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CALCULUS OF THE FUNDAMENTAL MATRIX FOR
GENERALIZED LINEAR DIFFERENTIAL EQUATIONS

VALERIU PREPELITA

RESUME. On donne deux méthodes pour le calcul de la matrice fondamentale as-
sociée aux éguations difféerentielles linéaires généralisées sur |’ espace de Banach
desfonctionsavariation bornée. Le résultat principal del’ article généralise dans ce
cadre laformule de Peano-Baker.

ABSTRACT. Two methods are given for the calculus of the fundamental matrix
for the generalized linear differential equations on the Banach space of functions
of bounded variation. The main result extends the Peano-Baker formula in this
framework.

1. Introduction. Thetheory of generalized linear differential equationsin the space of
functions of bounded variation was developed by Kurzweil, [6, 7], Halanay and Moro
[4], Schwabik, Tvrdy and Vejvoda [12], on the basis of the Perron-Stieltjes integral.
Tvrdy [13, 14] extended thistheory for equationswith right hand member in the class of
regulated functions. Similar problems in the space of regulated functions were studied
by Honig [5], Fichmann [3] and Barbanti [1], where theinterior (Dushnik) integral was
employed. Thistheory was used by Tvrdy [14] and Prepdlitaet al.[8, 9, 10] in the study
of generaized dynamical and acausal systems.

An important device in the study of such systemsis the (generalized) fundamental
matrix.

In thispaper two methodsare given for the effective cal culus of the (generdized) fun-
damental matrix. A Peano-Baker typeformulais proposed and the uniform convergence
of the matrix seriesis proved.

2. Generalized linear differential equations and the Perron-Stieltjes integral.
Throughout this paper, [¢,b] C R is afixed interval; BV, BV™ and BV"*™ denote
the Banach spaces of functions of bounded variation on [a, b] and taking values in
R, R™ and R"*" respectively (thenormin BV is| f|gv=| f(a) | + var’ f).

A function f : [a,b] — R which possesses finite limits f(¢+) and f(t—) for any
t € [a, b] (Where by definition f(a—) = f(a) and f(b+) = f(b) issaid to beregulated
on [a, b]. The set of all regulated functions on [a, b] is denoted by G; this set endowed
with the supremal norm is a Banach space. Obviously. BV C . The Banach space of
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n-vector functions with entriesin & is denoted by G”. G denotes the subspace of all
functionsin G™ which are left-continuous on [a, b].

We denote by A™ and A~ the operators defined by A*f(t) = f(t+) — f(t),
ATf(t) = f(t) — f(t—=), t € (a,b), f € G; Smilar operators are defined for
fe BV,

The Perron-Stieltjes integral is introduced by an equivalent definition, due to Kur-
zweil [6]. Thisintegra includesthe o-Riemann-Stieljesintegral (see Schwabik [11]).

An arbitrary function ¢ : [a,b] — R™ is called a gauge on [, b]. A partition P of
[a, b] is a sequence of pointsin [, b],

P = {to,Tl,tl,Tz,... ,t]‘_l,T]‘,t]‘,... ,Tk,tk}

suchthattg = a,t; = bandtj_l <t <1 < t]‘,j =1,...,k

Given agauge é on [a, b], the partition P of [a, b] is said to be §-fine if [t;_1,t;] C
(r; — &(r), 75 +6(5)), 7 = 1,...,k. Given two functions f,¢ : [¢,b] — R and a
partition P we associate the integral sum

k
Sra(P) =Y fi){g(t;) = g(tj-1)) .
j=1
Definition 2.1. A number I € R iscalled the Perron-Stieltjes (Kurzweil) integral of f
with respect to ¢ froma to b and is denoted by 7 = fab fdgorl = fab f(t)dg(t) if for
any € > 0, there exists a gauge ¢ on [a, b] such that | I — Sy ,(P) |< € for all 5-fine
partitions P of [a, b].

If f € BV andg € G then theintegralsfab fdg and fab gdf exist (see[13], Theorem
2.8).

Let us summarize some properties of the Perron-Stielttjes integral that we need in
the sequdl.

Proposition 2.2. If f is nonnegative, ¢ is nondecreasing on [«, b] and fab fdg exists,
then [ fdg > 0.

Proof. Since f(t) > 0,Vt € [a,b]and ¢(t;) —g(t;—1) > 0,5 = 1,..., kitresultsthat
St q(P) > Ofor al é-fine partition P of [a, b]. But by definition, for any ¢ > O there
existsagauge é on [a, b] such that |fab fdg — S;4(P)|< ¢, hence fab fdg > 0.

For f=fi— foorg=g1— 92 fi:[a,b] > R,g; : [a,b] = R,i = 1,2, wehave
Corollary 2.3. If fi(t) > fa(t),¥t € [a,b], g is nondecreasing on [a, b] and the
integrals [ fudg, [ fodg exist, then [ fidg > [ fadg.

Corollary 2.4. If f(t) > 0,Vt € [a, b], the function g1 — g2 is nondecreasing on [a, b]
and theintegralsfab fdgy and ff fdgo exist, then fab fdgyr > fab fdgo.

The following four propositions are obtained from [13] Theorem 2.7 and [12] Co-
rollary 1.4.27, Theorem 1.4.29 and Lemmal.4.21, respectively.
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Theorem 25. If f, : [a,b] = R,n=121,2,...,lim,_, f, = f uniformly on [a, b],
g € G and fab fodg existsfor all n = 1,2, ... then thelimit lim,_ fab fndg aswdl
asfab fdg exist and they are equal.

Theorem 2.6. If f,g € BV then

b b
/ fdg‘é [ oy 1)

Theorem 2.7. If h : [a,b] — R is nonnegative, nondecreasing and continuous from
theleftin [, b], then, for any k& € N,

/ R < () - ) (22)

a

Proposition 2.8. If f € BV then [ df = f(b) — f(a).
A generalized linear differential equation (GLDE) is denoted by the symbol
dv = d[Az +dg (2.3)
whereA € BV™*™ and g € G™.

Definition 2.9. A function  : [a,b] — R"™ issaid to be a solution of the GLDE (2.3)
on [a, b] if for any ¢, to € [a, b] the equality

ot) = a(t0) + [ dLAS))a(s) +9l0) - gito) (2.4)

to
holds.

Remark 2.10. Let us consider the particular case of absolutely continuousfunctions A
and ¢ having the expressions A(t) = [ B(s)ds, g(t) = [, h(s)ds,t € [a,b], where
B :[a,b] - R"*™andh : [a,b] — R"™arecontinuouson|a, b].Sincef;f d[A(s)]z(s) =
[Ld[f! B(s)ds]z(s) = [ B(s)z(s)ds (see[12], Remark 1.4.35) it results from (2.4)
that the GLDE (2.3) is equivaent to the linear ordinary differential equation

i(t) = B(t)z(t) +h(t) (25)

hence GLDE (2.3) isagenerdization of (2.5).
Giventg € [a, b] and z¢ € R", the solution which verifies the initial condition

w(to) =20 (2.6)

issaid to be the solution of theinitial value problem (2.4), (2.6).
One associates to the nonhomogeneous GLDE (2.4) the homogeneous equation

de = d[A]x . 2.7)

In [12], Theorem I11.2.10, the generalized fundamental matrix of the homogeneous
equation (2.7) wasintroduced:
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Theorem 2.11. If the matrix valued function A € BV "*™ hasthe properties

det(7 + ATA(t)) # 0 (2.8)
det(I — A~ A(t)) #£0 (2.9)
then there exists a unique matrix valued function U : [a, b] X [a, b] — R"™*" such that

Ult,s) =1 +/t d[A(r)U(r, s) (2.10)

for any t, s € [a, b]. The fundamental matrix U has the following properties, for any
r,s,t € [a,b]: Thereexists M > Osuchthat | U(t,s) | +varlU(t, ) + varbU(-,s) +
v(U) < M < oo; here v(U) denotes the bidimensional (Vitali) variation of U on
[a, 0] x [a, b].

Ult,s)=Ult,r)U(r,s), (2.11)
Ut,t) =1, (2.12)
U(t+,s) = [T+ ATADU(L,s),U(t—,s) = [I — A AUt s), (2.13)
Ult,s+) = Ult,s)[T + A*YA(s)] 7L U(t,s—) = U(t, s)[I — A7 A(s)] 72

(2.14)
Ult,s)t = U(s,t). (2.15)

On the basis of the generalized fundamental matrix one obtains the variation of
parameters formula (see [12], Theorem 111.2.13. and [14], Remark 2.3).

Theorem 2.12. If A € BV™*" verifies the conditions (2.8) and (2.9), then for any
to € [a,b], z0 € R", g € G™ the solution of the initial value problem (2.4), (2.6) is
given by the formula

t
z(t) = Ult,to)zo+g(t) — g(to) —/ d,[U(t,5)](g(s) — g(t0)), t € [a,0] (2.16)
to
andz € G™.
If g € BV™thenz € BV"; if Aiscontinuousonthelefton[a,b]andg € G}, then
€ GY.

3. Peano-Baker formulafor generalized fundamental matrices.

In this section we establish a Peano-Baker type formulausing arecurrence construc-
tion suggested by (2.10) and we emphasi ze sufficient conditionsfor the convergence of
the corresponding matrix series.

Theorem 3.1. If thematrix function A = [a;;]7,_; € BV"*" iscontinuouson the |&ft
on [a, b] and it verifies the assumption

det(I + ATA(t)) # O, V¢ € [a, b) (3.2
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then for any ¢ € [a, b) the sequence of matrices { M}, (, to) } x>0 defined recursively by
Mot to) = 1 (32)

My(t,to) = I + / LA Mp_1(s. f0) 33)

to

converges uniformly with respect to ¢ on [to, b] and

lim M;(t, to) = Ult, o). (3.4
k—o0
Proof. If A is continuous on the left on [a, b] then A A(t) = A(t) — A(t—) = 0,
(the null matrix of order ») hence det(/ — A~ A(t)) = det/ = 1 # O, that is the

condition (2.9) holds; the assumption (3.1) implies the existence of the fundamental
matrix U (t, s), ¢, s € [a, b] (See Theorem 2.11).
Let us denote by F;;(A) the element «,; of the matrix A. For a point ¢ty € [a,b)
arbitrary fixed, let us consider afunction 1 : [a, b] — R having the properties:
i) hispositive, nondecreasing and continuous on theleft on [a, b],
i) h(to) =0,
iii) forany s,t € [to,b], s < t, h(t) — h(s) > MaXicij<n Varia,; (3.5)
For example the function

Ofort € [a, to]

ht) = D varag; fort € (o, 0]

=1 7=1

has the above three properties.

From theinequality (3.5), it resultsthat thefunction () — var; a;; isnondecreasing
forany ¢ € [to,b]andany i,j € N;1< ¢, j < n.

We shall establish by induction an inequality verified by the elements of the matrices
M. (t, to) .

By using Theorem 2.6 with f = 1, Corollary 2.4 and thefact that A(t) — var} a;; is
nondecreasing as in the Proposition 2.8, we obtain:

2 / 19| - / e

< /td( varl a;;) < /t dh = h(t) — h(to) = h(2).

to to

[ artae)| -

to

Using thisinequality, Theorem 2.6, Corollaries 2.4 and 2.3 and Theorem 2.7, it results,

forany 1 <4, 5,1 <n:
51
/ dag;(s2)
to

1 S1
/daﬂ(sl)/ dag;(s2)
to0 to0
1

< /td(varf;)h(sl) < /t dh(s1)h(s1) < % (h2(t) — h(to)) = 5hZ(t).

to to

t
< / d( varf;a”)

to
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Then
t 51 51 n o,
‘Eij (/to dA(s1) /to dA 52) z; / dai(s1 /to daj(s2)| < 5rh*(t)
L et us assume that
t 51 Sk—1 nk—l L
‘Eij (/to dA(sl)/to dA(sz).../to dA(sk)) <—h'w. @8

Then, using again the above mentioned Theorems, we obtain

‘Eij ( /t: dA(s1) /: dA(sp) - /t:k_ldA(sk) /: dA(sk+1))‘
Ey (/ dA 81)) By (/t:l dA(s) - - -/t:k_l dA(sy) /t:k dA(sm))‘

< zn:/td(Varféau) By (/: dA(s2) - '/t:k_l dA(sk) /t:k dA(5k+1))‘

1=1 %o
. k-1 gt i
< Z/ (variiay)” o h (52) < n—yj /to dh(s1)h"(s1)
1 K+l K+l n* k+1
< - - =

hence (3.6) istruefor any k& € N.
From (3.2) and (3.3) it results:

Mt to) :1+/t dA(sl)+/t dA(s1) /Sl dA(sp) +

to0 to0 to0

+/tdA(Sl) /SldA(Sz).../Sk_ldA(sk). (37)

to to to

Therefore, forany ¢ € [to,b],1 < 4,7 < nand k € N wehave:

By (/t: dA(gl)) +|E;; (/t: dA(s1) /t:l dA(Sz)) +

| Eij (My(t, t0))| < 1+

+ B (/t: dA(s1) /: dA(sz).../t:k_l dA(sk))‘
< Lo () + 2R+ R

since h is nondecreasing on [¢g, b].
The last sequence of positiverea numbersis convergent since,

212 kpk
lim (1—£+1(1+nh(b)+nh (b)+---+n h (b))) :1—1+£.e”h(b)

k—00 n on 1! 2! k! n o n
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and it results that the sequence {£;; (M} (t,to)) }r>o0 is uniformly convergent with
respect to ¢ on [to, b] and the matrix sequence { My (¢, to) } x>0 has the same property.
SinceA € BV ™" itresultsfrom(3.2), (3.3) and[12], Corollary .4.27 that M, (¢, o) €
BV forany k € N.

One obtains from Theorem 2.5 that the integrals [; d[A(s)]Mx(s, to) eist for any
k> 1and

im [ a0 = [ i) (Jim Vets.i0)).

k—oc0 to to

By taking thelimitsas k — oo in (3.3) we obtain

kILTo My (t, to) = I+/t d[A(s)] (kll—[go Mk(s,to))

to

that islimy_., My (to,t) verifies the equation (2.10). By uniquenessit results that
U(t,to) = lim Mk(t,to).
k—oc0

Taking thelimitas £ — oo in (3.7) we obtain

Corollary 3.2. If A € BV"™*" jscontinuous on the left and it satisfies the assumption
(3.1), then the fundamental matrix U (¢, to) is given by Peano-Baker formula

Ut to) =I+/tdA(sl)+/tdA(sl) /SldA(52)+...

to0 to0 to0
t 51 Skp—1
+/ dA(sl)/ dA(sz)---/ dA(sp) ++-- (38)
to to to

4. Calculus of the fundamental matrix for a class of system matrices of bounded
variation.

The inequality (2.2) is essentia in the proof of the convergence of the generalized
fundamental matrix. But if thefunction / is nonnegative, nonincreasing and continuous
on the right, the opposite inequality holds (see [12] Theorem 1.4.29). It results that if
the system matrix A is not continuous on the left, we cannot prove the convergence of
the matrix series (3.8).

In this paragraph we propose an algorithm for the cal culus of the fundamental matrix
for a particular subclass of BV "*™; thisagorithm works even for system matrices that
are not continuous on the | eft.

Theorem 4.1. Let usassumethat A € BV """ hasthe expression A(t) = [ B(s)ds
for some matrix B € R™*™ which is continuous on [«, b] with the exception of a finite
number of pointst; € (a,b), i =1,...,k, t; < t;41.

If the conditions (2.8) and (2.9) hold, then the fundamental matrix U (¢, s) can be
calculated by the following algorithm:

Step 1 Calculate the fundamental matrix ®(¢, s) corresponding to the system of ordi-
nary differential equationsz(t) = B(t)z(t), for t,s € [a,t1),t,s € (t;,ti41),
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i=1,...,k—1andt,s € (tx,b] (using for example the “ classical” Peano-
Baker formula, see for instance[2]).

Step 2 PutU(t,a) = ®(t,a) fort € [a,t1).

Step 3 If U (¢, a) isdetermined for ¢ € [a, t;) then calculate

Ultiya) = [I — A= A(t)]™ 0 (ti—, 0),
Ulti+,a) = [T+ AT AU (4, ),
U(t7 a) = (I)(t, ti)U(ti+, a) fort (ti, tﬂ.l).

DoSep3fori=1,...,k (Wheretys1 = b).
Step 4 Calculate U (t, s) for t, s € [a, b] by theformula

Ult,s) = U(t,a)U(s,a)L.

Proof. Theuniquenessof the fundamental matrix aswell astheformulae (2.11)—2.15)
prove that the result of thisagorithm isindeed the fundamental matrix U (¢, s).

5. Concluding remarks.

The two classes of system matrices anaysed in paragraphs 3 and 4 are those which
are natural in the study of GLDE (see [14], §2). These methods for the calculus of
the fundamental matrix are useful in the study of generalized dynamical and acausal
systems, of the systems with the boundary condition containing a Perron-Stieltjes
integral, 2D generalized systems, etc.

Résumeé substantiel en francais.

La théorie des équations différentielles linéaires généralisées sur |’ espace des fonc-
tions a variation bornée a été développée par Kurzweil, Halanay et Moro, Schwabik,
Tvrdy et Vejvoda sur la base de I'intégrale Perron-Stieltjes. Cette théorie a été uti-
lisee par Tvrdy et Prepelita dans I’ &ude des systemes dynamiques généralisés et des
systemes commandés aux limites. Un instrument important dans cette théorie est la
matrice fondamental e (généralisée).

Dans cet article sont établies deux méthodes pour le calcul effectif de la matrice
fondamental e des systémes sur |’ espace de Banach des fonctions a variation bornée.

L’'intégrale de Perron-Stieltjes est introduite (Définition 2.1) et quelques propriétés
de cette intégrale sont présentées (Proposition 2.2 et 2, 8, Corollaires 2.3 et 2.4 et les
Théoremes 2.5, 2.6 et 2.7). Ces propritétés sont nécessaires pour la démonstration de
la convergence uniforme de la série de Peano-Baker.

On définit les équations différentielleslinéaires généralisées (GLDE) sur |’ espace de
Banach des fonctions a variation bornée, ainsi que la solution d’ une GLDE (Dé&finition
2.9, equations (2.3) et (2.4)).

Le Théoréme 2.11 contient les conditions suffisantes pour I’ existence et I’ unicité
de la matrice fondamentale d'une GLDE (conditions (2.8) et (2.9)), ains que les
principal es propriétésde cette matrice (formules (2.11)—2.15)). Laformuledevariation
des constantes (2.16) est donnée dans le Théoreme 2.12.

Le résultat principa del’article est le Théoreme 3.1; on montre que si lamatrice de
la GLDE est continue a gauche et vérifie I'hypothése (3.1) aors la suite des matrices
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a variation bornée My (t,to) définie par les formules (3.2) et (3.3) est uniformément
convergente sur I'intervalle [¢o, b]. On montre aussi que la limite de cette suite est la
matrice fondamentale. Il en résulte une formule de type Peano-Baker dans ce cadre
généralisé (Corollaire (3.2)).

Quand les conditions suffisantes mentionnées ne sont pas remplies, on propose
une autre méthode qui utilise (par morceaux) la matrice fondamentale classique; cet
agorithme est donné par le Théoréme 4.1.

Ces méthodes pour e calcul delamatricefondamentaled’ une GL DE sont utilesdans
I’ &ude des systemes dynamiques généralisés, des systémes commandés aux limites
contenant une intégrale de Perron-Stieltjes, des systémes 2D généralisés, etc.
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