lesisultats de [8], [9] et [16]. Powclairer cela, on va donner
quelques exemples.

Exemples 2.3.
1. Lorsquey = 1, on retrouve le cas des@mteurs elliptiquesf. [2].
2. Lorsquem = ¢ = 2, on obtient I'o@rateur d’Hermite dont le méde est doné
surR?2 par

L=D?+t?D? +\D,/; (t,2') e R+ xRetreC.

Si\ # +(4k — 1), k € N\ {0}, et siu est une solution du probine

u e B (R%)
Lu= f € B ,(R%)

you = g € By Y#(R)

alorsu appartienta

W (R2) = {u € Bythoo(R3) : D?u, D% u, tDyDyru € By, 100(R2) }

c p,p,loc

Sip = +oo, on retrouve laggularié Holderienne donee dans [8] et sh < +oo
on retrouve laggularie L? donrée dans [9].
3. Lorsquem = 2 etd = 3/2, on obtient I'oggrateur de Tricomi dont le méte est
donreé surR? par
L=D?+tD?%; (t,2/) € Re xR.

Siu est une solution du probine

u e B (R?)
Lu=f € B;,(R%)

4/3—-2/3
ou = g € By ¥ 7 (R)

alorsu appartient

2 4/3 .
W23k (R = {u € B o (R2) : Dfu, tD3u, tDi Dy € By, 10c(R3) } .

Sip = +oo on retrouve la&gularie Holderienne donee dans [16] et 9 < +oo
on retrouve la&gularié LP donrée dans [9] et [16].

Pour montrer le Teoeme 2.2, on aura besoin deggaliés d’interpolation du type
suivant :
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Théoreme 1.7.Soits € R et A > 0. Sous les hypo#ses (1.2ha (1.4), il existe une
constanteC’ > 0 telle que pour tout € C§°(R™ x RY) on ait

. a 1-a
Y1 amm B
H‘ﬂ DtuHLr(Bff;‘“‘“’”‘j) = CH|t| Ditu e (Bl ™) H|t| u’ La(B3%")
et
. a 1-a
prgu‘ < cH\tyaD;nu H\t\ﬁu‘ .
LT'(ﬁr,/\,Zsa(l—a)+'y—j) Lp(ﬁp,A,s(l—aHa—m) Lq(Eq,)x,S(lﬁB)

Une autre application de ceséigalies est donee a la regularieé des distributions
temperees en fonction de celle de leusribees normales etdivéesa poids.

Corollaire 1.9. Soits > —m et supposons que les hypesies (1.5R (1.7) soient
satisfaites. Dans ces conditionsuse S'(R™ x RY) vérifie

(1) [t)Pu e La(BYm™/ 20010y
) [t|*Dyu e L7 ( Bz()’s;m)/zamfm), o
(3) Di'u € By, (R" x RY)

alorsu € B7™(R™ x RY).

Exemple 1.10.0n retrouve en particulier certaingésultats de [10] et [19]. Lorsque
n=1s>0p=qgq=7r,a=00=m=2eta = 1/2 on obtient : si
u(t,z') € S'(R x RN) verifiet?u € LP(R; Bt (RY)) et D7u € B (R x RY) alors
u € B;;?(R x RV).
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