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ON A QUESTION OF MARTINET CONCERNING THE 2-CLASS
FIELD TOWER OF IMAGINARY QUADRATIC NUMBER FIELD

ELLIOT BENJAMIN

RESUME. Soit k un corps de nombres quadratiques imaginaires dont le 2-sous-
groupe de Sylow C}; », du groupe de classes C}, est de rang 4. Nous prouvons que
la tour de classes de Hilbert de k est infinie si le 4-rang de C, est égal a 2 et si
I’une des deux conditions suivantes est satisfaite : ou bien 5 discriminants premiers
négatifs divisent le discriminant de k ou bien le discriminant de k& n’est pas congru
a 4 modulo 8. Lorsque le 4-rang de C}, est égal a 1, nous donnons des conditions
qui permettent de conclure que la 2-tour de classes de Hilbert de & est infinie. Il
est connu que si le 4-rang de CY, est supérieur ou égal a 3 ou bien est égal a 2 avec
exactement un discriminant premier négatif divisant le discriminant de k, alors la
2-tour de classes de Hilbert de & est infinie. Nos résultats tendent donc a supporter
la conjecture que la 2-tour de classes de Hilbert d’un corps quadratique imaginaire
k est infinie, lorsque le rang de C}, » est 4.

ABSTRACT. Let k be an imaginary quadratic number field with Cj, 5, the 2-Sylow
subgroup of its ideal class group C}, of rank 4. We show that if the 4-rank of C},
is equal to 2, and either five negative prime discriminants divide the discriminant of
k or the discriminant of k is not congruent to 4 mod 8, then k& has infinite 2-class
field tower. When the 4-rank of CY is equal to 1, we state particular conditions that
allow us to conclude that & has infinite 2-class field tower. Since it is known that if
the 4-rank of C}, is greater than or equal to 3, or equal to 2 with exactly one negative
prime discriminant dividing the discriminant of k, then % has infinite 2-class field
tower, our results give support to the conjecture that all imaginary quadratic number
fields k£ with C » of rank 4 have infinite 2-class field tower.

Introduction. Let k denote an algebraic number field and C}, » denote its 2-class group,
i.e. the 2-Sylow subgroup of the ideal class group C}, (in the wide sense) of k; denote
by k; the Hilbert 2-class field of k. Let k, (for n a nonnegative integer) be defined
inductively as kg = k and k41 = (kp);. Then kg C ky Ckry C --- Cky, C --- is
called the 2-class field tower of k. If n is the minimal integer such that k,, = k41, then
n is called the length of the tower. If no such n exists, then the tower is said to be of
infinite length.

In 1964, Golod and Shafarevich (cf. [3]) established for the first time the existence
of infinite p-class field towers, for p prime. In the case p = 2, their criterion (as refined
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by Gaschiitz and Vinberg [7]) can be stated in the following way, where E}, , denotes
the unit group of £ mod its squares, Ek/E,% if rank Cy», > 2 + 2(rank Ej» + 1)1/2
then k£ has infinite 2-class field tower. We shall refer to the above inequality as the
Golod-Shafarevich inequality. We immediately see that for k£ imaginary quadratic with
rank C, » > 5, or k real quadratic with rank C, » > 6, the Golod-Shafarevich inequality
is satisfied and k thereby has infinite 2-class field tower. It is well known that for &
imaginary quadratic with rank Cy » = 2 or 3, the 2-class field tower of k may be finite
or infinite, and that if rank Cj » = 1 then the 2-class field tower of k is finite and has
length 1 (cf. [2, 5, 9, 10, 14]). It has been conjectured that for k£ imaginary quadratic
with rank C}, » = 4, k has infinite 2-class field tower (see Martinet: [10, 11]).

A partial result in this direction, as proved by Hajir, is that if k is an imaginary
quadratic number field such that C}, > has 4-rank greater than or equal to 3, then k has
infinite 2-class field tower (cf. [4, 5, 6]). We define d; to be a negative prime discriminant
to mean that d; < 0 and —d; is prime, d; = —4, or d; = —8. We define a A\-splitting
is of the second kind to be a splitting of A, the discriminant of &, into two fundamental
discriminants d; and d such that the Kronecker symbols (d;/p) = 1 and (d»/q) = 1
for all primes p dividing d, and for all primes ¢ dividing d;. In the case where Ay # 4
mod 8 and exactly one negative prime discriminant divides Ay = —p1pap3paps where
k=Q (\/W) (i.e. Cy has rank 4), we have previously defined (cf. [1]) a
Kronecker symbol configuration to be a complete list of Kronecker symbols (pi / pj),
1 < j,1 <7 <5.In[1], we have denoted a Kronecker symbol configuration by listing
all the Kronecker symbols (p;/p;) as above with (p;/p;) = 1 (respectively —1), where
the remaining Kronecker symbols (p;/p;), i < j, are assumed to be —1 (respectively).
In our earlier work (cf. [1]), we have shown that if & is an imaginary quadratic number
field such that C}, ; has rank 4, C}, has 4-rank greater than or equal to 2, and exactly
one negative prime discriminant divides A\, then k has infinite 2-class field tower. In
our present work we extend both Hajir’s result and our earlier result, demonstrating
our main theorem (see Theorem 1): If k is an imaginary quadratic number field such
that C,» has rank 4 and Cy, has 4-rank greater than or equal to 2, such that either
five negative prime discriminants divide /\j, or /Ay, is not congruent to 4 mod 8, then
k has infinite 2-class field tower. Our second theorem states that if /Ay, is congruent to
4 mod 8 and exactly three negative prime discriminants divide /\y, they k has infinite
2-class field tower if the Kronecker symbols of the primes dividing /\y, do not have a
particular format (see sub-cases 9 thru 12 of Theorem 2). We also give a partial criterion
for obtaining imaginary quadratic number fields £ with C}, » of rank 4 and C}, having
4-rank equal to 1 such that £ has infinite 2-class field tower. This criterion is related
to the nontrivial A\y-splitting of the second kind for k, and examples of such fields &
are given in [1]. Our methods of proving our main result are essentially combinatorial,
applied to our earlier results related to the Golod-Shafarevich inequality.

Preliminaries. We begin by stating the results from our earlier work that we will need
(cf. [1D).

Lemma 1. Let k be an imaginary quadratic number field such that rank Cy,» = 4. If
for some prime p; = 1 mod 4, or p; = 2 in which case we further assume that 8 is
a fundamental discriminant dividing /Ay, we have the Kronecker symbols (pj / pk) =
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(pj/pg) = (pj/pm), Dj» Pk» Pt> D distinct primes, DjpypePm | Nk, then k has infinite
2-class field tower.

We utilize the following notational convenience: if d; is a negative prime discrimi-
nant, we let p; denote the prime dividing d; if d; # —4 and p; = 1 if d; = —4.

Lemma 2. Let k be an imaginary quadratic number field such that rank Cj, = 4.
Assume there exists a negative prime discriminant d;, d; | Ay, such that (—pj / pi) =1,
i # j, for all primes p; | Ak, 1 < i < 5. Then k has infinite 2-class field tower.

Lemma 3. Let k be an imaginary quadratic number field such that rank Cy, o = 4, at
least two of the prime discriminants dividing /\j are positive, and (p1 / p3) = (p2 / p3) =
1 where py and p, are distinct primes dividing positive prime discriminants dividing
Ay, and ps is a prime dividing a positive or negative prime discriminant dividing /\g,
p1 # p3 # pa. Then k has infinite 2-class field tower.

Lemma 4. Let k be an imaginary quadratic number field such that rank Cj, = 4,
exactly one negative prime discriminant divides Ay, and N, = 4 mod 8. Then k has
infinite 2-class field tower.

Remark 1. Lemma 4 is an immediate corollary of Lemma 2.

Lemma 5. Let k be an imaginary quadratic number field with rank C}, » = 4, exactly
one negative prime discriminant divides /\, and ), Z 4 mod 8. Then the following
fields k have infinite 2-class field tower, where {i, j, k,l,m} = {1,2,3,4,5}:
A) 4-rank of Cy, equal to 2, 3 or 4
B) 4-rank of Cy, equal to 1 and Kronecker symbol configuration of k not (pi / pj) =
(pi/pk) = 1, where either p; or py is the prime dividing the negative prime
discriminant dividing \y .

4-rank of C; equal to 2. Before stating our main result, we establish this following
lemma and corollary as a useful technique to determine that certain A\j-splittings are
not /\-splittings of the second kind (we thank one of the referees for the suggestion
and proofs of Lemma 6 and Corollary 1).

Lemma 6. Let dy, dy, d3 be relatively prime negative discriminants and q; the prime
dividing d;, 1 = 1,2,3. Then it is not possible that (dldz/CB) = (d2d3/q1) =
(d1d3/Q2) =1.

Proof. We assume that (did2/q3) = (dads/q1) = (did3/q2) = 1.1f the d; are all odd
thend; = —¢;,i = 1,2,3 and (dl/q3) = (dz/CB) = (Q3/Q2) = — (d3/Q2) = 1,aswell
as (dl/Q3) = — (dz/ql) = (dl/qz).Thisimpliesthat— (d1d3/q2) = 1, whichis a con-
tradiction of our assumption. If d3 = —4 and g3 = 2, then (dd3/q2) = — (q1/q2) = 1
and (d2d3/ ql) = - (qz / ql) = 1, contradicting the law of quadratic reciprocity. Finally,
if d3 = —8 and g3 = 2, then d; = d; mod 8. This implies that (—2/q1) = (=2/q),
(=2/a1) = (&2/a1) = (a1/q), and (=2/q2) = (di/q2) = (a2/a1), once again
contradicting the law of quadratic reciprocity; our lemma is therefore proved. (]
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Corollary 1. Let dy, dy, ds be relatively prime negative discriminants, d; | D; for
i =1,2,3,and (d\dy, D3), (dyds, D3) be Ay-splittings into fundamental discriminants.
Then (dydy, D3) and (dyds, D3) cannot both be /\y-splittings of the second kind.

Proof. Assume that (dydy, D3) and (dds, D3) are both Ag-splittings of the second
kind. We apply the natural group structure on Ag-splittings of the second kind (cf:
[6]) to obtain a third Ag-splitting of the second kind: (dyds, D). We therefore have
(dida/q3) = (dids/q2) = (dads/q1), which contradicts Lemma 6; our corollary is
therefore established. O

We are now ready to state our main result. From our earlier work (see Lemma 4
and Lemma 5) we know that if k is an imaginary quadratic number field such that
rank Cj, = 4, 4-rank of C}, equal to 2, and exactly one negative prime discriminant
divides A\, then k has infinite 2-class field tower. For our first theorem we extend this
result to the case where either five negative prime discriminants divide A\ or A is not
congruent to 4 mod 8.

Theorem 1. Let k be an imaginary quadratic number field with rank Cy, = 4 and
4-rank of Cy, equal to 2 such that either five negative prime discriminants divide /\j, or
Ay is not congruent to 4 mod 8. Then k has infinite 2-class field tower.

Proof. If the 4-rank of CY is equal to 3 or 4 then we know by Hajir ([5, 6]) that k£ has
infinite 2-class field tower. We assume that the 4-rank of C}, is equal to 2, and examine
the possible cases that can occur in our theorem in terms of how many negative prime
discriminants divide /. If exactly one negative prime discriminant divides /\j, then
we know from our earlier work (cf. [1] and Lemma 4, Lemma 5) that k has infinite
2-class field tower. We proceed to examine the cases when exactly three or five negative
prime discriminants divide Ay, and divide the five negative prime discriminant case
further into sub-cases according to whether A, # 4 mod 8 or A = 4 mod 8.

Case A: Five negative prime discriminants divide Ay, A Z 4 mod 8.

If C}, has 4-rank equal to 2, then A\, has exactly three nontrivial /Ag-splittings of the
second kind. We let k = Q (\/W) where if 8 does not divide A\, then the
q;’s are distinct primes congruent to 3 mod 4, 1 < ¢ < 5, and if 8 divides A\ then we
assume (without loss of generality) that ¢; = 8 for one particular ¢; and the other ¢;’s
are distinct primes congruent to 3 mod 4. If (—q1, ¢2¢3q4¢s) (without loss of generality)
is one of these nontrivial /\-splittings of the second kind then we know from Lemma 2
that & has infinite 2-class field tower. Assume that (—qj, ¢2¢3qaqs) is not a \-splitting
of the second kind (we shall continue to utilize our above notation without loss of
generality throughout this proof). Then we must have two Ag-splittings of the second
kind which are of the following types: (q1q2, —¢3q4gs) and (q143, —q2q4qs). However
by Corollary 1, this cannot occur and therefore (—q1, ¢2q3gags) must be a /\-splitting
of the second kind. From Lemma 2, we conclude that £ has infinite 2-class field tower.

Case B: Five negative prime discriminants divide A\, A = 4 mod 8.

We proceed in a similar manner as in Case A. We let k = Q (v/—4¢2q3¢4gs) and
assume that neither (—4, ¢2q3q4qs) nor (—q,4q3qaqs) (once again without loss of
generality) are Ag-splittings of the second kind. We now have three possibilities that
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may occur, each one consisting of two Ag-splittings of the second kind, as follows:

1) (243, —444qs) 2) (4492, —q39445) 3) (442, —q3q495)
(9294, —4q305) (q2q3, —4quqs) (493, —q2q49s5)

However, we see by Corollary 1 that none of these three possibilities can occur, and
therefore either (—4, ¢2q3qaqs) or (—q2,4q3q4qs) must be a A-splittings of the second
kind. From Lemma 2 we conclude that & has infinite 2-class field tower.

Case C: Exactly three negative prime discriminants divide Ay, /A; Z 4 mod 8.

In order to establish our results for the three negative prime discriminant case, we will
make use of Lemmas 1 and 3, since we now have two positive prime discriminants to
work with. Weletk = Q) (\/W ) where p; and p; are distinct positive prime
discriminants dividing A, and if —8 is not a fundamental discriminant dividing /g
then g3, q4, g5 are distinct primes congruent to 3 mod 4, whereas if -8 is a fundamental
discriminant dividing A then we assume (without loss of generality) that ¢; = 8 for
a particular ¢; and the other ¢;’s are distinct primes congruent to 3 mod 4, 1 <7 < 3.
If C; has 4-rank equal to 2 and we assume that (—q3, p1p2gags) (again without loss of
generality) is not a Ag-splitting of the second kind, then we initially have the following
thirteen sub-cases that may occur for Ag-splittings of the second kind:

1) (p1, —p2q394q5)  2) (p1,—p2q3qags) 3) (p1, —p2q3qaqs) 4) (1, —p2g3qaqs)
(P2, —P143G445) (—p143, P2q45) (—p293, P1949s) (9394, —P1P295)
5) (p1, —p2@3qaqs) 6) (P1p2, —@3q4q5) 7) (p1p2, —@3qaqs) 8) (—P1g3,P2q445)
(P1P2, —q3944s) (—P143, P24495) (9394, —P1D2G5) (—p144, P29593)
9) (—=p143,p2q4g5) 10) (—=p1g3, p2qags) 11) (—=p1gs, p2gags) 12) (—p1gs, p2gags)
(—P2g3, P1949s) (—P2G4, P19593) (9394, —P1P2G5) (qaqs5, —P1P293)
13) (q3q4, —P1125)
(3g5, —P1P294)

We proceed to show that for each one of the above thirteen sub-cases, either we have a
contradiction, which means that the sub-case cannot occur, or we are able to use Lemma
1 or Lemma 3 to show that & has infinite 2-class field tower.

Sub-case 1) If (p1, —p2q3qaqs) and (p2, —p1G3qaqs) are Ag-splittings of the second
kind then we have (pi/p2) = (pi/p4) = (p1/@3) = (p2/qz) = 1. By Lemma 1 or
Lemma 3, we are able to conclude that k has infinite 2-class field tower.

Sub-case 2) If (p1, —p2q3qaqs) and (—p1q3, p2qaqs) are Ag-splittings of the second
kind then by the group structure of Ag-splittings of the second kind we see that
(—q3,p1P2q4qs) is also a Ag-splitting of the second kind, which is a contradiction;
sub-case 2 therefore does not occur.

Sub-cases 3), 4) and 5) If (p1, —p2q3qaqs) is a Ag-splitting of the second kind then
we have (p]/pg) = (pl/qg) = (pl/q4) = 1 and Lemma 1 suffices to show that k has
infinite 2-class field tower.
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Sub-cases 6) and 7) If (p1p2, —q3q4qs) is a Ag-splitting of the second kind then, we
have four possibilities for sets of Kronecker symbol equalities as follows:

A) (pi/@3) = (p2/a@3) =1 B) (pi/@3) = (p2/a3) = —1
(p1/as) = (p2/as) =1 (p1/as) = (p2/as) = —1
(p1/as) = (p2/a5) =1 (p1/as) = (p2/q5) =1

C) (m/w) = (p2/az) =1 D) (pi/a3) = (p2/a@3) = —1
(p1/as) = (p2/as) = —1 (p1/as) = (p2/as) =1
(p1/gs) = (p2/gs) = —1 (p1/gs) = (p2/gs) = —1

However, in each of the above four sets of Kronecker symbol equalities we are able to
apply Lemma 3 to conclude that £ has infinite 2-class field tower.

Sub-case 8) If (—p1g3, p2qags) is a Ag-splitting of the second kind then we have the
following four possibilities for sets of Kronecker symbol equalities:

A) (pi/p2) = (—a3/p2) =1 B) (pi/p2) = (—@3/p2) = —1
(p1/as) = (—@3/q4) =1 (p1/@s) = (—a3/q4) = —1
(p1/as) = (—a3/gs) =1 (p1/gs) = (—a3/g5) =1

C) (pi/p2) = (—a3/p2) =1 D) (pi/p2) = (—@3/p2) = —1
(p1/as) = (—@3/q4) = —1 (p1/as) = (—a3/q4) = 1
(p1/gs) = (—a3/q5) = —1 (p1/gs) = (—a3/a5) = —1

However, each one of these four possible sets of Kronecker symbol equalities contradicts
(—p1ga, p2gsq3) being a Ag-splitting of the second kind; sub-case 8 therefore does not
occur.

In sub-cases 9), 10) and 12) we are not able to directly conclude that these sub-cases
do not occur, or utilize Lemma 1 or Lemma 3 directly to show that & has infinite 2-
class field tower. However, by using the group property of A-splittings of the second
kind we are able to determine the third nontrivial Ag-splitting of the second kind, and
consequently are still able to either conclude that these sub-cases do not occur or make
use of Lemma 1 or Lemma 3 to conclude that k has infinite 2-class field tower. We
note that by using this group property we see that sub-case 7 results in (—gs, p1p293qa)
being a A-splitting of the second kind, which is another means (via Lemma 2) of
demonstrating that £ has infinite 2-class field tower in this sub-case. In actuality, sub-
case 7 does not occur — given our initial assumption that (—gs, p1p2g3qs) is not a
Aj-splitting of the second kind.

Sub-case 9) If (—pi1q3, P2gaqs) and (—p2q3, p1qaqs) are Ag-splittings of the sec-
ond kind then we add the third nontrivial Aj-splitting of the second kind, which is
(P12, 43949s). We are thus back in sub-case 6, and from above we are able to apply
Lemma 3 to conclude that & has infinite 2-class field tower.

Sub-case 10) If (—p1 ¢, p2qgags) and (—paqa, p1g3qs) are Ag-splittings of the second
kind then we again add the third nontrivial Ag-splitting of the second kind, which
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s (—gs, p1p2q3qs). We thus see that sub-case 10 does not occur, given our initial
assumption that (—gs, p1p2q3qa) is not a Ag-splitting of the second kind.

Sub-case 11) If (—p1g3, p2qags) is a Ag-splitting of the second kind then we have the

same four sets of possibilities for Kronecker symbol inequalities as we had for sub-case

A) (pi/p2) = (—@3/p2) =1 ) (p1/p2) = (—a3/p2)
(p1/as) = (—@3/qs) =1 (p1/as) = (—a3/q4) =
(pi/as) = (—a3/q5) =1 (p1/as) = (—a3/as) =

C) (pi/p2) = (—a3/p2) =1 ) (p1/p2) = (—a3/p2) =
(p1/as) = (—a3/q4) = —1 (p1/as) = (—a3/q4) =
(p1/gs) = (—a3/q5) = —1 (p1/as) = (—a3/as) =

However, each one of these four possible sets of Kronecker symbol inequalities con-
tradicts (g3qs4, —p1p2¢s) being a Ag-splitting of the second kind; sub-case 11 therefore
does not occur.

Sub-case 12) If (—p1¢3, p2qaqs) and (qags, —p1p2q3) are Ag-splitting of the second
kind then we again add the third nontrivial A-splitting of the second kind, which is
(p2, P1G39aqs). We are thus back in sub-cases 3 and 4, and are able to make use of
Lemma 1 to conclude that & has infinite 2-class field tower.

Sub-case 13) By Corollary 1, (¢34, —p1p2gs) and (g3qs, —p1p2qa) cannot both be
A-splittings of the second kind; sub-case 13 therefore does not occur.

Since we have exhausted all possible sub-cases of nontrivial Ag-splittings of the
second kind when C, has 4-rank equal to 2 for Case C of Theorem 1, our result is
established for the three negative prime discriminant case when A\ Z 4 mod 8 and our
theorem is proved. O

In order to state our result for the three negative prime discriminant case where
A = 4 mod 8, we let k = Q (v/—4p1p2q1g2) where p; and p, are distinct primes
congruent to 1 mod 4, and ¢; and ¢; are distinct primes congruent to 3 mod 4. We note
that if Ay # 4 mod 8 in the three negative prime discriminants case then by Theorem
1 we know that k has infinite 2-class field tower.

Theorem 2. Let k be an imaginary quadratic number field with rank Cy, = 4 and
4-rank of Cy, equal to 2 such that exactly three negative prime discriminants divide \k,
and N = 4 mod 8. If the Kronecker symbols of the primes dividing /\}. do not have
the format (p1/2) = (p2/2) = (p1/a3) = (p1/as) = (p2/@3) = (p2/@s) = —1 then
k has infinite 2-class field tower.

Proof. We assume that neither (—4, pip2q3q4) nor (—gs, 4p1p2qa) (again without loss
of generality) are /\j-splittings of the second kind. We now initially have twenty five
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sub-cases to consider for AA-splittings of the second kind:

1) (p1, —4p2q3qs)  2) (p1,—4p2@3q4)  3) (p1, —4p2q3qs)  4) (p1, —4p2q3g4)
(P2, —4P143q4) (—P163,4p2qa) (—4p1, P243q4) (—p2a3,4p1qa)
5) (p1, —4p2g3q4)  6) (p1,—4p2g3qs) 7) (p1, —4p2g3qs)  8) (p1, —4p2q3qa)
(—4p2, P143q4) (434, —4p2p1) (4g3, —p1p2qa) (P1p2, —4q3q4)
9) (p1p2, —4q3q4) 10) (p1p2, —4q3qa) 11) (p1p2, —4q3q4)  12) (p1p2, —4q344)
(—P163,4p2qa) (—4p1, P243q4) (¢34, —4p1p2) (4q3, —P1P2qa)
13) (=p1g3,4p2qs)  14) (—p1a3,4p2gs)  15) (—p1g3,4p2qs)  16) (—p1g3,4p2gs)
(—p144, 4p293) (—4p1, p2q394) (—p2g3,4p144) (—4p2,p193G4)
17) (—=p143,4p2qs)  18) (=p1g3,4p2gs)  19) (—p1g3,4p2gsa)  20) (—p1g3,4p2qa)
(—p2as,4p143) (q3q4, —4p1p2) (4q3, —P1P2Ga) (4q4, —P1P2q3)
21) (—4p1,;2q3qa)  22) (—4p1,p2q3qa)  23) (—4p1,p2q3qa)  24) (g3qa, —4p2p1)
(—4p2, P143q4) (q3q4, —4p1p2) (4q3, —P1P2G4) (4q3, —P1P2G4)
25) (4¢3, —p1p2ga)
(4q4, —P1P2q3)

As in Case C of Theorem 1, we proceed to demonstrate that for each one of the above
twenty five possibilities, either we have a contradiction, which means that the sub-case
cannot occur, or with two exceptions we are able to use Lemma 1 or Lemma 3 to show
that k£ has infinite 2-class field tower, the exceptions being the particular Kronecker
symbol format (p1/2) = (p2/2) = (p1/a3) = (p1/a@) = (p2/03) = (p2/as) = —1
for the sub-cases which satisfy either both sub-case 9 and sub-case 15, or both sub-case
10 and sub-case 21.

Sub-cases 1) thru 8) Since in sub-cases 1 thru 8 we have (p;, —4p2g3qs) occurring
as a A\g-splitting of the second kind, we have (pl/pz) = (pl/Q3) = (pl/q4) =1
and we are able to use Lemma 1 to conclude that £ has infinite 2-class field tower.
However, we see that in actuality sub-cases 2 and 3 do not occur, as applying the
group structure of A-splitting of the second kind contradicts our initial assumption
that neither (—4, p;p2q3qa) nor (q3,4p1p2qa) are Ag-splitting of the second kind.

Sub-cases 9) thru 12) In sub-cases 9 thru 12 we have (p;p2, —4¢3q4) occurring as a
A-splitting of the second kind, and we therefore have the following four possibilities
for sets of Kronecker symbol equalities:

(p1/2) = (p2/2) =1 B) (n/2) = (,2/2) =1
(p1/a3) = (p2/a3) =1 (p1/a3) = (p2/a3) = —1
(p1/@a) = (p2/as) =1 (p1/as) = (p2/as) = —1
(p1/2) = (p2/2) = -1 D) (p1/2) = (p2/2) = -1
(p1/a53) = (p2/a3) =1 (p1/a3) = (p2/a3)
(p1/@a) = (p2/as) =1 (p1/as) = (p2/s)
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We observe that sub-cases 11 and 12 do not occur, since by applying the group structure
of Ag-splitting of the second kind we see that sub-case 11 implies that (—4, p1p2q3q4)
is a A\g-splitting of the second kind and sub-case 12 implies that (—qa,4p1p2g3) is a
A -splitting of the second kind; both of these do not occur by our initial assumptions.
For the equalities in parts A, B, and C of sub-cases 9 and 10 we are able to apply
Lemma 3 to conclude that k£ has infinite 2-class field tower. For the equalities in part
D of sub-cases 9 and 10 we are not able to apply Lemma 3, and we therefore add the
third nontrivial /A\-splitting of the second kind, from applying the group structure of
A-splitting of the second kind. We observe that sub-case 9 implies sub-case 15 and
sub-case 10 implies sub-case 21.

As far as our methods can be used, we are not able to demonstrate that either sub-
cases 9 and 15 cannot occur or sub-cases 10 and 21 cannot both occur. Neither are we
able to utilize any of our previous lemmas to conclude that & has infinite 2-class field
tower when the equalities in part D of sub-cases 9 and 10 are satisfied.

We now continue with the remainder of our sub-cases.

Sub-cases 13) thru 20) In sub-cases 13 thru 20 we have (—pqs, 4p2qa) occurring as
a /\-splitting of the second kind, and we therefore have the following four possibilities
for sets of Kronecker symbol equalities:

2) = (—q3/2) =1 B)
pi/p2) = (@3/p2) =1
pi/as) = (—q3/qs) = 1
p1/2) = (—q3/2) =1 D)
p1/p2) = (a3/p2) = —1
pi/as) = (—i/qs) = —1

p1/2) = (—¢3/2) = -1
pi/p2) = (a3/p2) =1
pi/as) = (—q3/qs) = 1
p1/2) = (-3/2) = -
pi/p2) = (a3/p2) = —1
pi/as) = (—a3/qa) = —1

) 1/
(
(
) (»/
(
(

/\/\/‘\/\/\/‘\

We observe that sub-cases 13, 14, 18 and 19 cannot occur, since every one of the above
four possibilities contradicts each of (—pjqa,4p2q3), (—4p1,P2q3q4), (4394, —4P1D2),
and (4¢3, —p1p2qa) being a A\p-splitting of the second kind. We observe that sub-cases
16 and 17 cannot occur, since by applying the group structure of /\-splitting of the
second kind we see that sub-case 16 implies that (—qu, 4p1p2q3) is a Ag-splitting of
the second kind and sub-case 17 implies that (—4, p1p2q3q4), is a A\g-splitting of the
second kind; both of these do not occur by our initial assumptions.

For sub-case 20, since (4q4, —p1p2q3) is a Ag-splitting of the second kind, we must
have (p] / q4) = (pz / q4) = 1 and we therefore conclude by Lemma 3 that & has infinite
2-class field tower.

For sub-case 15 by applying the group structure of Ag-splitting of the second kind
we find that sub-case 15 implies sub-case 9 (as previously observed).

Sub-cases 21) thru 23) In sub-cases 21 thru 23 we have (—4p;, p2q3q4) occurring as
a Ag-splitting of the second kind, and we therefore must have (p;/p2) = 1, (p1/q3) =
(pl / q4) = —1. In sub-case 22, by applying the group structure of Ag-splitting of the
second kind we see that (pp, —4p1q3q4) is a Ag-splitting of the second kind, and we
therefore can apply Lemma 1, to conclude that £ has infinite 2-class field tower.
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In sub-case 23, since (—4q3, p1p2qa) is a Ag-splitting of the second kind, we must
have (pl / Q3) = 1, which is a contradiction and therefore sub-case 23 cannot occur.

As we have previously observed, sub-case 21 implies sub-case 10.

Sub-cases 24) and 25) By Corollary 1 we see that sub-cases 24 and 25 cannot occur.

Since we have exhausted all possible sub-cases of nontrivial Ag-splittings of the
second kind when C}, has 4-rank equal to 2 and £ satisfies the assumptions of Theorem
2, our result is established for the three negative prime discriminant case when A\, = 4
mod 8. g

4-rank of C'; equal to 1. For the case when the 4-rank of CY, is equal to 1, we are able
to state the following lemma, where p; and p, represents positive prime discriminants
dividing A, —q; represents a negative prime discriminant dividing /\j, and either r;,
2 <4 < 5, represents a positive prime discriminant dividing Ay or —r; represents a
negative prime discriminant dividing Ay.

Lemma 6. Let k be an imaginary quadratic number field with rank C, , = 4 and 4-
rank of Cy, equal to 1. Assume that the nontrivial /\-splitting of the second kind for k is
either (without loss of generality) (—q1, m2137475), (P1, —T2737475), OF (D1D2, —T374T5).
Then k has infinite 2-class field tower.

Proof. If the nontrivial Ag-splitting of the second kind for k is (—q1, ra737475) then k
has infinite 2-class field tower by Lemma 2. If the nontrivial A-splitting of the second
kind for k is (p1, —rar374rs) then k has infinite 2-class field tower by Lemma 1. If the
nontrivial Ag-splitting of the second kind for k is (p1p2, —737475) then we have the
following four possibilities for sets of Legendre symbol equalities:

) (p1/r3) = (p2/r3) =1 B) (pi/r3) = (p2/r3) =1
(p1/r4) = (p2/r4) = (p1/r4) = (p2/rs) = —1
(p1/rs5) = (p2/rs) = (p1/rs) = (p2/rs) = —1
) (p1/r3) = (p2/r3) = D) (pi/r3) = (p2/r3) = =1
(p1/r4) = (p2/ra) = (p1/ra) = (p2/r4) = —1
(p1/rs) = (p2/rs) = (p1/rs) = (p2/rs) =1
We therefore are able to apply Lemma 3 for each of the above four possibilities to
conclude that k has infinite 2-class field tower; our result is thus established. |

Remark 2. We note at this point that the fields £ which have infinite 2-class field tower
in Theorem 1, Theorem 2 and Lemma 6 also have the property that the ranks of the
2-class groups of these fields tend to infinity since they possess an unramified quadratic
extension which satisfies the Golod-Shafarevich inequality (cf. [1, 4, 10]).

Remark 3. For examples of imaginary quadratic number fields & with rank Cj,» = 4
and 4-rank of C}, equal to 1 or 2 such that & has infinite 2-class field tower, please see
[1]. We see that the example in [1] of 4-rank of C'} = 2 which has infinite 2-class field
tower, k = Q (v/=3,989,045) = Q (V=5 - 11-29 - 41 - 61), satisfies Theorem 1.
We note that the nontrivial Ag-splitting of the second kind for & in all of the
examples in [1] for which the 4-rank of C} equals 1 satisfies one of the conditions
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of Lemma 6 (for example k = Q (,/—184,008) = Q (vV—-2-3-11-17-41), k =
Q (v/=531,867) = Q (V=3 -7-19-31-43). An example of a sub-case in Theorem
2 for which we are not able to determine if k£ has infinite 2-class field tower is the
following: k = Q (vV—4-5-7-13-67) = Q (v/—121,940). We see that k satisfies
sub-cases 9 and 15 of Theorem 2 with (5/2) = (13/2) = (5/7) = (5/67) =
(13/7) = (13/67) = —1, and we are therefore not able to conclude that k has infinite
2-class field tower.
For ease of reference we summarize our findings in the following table:

Exact number of
negative prime
4-rank discriminants Ap =4mod8 | Ar # 4 mod 8 | Infinite 2-class
of C}, dividing Ag field tower
4 1,3,0r5 v/ v yes
3 1,3,0r5 v v yes
2 lor5 V/ vV yes
2 3 v/ yes
2 3 v ?
1 1 v yes
1 1 Y ?
1 3or5 v/ v/ ?
0 1 cannot occur v/ ?
0 3or5 v v ?

TABLE 1. Infinite 2-class Field Tower for Imaginary Quadratic Number
Fields with 2-class Group of Rank 4
In conclusion, we see that the conjecture concerning the 2-class field tower of k

being infinite holds whenever the 4-rank of CY is greater than or equal to 3, or equal to 2
when either one or five negative prime discriminants divide A\, or A, is not congruent
to 4 mod 8, assuming that rank C, » = 4. With particular conditions on the nontrivial
Aj-splitting of the second kind for &, the conjecture also holds for certain families of
fields £ when the 4-rank of CY is equal to 1. However, the complete resolution of the
conjecture concerning all imaginary quadratic number fields & with rank Cj» = 4 is
still an open question.

Acknowledgement. 1 would like to express my gratitude to both Chip Snyder and Franz
Lemmermeyer for a number of helpful suggestions throughout this paper.

Résumé substantiel en francais. Soit £ un corps de nombres algébriques et soit C, »
son 2-groupe de classes, c’est-a-dire le 2-sous-groupe de Sylow du groupe C', de classes
(au sens large) de k. Dénotons par k| le 2-corps de classes de k. Pour n > 0, définissons
ky, par ko = k et kpyp = (kp)1. Alors kg C ky Cky C--- Ck, C --- estappelée la
tour des 2-corps de classes de k. Si n est I’entier minimal pour lequel k,, = k1, alors



12 On a question of Martinet

on dit que n est la longueur de la tour des 2-corps de classes. Si un tel entier n n’existe
pas, alors on dit que la tour des 2-corps de classes est infinie.

II est bien connu que si k est un corps quadratique imaginaire dont le rang de Cf »
est > 5, alors la tour des 2-corps de classes de k est infinie. Si rang (C’kﬁz) =2o0u 3,
alors la tour des 2-corps de classes peut étre finie ou infinie. Si rang (C},2) = 1, alors
la longueur de cette tour est 1. Par contre, si rang (C,2) = 4, on ne sait pas si la tour
des 2-corps de classes de £ est toujours infinie. Dans un de ses articles, Martinet a posé
la question de savoir si c’est toujours le cas.

Hajir a obtenu un résultat partiel dans cette direction : si k est un corps quadratique
imaginaire dont le 4-rang de C}, » est > 3, alors la tour des 2-corps de classes de £ est
infinie. Dans un travail antérieur, nous avons montré que si k est un corps quadratique
imaginaire dont le rang de C; » est 4, dont le 4-rang de C;, est > 2, et dont le discriminant
A\, est divisible par un seul discriminant premier négatif, alors la tour des 2-corps de
classes de k est infinie. On dit que d est un discriminant premier négatif sid < 0 et —d
est un premier ou vaut 4 ou 8. Dans cet article, nous généralisons a la fois le résultat de
Hayjir et notre résultat antérieur ; plus précisément, nous montrons que la tour des 2-corps
de classes de k est infinie, si k est un corps quadratique imaginaire ayant les propriétés
suivantes : le rang de C,» est 4, le 4-rang de C}, est > 2 et ou bien /\;, est divisible
par cinq discriminants premiers ou bien /\; Z 4 mod 8. Nous démontrons aussi que si
A = 4 mod 8 et si exactement 3 discriminants premiers négatifs divisent A\, alors
la tour des 2-corps de classes de k est infinie lorsque les symboles de Kronecker des
premiers divisant /\; n’ont pas une certaine configuration. Finalement, nous exhibons
des conditions suffisantes pour obtenir des corps quadratiques imaginaires dont le rang
de Cy est 4, dont le 4-rang de C}, est 1 et dont la tour des 2-corps de classes est
infinie. Les méthodes utilisées dans nos preuves sont essentiellement combinatoires et
sont basées sur des résultats antérieurs reliés a I’inégalité de Golod-Shafarevich.
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