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MORE ON THE ROOTS OF EULER-FROBENIUS POLYNOMIALS

FrANCOIS DUBEAU AND JEAN SAVOIE

RESUME. Une propriété importante de croissance de la racine principale des poly-
ndémes d’Euler-Frobénius P, (x) est obtenue a partir d’'une méthode élémentaire
d’analyse des propriétés d’entrelacement des racines de P, (x) and P, (z). Une
borne sur la somme du carré des inverses des racines transformées non-nulles est
également présentée.

ABSTRACT. An important increasing property of the main root of Euler-Frobenius
polynomials P,,(x) is obtained from an elementary method used to analyse inter-
lacing properties of the roots of P, (z) and P,,.>(x). A bound for the sum of the
square of the inverse of transformed non-zero roots is obtained.

1. Introduction. The Euler-Frobenius polynomials p,, (), -) can be defined [2, 6, 7] by

pn(A;2) = (1;)n+1 (Zaaz _/\)” <liz>

(note that p,, (X, z) = 2"H, (A, 1/2) = H,(1 — A, z), where H,, (], z) is the form used
in [5, 8, 10]).

It is well known [2, 6, 7] that the roots z](-”)()\) of pp(A, -), for A € [0, 1], are simple
and

—o <M <AV < <2 ) < 2 <.
(n

Moreover z; )()\) is an increasing function for A € [0, 1], and

22D (0) < —1 < 221 0),

r+1

My < —1< 2800,

r+1

The main root of p,, (), ), denoted ¢, (), is the greatest root of p,, (A, -) which does not
exceed —1. Hence

G(0) =20 ifn=2r+1,reN;
Gy =20y ifn=2rreN

D=

Recu le 12 juin 1995 et, sous forme définitive, le 21 janvier 1998.
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32 More on the roots of Euler-Frobenius polynomials

The Euler-Frobenius polynomials are related to the spline interpolation problem
at uniformly shifted nodes. The shifted interpolating cardinal Lagrange spline series
associated to this problem is

Zyjlj(m—)\) zeR, y; €eR, Ae[0,1],
JEZ

where [;(-) denotes the Lagrange spline of degree n € N with respect to the integer grid
and node j. Following [9, 10], the series converges/diverges if its radius of convergence
p verifies

p = Timy;coly; |V < min{|Gu (V)] [Ga(T = N1}

Since p, (A, 2) = 2"p,(1 — A, 1/2), it follows that

|Cn(0)]  formn =2r+1,

min{ |, (A)], [Cn(1 = A)[} < { 1Ca()] forn =2r
n\3 e

and the greatest possible radius of convergence is obtained for A = 0 if n is odd and
for A = % if n is even.

The object of this paper is twofold. After preliminaries in sections 2 and 3, we first
prove the following relation

G(3) < G(0) < G(3) <¢G(0) <+ < —1 (D
in section 4. It was proved in [11] that
(3(0) < ¢s5(0) <--- <1, 2
and the method has been extended in [3] to obtain
GG) <G@E) << -L 3)

The relation (1) was suggested by direct computations for low values of n and by the
following asymptotic results

Gr1(0) = —{1+ 77 + O(:)}, (4a)
Gr(1) = —{1+ 775 + O(L)}, (4b)

proved respectively in [11] and [8]. The result (1) indicates that the radius of convergence
decreases as the degree of the interpolating spline increases.
The second result, obtained in section 5, is an upper bound for the expression

Moy —1]
ey [

ey L2 () +1

(2
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where Z,,(\) = {i | zi(n)()\) # —l and —o0 < zi(n)(/\) < 0}. This bound is useful
for calculating some constants related to error bounds for the shifted cardinal spline
interpolation problem [4]. We are particularly interested by the cases:

(i) n =2r+ 1 and A\ = 0, for which we obtain

4 1612
Jrr1(0) < —2r+2)(2r +3 ~  — ; 5
2+1()_7T2(r+ )(2r +3) > r — 00 (5a)
(i) n=2rand \ = %,for which we obtain
T3y < L0201 1) 204 2) 6ar” (5b)
r(5) < —=(2r r ~ T — 00.
r\2) =3 3

Let us observe that, using (4a) and (4b), the term corresponding to the main root in this
summation (in fact there are two such terms) has almost the same order of magnitude
than the upper bound

Core1(0) — 17° Gr(d) -1 2 g\ 2
[Czrn(o)-i-l} and [C%(;)"‘l] ~ <7T2> r — 00.

2. The transformation. Using the substitution z = (x + 1)/(x — 1) which preserves
interlacing properties of the roots, and following [11], we define for A = 0

Po_i(z) = (z — 1) 'p,(0, 2) (6)
forn > 1. Then Py(z) = 1, and

P (z) =22P,(z) — (1 — 22)DP, ()

d
for n > 0 where D = e For example
x

Py(z) =2z

Py(z) =2(32% — 1)

Ps(z) =8(32° — 21)

Py(x) =8(15z* — 1527 +2)

Ps(z) =16(452° — 602> + 17z)

Ps(z) =16(3152° — 5252* + 23122 — 17).

For \ = 5, we define

1
29

Qn(z) = (z — 1)"pn(3, 2). (7)
Then Qo(z) = 1, and

Quii (@) = 2Qn(z) — (1 — 2*)DQy(2)
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for n > 0. For example

Qi(x) =x

Qa(z) =227 — 1

Q3(x) =62° — 5z

Q4(z) =242* — 282 +5

Qs(z) =1202° — 1802° + 61z

Qe(x) =7202° — 1320z* + 6622> — 61.

Consequently, the Euler-Frobenius polynomials are examples of polynomials gener-
ated by the following general scheme
( () Po(z) =1;
(i) forn >0
(G) Cni1 Pos1 (z) = 2rpx P, (z) — (1 — 2°)DPy ()

where {r, } 7> is a sequence of strictly positive real numbers and

{en}72 is a sequence of non-zero real numbers.

3. Intermediate results. Let P(z) be any polynomial of degree n such that P(—x) =
(—1)™P(z), and let us define the operator T, for r > 0 by the formula

T,(P)(z) = 2rzP(z) — (1 — 2*)DP(x).
We note that
T.(P)(0) = =DP(0),  T,(P)(1) =2rP(1),

and
T,(P)(—z) = (1), (P)(x).

We also have the following properties (proofs of results of this section are given in [3]).
Property 1. If W,.(z) = (1 — 2%)" P(x), then DW,.(z) = —(1 — 2?)"~'T,.(P)(x).
Property 2. If Q(z) = c(1 — 2®)P(x), then T,(Q)(x) = c¢(1 — 2®)Ty+1(P)(x).

From these properties we conclude that the roots of DW,.(z) and the roots of
T, (P)(x) are the same on (—1, 1).

In the sequel we assume that all the non-zero roots of P(z) are simple and on the
interval [—1, 1].

Definition 3. Let [ be any non-negative integer, and

P(z) =« H(mz —a?) and P*(z)=4! ’H(g;2 — (a)?)
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be two polynomials of degree n = 2k +[ where 0 = ap < ] < -+ < g < gy = 1
and 0 = o < of < --- < af < aj,,; = 1. We shall say that the roots of P*(x)
precede the roots of P(x) on [—1, 1], and write Rts{ P*(z)} < Rts{P(x)}, provided

af <a;fori=1,....k—1,

and
ap <o <lorajp=oa = 1.

The following three lemmas are direct consequences of this definition.

Lemma 4. [fRts{P*(z)} < Rts{P(x)}, then for any non-negative integer j

Rts{2’/ P*(2)} < Rts{z? P(z)}.

Lemma 5. [fRts{P*(x)} < Rts{P(x)} and oy, < 1, then

Rts{(1 — 2?)P*(x)} < Rts{(1 — 2*)P(z)}.

Lemma 6. IfRts{P**(z)} < Rts{P*(z)} and Rts{P*(x)} < Rts{P(x)}, then
Rts{P**(z)} < Rts{P(x)}.

The next lemma localizes the roots of T}.(P)(x) with respect to the roots of P(z).

Lemma 7. Letr > 0,

1 ifl >0, k ] =1,
L—{ v and U:{ e

2 ifl=0:; k+1 ifog <1
Then
(a) Bo = 0isaroot of T,,(P)(x) of multiplicity 1 if | = 0 or of multiplicity | — 1 if
[>0;
(b) there exists a sequence {[3; iU:L such that v,y < i < o; (i = L,...,U) and

Bi is a simple root of T,.(P)(x);
(¢) if ag = 1 then P41 = 1 is a simple root of T,.(P)(z).

In the next results we analyse the dependence of the roots of 7,.(P)(z) on the roots
of P(x), and the parameter 7. The results are based on the following lemmas.

Lemma 8. Letr > 0, j fixed such that 1 < j < k, and assume

0<aj<aifj=1, ajo1 <o <ajifj> 1
" . . xzf(oz;f)2
Let P*(z) = P(x)y(x) where 1(x) = ———. Then
i

Ris{T,(P*)(z)} < Rts{T,(P)(x)}.
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Lemma9. Lerr > 0. IfRts{P*(z)} < Rts{P(x)}, then

Ris{T,(P*)(z)} < Rts{T,(P)(x)}.

Lemma 10. Let s > r > 0. Then

Rts{Ts(P)(z)} < Rts{T,.(P)(z)}.

4. Increasing property of the main root. Let {P,}°° ; be the sequence of polynomials
generated by (G). From the definition, we have P,(—xz) = (—1)"P,(x). Moreover,
from Lemma 7 it follows that the roots of P, (x) are simple and all in the interval
(—1,1). Let the roots of P, (z) be

oz(()n) =0 of multiplicity n — 2n,,

™ fori=1,....n,

7

where 7,, = | 5| is the integral part of %, and
Oga(()”) <alW <. <al<1.

Then there exist constants C, such that

2n
Po(z) = Coz™ 2 [] (2% — (a{™)?). (8)

i=1

The first result of this section corresponds to the standard interlacing property

() - ) D) (t=1,...,m),

Nn+1—1 Nn+1—1i NMns1+1—1
and it follows directly from Lemma 7.

Theorem 11. Let {P,}7° , be the sequence generated by (G). Then
Rts{z P, (z)} < Rts{(1 — 2?)P, ()}

Rts{zP,(x)} < Rts{Py4+1(z)}
foranyn > 0.

The second result corresponds to the following interlacing property

(n)

(n+2)
- < ann+1

Nn+1—1

(12 (i=1,.

«Q NMn+2—1 -

L4 <« ‘-777n)7

and it is used to obtain (2) and (3). Its proof is similar to the proof of Theorem 13.
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Theorem 12. Let {P,}° , be the sequence generated by (G). Then
Rts{2°P,(x)} < Rts{Ppn2(z)}.
Moreover, if 14 > max{0,r, — 1} for alln > 0, then
Rts{P2(z)} < Rts{(1 — z*)P,(x)}
foranyn > 0.

The last result is used to compare the roots of two sequences of polynomials generated
by (G). It is a key result to obtain (1).

Theorem 13. Let {P,}2°, and {Q}22, be two sequences generated by (G) for
{rn}2 and {s,}5°, respectively. If
sp <mpforn>1, and 1y <sp+1jforn>2,

then
Rts{ P, (z)} < Rts{Qn(x)} < Rts{(1 — 2*)P,_»(2)} )
forn > 2.
Proof. We can consider that Py (z) = x = Q1(z), Po(z) = 1 — (1 +2r1)2?, Qa2(z) =
1 — (1 +2s1)x?, and the result holds for n = 2. If (9) holds, then using Lemma 9,
Res{T, (Po)(@)} < Rs{Ts, (Qn)(2)} < Rs{T, (1 = 2%) Py2) ()}

But, from Lemma 10,
Res{T;., (Pn)(x)} < Res{T, (Pn)(2)}
since 1, > S,. Also
Ty, (1 = 2®) Pa2) (@) = (1 = 2%) Ty, 01 (Pr2) (2)
from Property 2. Again, from Lemma 10,
Rts{T, +1(Prn—2)(x)} < Rts{T},, ,(Pn-2)(z)}
because s, + 1 > r,_,. Finally, from the definition of P,,_;(x) and P,+;(x), we have

Rts{Ppy1(2)} < Rts{Qns1(2)} < Rts{(1 — 2*)P,_;(x)}.
The result follows by induction. [

Example 14. For the Generalized Euler-Frobenius polynomials we have Py(xz) = 1 =

Qo(z),
rn=1 and Puy(z) =T1(P,)(x) forn > 0,

sn=14% and Qnu(z) =T (Qn)(x) forn > 0,

and
Rts{P,(z)} < Rts{Qn(x)} < Rts{(1 — 2*)P,_»(z)}

for n > 2. In particular, this result for n even is used to obtain (1). TABLE I indicates the
first eight values of (,,,(\) which is the main root for the shifted interpolating cardinal
Lagrange spline series of degree m.
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TABLE 1. SOME VALUES OF (;, ().

n Tn m A Cm(N)

2 3 2 5 —5.82847
2 1 3.0  —3.73205
4 3 4 3 —2.76746
4 1 5 0 —232247
6 1 6 1 —2.04794
6 1 7 0  —1.86818
8 3 8 1 —1.74008
8 1 9 0 —1.64474

5. Bound for the sum of roots. To measure the closedness of the non-zero roots of
P, (x) from 0 we can consider the following quantity

77’71 1
I, = .
2 (al™)2

i=1

From (8), we have
— M if n is even;
2P,(0) ’

D3P, (0) .
—— f dd.
6DPn (0) IIni1sSo

Using (G), it follows

Cn+1Cn+2Pns2 (0) . .
—Ty — if n is even;

2P, (0)

1+ 27, + 14 Cn+2Cn+3Pna3 (0) . .
— — if n is odd.
3 6Pn+] <O)

I, =

Application 15. For the Generalized Euler-Frobenius polynomials, we consider the
roots zz-(")(/\) < 0and z"(\) # —1, and we define the set

(n)
| =00 <z '(A) <0,
T,(\) = {Z G (A) }
and z; ' (\) # —1
Fori € Z,,()\), let
(n)
~ 1
Oé,En) ()\) 2 ()‘) + :

and
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Since (see [2])
Pa(h—1) = (=1)"2" B, (\)
where E,, () is the Euler polynomial of degree n [1], we obtain the following expres-
sions:
(1) if A=0,r, =1and ¢, = 1 for all n, using (6) we have

Jn(0) = 2051, (10)

and
Pn+3 (07 _1) o 2Ff‘n+3 (O)

200 (0,-1) B (0)
3 6pna(0,—1) 3 3En(0)

if n 1s even,
I, =

(ii) if A = 3, s, = 3 and ¢, = 1 for all n, using (7) we have

In(3) =21, (11)
and
_1 _ w — _1 _ 2En+2(%) if n is even
L) Gy 2 E(G)
n = . 1 2E, 1
_§_L’z;) _ _§_i? if n is odd.
6 6puri(d—1) 6 3Eu(d)

Moreover, expressions in terms of the nth Euler number F,, and the nth Bernoulli
number B,, can be obtained since

E,(})=2"E, and  E,(0)=-22"21B,,,.

n+l1

An upper bound for I,, can be obtained from the expressions of E,,(-). From [1, p.
805], we have

k=0
and .
2 = (—1)F
EZl(%) = (_l)l (2121 ( )21 1
mebl e~ (2k + 1)+
Then
() if A=0,r, =1,and ¢,, = 1, we have
2
2% if n is even,
I, < i (12)
4 3
L H+3) s odd,

372
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since

‘E2l+‘(0)‘< @LFDE) 53,
EZZ—I(O) - 7T2 T ’
(i) if A = 4, s, = 3, and ¢, = 1, we have
2 1
8% if n is even,
I, < W (13)
= 2
gM+3(+2) s odd,
373
since
Enen(3)| _ 4Q21+2)(20+1)
22| < ; 1=1,2,3,...
Ey(3) @

follows from the increasing property of

B +00 (_1)k

forp € [1,00), ¢(1) = §, and lim,,_.. ¢(p) = 1.
Finally, (5a), respectively (5b), follows from (10) and the first inequality in (12),
respectively from (11) and the first inequality in (13).
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Résumé substantiel en francais. La série

doyililz—2)  zeRy; eRAE0,1],
JEZL

ou /;(-) est la spline de Lagrange de degré n € N définie a I’aide de la partition Z de
R, converge/diverge si

oy S min{|Gu (V)L [Gu(1— NI},

ou ¢, (A) est la racine principale du polyndme d’Euler-Frobénius

pn(A;2) = (1_;)n+1 (Zaaz _/\>" <1iz>’

11 est connu que les racines z(-n)()\) (j =1,...,n) de p,(A,-) sont réelles, ont la

J
propriété suivante

—oo <2 <AV << 2™ ) < M) <o,
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et sont des fonctions croissantes pour A € [0, 1]. La racine principale de p,, (A, z) est sa
plus grande racine qui ne dépasse pas -1. Nous avons que
G(0) =20 ifn=2r+1,reN;
Gy =2y ifn=2rreN
et que le plus grand rayon de convergence de la série est obtenue pour n impair avec
A = 0, et pour n pair avec A = %
Dans cet article nous démontrons la relation suivante

G(3) < G(0) < G(3) < G(0) <--- < =1, (1)

En utilisant la transformation z = (z + 1) /(x — 1) qui préserve les propriétés d’entre-
lacements des racines, nous identifions les polyndomes d’Euler-Frobénius p,, (A, z) pour
A=0et )= % a des polyndmes P, (x) générés par le schéma

() Po(z) =13
@ii) pourn > 0
(GQ) Cni1 Posi () = 2rpzPy(x) — (1 — 22)DP,(2)

ou {ry, }o2, est une suite de nombres réels strictement positifs et

{cn}2; est une suite de nombres réels non nuls.

L’analyse des propriétés d’entrelacement des racines de P, (x) et P, (x), et des
racines de P, (x) et P,12(x) nous permet d’obtenir une démonstration élémentaire de
(1). On complete ainsi des résultats établis en [11] et [3].

Un deuxieme résultat de cet article est une majoration de I’expression suivante

(n) 2
z; T(A) =1

TN = [zn ]
€T (\) A () +1

(2

ouZ,(A) ={i| zi(n)()\) # —let—oo < zi(")(A) < 0} et qui est utilisée pour le calcul
des meilleurs bornes des erreurs d’interpolation [4].
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