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UNIQUENESS PROPERTIES OF ISOSCELES ORTHOGONALITY
IN NORMED LINEAR SPACES

JAVIER ALONSO

RESUME.  On donne quelques estimations de I’orthogonalité isocele dans
les espaces normés, introduite par R. C. James. On obtient ainsi quelques
propriétés d’unicité et quelques caractérisations de la convexité stricte.

ABSTRACT. Some estimations of isosceles orthogonality in normed linear
spaces, introduced by R. C. James, are given. This provides uniqueness
properties and strict convexity characterizations.

1. Introduction. An orthogonality in a normed linear space is a binary relation that
coincides with the usual notion of orthogonality when the norm is induced by an inner
product. These generalizations of the concept of orthogonality provide a good frame for
developing properties about the geometric structure of the space. For example, the role
they play in the characterization of inner product spaces among normed linear spaces
is well-known [2]. This paper deals with isosceles orthogonality, introduced by R. C.
James [3]. In a few words, the position that isosceles orthogonal vectors can adopt,
which allows us to get uniqueness properties and strict convexity characterizations, is
studied.

Let (E,|| ||) be a real normed linear space of dimension at least two. If z,y € E,
then z is said to be isosceles orthogonal to y, (z L y), if ||z + y|| = ||z — y||. Trivial
properties of isosceles orthogonality, which will be used throughout the paper, are the
following:

a) Itis symmetric: z 1 y implies y L x.

b) Ifx L y,thenz L —y.

¢) Ifx L az,a € R, then az = 0.

d) Ifz L y,then az L ay, forevery a € R.
e) If z L y, then ||z + yl| > max{||z|, [ly[|}.

On the other hand, isosceles orthogonality is, in general, non-homogeneous (z L y
does not imply z L oy, a € R) and non-additive (x L y, x L z do not imply
x L y+ z). In fact, homogeneity and additivity are characteristic properties of inner
product spaces [3].

Recu le 21 décembre 1992 et, sous forme définitive, le 3 décembre 1993.
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26 Uniqueness properties of isosceles orthogonality in normed linear spaces

Isosceles orthogonality has the property of a-existence, that is, for every z,y € E
there exists o € R such that z 1L oz + y [3]. O. P. Kapoor and J. Prasad [4] proved
that the property of a-uniqueness (i.e. the above a is unique when ||z||[|y|| # 0) is
characteristic of strictly convex spaces. Corollary 2 shows that any normed linear space
has the a-uniqueness property if we assume that ||y|| < ||z||.

Another existence property, which is useful to bear in mind, is stated in the following
proposition.

Proposition 1. Let x € L C E, where dim L = 2. Then, for every vy > 0 there exists
y € L such that ||ly|| = vyand ¢ L y.

Proof. Let z € L and let z € L be linearly independent with z. For every v > 0 the
continuous function

o= e ]

AER
ST

vz +yAz H
|z + Az||

satisfies limy_, ;o0 f(A) = 2min{y, ||z||} = —limy__cf(A). Therefore, there exists
Ao € R such that f()o) = 0 and taking y = (vz + YAoz) /||z + Aoz|| we get [|y|| = v
andz Ly. O

We shall name the existence property in the terms of Proposition 1 simply as
existence. In this case, the corresponding uniqueness refers to the uniqueness (except in
the sign) of y. Geometrically, the a-existence property means that in each straight line
parallel to the vector « there exist orthogonal vectors to x, whereas the existence property
means that in each sphere of each two-dimensional subspace to which x belongs there
exist orthogonal vectors to z. It is easy to see that if an orthogonality is homogeneous
then both properties, existence and a-existence, are equivalent; as well as uniqueness
and c-uniqueness. Although, in general, isosceles orthogonality is not homogeneous,
uniqueness and a-uniqueness are equivalent properties for this orthogonality, because
from Proposition 5 uniqueness is also equivalent to strict convexity. On the other
hand, it is known [1, 5] that in any normed linear space isosceles orthogonality has the
uniqueness property if we fix v = ||z||. Corollary 4 shows that also in every normed
linear space this orthogonality has the uniqueness property if we assume v < ||z].

Along the paper we denote by S = {x € E : ||z|| = 1}, the unit sphere of E.

2. Results. The next proposition shows where the isosceles orthogonal vectors to a
given one are located in each two-dimensional subspace.

Proposition 2. Letz,y € Sand o, 3 € Rbe suchthatz L yandx 1 az+ By. Then,

. (-lg)@-le+yl)y
" min {161 (Jo + ] - 1), SAE I g <1
max {1912 o+ ol - 1, =D LTI 15y 5,

and the estimations are sharp.
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Proof. There is no loss of generality in taking o > 0 and 8 > 0. The hypothesis says
that ||z + y[| = [l — y|| and [|(a + 1)z + Byl| = [|( — 1)z + By]|.

Firstly, we shall see that o < |8 — 1|. The function f()\) = ||Az + By, A € R, is
a convex function that satisfies f(0) = 3, f(—3) = f(B8) and f(a — 1) = f(a +1).
If « > |8 —1|,then -3 < aa—1and 8 < a + 1. Therefore, f(A) = B for any
A € [-B,a+ 1]. Then,

at+pf+1 = |[(a+1)z+By+B—y)ll < fla+1)+f(-B) = 28,

and we get § > a + 1, against the assumption.
Let us now assume that 3 < 1. Then,

(@ =1z + Byl = 1Bz —y)+ (1 -a-PB)z| < flle—yl|+1-a—p,(1)
and, taking into account that 2 = ||(a— 1)z + By —(a+1)z—By|| < 2||(a—1)z+By||,
we get

a < B(lz+yll-1).

On the other hand,

(a+Dllz+yll = l(e+Dz+By+(a+1-Byll < [(a+1)z+pByll+a+1-6,
and then, from (1),
(a+1)llz+yll—ll(e+1)z+Byl+B8-1 < o < B(|lz +yl| — 1)+1-||(a+1)z+Byl.

Therefore,

P ERT)
- llz + yll
Now, assume that 8 > 1. Then,

Bllz+yll = (a+ Dz +py+ (B—a—1z| <[(a+1)z+ Byl +B-a—1,
and, therefore,
a<|(a+l)z+By[|-1+8(1—[lz+yl). 2
If <1 we have
[(e+Dz+pyl =1-a)(z+y)+(B-1+a)y| < (1-a)lz+yl|+8—-1+a,

and, from (2),
< B2 lz+yl)
- =+ yll
On the other hand, if o > 1,
(a+1)[[(a+1)z+By||=|(a—1) [(a + 1)z + By]+2By| < (a—1)|[(a+1)z+By|+26

and then,

(e + D)z + Byl < B,
from which follows by (2)

a<f2-llz+yl)-1. O

The next example shows that the estimations are sharp.
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Example 1. Let 1/2 <t < 1 and let E be R? endowed with a norm whose unit ball is
the convex envelope of the points

uy = <1—th, 1> ;U =(0,1), wuz= ((1 — tl)tz + ¢’ (lt(—zi); -lk)tz)

and their opposites. Then, the points z = (1,0) and y = (0, 1) are in the unit sphere
and ||z + y|| = ||z — y|| = 1/t, thatis, z L y. If 2 L ax + By, then, by Proposition 2,

(a1 . H2t — 1)
a1—|ﬁl<t 1) o< o< s
ar= (11BNt —1) if =D 15 <

la < L
o = (|6 - D2t~ 1) if1<]8] <

<|8lift=1

1 . 2t

" Let us assume that 3 > 0. Then it can be seen that for every [ in the corresponding
interval we have z | o,z + By, 1 = 1,2, and ¢ L —a;z + By, j = 3, 4. For example,
if0 < B <t(2t—1)/[(1—¢)*+¢?, then,

Y 2
M=+ E1B+1) oy
42 -3t +1

(-t +2)(1-5) _

0< )\ =
=7t 42 — 3t + 1 =

and
(cr +Dz+ By = Mus+ (1= A\)(—w1), (oa—1)z+ By = A(—us)+ (1= Az)us.

The remaining cases follows in a similar way.

Corollary 1. Let x,y € S be linearly independent.

i) Ifzx Lyandx L ax +y, then a = 0.

ii) Ifr L ayz + Byand z L asz + By, with |B] < 1, then a; = as.
Proof. Property i) is obvious from Proposition 2. To prove ii) we can assume without
loss of generality that o, < ay, oy > 0 and 8 > 0. First we shall see that o; < 1. Let
us suppose that a; > 1. Then,

| (n — 1) [(e1 + 1) = + By] + 2By
< (o = 1) [[(en + 1)z + Byl + 28,

(01 +1) || (e = 1)z + By

and, therefore, || (o; + 1) z + By|| < B. On the other hand,
a+l1=(aa+z+By—Byl <l (a+1)z+ Byl +B<26<2

and then, o; < 1, against the assumption.

Let us suppose now that o, < «;. Then, 0, @, +1 and o; —1 are in the interior of the
interval [a, — 1, o + 1] and we get from the convexity of the function f(A) = ||[Az +
By|| that f(\) = Bforevery A € [az — 1,04 + 1]. Therefore, ||a;z+By|| = f(o;) = B
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and Bz L oz + By for i = 1,2, because o; — B and o; + B are in [y — 1,04 + 1].
Then,

oz + By 1 (az—-a1> oz + By
lorz + Byl B |z + Byl|

From i) we get o; = a, contradicting the assumption. [

Remark 1. Part ii) in Corollary 1 is not true when |3| > 1. For example, if E is R?
endowed with the maximum norm and z = (1,0) and y = (0, 1), then = L oz + By if
laf < 18] - 1.

Corollary 2. For every x,y € E with 0 < ||y|| < ||z|| there exists a unique o € R
such that x 1 ax + y.

Proof. We only need to prove the uniqueness of .. There is no loss of generality in
assuming that z and y are linearly independent. If z L o,z + y, ¢ = 1,2, then

gl Y

i 1=1,2
=l lzll ]l 1yl ’
and from Corollary 1 we get a; = ;. [

The interest of the next cumbersome prbposition is to be found in its geometric
interpretation. For each pair of isosceles orthogonal vectors z and y, with ||z|| > ||y||,
Proposition 3 determines the region in the two-dimensional subspace spanned by them
where the corresponding restriction of the sphere of center 0 and radius ||y|| can be.

Proposition 3. Let x,y € S linearly independent and o, 3,y € R be such that 0 <
I8l <1, = L By and ||ox + yy|| = |B].
D) If |aB| < |yl then

9
O<lel< g
B i< Bletsl-18+1)
le+8al =" S B e+ 8ol = 18D (lo + Bol =1

and, more precisely,

(18] = llz + Byll) laf + 18] < 7| < 6

where

. . CEIENN
o Jmin{ e+ aui =180 101 + 181, SR i oy 1

(lz + Byl = 181) |l + 18] if llz+ Byl =1
ii) If |aB| 2 |y|, then

|8l
llz + Byll

|81 (ll= + Byl + 18] — 1)
18] + (= + Byl - 181) (Il= + Byl — 1)

<lef <
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ﬂz
U PR
and
v <y < (18 = ll= + Byll) [l + 161,
where
Y [LEEL e
0 if ||z + Byl = 1.

In addition, all the above estimations are sharp.

Proof. There is no loss of generality in assuming that c, 3 and «y are positive. Let us
suppose that o3 < . Then,

Yz + Byl = I(v — aB)z + Blaz +yy)| < v —af + £,
and, therefore,

aB < B+ (1~ llz +Byll) < B + B (1 llz+ Byll),
from which follows

a< ————'B .
llz + Byll

From

B = oz +yll = lla(z + By) + (v — Byl < allz+ Byl +v—aB (1)

it follows
By = B +aB (B llz+Byl) > B+ (B—ll=+Byl),
and then,
182
> —_—,
7= T + Byl
From
Yz + Byl = |1Bex +vy) + (v — aB)zl| < B> +7 —af ()
we get
af <y (1— e+ Byl) + 5%,
and from
af +7v = |le(z — By) — (az +yy)ll < allz+ Byl + 8 3)
we get

v—B<a(le+ Byl -A)-
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Therefore,

By —=B) <aB(llz+ Byl — B8) < [y (1= |lz + Byll) + 8] (= + Byl — B),

from which follows

B (= + Byl - 18] +1)
18 + (= + Byll — 18]) (l= + Byl — 1)

Now, from (1) and (3) we get

v <

B=lz+pByl)a+p<y<(lz+Byll—B)a+p,

and, if ||z + By|| # 1, we get from (2)

(8- a)B
"=zt Byl -1

Let us now assume that a8 > ~. Then,

B2 = (B —7)z+v(z + By)ll < af =+l + Byll,

and, therefore,

off 2 B2 +y (1 —lz+Byll) = B +aB (1 [lz+ Byll),

from which follows

B
“Z e+l
From
allz + Byl = [(az +vy) + (af =)yl < B+ B —~
and
af +v = ||B(az +vy) + v(z — By)|| < B + |z + By
we get

aff — B2 <y (lle+ Byl - 1) < (B+ aB — allz + Byl)) (lz + Byl - 1),

from which follows

e BletBl+s-1)
= B+l + Byl - B) (o + Byl - 1)

From (5) we get
v < (B e+ Byll) e+ B,

31

C))

)

(6)
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and then,

By < (B—llz+Byl)aB+ B <(B—llz+Byl)y+ 5,

from which follows )
v < _ﬂ___
= + Byll
Now, if ||z + By|| # 1, we get from (4)

ys BB
~ =+ Byl -1

and from (6)
v (¢ —pB)B
~ |l + Byl - 1

which completes the proof. [J
The next example shows the sharpness of the above estimations.

Example 2. Let 3and t be suchthat 0 < 8 <1 <t < 8+ 1and let

w=< B+1—t B(t—B+1) )
B+ -8 -1) 8+ (E-p)(t-1)
t+8-1 B(

)
=~ (5ri=pe 0 5 D)
Let E be the linear space R? endowed with a norm whose unit sphere S is the
parallelepiped of vertex +x;,%z,. Then, we have that ¢ = (1,0) and y = (0,1)
belong to .S because

z=Xz1 —T2) + 22y, Yy=0(x1+22) — Ty

with 1 .1
o<a= Pzt ) g5 BEtTt

<1.
2 28 =

We also have that

w+ﬁy=t[é(a}1—w2)+w2], w—,@y=t[%(m2+w1)-—wl]

t

and, therefore, ||z + By| = ||z — By|| = t.
Now, we have Bz, = a;z + 11y With oy 8 < 7;, where

BB -t+1) A=+t
= -AE-D TRy ¢ PutE
Moreover, if t > 1, then vy, = (8 — oq) B/(t — 1).
On the other hand, we have B, = a, + Y2y, with a8 > |v2| and where

Y B+B-1) o BE=B-1)
TR+ (t-pt—-1) " B+(E-B(t—1)
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If t > 1, we also have |y.| = |8 — a2|B/(t — 1).
Finally, we have ||asz + v3y|| = 3, where

g’ Y3 = ﬂ? = (13 — t)a3 +,B, a3,8 = 3.

The next corollary removes the term || + By|| in the estimations of Proposition 3.

a3z =

Corollary 3. Let us consider the hypothesis of Proposition 3.
i) I |aB| < |7, then

0<|a| < 6]
and
B2 " 1BI2—18)) fo<|B <2-V2
iU S A
|B] +1 T2V 3 f2-v2<|p/ <1
ii) If |afB| > ||, then
18l 18]
Bl+1=l < Geva— 11
and
0< |yl < B2

All the above estimations are sharp.

Proof. We can assume that o, 8 and -~y are positive.
The only non-trivial estimation in i) is the right one fory. We know from Proposition
3thaty < f (||z + By||), where

__pe-p+y
0= -1 "=t

Ifg>2- V/2, then f(t) attains its maximum value att = 8 — 1+ v/2. Therefore,
ﬂ2
B+2v2-3"

On the other hand, if 8 < 2 — v/2, then f(t) is monotonically decreasing and then,

f(llz+ Byll) < f(1) = B(2 — B), because ||z + By|| > 1.
In order to prove ii), let us consider the function

Fllz+Byl) < fFB-1+v2) =

__Bt+B-1)
O=gre—pe-1 ="
This function attains its maximum value in t = (v/2 — 1)8 + 1. Therefore,
_ _ B
a<g(lo+yl) < ((VZ-DB+1) = soom—r.

The remaining estimations follow trivially from Proposition 3.
Finally, to show that the estimations are sharp we only need to replace tby 1, 8+1,
B(v/2—1) + 1and 8 — 1 + v/2, respectively, in Example 2. [
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Remark 2. Bearing in mind that z | Sy if and only if y L (1/8)z, it is easy to get
similar versions to Proposition 3 and Corollary 3 for the case |3| > 1.

Proposition 4. Let z,y € S be linearly independent.
i) Ifz L Byand x L ax + vy, with ||az + vy|| = |B] < 1, then a« = 0 and
B = =%7.
ii) Ifr L ayz+ By and z L azx + Boy, with ||logz + Byl = ||aez + Byl < 1,
then (o, 31) = % (a2, B2).

Proof. i) We can assume without loss of generality that o > 0, 3 > 0 and v > 0. From
the hypothesis it follows that the convex function f(\) = ||Az + ~y|| satisfies

1(-3)=1(3) fa=1=f@+1

fO) =2 flo=5

Then, in order to prove i) we only need to see that the intervals [—y/3,~v/8] and
[ — 1, a + 1] are different, and that none of them is included in the interior of the other
one, because in such case f()) is constant in its union and, therefore, 8 = v and, from
Corollary 1, a = 0.

If —y/B=a—1landy/f=a+1,thena=0and 8 =~.

Let us suppose that —y/8 < o — 1and e + 1 < /8. Then, v > of and from
Corollary 3 we get that

B2-B)  f0<p<2-V2

from which follows (in both cases) that y < 28 and, hence, & < 1. Then,

l(@—1)z+yyll =[(a—1)(z—By)+[(a = DB + 7]yl < (1-a)|lz—By|l+(a—1) B+
On the other hand,

Yz+Byll =18 (e + 1z +vyl+y — Bla + 1)] | < Bll(a+D)z+yyl+y—B(a+1),

and then,

v(lz+ Byl —1) + Bla+1)
B

Now, taking into account that L By (which implies ||z — By|| > max{1, 5}) and
that 8 = ||az + vyy|| > v — «, it follows that

< et Dz+yyl < (1-a)llz—Byll+(a—1)6+7-

(1-a)llz=Byl+(a=1)B+7 = |lz—Byll+a(B—llz—-pyl) +v-8
y(lle—Byl-1)+8
B

< Jlz—Byll+a < +a.
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Therefore, all the above inequalities become identities. But, the last one is an identity
only if ||z — By|| = 1. Thus, we have

l—a+(a-1)+ty=1+aq,

and then,
Bla—1) +v = 2a > 2(y - ),

from which we get 8(a + 1) > -, which contradicts the assumption.
Let us now suppose thata —1 < —y/Band v/8 < a+ 1. Then, v < §. From the
identity
(a+ Dz + Byl = (o + 1)z + vy + [Bla+ 1) = 7] yll,

we get that
(e + Dz + vyl = (¢ + Dz + Byl +v — Ble + 1),
and from
Bll(e = 1)z + vyl = [lv(z — By) + [B(1 — &) — 7] ],
we get
Therefore,
2= A= LA PR > (ot 1)l + ol + 7= Ba-+ 1)

On the other hand, taking into account that 8 = ||ax + vy|| < o + v, we get that

(@+Dllz+ Byl +v—Bla+1) = e+ Byl +a(lle+ Byl —B) +v -8
v(lz+Byll = 1) + 801 — @)
ﬁ )

where the last inequality is an identity only if ||z + By|| = 1, because v < 8. Then,

2 le+ Byl —a=

l+al-p)+v—-B=1-q,

and thus,
v = Bla+1) = -2a < 2(y - ),

from which follows o — 1 > —+/f3, contradicting the hypothesis.
ii) We can assume that 3; # 0. Let

a1z + 1y a8 — a1, B8
U= r—""" Q= ——— IBZ aaz—}-,@yl, Y=
oz + fuyl B losz + Aus 2
Then z L Bu, z L az + vyu and ||az + yu|| = 8 < 1. From i) it follows o = 0 and
B = +~. Therefore, (ay,31) = + (a2, 52). O
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Remark 3. The example on Remark 1 is also valid to see that Proposition 4 is not true
if the norm of the vectors is greater than one.

Corollary 4. Let x € L C E, where dim L = 2. Then, for every 0 < ~ < ||z|| there
exists a unique (except in the sign)y € L, with ||y|| = ~, such that 1 y.

Proof. We only need to prove the uniqueness. Let us suppose that z L y;, y; € L,
llyill = v, ¢ = 1,2. We can assume v > 0 and thus z and y, are linearly independent.
Let o and 3 be such that y, = az + By;. Then,

z Ayl oy x z | Blydl
—_ 1 =l = 1l a— +
lzll = Nzl llvall” ] lzll el o’
and
“a——+ Blyall v _ llyall <1.
lzll Nzl fv.ll ||l

By Proposition 4 it follows a = 0, 8 = £1 and, thus, y, = +y;. O

Proposition 5. For a normed linear space E the following are equivalent:
i) E is strictly convex.
ii) If L is a two-dimensional subspace of E, then, for every x € L\ {0} and
v > ||z|| there exists a unique (except in the sign) y € L such that ||y|| = v
and x 1 y.

Proof. Let us assume that E is not strictly convex and let u,v € S be linearly indepen-
dent and such that ||u + v|| = 2. Then, letz = v — v and y, = 2(u + v) + p(u — v)
with —1 < p < 1. The convex function f(A) = |lu + v + A(u — v)|| satisfies
f(=1) = f(0) = f(1) = 2 and, therefore, f(\) = 2 for every A € [—1,1]. Then,

I
Il =2f (5) =4> 2 ol

and +1 )
p p—
lo+wull =25 (57 ) =4 =21 (£5=) = le = wi,

for every p € [—1, 1], against ii).

Let us now assume that L is a two-dimensional subspace of E and that there exist
z,y,z € Lsuchthaty # +2,0 < ||z|]| < |ly|| = |||, * L yand z L 2. Then, x and
y are linearly independent and there exist , 3 € R, such that z = ax + By. We can
assume without loss of generality that ||z|| = 1 and that « and 3 are positive. Thus,

a = |laz + By — Byl = | llaz + Byll - Bllyll| = llyll |1 — 8] = |1 - 4,

and, therefore, —3 < a— 1 and 8 < a + 1. Moreover, at least one of the last
inequalities is strict because y # z. Taking into account that the convex function
g(A) = ||Az + By|| satisfies g(0) = Blyll, g(~B) = g(B) and g(a — 1) = g(a + 1),
we get that g(\) = G|y|| for every A € [—3, a + 1]. Then,

(=B) +49(B)

Iy +2) + (y — )| = 2[lyl| = & 5 = lly+ =l + |y — ||,

and FE is not strictly convex. [0
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Résumé substantiel en frangais. Une orthogonalité dans un espace normé est une
relation binaire qui coincide avec la notion usuelle d’orthogonalité quand la norme est
induite par un produit scalaire. Cette généralisation du concept d’orthogonalité nous
donne un bon outil pour étudier la géométrie de I’espace. Par exemple, le rdle joué par
les orthogonalités généralisées pour la caractérisation des espaces préhilbertiens est bien
connu [2]. Dans ce travail nous étudions I’orthogonalité isocele, introduite par R. C.
James [3]. Essentiellement on détermine la position des paires de vecteurs isoceles
orthogonaux dans chaque sous-espace bidimensionnel, ce qui nous permet d’obtenir
quelques propriétés d’unicité et caractériser la convexité stricte.

Soit (E, || ||) un espace normé réel de dimension > 2. Pour z,y € F, on dit que z
est isocele orthogonal ay (x L y) si ||z + y|| = ||z — y]|. Cette orthogonalité possede,
entre autres, la propriété de a-existence, c’est-a-dire, pour z,y € E il existe o € R
tel que x L ax + y. L’orthogonalité isocele a aussi la propriété d’existence suivante:
soit L un sous-espace bidimensionnel de E, alors, pour tout z € L et tout v > 0, il
existe y € L tel que ||y|| = v etz L y. Géométriquement, la propriété de a-existence
exprime le fait qu’on peut trouver des vecteurs orthogonaux 2 z dans chaque droite
parallele & z. D’autre part, la propriété d’existence affirme que dans chaque sphére
de chaque sous-espace bidimensionnel qui contient le vecteur = on peut trouver des
vecteurs orthogonaux a x.

On notera par S la sphére unité dans E.

Le résultat suivant décrit I’endroit ol I’on peut trouver, dans chaque sous-espace
bidimensionnel, les vecteurs orthogonaux a un vecteur donné.

Proposition 2. Soient z,y € Seta,3 € Rtelsquexz L yetz L ax + By. Alors,
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et les bornes sont atteignables.

Corollaire 1. Soient x,y € S linéairement indépendants.
1) Sizclyete L ax+y, alorsa=0.
i) Siz Loyz+ Byetx L arx + Py, avec || < 1, alors a; = as.

O. P. Kapoor et J. Prasad [4] ont montré que la propriété de a-unicité (c’est-a-dire,
unicité de o quand ||z||||y|| # 0) pour I’orthogonalité isoctle caractérise les espaces
strictement convexes. Le résultat suivant montre que dans la sphére qui contient z,
I’orthogonalité est a-unique, quel que soit I’espace normé.

Corollaire 2. Pour tout x,y € E tel que 0 < |ly|| < ||z|| il existe un seul a € R tel
quezr L az +y.
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En ce qui concerne la propriété d’unicité associée a la propriété d’existence, c’est-
a-dire, I’unicité (au signe prés) de y, pour chaque L C E ety > 0, on montre dans
[1, 5] que tout espace normé vérifie cette propriété si I’on ajoute I’hypothese v = ||z ||.
Le Corollaire 4 montre qu’on obtient toujours I’unicité si 'on ay < ||z||.

Proposition 4. Soient z,y € S linéairement indépendants.
i) Siz L Byetxz L ax+~y, avec|laz+vyy|| =8| <L onaa=0e ==
i) Siz L ogw + By etz L apz + Boy, avec |lonz + Byl = llazz + Boyll < 1,
ona (o, Br) =+ (g, Bs).

Corollaire 4. Soient z € L C E, ondim L = 2. Alors, pour chaque 0 < v < ||z, il
existe un seul (au signe prés) y € L tel que ||ly|| =y etz L y.

Si une orthogonalité dans un espace normé est homogéne (c’est-a-dire, z L y
entraine axz L By, Yo, 3 € R) il est aisé de voir que les propriétés d’unicité et de
a-unicité sont équivalentes. L’orthogonalité isocele est homogene seulement dans les
espaces préhilbertiens [3]; néanmoins les deux propriétés sont aussi équivalentes a
cette orthogonalité puisque I'unicité de 1’orthogonalité isocéle, comme dans le cas de
la a-unicité, est une propriété équivalente a la convexité stricte.

Proposition 5. Pour tout espace normé E les propriétés suivantes sont équivalentes:
i) FE est strictement convexe.
ii) Soit L un sous-espace bidimensionnel de E. Alors, pour chaque x € L\ {0}
et chaque v > ||z||, il existe (au signe prés) un unique y € L tel que ||y|| = v
etz Ly
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