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SOME REMARKS ON THE ABSTRACT CAUCHY PROBLEM 
IN THE ULTRAWEAK SENSE 

SAMUEL ZAIDMAN 

RÉSUMÉ. Ce travail est formé de quatre parties. Dans la première, nous avons une extension 
(partielle) d u résultat d’unicité bien connu de Hille-Phillips [2, Th. 23.7.11 au cas des solutions 
continues et ultra-faibles, dans la deuxième partie, on considère cette même classe de solutions 
pour le problème de Cauchy: u’(t) = Au(t), u(0) = ug , 0 < t < 00, et on suppose l’existence, 
l’unicité et la dépendance continue ponctuelle des données initiales dans le domaine D(A); 
la solution u(t) est aussi dans D(A). On trouve alors un demi-plan {X E ê ] Re X < w} - 
contenant toutes les valeurs propres de l’opérateur A. En ajoutant des conditions on obtient 
que la solution u(t) est continûment différentiable dans l’ouvert 10, ~CI[. Dans la troisième 
partie nous examinons la validité de la formule: 

(XI - A)-& = exp(-Xt)U(t)xdt, pour x E D(A), 

où U(t) est le semi-groupe d’opérateurs associés au problème de Cauchy bien posé et ultra- 
faible, dans un espace de Banach réflexif, A étant un opérateur linéaire, fermé de domaine 
dense. Enfin, dans la quatrième partie nous indiquons une nouvelle démonstration du résultat 
principal de [7] ( concernant l’unicité rétrograde) et nous montrons aussi une extension où l’on 
remplace les solutions continues par des solutions de pe puissance intégrables. 

ABSTRACT. This work consists of four sections; in the first one we (partially) extend the 
well-known uniqueness result of Hille-Phillips [2, th. 23.7.11 to the case of continuous ultraweak 
solutions; in the second part we consider the same class of solutions for the Cauchy problem: 

u’(t) = Au(t), u(0) = uo, t > 0, and assume existence, unicity and pointwise continuous 
dependence on the initial data in D(A), where u(t) E D(A) for a11 t > 0. One finds a half- - 
plane {X E ê 1 Re X 5 w} containing a11 eigenvalues of the operator A; under some more 
asumptions we obtain that the solution is continuously differentiable in the open set (0,~); 
in the third part we are concerned with the Laplace transform formula: 

(XI - A)-la: = exp(-Xt)U(t)x dt, x E D(A) (0 1) . 

where U(t) is the operator semigroup associated to the well-posed ultraweak Cauchy problem 
in a reflexive Banach space, A being a linear closed operator of dense domain. Finally, in the 
last part of the paper we give a shorter proof of the result in [7] (about backward uniqueness) 
and then extend it from continuous to V-solutions. 

Introduction. This paper is a continuation of some previous work concerning the abstract 
Cauchy problem in the ultraweak sense ([7], [8], [QI, [lO]). 

In the first section we examine a result about uniqueness of the Cauchy problem for a 
situation which is not necessarily well-posed (that is, existence and continuous dependence 
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98 Some remarks on the abstract Cauchy problem in the ultraweak sense 

is not taken into account). For a class of regular solutions, the Theorem 23.7.1 in Hille- 
Phillips [ 21 g ives a sufficient condition for unicity of solutions to the equation: u’(t) = 
Au(t), 0 < t < 00, u(0) = 0, in terms of some (simple) spectral properties of the operator 
A (which could have empty resolvent set, however). This solution must be of normal type 
w, which means that 

lim sup f  log Ilu(t>ll =w<oo. (0 2) . 
t-00 t 

The operator A is a linear closed transformation with domain D(A), acting in the complex 
Banach space X. 

In the present work we establish a (partial) extension: the space X must be reflexive, 
the operator A must have dense domain, but the solution needs not be differentiable 
anywhere, and it need not belong to the domain D(A). In fact, it Will be a continuous 
ultraweak solution as defined by Lions [6] and Kato-Tanabe [3]. The method of proof is via 
a regularization process: The solution u is replaced by a sequence of convolutions u * an, 
and in this wa?y it becomes possible to obtain Hille-Phillips’s formula (23.7.4) involving the 
Laplace transform 

Oo F(X) = J exp(-Xt)u(t) dt, for Re X > w (0 3) . 
0 

(formula (1.12) below). In th e second part of the paper, which is essentially a continuation 
of our recent article [IO] we again consider continuous ultraweak solutions of the Cauchy 
problem 

u’(t) = Au(t), u(0) = uo, 0 5 t < QO (0 4) . 

and we now assume existence, uniqueness and pointwise continuous dependence on the 
initial data in the domain D(A). H ere too, existence of the resolvent operator (XI-A)-’ E 
L(X) is not assumed (for any complex number X) but the ultraweak solution must belong to 
the domain D(A) f  or a11 t > 0. We obtain two simple results, about location of eigenvalues 
of A and about regularity of the solution in (0, +m). Next, in the third section we arrive 
at the main represent at ion formula 

(XI - A)-lx = 
J 

Oc, exp(-Xt)U(t)x dt, Vx E D(A) (0 5) l 

0 

where U(t) is the operator semi-group associated to the above well-posed Cauchy problem, 
under the same supplementary hypothesis as above, namely that A is linear and closed and 
the (complex) Banach space is reflexive. This formula appears in [4] as (1.8) but the proof 
there is given under slightly different assumptions (the space X is not necessarily reflexive 
but the solution must be regular). Again, the method rests essentially on the well-known 
regularization process, u + u * an which permits (as established in [la]) to replace an 
ultraweak solution by a very regular one. In the last section of this work we elaborate 
again on Theorem 1.1 in Agmon-Nirenberg’s paper [I], f  0 11 owing our previous article [7]. 
We give now a new (and shorter) proof of the Theorem in [7] concerning backward unicity 
result for the ultraweak Cauchy problem, when continuous solutions are considered. 

Using the resolvent regularization method (established in oui: papers [12], [l3]) the 
proof of the result appears really shorter and needs less hypotheses on the operator A (the 
density of the domain D(A*) is no longer necessary). 

Then, we extend the uniqueness result to LP solutions, p 2 1; in this case the resolvent 
regularization does not seem to give too much, SO that we use exactly the same method as 
in [7] (mollification) with some small changes, and obtain unicity in the almost-everywhere 
sense. 
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1. As indicated above, we are concerned in this section with a proof for the following 

THEOREM 1. Let X be a reflexive complex B-space; X* be its dual space and A be a linear 
closed operator in X with dense domain D(A) c X and with range in X too. Denote by 
A* the dual operator to A (hence acting on the dense set D(A*) c X”). Assume also that 
the set of eigenvalues of A is not dense in any half-plane {X E ê 1 Re X > a E w). Let now 
u(t) f  ê([O, 00); X), such that 

a) u(0) = 6; 

b) lim SU~~-+= 5 log IlzQ)ll = w < m; 

4 s Oo 
0 

-$5*(t) + (A*4*)(t), u(t) 
> 

dt = 0 for a11 4* E IIp (0,oo). 

Then u(t) = 0, for a11 t > 0. - 

(One denotes here with KA*(O, 00) th e set of “test-functions” 4*(t) E Ci(]O,oo[ ;X), 
4*(t) E D(A*) Vt 2 0, A*+* E C(]O, m[; X”)) 

PROOF: First we note that from condition b) above the following holds true: for w1 > w 
there is RI > 0 such that 

IIWI L exPwl), for t > RI. - (1 11 . 

Next, we consider a sequence {an(t)}? of scalar-valued, non negative Cl-functions, van- 
ishing for Itl 2 1/ n and such that JR cu,(s)ds = 1, n = 1, 2, . . . and then consider the 
convolutions 

J J 
t+l/n 

(u * %)@) = u(s)cr,(t - s)ds = u(s)a,(t - s) ds (12) . 
R t-lin 

which, given that u(t) is only defined on [0, oo), Will be well-defined for t 2 to > 0, as soon 
as n 2 no (where to - l/no 2 0). 

We shall now use the estimate (1.1) in order to get a similar estimate for un(t) = 
(U * an)(t). Precisely 

J 

un 
(U * an)(t) = u(t - +,(a> da, 

-1fn 

hence 

J 

un 
II@ * adt)ll 5 IMt - a>llada> da* (13) . -1, 

n 

Now, if t 2 RI + 1 and la1 < l/n, it follows that t - 0 > t - i/n 2 t - I 2 RI; hence we 
get the estimate 

J 
un 

Ilb * a&911 5 exp((t - C)~I) l on(a for t > RI + 1. (14) . - 
--I/n 

Accordingly we obtain the inequality 

J 
vn 

II@ * 4(t)ll L exP(twl) exp(-awl) l an(a) do 5 CU1 exp(tw& (15) . 
-1fn 

- -= ., -. <- IL \. 
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which is valid for t 2 RI + 1, n > no when CU1 = SU~I+~ exp(-awl). It results that the - 
improper integral 

exp(-Xt)(u * an)(t) dt, n > no (16) . - 

will exist, for a11 complex numbers X such that Re X > w (in fact once such X is given, we 
take WI such that w < wr < ReX and then apply (1.5)) 

On the other hand, as cari be inferred from Theorem 2 in [ll], we see that from c) above, 
combined with the reflexivity of the space X and with the closedness of the operator A, it 
follows 

(u *a,)(t) E D(A), for t 2 to, n 2 no, and (u * CY,)’ = A(u *a,), (1 7) . 

holds, again for t > to and n > no. - Taking any number N > to and using integration by 
parts we immediately obtain relation 

J 
N 

J 

N 

exp(-Xt)(u * an)‘(t) dt = exp( --M)A( u * a,)(t) dt I 
to t0 

= exp(-XN)(u * a,)(N) - exp(-A&)( u * %2)(to) + x I” exp(--At)(u * an)(t) dt, (1.8) 

this being true for any complex number A. Next, we assume that Re X > w1 and let 
N -+ 00. Using (1.5) and (1.6), we obtain that 

J 
N 

lm i 
N+m t(-) 

exp( --&)A( u * %-l)(t) dt, 

exists and also the equality 

s 

N 

lim 
N+0Q t() 

exp( -M)A( u * an)(t) dt 

- - x exp(--Xt)(u * a,) dt - exp(-Mo)(u * a,)(tO), (19) . 

n > no. We cari now use Theorem 1.3.5 in [5] to obtain that 

and 

r 
exp(-Xt)(u * an)(t) E D(A) 

to 

exp(-Xt)(u *an)(t) dt = X exp(-Xt)(u *an) dt - exp(-Mo)(u * an)(to), (1.10) 

for n > rto, Re X > ~1, which becomes - 

(XI-A) Oo 
J 

exp(-Xt)(u * an)(t) dt = exp(-Mo)(u * an)(tO), for n > no, Re X > WI* - 
to 
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AS we let n + 00, we obtain: (u * cxlz)(to) + u(to) and also 

exp(-Xt)(u * ~~,)dt --+ exp( -M)u(t> dt, . 

(this last limit is found as a consequence of the dominated convergence theorem, for Re X > 
WI). Using now closedness of the operator (XI - A) we see, again for Re X > ~1, that 

J Oo exp(-Xt)u(t) E D(A) and (XI - A) J Oo exp(-Xt)u(t) dt = exp(-Xto)u(to). (1.11) 
to to 

Now, let us make to 1 0; again by 
a) above we derive that 

closedness of the operator (XI - A) and by assumption 

J Oo exp(-M)U(t) E D(A) and (XI - A) J Oo exp(-Xt)u(t) dt = 8, ReX > w1. (1.12) 
0 0 

As wi is any number greater than w, it follows that (1.12) actually holds in the half-plane 
{X E ê ] Re X > w}. Let us assume now that u(t) $0 on [0, oo]. By the uniqueness proper- 
ties of the Laplace transform it follows that the function F(X) given by sooo exp( -Xt)u(t) dt 
is not zero identically in the half-plane {X E ê 1 Re X > w}. By a classical property of ana- 
lytic functions, we infer that the set of zeros of the function F(X) is discrete. Hence, the set 
{GêIReX>w,F(X)#@} is everywhere dense in the half-plane {X E ê ] Re X > w}. 
On the other hand, we note that any complex number X such that F(X) # $ is an eigen- 
value of the operator A (using (1.12)). H ence, we arrive at the conclusion that the point 
spectrum of A is dense in the half-plane {X E ê 1 Re X > w} which contradicts the initial 
assumption. This demonstrates Theorem 1. 

2. In this section we are again in a complex Banach space X but reflexivity is not assumed 
until later on. 

Next, we consider a linear (unbounded) operator A with dense domain D(A) c X, but 
closedness of A is not yet assumed. In any case, the dual operator A*, acting on the subset 
D(A*) of the dual space X* is well-defined. 

This permits definition of the class of test-functions KA*(O, 00) as in the previous section 
and accordingly the continuous ultraweak solutions on the open interval 10, oo[ of the 
differential equation: u’(t) - Au(t) = 8, meaning that the assumption c) of Theorem 1 
is satisfied. If moreover the solution u(t) belongs to the space C([O, 00); X) and u(0) = 
uo is given in advance we have the ultraweak abstract Cauchy problem (for continuous 
functions). Now, we shall state the following simple Corollary of the “Theorem” in the 
recent paper [10] (just take M = D(A)). 

THEOREM 2. Let us assume that for any element uo of the domain D(A) there exists a 
unique solution u(t) to the ultraweak Cauchy problem on [0, oo), such that u(0) = uo and 
u(t) E D(A) for aJJ t > 0. Assume also correctness(i.e. pointwise continuous dependence) 
with respect to the initial data, on [O,oo). It follows that there exists an operator semigroup 

w>, (t L 0) + L(X), U(0) = I, stronglycontinuousfort > 0, andsuch that lJ(t)uo = u(t) 
for aJJ ug E D(A). 

Note also - as in Remark 1 of [ 101 - that if x E X and x 4 D(A), the continuous 
function on 10, oo[ given by the equality: v(t) = U(t)x is a solution to the relation c) of 
Th. 1 above, but it is not necessarily in the Domain D(A) and cari be discontinuous for 
t = 0). For strong solutions, a result similar to Theorem 2 is the Theorem I.1 in [4, p. 261. 
Under some more assumptions we obtain a solution which is in G(]O, oo[ ; X). We have in 
fact 
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THEOREM 3. Let us assume the hypotheses of Theorem 2 and furthermore the conditions 

a) The domain of the dual operator L)(A*) is total in X* (that is , x*(x) = O,Vx* f 
D(A*), implies x = 0). 

b) The commutativity relation: AU(t)x = U(t)Ax, x E D(A), t 2 0 holds. 

Lt follows that, for x E D(A), the ultraweak solution u(t) = U(t)x has a strong continuous 
derivative on 10, oo[. 

PROOF OF THEOREM 3: First we note that from the condition b) one cari infer that 
A(U(t)x) E C (10, oo[; X) for a11 x E D(A). Th us, the (ultraweak) solution u(t) = U(t)x is 
strongly continuous for t > 0, belongs to D(A) on [0, oo) and is such that t + (Au)(t) is 
continuous for t > 0. Now, we cari derive existence and continuity of the (strong) derivative 
u’(t) on 10, oo[ in the following (usual) way (compare with article [il, Prop. 31). 

Let us take in fact, in the identity c) of Theorem 1 above, some special test function 

cp*e> = v(t)x*, where u(t) E Ci (10, oo[) an x* E D (A*). It results, accordingly, that the d 
identity 

< y’(t)x* + v(t)A*x*, u(t) > dt = O,Vv(t) E CO’ (10, oo[) ,x* E D (A*) (2 11 . 

holds. 
Hence we obtain 

JW 
u’(t) < x*+(t) > dt = - Jrn u(t) < A*x*,u(t) > dt = - Jrn y(t) < x*, Au(t) > dt 

0 0 0 

(2 2) . 
It follows readily that 

< x*, r Y’(t)u(t)dt >= - < x*, Im v(t)Au(t)dt >,Vx* E D(A*) (2 3) . 
JO Jo 

Using the assumption a) we now infer that 

u’(t)u(t)dt = - J Oo u(t)Au(t)dt, v(t) E CO” (1 
0 

Thus, we cari say that the vector-valued distribution TU defined on CO” (10, oo[) by the 

07 =4 

relation T&) = JoW u(t)p(t)dt h as a continuous derivative on 10, oo[ which is the function 
(Au)(t). This is enough to get the result. cl 

Turning back to the assumptions of Theorem 2 we may note that the semigroup ?Y(t) 
obtained there has the same properties as in ([4, p. 28, 291). Therefore we see that 

There exists a number w > -00 such that lim - 

This number w Will be called the type of the semigroup U(t) and also the type of the 
corresponding ultraweak Cauchy problem. 

We may close t his section with t he following 
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PROPOSITION 1. Under the assumptions of Theorem 2, the eigenvalues-values of the op- 
erator A are contained in the complex half-plane {X E ê, Re X < w}. - 

PROOF: Let in fact be X E ê such that As = Xx with x E D(A) and x # 8. Put then 

u(t) = exp(Xt) x; we see that u’(t) = Au(t) = Au(t), t > 0. This relation implies the 
condition c) of Theorem 1 in an obvious manner. It follows that u(t) = U(t)x = exp(Xt)x, 
and accordingly we find the estimate 

II exPw4l = exp(tRe WII = Ilv(Wl 5 IIWII Ilxll 

SO that we get 

exp(t Rex) i p(t)ll,t > 0, 

and then 

t Re X < log IlU(t)ll, Re X L i log Ilu(t)ll,t 2 0. 

Ast+oowegetReX<w. Cl - 

(2 5) . 

3. In this (short) section we study the Laplace transformation of the above obtained 
semigroup U(t), that is the integral 

exp(-Xt)U(t)xdt, when x E D (A) (3 1) . 

This integral is well-defined (as limR,, JoR exp(-Xt)U(t)xdt) for a11 complex numbers X 
such that ReX > w. 

In fact, for x E D(A), the function U(t)x is continuous [O,oo) + X; this accounts for 
existence of the integral 

J 
R 

exp(-Xt)U(t)xdt,VX E ê,VR > 0 - 
0 

(3 2) . 

Next, using relation (2.4), we find that if 01 > w, 3Fsuch that IlU(t)ll 5 exp(twl), for t > t - 
and accordingly we get 

II exPFww4l = exp((- Re x)t)llU(t)xII < exp(t(wl - Re X))llxll, t 2 c. 

Now, if Re X > w, 3wl such that w < w1 < Re A. This implies existence of the (Bochner) 
integral 

exp(-Xt)U(t)xdt, for Re X > w (3 3) . 

In the sequel we shall try to obtain a relation between this (Laplace) integral and the 
operator (XI - A)-‘, similar (but however different) with the usual formula in the theory 
of CO-semigroups, where the equality 

(XI - A)-lx = 
J 

Oo exp(-Xt)U(t)xdt (3 4) . 
0 

holds for a11 x f  X, A being there the infinitesimal generator of the CO-semigroup U(t). 
We shall denote by u(t) th e ultraweak solution U(t)x, for x E D(A); we know that u(t) 
belongs to the domain D (A) f  or a11 t > 0, but we know nothing about the existence of 
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the (continuous) derivative u’(t) for the same values of t. We shall consider the restricted 
situation (as in section 1) where the space X is a refieziue, cornplex B-space and A is a 
lineur closed operutor in X with dense domuin. 

We cari also infer, from relations llu(t)ll = IlU(t)x\l < IlU(t>(lIIx/I that 

; log llu(t>ll L + 1% IIWII + ; 1% II4L 

hence it follows that 

limsup f. log ]]u(t)]] 5 w 
t-00 t 

(here w is the type of the semigroup U(t)). Th is estimate indicates that we cari use some 
ideas and techniques in previous section 1, and in fact we now follow essentially the proof 
of Theorem 1 above, with only some minor modifications. 

Again, we note that, for any w1 > w there is RI > 0 such that 

Ilu(t)ll 2 ezp(tw1),t > Rl - (3 5) . 

Next, we shall consider the convolutions (u *a,) as in (1.2)) where t 2 to > 0, n 2 no. As 
in that proof we arrive at the situation (1.10) and later on at the equality 

(XI-A) Oo 
J 

exp( -Xt)u(t)dt = exp(-Xto)u(to) (3 6) . 
to 

Now, we let to 1 0; using closedness of the operator (XI - A) we obtain that 

J Oo exp( -Xt)u(t)dt E D (A) and (XI - A) exp(-)rt)u(t)dt = u(0) = x (3 7) . 
0 

Accordingly, for x E D (A) we obtain that Jom exp(-Xt)U(t)xdt E D(A) and the equality 

x = (XI - A) 
(J 

mexp(-M)U(t)xdt 
> 

, for Re X > w 
0 

(3 8) . 

Therefore, the domain D (A) is contained in the range of the operator (XI - A). 
On the other hand, we cari use Proposition 1 to infer the existence of the inverse operator 

(XI-A)-‘forReX> ( h’h w w ic is defined on the image of (XI - A) hence (a fortiori) on 
D(A).) It f  11 o ows that the fundamental formula 

Oo (XI - A)-lx = 
J 

exp(-Xt)U(t)xdt, x E D (A), Re X > w (3 91 . 
0 

is satisfied. 

4. 

We start this section with an improvement of the “Theorem” in 171. Precisely, we have 
t he following. 
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THEOREM 4. Let X be a complex Banach space, A a linear closed operator with dense 
domain D (A) C X and with the following supplementary property: there exists a simple 
Jordan arc r going to oo, lying in a closed angle in the open Upper half X-plane, on which 
the operator R(X) = (XI - A)-’ belongs to L(X) and satisfies an estimate 

IIWN = wxPw4) for some Q! > 0. - 

Let u(t) E C ([0, T] ; X), such that u(T) = 0 and satisfying the equality 

(4 1) . 

(class of test-functions as in [7j). 
Then, if T > a, it follows that 

u(t> - - e for a < t 5 T. - (4 3) . 

(Note that we do not assume here the density of the domain D (A*)) 
In order to prove this result we shah use the resolvent regularization method, following 

our articles [l2] and [l3] (p recisely, the Proposition 1 in [13]) 
First, if we multiply by ( -1)112 in (4.2) we obtain the relation 

diP 
; + (iA)*@*,u 

> 
dt = 0, for a11 @* E KA*(O,T) (4 4) . 

Let us take in the complex plane a number X such that A/i E p(A) (due to the inclusion 
I’ c p(A) it is easy to find many such X’s). It follows that X E p(iA) (in fact, the bounded 

operator l/i ($1 - A) -’ is the inverse of the operator XI - iA, as easily seen). Consider 
now the function v  which is defined by: v(t) = (XI - iA)%(t), 0 5 t < T. It follows 
that v’(t) = (iA)v(t) on [0, T]. Applying now Theorem 1.1 in [l] we find that v(t) = 8 for 
CII < t < T. Then we get: u(t) = (XI - iA)v(t) = 8 for a 5 t 5 T. - - 

REMARK. The above method of proof (using resolvent regularization) is very short indeed. 
Unfortunately, it does not seem to work when instead of continuous ultraweak solutions 
we consider solutions belonging to the (Bochner) space Lp ([0, T]; X) with any p > 1. We 

- shall therefore assume now that u E Lp ([0, T]; X), p > 1 and the equality 

= O,V@* E KA* (0, T] (4 5) . 

(The class of vector-valued test-functions here denoted by KA* (0, T] is somewhat dif- 
ferent from previous I<A* (0, T): it consists of functions Q*(t), [O,T] + D(A*), X*- 
continuously differentiable, A*@* f  C ([0, T]; X*), @* = 0 near t = 0, but not necessarily 
neat t = T). We note that in this way the relation (4.5) subsumes the joint condition 
u(T) = 8 and equality (4.2) in the above Theorem 4. 

Thus, validity of (4.5) is the (ultra)weak form of saying that 

cc 
dT) 

1 du = 8 and -- - AU = 8 on [0, T]“. 
i dt 
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We shall prove below that under the additional hypothesis that D(A*) is dense in X*, the 
function u(t) equals zero akmost-everywhere on the interval [cY,T], for a < T. 

TO demonstrate this statement, let us first consider the function U(t) which is u(t) on 
[0, T] and is zero for t > T, as a function from [0, oo> to X. We see immediately that the 
equality 

J 

Oo 1 d@* 
< 7 --g- + (A*@*)(t), U(t) > dt = 0, Va* E KA+ (0, oo> (4 6) . 

0 

holds, where KA* (0, oo) is the class of test-functions appearing in Theorem 1. 
Also, in an obvious manner, equality (4.6) is the same as 

J Oo d@ 
< ; + (iA)*,U(t) > dt = O,VQ* c KA*(O, oo> 

0 
(4 7) . 

Take now a modifying sequence as previously, {a,(t)}? and then form the convolutions 
(U * an) (t) which are C1 ([l/n, 00) ; X)-functions. 

It results, as proved in [8], that, denoting with J the canonical mapping of X into its 
bidual space X**, the X**-valued functions J( U * an) (t) belong to the domain D(A**), 
for t > l/n and also the equations 

1 
J(ii*an) =A**J(G*cu& t > - 

n 

are satisfied. Note also the relations 

=%,n=1,2,... (4 9) . 

(4 8) . 

which are a consequence of the vanishing of U(t) for t > T. 
Make now in (4.8) the substitutions t = 0 + l/n an> J(U * a,> (a + l/n) = ~(a>, for 

CT 2 0. We obtain accordingly the new equations 

V,(O) = A**~n(a), 0 5 0 < 00 and un(T) = 0 

On the other hand, as seen in [7], the resolvent of the operator A**, that is the operator 

(4.10) 

(XI - A**)+ is well-defined on the curve r and satisfies there the estimate 

IIR (A; A**) liLcp*> = 0 (exp(û: Im x>) . 

Then it cari be inferred from the paper [l] that, for a11 n = 1, 2, . . . , the equality vn(a> = 
6, for a 5 cr < T is satisfied. Hence, we obtained that J(U * a& (a + I/n) = 8 for 
ar<a<T and accordingly we see that J (ii * a~) (t) = 8 for a + l/n < t < T + I/n which 
imilies,as well-known, that, in the original space X, the equality (zi * a,) (t) = 0 holds for 
a + l/n 5 t 5 T + l/n, hence also (U * CU,)(~) = 8 for a11 t > a + I/n. Let us define now 
a function w(t), R -3 X, by the formula: w(t) = U(t) for t-2 0 and w(t) = 6, for t < 0. 
It follows that w belongs to the Bochner space LP(R; X). It results, as well-known, that 
w * a, -+ w as n --) 00 in the sense of the space P(R; X). Take now an interval [a’, T] 
where a < CY’ < T. We see that: 

J 
T 

lm i II w * a, - w[lpdt = 0. 
n-00 cl’ 
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On the other hand we may note that 

t+l/n 
(W*an)(t) = J w(o)an(t-a)da = 

t-I/n J 
t+l/n 

G(a)an(t-a)da = (U*sa,)(t), for t > a’ 
t-1/72 

and large enough n. Also, we have that w(t) = u(t) on the interval [&$Y]. Therefore we 
obtain 

J 
T 

lim IK” * an>W - u(t)ll”dt = 0. 
n+w at 

But we know already that (U * an)(t) = 0 for t 2 cy’ and n 2 no. It follows that 

JaT Ilu(t)llpdt = 0 and accordingly: u(t) = 0, al most-everywhere on [~y’, 2’1. As the number 
cy’ > a is arbitrarily chosen, we get u(t) = 0 a.e. on [a, 2’1. 
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