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ON THE REMAINDER OF THE FIRST ORDER DEVELOPMENT
OF CONVEX FUNCTIONS

DOMINIQUE AZÉ

RÉSUMÉ. On étudie le reste dans le développement conique du premier ordre d’une
fonction convexe définie sur un espace normé de dimension infinie. On donne à la
fois des majorations et des minorations de ce reste et l’action de la conjugaison sur
ces estimations est caractérisée. En particulier, on met en évidence la dualité entre
la classe des fonctions convexes coniquement différentiables et celle des fonctions
convexes métriquement bien posées.

ABSTRACT. A study of the remainder term in the first order conical development
of a convex function is given in the framework of infinite dimensional normed
spaces. Lower and upper estimates of this remainder are tackled, and the action
of the conjugacy operation on these estimates is characterized. In particular, we
shed some light on the duality between the class of conically differentiable convex
functions and the class of metrically well-set functions.

1. Introduction. The question of the second order differentiability of the so-called
Moreau-Yosida approximation of closed convex functions has aroused a renewed inter-
est recently (see [12], [13], [14], [18], [19]) mainly due to algorithmic considerations.
In connection with this problem, C. Lemaréchal and C. Sagastizábal gave in [12] a
thorough study of the remainder of the first-order development of convex functions. In
the present paper, we generalize and complete the results of [12] in several directions.
We get rid of the growth conditions required in the quoted paper, especially the growth
condition from below which amounted, more or less, to local strong convexity of the
function. Moreover, we work in the setting of normed linear spaces instead of finite
dimensional Euclidean spaces. We also improve, in the convex case, the results given
in [21]. The paper is organized as follows. In section 2, some technical results on
Lipschitz regularization and metrically well-set functions are recalled and established.
In section 3 and 4, local upper and lower estimates on the remainder of the first order
development of convex functions are tackled and the action of the conjugacy operation
on the classes of functions appearing naturally in this setting (see Definitions 2, 3, 4, 5)
is characterized.
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2. Notations and preliminary results. Let us consider two normed vector spaces X
and Y whose closed unit balls are denoted by BX and BY . We will denote by B(x, r)
the closed ball with center x ∈ X and radius r ≥ 0. We will also assume that X = Y ∗

or Y = X∗ in such a way that

‖x‖ = sup
y∈BY

〈x, y〉 for all x ∈ X,

and
‖y‖ = sup

x∈BX
〈x, y〉 for all y ∈ X,

where 〈·, ·〉 denotes the pairing between a space and its dual. In the sequel Γ0(X) (resp.
Γ0(Y )) will denote the set of convex proper functions which are supremum of a family
of affine functions of the type 〈·, y〉 + c (resp. 〈x, ·〉 +C). Given a subset C of X we set

d(x,C) = inf{‖x− z‖ : z ∈ C}

with the convention d(x, ∅) = +∞ and we denote for C,D ⊂ X

e(C,D) = sup
x∈C

d(x,D) if D 6= ∅, e(C, ∅) = +∞ if C 6= ∅

with e(∅, D) = 0. We denote by iS the indicator function of a set S ⊂ X defined by

iS(z) =
{

0 if z ∈ S
+∞ if z ∈ Z \ S.

Recall that given a function f : X −→ R ∪ {+∞}, one defines for all y ∈ Y

f∗(y) = sup{〈x, y〉 − f(x) : x ∈ X}.

Given a subsetC ofX its support function σC is the function σC = (iC)∗. For a convex
function f : X −→ R ∪ {+∞} we define for each ε ≥ 0

∂εf = {(x, y) ∈ X × Y : f(x) + f∗(y)− 〈x, y〉 ≤ ε},

and for all x ∈ X,
∂εf(x) = {y ∈ Y : (x, y) ∈ ∂εf}.

If f ∈ Γ0(X), then for each x ∈ dom f = {z ∈ X : f(x) < +∞} and for each ε > 0
the set ∂εf(x) is nonempty. We shall also use

∂f(x) = ∂0f(x) =
⋂
ε>0

∂fε(x).

LetN be the set of nondecreasing functions α : R+ −→ R∪{+∞} such that α(0) = 0
and let Φ be the set those α ∈ N which are firm, that is α(t) > 0 for t > 0. Let us also
denote by Ψ the set of functions β ∈ N such that limt↓0 t

−1β(t) = 0. A function α
defined on R+ will be extended to a function α̃ defined on the whole R by α̃(t) = α(|t|).
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Given such a function α : R+ −→ R ∪ {+∞}, we will denoted by α∗ the function
defined for all s ∈ R+ by

α∗(s) = sup
t≥0

(st− α(t)).

As well-known, one has α∗ = α̃∗ on R+ where α̃∗ stand for the usual Legendre-
Fenchel conjugate of the function α̃∗. A function α ∈ N is said to be starshaped at 0 if
α(ct) ≤ cα(t) for all t ∈ R+ and c ∈ [0, 1]. As well-known (see Lemma 1 in [1] and
Lemma 2.1 in [2]) one has α∗ ∈ Ψ whenever α ∈ Φ is starshaped at 0 and β∗ ∈ Φ
whenever β ∈ Ψ. Given a subset S ⊂ X and α ∈ N, let us set for all x ∈ X, y ∈ Y

h(x) = α(d(x, S)) and k(y) = α(‖y‖) + σS(y).

Then (see [4] Lemma 2) one has

h∗(y) = α∗(‖y‖) + σS(y). (1)

moreover assuming that S is convex and σ(X,Y )-closed one has

k∗(x) = α∗(d(x, S)). (2)

In the sequel we shall use the following Lipschitz regularization for convex functions
(see [8]). Given f ∈ Γ0(X) and s > 0 we set

f[s](x) = (f +
e
s‖ · ‖)(x) = inf{f(z) + s‖z − x‖ : z ∈ X}.

Observe that f[s] is convex and that

(f[s])
∗ = f∗ + isBY .

Easy adaptation to our setting1 of Proposition 2.1, 2.2 and 2.3 of [8] given in [3]
show that for all f ∈ Γ0(X), for all s > d(0, dom f∗), the function f[s] is convex
proper Lipschitzian with modulus s and σ(X,Y )-l.s.c. Moreover assuming that for
each ε > 0, ∂εf(x) ∩ sBY 6= ∅, then

f[s](x) = f(x) (3)

and
∂εf[s](x) = ∂εf(x) ∩ sBY for all ε ≥ 0.

We will also use the following

Lemma 2.1. Let f ∈ Γ0(X) and s > 0. Let x ∈ X be such that

∅ 6= ∂f[s](x) ⊂ int (sBY ),

then
f[s](x) = f(x) and ∂f[s](x) = ∂f(x).

1in which for example a convex Lipschitzian function f ∈ Γ0(X) is not necessarily σ(X,Y )-
lower semicontinuous.
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Proof. Let y ∈ ∂f[s](x). One has x ∈ ∂(f∗ + isBY )(y). Setting g = f∗ and using the
fact that y ∈ int (sBY ), it follows that for all v ∈ Y and for all t ∈ [0, 1] small enough
one has y + tv ∈ sBY and then g(y + tv) ≥ g(y) + t〈x, v〉. Thus

g′(y; v) ≥ 〈x, v〉 for all v ∈ Y

which implies x ∈ ∂g(y) and then y ∈ ∂f(x) yielding

∂f(x) ∩ sBY 6= ∅ and ∂f[s](x) ⊂ ∂f(x).

Using (3) and (4), we get

f[s](x) = f(x) and ∂f(x) ∩ sBY = ∂f[s](x) ⊂ int (sBY )

thus
∂f(x) ⊂ int (sBY )

which ends the proof of the lemma. �

Given f ∈ Γ0(X) we set

mf = inf
x∈X

f(x) = −f∗(0) andSf = argmin f = f−1(mf ) = ∂f∗(0).

Let us give the main definitions we shall be dealing with in the sequel.

Definition 1. (See [5],[7] and [17]). We say that f ∈ Γ0(X) is metrically well-set if
there exists α ∈ Φ such that for all x ∈ X,

f(x) ≥ −f∗(0) + α(d(x, ∂f∗(0))) = mf + α(d(x, Sf )). (5)

The property required in the previous definition is also called stability in [7]. It amounts
to say that limn→∞ d(xn, argmin f) = 0 for each minimizing sequence (xn)n∈N.

Definition 2. Given g ∈ Γ0(Y ), we say that g is firmly subdifferentiable at y0 ∈ Y if
there exists x0 ∈ X,α ∈ Φ and δ > 0 such that

g(y) + iB(y0,δ)(y) ≥ g(y0) + 〈x0, y − y0〉 + α(d(y, ∂g∗(x0))) for all y ∈ Y (6)

that is g − 〈x0, ·〉 + iB(y0,δ) is metrically well-set.

In Definition 2, one has necessarily x0 ∈ ∂g(y0); thus requiring some uniformity in
inequality (6) leads to :

Definition 3. Given g ∈ Γ0(Y ), we say that g is uniformly firmly subdifferentiable at
y0 ∈ Y if there exists α ∈ Φ and δ > 0 such that

g(y) + iB(y0,δ)(y) ≥ g(y0) + σ∂g(y0)(y − y0) + α(‖y − y0‖) for all y ∈ Y.
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Definition 4. Given f ∈ Γ0(X), we say that f is firmly differentiable at x0 ∈ dom f
if there exists β ∈ Ψ and y0 ∈ ∂f(x0) such that

f(x) ≤ f(x0) + 〈x− x0, y0〉 + β(d(x, ∂f∗(y0))) for allx ∈ X. (7)

In (7), one has β(d(x, ∂f∗(y0))) ≤ β(‖x−x0‖), so that firm differentiability entails
Fréchet differentiability.

Definition 5. Given f ∈ Γ0(X), we say (see [15]) that f is conically differentiable at
x0 ∈ dom f if there exists β ∈ Ψ such that

f(x) ≤ f(x0) + σ∂f(x0)(x− x0) + β(‖x− x0‖) for allx ∈ X. (8)

It is known that σ∂f(x0)(·) = f ′ (x0; ·) where

f ′ (x0;u) = lim infn
t↓0
v→u

t−1 (f(x0 + tv)− f(x0)
)

is the l.s.c. regularization of the usual one-sided directional derivative f ′(x0; ·), so
that conical differentiability means a uniform approximation of Fréchet type for the
generalized directional derivative f ′ (x0, ·).

It is also known (see [11, 4, 17]) that the greatest function α ∈ Φ satisfying (5)
denoted by αf is given by

αf (t) = inf{f(x)−mf : d(x, Sf ) ≥ t} = inf{f(x)−mf : d(x, Sf ) = t},

and that its lower semicontinuous regularization ᾱf which is still firm is starshaped at
0. For such a function f , we set

Φf = {α ∈ Φ : α starshaped and f(x) ≥ mf + α(d(x, Sf )) for allx ∈ X}.

Observe that local estimates are allowed in (7) and (8) whenever β = β̄ + i[0,ε] with
β̄ ∈ Ψ and ε > 0. Assuming that f ∈ Γ0(X) is conically differentiable at x0 ∈ X, the
smallest β ∈ Ψ in (8) is given, for all t ∈ R+ by

β(t) = sup{f(x)− f(x0)− σ∂f(x0)(x− x0) : ‖x− x0‖ ≤ t},

where the supremum is taken over x ∈ X such that σ∂f(x0)(x− x0) is finite, is convex.
Assuming that f is conically differentiable at x0, we set

Ψf = {β ∈ Ψ∩Γ0(R+) : f(x) ≤ f(x0)+σ∂f(x0)(x−x0)+β(‖x−x0‖) for allx ∈ X}.

In the finite dimensional case, one has the following simple result.

Proposition 2.2. Let ∈ Γ0(Rd) be such that Sf = argmin f is bounded. Then f is
metrically well-set.

Proof. Let us set for t ∈ R+

α(t) = inf{f(x)−mf : d(x, Sf ) = t}.
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As f is lower semicontinuous and {x ∈ Rd : d(x, Sf ) = t} is compact, the infimum is
attained in the definition of α in such a way that α(t) > 0 for all t > 0. Let us prove
that α is nondecreasing. Let t1, t2 ∈ R+ be such that t1 ≤ t2 and α(t2) < +∞. Given
ε > 0, there exists x2 ∈ {x ∈ Rd : d(x, Sf ) = t2} such that f(x2)−mf ≤ α(t2) + ε.
Let x ∈ Sf be the projection of x2 on Sf and let x1 = (t1/t2)x2 +

(
1− t1/t2

)
x. One

has d(x1, Sf ) = t1 so that

α(t1) ≤ f(x1)−mf ≤
t1
t2
f(x2)−mf ≤

t1
t2

(α(t2) + ε).

Letting ε decrease to 0 yields α(t1) ≤ t1/t2α(t2). �

Using these notations it can be proved

Theorem 2.3. ([4, Proposition 2.4]). Let fh ∈ Γ0(X). Then
a) f metrically well-set implies that f∗ is conically differentiable at 0.
b) h conically differentiable at 0 implies that h∗ is metrically well-set.

Moreover one has
(Φf )∗ ⊂ Ψf∗ and (Ψh)∗ ⊂ Φh∗ .

Example 1.
a) The function f = iR− is metrically well-set with αf = i{0} and its conjugate
f = iR+ is conically differentiable at 0 with β = 0.

b) The function f defined on R2 by f = σP where

P =
{

(x, y) ∈ R2 : y ≤ −x
2

4

}
is not metrically well-set. Indeed it is equal to

f(x, y) =


+∞ if y ≤ 0 and x 6= 0

0 if (x, y) = (0, 0)

x2/y if y > 0

so that Sf = {0} × R+. Thus for ε > 0 and y > 0 one has

d((ε, y), Sf ) = ε and lim
y→+∞

f(ε, y) = 0.

The following result will be also useful. We give its proof for the convenience of the
reader.

Theorem 2.4. ([4, Theorem 2.2]). Assume that f ∈ Γ0(Y ) with Y = X∗ is such that
Sf = argmin f is bounded. Assume also that for some α ∈ N one has

f(y) ≥ mf + α(d(y, Sf ))

for all y ∈ Y. Then, for all ε > 0, one has

∂f∗(x) ⊂ ∂f∗(0) + εBY for all x ∈ X such that ‖x‖ < ε−1α(ε).
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Proof. Let ‖x‖ < ε−1α(ε), one has

inf
X∗

(f − 〈x, ·〉) = min
Nε(Sf )

(f − 〈x, .〉),

where Nε(Sf ) = {y ∈ X∗ : d(y, Sf ) ≤ ε}. Indeed, it is clear that

inf
X∗

(f − 〈x, .〉) ≤ min
Nε(Sf )

(f − 〈x, .〉).

On the other hand, given y ∈ argmin (f − 〈x, .〉 + iNε(Sf )), one has d(y, Sf ) < ε. If
not as

f(y)− 〈x, y〉 ≤ mf − 〈x, z〉 for each z ∈ Sf

and d(y, Sf ) ≥ ε, we should get

α(ε) ≤ f(y)−mf ≤ 〈x, y − z〉 ≤ ‖x‖‖y − z‖

for all z ∈ Sf yielding
α(ε) ≤ ‖x‖ε,

a contradiction. Thus we get y ∈ argmin (f − 〈x, .〉). From what precedes we obtain,

argmin (f − 〈x, ·〉) ∩ {y ∈ X∗ : d(y, Sf ) < ε} 6= ∅,

argmin (f − 〈x, ·〉) ∩ {y ∈ X∗ : d(y, Sf ) = ε} 6= ∅.

It follows that

argmin (f − 〈x, .〉) ⊂ {y ∈ X∗ : d(y, Sf ) < ε},

thus

∂f∗(x) ⊂ {y ∈ X∗ : d(y, Sf ) < ε} = {y ∈ X∗ : d(y, ∂f∗(0)) < ε}. �

Corollary 2.5. Let β ∈ Φ ∩ Γ0(R). Then for all δ > 0 one has

∂β∗(t) ⊂ [−δ, δ]

for all t ∈ R+ such that t < δ−1β(δ).

Proof. As argmin β = {0} is bounded one gets β(t) ≥ β(d(t, argminβ)) for all
t ∈ R+, thus we can apply theorem 2.4 with f = β and α = β yielding the announced
result since ∂β∗(0) = argmin β = {0}. �

3. Upper estimates on the remainder. In this section, we prove that a function
ϕ ∈ Γ0(X) is conically differentiable at x0 with ∂ϕ(x0) bounded if and only there
exists y0 ∈ ∂ϕ(x0) such that ϕ∗ is firmly subdifferentiable at y0.
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Proposition 3.1. Let ϕ ∈ Γ0(X) with Y = X∗ be conically differentiable at x0 ∈ dom
ϕ. Assume that ∂ϕ(x0) is bounded. Then, for all β ∈ Ψϕ and for all ε > 0,

∂ϕ(x) ⊂ ∂ϕ(x0) + εBX∗ for all x ∈ X such that ‖x− x0‖ < ε−1β∗(ε). (9)

Moreover, assuming that β = β̄ + i[0,δ] with β̄ firm, then for all ε ∈ (0, δ−1β̄(δ)), one
has

∂ϕ(x) ⊂ ∂ϕ(x0) + εBX∗ for all x ∈ X such that ‖x− x0‖ < ε−1β̄∗(ε). (10)

Proof. Let us define f ∈ Γ0(X∗) by f = ϕ∗ − 〈x0, ·〉. As f∗ = ϕ(x0 + ·) is conically
differentiable at 0, we deduce from Theorem 2.3 that f is metrically well-set with
α = β∗.Observe that Sf = ∂ϕ(x0) is bounded. Thus (9) follows from Theorem 2.4. In
the case where β = β̄ + i[0,δ], one has β∗ = (β̄∗)[δ]. Now β̄∗(ε) = (β̃∗)[δ](ε) provided
that ∂β̄∗(ε) ∩ [−δ, δ] 6= ∅. Applying Corollary 2.5 we get ∂β̄∗(ε) ⊂ [−δ, δ] whenever
0 < ε < δ−1β̄(δ) yielding (10). �

Corollary 3.2. Let ϕ ∈ Γ0(X) with Y = X∗ and let x0 ∈ dom ϕ be such that for some
c > 0 and δ > 0

ϕ(x) ≤ ϕ(x0) + σδϕ(x0)(x− x0) +
c

2
‖x− x0‖2 + i[0,δ](‖x− x0‖).

with ∂ϕ(x0) bounded. Then, for all x ∈ U
(
x0, δ/4

)
, one has

e(∂ϕ(x), ∂ϕ(x0)) ≤ 2c‖x− x0‖.

Proof. Let us set β̄(t) = ct2/2 and let us choose

ε ∈
(

2c‖x− x0‖,
c

2
δ
)
.

We have ε ∈ (0, δ−1β̄(δ)) and ‖x− x0‖ < ε−1β̄∗(ε). Thus, from Proposition 3.1, we
obtain

e(∂ϕ(x), ∂ϕ(x0)) ≤ ε.

Hence, the conclusion of the corollary follows by letting ε decrease to 2c ‖x −
x0‖. �

In fact, Proposition 3.1 and next Proposition 3.3 show that a function ϕ ∈ Γ0(X)
is conically differentiable at x0 with ∂ϕ(x0) bounded if and only if the multimapping
x−→→∂ϕ(x) is Hausdorff upper semicontinuous at x0 with ∂ϕ(x0) bounded.

Proposition 3.3. Let ϕ ∈ Γ0(X) with Y = X∗, let x0 ∈ X be such that ∂ϕ(x0) is
bounded and

e(∂ϕ(x), ∂ϕ(x0)) ≤ γ(‖x− x0‖)

for some γ ∈ N such that limt↓0 γ(t) = 0. Then

ϕ(x) ≤ ϕ(x0) + σ∂ϕ(x0)(x− x0) + β(‖x− x0‖)



D. Azé 9

for all x close enough to x0 where β ∈ Ψ is defined by

β(t) = tγ(t).

Proof. Let s > 0 and η > 0 be such that ∂ϕ(x) ⊂ sBY for all x ∈ B(x0, η). It follows
that, for all x ∈ B(x0, η), one has ϕ[s](x) = ϕ(x) and ∂ϕ[s](x) = ∂ϕ(x) leading to

ϕ[s](x)− ϕ[s](x0) = ϕ(x)− ϕ(x0) = 〈x− x0, yθ〉

for some θ ∈ (0, 1) and yθ ∈ ∂ϕ[s](x + θ(x− x0)). Thus, we get

ϕ(x)− ϕ(x0) ≤ σ∂ϕ(x0)(x− x0) + min
y∈∂ϕ(x0)

‖yθ − y‖‖x− x0‖

yielding
ϕ(x)− ϕ(x0) ≤ σ∂ϕ(x0)(x− x0) + ‖x− x0‖γ(‖x− x0‖)

for all x ∈ B(x0, η) which ends the proof of the proposition. �

Theorem 3.4. Let ϕ ∈ Γ0(X) with Y = X∗, let x0 ∈ X, let y0 ∈ ∂ϕ(x0) and let
β ∈ Ψ be such that

ϕ(x) ≤ ϕ(x0) + σ∂ϕ(x0)(x− x0) + β(‖x− x0‖) for all x ∈ X. (11)

Then, for all y ∈ Y

ϕ∗(y) ≥ ϕ∗(y0) + 〈x0, y − y0〉 + β∗(d(y, ∂ϕ(x0))). (12)

Moreover, if β(t) = β̄(t) + i[0,ε](t) with β̄ ∈ Ψ ∩ and ε > 0 then

ϕ∗(y) ≥ ϕ∗(y0) + 〈x0, y − y0〉 + β̄∗(d(y, ∂ϕ(x0))) (13)

for all y ∈ Y with ‖y − y0‖ < ε−1β̄(ε).

Proof. Let us define g ∈ Γ0(X) by g(s) = ϕ(x0 + s) and f = g∗. One has f(y) =
ϕ∗(y) − 〈x0, y〉,mf = −ϕ(x0) and Sf := argmin f = ∂ϕ(x0). Assumption (11)
amounts to say that

g(s) ≤ g(0) + σ∂g(0)(s) + β(‖s‖) for all s ∈ X.

Applying Theorem 2.3, we get

f(y) ≥ mf + β∗(d(y, Sf )) for all y ∈ Y

which is exactly (12). Assume now that β(t) = β̄(t)+i[0,ε](t).We have β∗(t) = (β̄∗)[ε].
Applying Corollary 2.5, we obtain that

∂β̄∗(t) ⊂ [−ε, ε] for all t ∈ R+ with t < ε−1β̄(ε),

hence,
β∗(t) = β̄(t) assuming that t < ε−1β̄(ε)

yielding (13). �

The preceding theorem admits the following converse.
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Theorem 3.5. Let ψ ∈ Γ0(Y ) with Y = X∗, let y0 ∈ Y, let x0 ∈ ∂ψ(y0) and let
α ∈ Φ be such that

ψ(y) ≥ ψ(y0) + 〈x0, y − y0〉 + α(d(y, ∂ψ∗(x0))) for all y ∈ Y. (14)

Then

ψ∗(x) ≤ ψ∗(x0) + σ∂ψ∗(x0)(x− x0) + α∗(‖x− x0‖) for all x ∈ X. (15)

Moreover, assuming that ∂ψ∗(x0) ⊂ B(y0, r) and that, for some δ > r,

ψ(y) + iB(y0,δ) ≥ ψ(y0) + 〈x0, y − y0〉 + α(d(y, ∂ψ∗(x0))) for all y ∈ Y (16)

then,
ψ∗(x) ≤ ψ∗(x0) + σ∂ψ∗(x0)(x− x0) + α∗(‖x− x0‖) (17)

for all x ∈ X such that ‖x− x0‖ < (δ − r)−1α(δ − r).

Proof. Assumption (14) says that the function f = ψ − 〈x0, ·〉 is metrically well-
set. Thus we derive from Theorem 2.3 that function f∗ = ψ∗(x0 + ·) is conically
differentiable at 0 with β = α∗ which is exactly (15). Now let us introduce the
function f = ψ− 〈x0, ·〉 + iB(y0,δ). As ∂ψ∗(x0) ⊂ B(y0, r), it follows that ∂ψ∗(x0) ⊂
B(y0, δ) thus ∂ψ∗(x0) ⊂ argmin f so that f is metrically well-set. Observing that
f∗ = (ψ∗)[δ](x0 + ·), we obtain from Theorem 2.3 that

(ψ∗)[δ](x) ≤ (ψ∗)[δ](x0) + σ∂(ψ∗)[δ](x0)(x− x0) + α∗(‖x− x0‖) for all x ∈ X.

Relying on the assumption ∂ψ∗(x0) ⊂ B(y0, r) and using (4), we get

∂(ψ∗)[δ](x0) = ∂ψ∗(x0) ∩B(0, δ) = ∂ψ∗(x0).

Moreover, from Theorem 2.4, we obtain

∂(ψ∗)[δ](x0 + s) ⊂ ∂ψ∗(x0) + (δ − r)BY ⊂ int (B(y0, δ))

for all s ∈ X such that ‖s‖ < (δ − r)−1α(δ − r). Thus, from Lemma 2.1, we get

(ψ∗)[δ](x) = ψ∗(x) for all x ∈ X with ‖x− x0‖ < (δ − r)−1α(δ − r)

which ends the proof of the theorem. �

4. Lower estimates on the remainder. In this section, we prove that a function
ψ ∈ Γ0(Y ) is uniformly firmly subdifferentiable at y0 if and only if its conjugate ψ∗ is
firmly differentiable at all x0 ∈ ∂ψ(y0).

Lemma 4.1. Let ψ ∈ Γ0(Y ) with Y = X∗ and let α ∈ Φ be such that, for some δ > 0

ψ(h) + iB(0,δ)(h) ≥ ψ(0) + σ∂ψ(0)(h) + α(‖h‖) for all h ∈ Y (18)

and let ε ∈]0, δ[. Then

∂ψ∗(x) ⊂ B(0, ε) for all x ∈ X with d(x, ∂ψ(0)) < ε−1α(ε). (19)
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Proof. Let x0 ∈ ∂ψ(0) and let f = ψ − 〈x0, ·〉 + iB(0,δ). From assumption (18), one
gets

f(h) ≥ mf + α(‖h‖) for all h ∈ Y
which entails argmin f = {0} and then

∂f∗(0) = ∂(ψ + iB(0,δ))
∗(x0) = {0}.

From Theorem 2.4, we derive that

∂f∗(s) ⊂ ∂f∗(0) + εBY for all s ∈ X with ‖s‖ < ε−1α(ε),

yielding

∂(ψ∗)[δ](x0 + s) ⊂ εBY for all x0 ∈ ∂ψ(0) and for all s ∈ X with ‖s‖ < ε−1α(ε).

As 0 < ε < δ, it follows that for all x ∈ X with d(x, ∂ψ(0)) < ε−1α(ε) one has

∂(ψ∗)[δ](x) ⊂ int (B(0, δ)),

thus, from Lemma 2.1 we get ∂(ψ∗)[δ](x) = ∂ψ∗(x) and then ∂ψ∗(x) ⊂ B(0, ε) which
ends the proof of the lemma. �

Theorem 4.2. Let ψ ∈ Γ0(Y ) with Y = X∗ and let α ∈ Φ be such that, for some
δ > 0

ψ(y) + iB(y0,δ)(y) ≥ ψ(y0) + σδψ(y0)(y − y0) + α(‖y − y0‖) for all y ∈ Y.

Then for all x0 ∈ ∂ψ(y0) the function ψ∗ is firmly differentiable at x0 and given
ε ∈ (0, δ), one has

ψ∗(x) ≤ ψ∗(x0) + 〈x− x0, y0〉 + α∗(d(x, ∂ψ(y0))) (20)

for all x ∈ X with d(x, ∂ψ(y0)) < ε−1α(ε).

Proof. Let us set ψ̃(h) = ψ(y0 + h). One gets

ψ̃(h) + iB(0,δ)(h) ≥ ψ̃(0) + σ∂ψ(y0)(h) + α(‖h‖) for all h ∈ Y, (21)

and x0 ∈ ∂ψ̃(0). Taking the conjugate on both sides of (21) and using (2), we derive
that

ψ̃∗[δ](x) ≤ −ψ̃(0) + α∗(d(x, ∂ψ(y0))) = ψ∗(x0)− 〈x0, y0〉 + α∗(d(x, ∂ψ(y0))) (22)

for all x ∈ X. Applying Lemma 4.1 to the function ψ̃, we get

∂ψ̃(x0 + s) ⊂ B(0, ε)

for all s ∈ X with ‖s‖ < ε−1α(ε). It follows that

ψ̃∗[δ](x0 + s) = ψ̃∗(x0 + s) = ψ∗(x0 + s)− 〈x0 + s, y0〉,

s ∈ X with ‖s‖ < ε−1α(ε).Returning to (22), we get (20) and the proof of the theorem
is complete. �

The preceding theorem admits the following converse.
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Theorem 4.3. Let ϕ ∈ Γ0(X) with Y = X∗ be firmly differentiable at x0 ∈ X and let
β̄ ∈ Ψ be firm, δ > 0, x0 ∈ X, y0 ∈ ∂ϕ(x0) be such that

ϕ(x) ≤ ϕ(x0) + 〈x− x0, y0〉 + β̄(d(x, ∂ϕ∗(y0))), (23)

for allx ∈ X such that d(x, ∂ϕ∗(y0)) ≤ δ.Thenϕ∗ is uniformly firmly subdifferentiable
at y0. More precisely, for any ε < δ−1β̄(δ) one has

ϕ∗(y) + iB(y0,ε)(y) ≥ ϕ∗(y0) + σδϕ∗(y0)(y − y0) + β̄∗(‖y − y0‖) for all y ∈ Y.

Proof. Observe that (23) is equivalent to

ϕ(x) ≤ ϕ(x0) + 〈x− x0, y0〉 + β(d(x, ∂ϕ∗(y0))) for all x ∈ X

where β = β̄ + i[0,δ]. Taking the conjugate on both sides, we get using (1)

ϕ∗(y) + iB(y0,ε)(y) ≥ ϕ∗(y0) + σ∂ϕ∗(y0)(y − y0) + β∗(‖y − y0‖) for all y ∈ Y.

Now we derive from Corollary 2.5 that

β∗(‖y − y0‖) = β̄∗[δ](‖y − y0‖) = β̄∗(‖y − y0‖)

whenever ‖y − y0‖ < δ−1β̄(δ), hence the result. �

Résumé substantiel en français. Dans leurs articles [13] et [14] C. Lemaréchal et
Q. Sagastizábal ont mis en évidence l’intérêt d’estimations précises du reste dans le
développement du premier ordre d’une fonction convexe, quand on s’intéresse par
exemple à la différentiabilité du second ordre de la régularisée de Moreau-Yosida
d’une telle fonction. Dans ce travail, nous introduisons diverses notions de bonne
position et de différentiabilité faible sur la classe des fonctions convexes semi-continues
inférieurement et propres, et nous montrons que ces notions se correspondent par dualité.
On généralise ainsi les résultats de [13] dans plusieurs directions : on ne suppose pas
l’espace de dimension finie, et l’on montre que l’on peut supprimer dans [13] une
condition de croissance qui restreignait la validité des résultats à la classe des fonctions
fortement convexes. Dans la section 2, on donne quelques résultats techniques sur la
régularisée Lipschitzienne des fonctions convexes, et dans les section 3 et 4, on donne
les résultats principaux.

Nous utilisons notations et définitions suivantes. Dans la suite,X et Y désignent des
espaces normés avec Y = X∗ ou X = Y ∗ et Γ0(X) désigne l’ensemble des fonctions
convexes à valeurs dans R∪{+∞} qui sont σ(X,Y )-semi-continues inférieurement et
propres (i.e.≡/+∞). On noteN l’ensemble des fonctions croissantes α : R+ → R∪+∞
telles que α(0) = 0; Φ, l’ensemble des fonctions α ∈ N qui sont fermes (i.e. α(t) > 0
pour t > O), et Ψ l’ensemble des fonctions β ∈ N telles que limt↓0t

−1β(t) = 0.
On utilise les notations classiques en analyse convexe pour la conjuguée et le sous-
différentiel d’une fonction convexe.
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Définition 1. On dit que f ∈ Γ0(X) est métriquement bien posée, s’il existe α ∈ Φ
telle que, pour tout x ∈ X ,

f(x) ≥ −f∗(0) + α(d(x, ∂f∗(0))) = mf + α(d(x, Sf ))

où mf = infx f et Sf = f−1(mf ).

Définition 2. On dit que g ∈ Γ0(Y ) est fermement sous-différentiable en y0 ∈ Y s’il
existe x0 ∈ X , α ∈ Φ et δ > O tels que

g(y) + iB(yo0,δ)(y) ≥ g(y0) + (x0, y − y0) + α(d(y, ∂g∗(x0))) pour tout y ∈ Y.

où iS désigne la fonction indicatrice de l’ensemble S, c’est-à-dire que g − 〈x0, ·〉 +
iB(yo0,δ) est métriquement bien posée.

Définition 3. On dit que g ∈ Γ0(Y ) est uniformément fermement sous-différentiable
en y0 ∈ Y s’il existe y0 ∈ Φ et δ > 0 tels que

g(y) + iB(y0,d)(y) ≥ g(y0) + σ∂g(y0)(y − y0) + α ‖y − y0‖ pour tout y ∈ Y.

où σ∂g(y0) = i∗sg(∂g(y0)) est la fonction d’appui de ∂g(y0).

Définition 4. On dit que g ∈ Γ0(Y ) est fermement différentiable en x0 ∈ domf , s’il
existe β ∈ Ψ et y0 ∈ ∂f(x0) tels que

f(x) ≤ f(x0) + 〈x− x0, y0〉 + β(d(x, ∂f∗(y0))) pour tout x ∈ X.

Définition 5. On dit que f ∈ Γ0(X) est coniquement différentiable s’il existe β ∈ Ψ
tels que

f(x) ≤ f(x0) + σ∂f(x0)(x− x0) + β(‖x− x0‖) pour tout x ∈ X.

Il est à noter que l’on peut avoir des estimations locales dans les définitions précédentes,
car on utilise des modules α et β qui peuvent prendre la valeur +∞.

Les résultats principaux sont alors qu’une fonction φ ∈ Γ0(X) est coniquement
différentiable en x0 avec ∂φ(x0) borné si et seulement si la multiapplication ∂φ est
semi-continue supérieurement au sens de Hausdorlf en x0, c’est-à-dire que

limx→x0 sup
y∈∂φ(x)

d(y, ∂φ(x0))) = 0

avec ∂φ(x0) borné, ce qui équivaut aussi à dire qu’il existe y0 ∈ ∂φ(x0) tel que φ∗ est
fermement sous-différentiable en y0. Enfin, il est montré qu’une fonction ψ ∈ Γ0(Y )
est uniformément fermement sons-différentiable en y0 si et seulement si sa conjuguée
ψ∗ est fermement différentiable en tout x0 ∈ ∂ψ(y0).
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21. R. Zhang and J. Treiman, Upper-Lipschitz multifunctions and inverse subdifferentials, Non-
linear Anal. 24 (1995), 273–286.

D. AZÉ
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