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MAPPING THEOREMS AND GENERAL* 
NEWTON-KANTOROVICH PROCESSES 

MIHAI TURINICI 

RÉSUMÉ. On donne un théorème de résolubilité pour les applications fermés dans le con- 
texte des espaces métriques/Banach ordonnés. On établit ensuite que ce résultat englobe les 
cas abstraits dûs à Altman ainsi que les cas numériques obtenus par Amann. 

ABSTRACT. A solvability theorem for closed mappings is given, in the context of ordered 
metric/Banach spaces. This result is shown to contain the abstract ones due to Altman as 
well as the numerical ones obtained by Amann. 

0. Introduction. Let (X,d) b e a complete metric space, (Y, ]] l 11) a Banach space and 
T: D c X + Y a closed mupping (for each sequence &) in I), zoz -+ IX: and TX, + y  
imply x E D and TX = y). Concerning the solvability of the operator equation TX = 0, the 
following local mapping theorem established by Altman [l, Theorem 1.11 (cf. also Cramer 
and Ray [lO, Theorem 2.11) is of a great importance for many applications. 

THEOREM 1. Suppose the continuousincreasingfunction b: [0, oo) + [0, oo) with Ji b(s)/s 
ds < 00, t > 0, the point x0 E D and the constants q E (0, l), a > 0, M > 0 fulfiling 
(1 - q)-l ~~(b(s)/s)ds 5 a (where a = A411Tx011e1-Q) are such that, for each x E D with 
d(xo,x) < a, there exist x’ E D and E E (0, l] with 

IIT x’ - (1 - e>Txll < eallTxll, d(x,x’) 5 E~(MIITxII). (1) 

Then Tz = 0 for at least one x E D with d(xo,z) 5 cy. 

As already indicated by the above quoted authors, Theorem 1 is a common exten- 
sion of some related contributions in this area due to Pokhozhauv [20], Browder [7], 
Kachurovskij [ 141, Zabreiko and Krasnoselskij [27], Kirk and Caristi [16], Downing and 
Kirk [l3]. It is our first aim in the following to indicate a more general framework in 
which the conclusion of this result should remain valid and, at the same time, to clarify its 
relationships to another extension of Theorem 1 due to Ray and Walker [2l], based on the 
Br&is-Browder ordering principle [6]. F ur th ermore, a constructive (Newton-Kantorovich) 
version of the main result (containing, in particular a related Altman’s contribution [l, 
Theorem 2.11) p is resented. And, finally, as an argument for its usefullness, an existence 
and approximation result for a class of equations with accretive operators from a (reflex- 
ive) Banach space into itself is given obtaining, among others, a more general version of 
Amann’s related statement [5, Theorem 61 with immediate applications to Hammerstein 
equat ions. Some further extensions to metrizable structures in the sense of Turinici [23] 
Will be given elsewhere. 
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86 Mapping theorems and general Newton-Kantorovich processes 

1, Main results. Let (X,d) b e a metric space and let < be a quasi-ordering (that is, 
a reflexive and transitive relation) on X. Given a sequence (zn> in X, we shal term it 
ascending (descending) when xi _ < xj (xi > xj) for i < j, and bounded above (belon) 
provided that xn C x (xn > z), n E N, in Which case x ii11 be termed an Upper (lower) - - 
bound of the considered sequence. Under a convention precised in Turinici [24], cal1 the 
ambient space X, <-compkete when each ascending Cauchy sequence converges, and the 
initial quasi-ordering 5, self-closed if the limit of an ascending sequence is an Upper bound 
of it. Finally, given the normed space (YIl l 11) and in ro t d ucing a quasi-ordering < on it 

by the convention u < v  if and only if Ilull 2 IlvIl (observe at this moment < is semi- 
closea in the sense of Nachbin [18, Appendix] hence self-closed) let us cal1 the mapping T 
from D c dom(T) to Y, (<,<)-cfosed ( or, equivalently, after a terminology suggested by 
Browder [8], (5, <)- norma& solvable) when (xn> ascending in II, (Tx~) ascending in Y 
and xot + x, TX, + y  imply x E D and TX = y. Suppose further X is <-complete, < is - - 
self-closed and Y is <-complete. Given the subset D of dom(T), the (5, <)-closed mapping 
T: D + Y and the point x0 E D (which, actually, may be taken SO as to satisfy Txo # 0) 
we are interested to find local (modulo x0) infinitesimal conditions (of the form (1)) under 
which the (operator) equation TX = 0 should have a solution in a D-sphere around x0. In 
this direction, the main result of the present paper is 

THEOREM 2. Suppose a couple of functions a: (0, oo) --+ (O,oo), f :  (0, oo) -+ (0, oo) with 

(i) a(t) < t and an(t) + 0 as n + oo, for ail t > 0 (where an denotes the nth iterate of 
the function a) 

( > 
t 

ii t - a(t) ’ 
f(t) - f(s) 

t - s ’ t,s > 0, a(t) < s < t - 

as well as a couple of functions b: (0, W) + [0, oo), g: (0, oo) + [0, oo) with 

. . . 
( > 

b(t) < g(t) - !I(s) 
lu t - a(t) - t - s ’ 

t,s > 0, a(t) < s < t - 

may be found SO as, for each x in 

D(zo 7 g, f) = 
xo S x, Txo G TX, d(xo, x) L g(llTxoll), 

IITxo - WI G 2f(llTxoll) 

with TX # 0 there correspond xl in D and E in (0, 11 with x < x1 and 

IF X' - (1 - e)Txll < ea(IITxll), d(x,x’) < ~b(llT~lI). (2) 

Then, TX = 0 has at least a solution in D(xo,g, f). 

PROOF: By (2) (the first half) we have the a priori evaluations 

IIWI 5 (1 - 4lIT4l + 4llT4) 

and 

IlTx - TX’11 L E (IITXII + a(llTx>> < 2~)lTz)J. 

Denoting for simplicity t = IITxll, s = (1 - e)t + eu(t) we clearly have a(t) < s < t, 
- E = (t - s)/(t - a(t)) and IlTx’ll 5 s (h ence TX < TX’) in which case, by (ii) 

IF x - TX’ 11 < +j(t - 4 5 W(t) - f(s)>; - 
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moreover, by the second part of (2) we have, combining with (iii) 

b(t) d(x,x’) < - - t _ @) (t - 4 5 g(t) - g(s)* * 

Suppose by contradiction TX # 0 for each x E Do = D(xo,g, f) and let E stand for the 
subset of a11 x E Do with d( x0,2) 2 S((I~~oll) - s(llwl)~ IITXO - WI L 2(f~llT4I) - 
fW4l))* BY th e evaluations we just obtained it follows that x f  E implies x0 < x’, - 
Txo < TX’ and 

+0,x’) L @0,x) + d( x,x’) 5 s(llTxoll) - g(s) 2 
IITxo - Tx’II < IITxo - Ta:11 + IlTa: - Tx’(I < 2(f(IITxo - - 

proving 21 E Do; consequently, 0 < ]]Tx’]] < s in which case, adding the fact that, by 
(i)-(iii), g and f  are increasing on (0, oo), the above relations give 

d(x, 5’) 5 dllwl) - s(llTx’lO 
IF - Tx’ll 5 W(Pll) - f(IWIl)) 

or, in other words, x’ E E. Let e denote the product metric in D 

e(x, Y) = ma+qx, Y), IITX - TYII), x9 Y E D, 

and 2 the ordering on Do defined as 

x 5 y  if and only if - d(d) 5 s(llW> - !J(IITx’lI) 
IP - Tx’ll 5 W(llTzJI) - f(IITz’llN l 

Suppose (x~) is an acsending (modulo 5) sequence in E, namely xn < xm, Ts, < Txm 
and 

\ d(Xm X&I 5 dllTxnll> - S(llTxm II> 

IF Xn - TXmll 5 2(f(llTx7zll) - f(llTxJ)), 

whenever n 5 nz. As (g( IITxnII); n E N) and (f(llTxn II); n E N) are decreasing (hence 
Cauchy) sequences in [O,oo), (xn) is an ascending (modulo 5) Cauchy sequence in E c 
Do c D and (as f  is increasing (strictly) on (0, oo)), (Txn) an ascending Cauchy sequence 

in Y SO, by our completeness/closedness hypotheses xnsx for some x f  D. Moreover, Do 
being closed with respect to ascending (modulo 2) e-convergent sequences, x E Do (hence 
TX # 0) and xn _ < x, Txn < TX for a11 n E N. SO (again using the monotonicity properties 
of g and f) 

d(xn7 xm) 5 dJTXnll> - g(llTXll) 
IF xn - Txmll 5 2 (f(llTXn Il> - f( llTXll)) 7 72 L ?% 

in which case, passing to limit as nz * 00 one immediately gets xn _ < x E E, n f N. 

This shows a11 conditions involved in author’s maximality principle [24, Theorem 11 are 
fulfilled in (E, e, 5); and, by the conclusion of that result, a maximal (modulo s element 
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z f  E c Do may be chosen SO that ~0 5 x. However, as Tx # 0, the first part of the proof 
tells us an element z’ E E may be found with z 5 z’ and z # z’. This contradiction proves 
the assumption Tx # 0 for each z E Do is false and the result follows. Cl 

A useful remark about this result may be presented under the lines below. Let c: [0, 00) -+ 
(0,oo) be a decreasing function satisfying 

J 
t 

+JO) > g( llTxo11) (where h(t) = c(s)ds, t 2 0) 
0 

and assume that, in the statement of Theorem 2, D(Z~, g, f) is to be replaced by 

D(xo,g,h,f) = 
xo < x, Txo < TX, h(d(zo,x)) 2 s(llTxoII>, 

Il& - TXII L 2f(llTxoll) 
and the second part of (2) by 

44x0 9 4) 4 x, 2’) 5 Eb( lpII)* I 
(2 > 

Then (the notations being the same) in view of 

@(x0 7 xl> 4 x, x’) I g(t) - g(s) 

it is clear that, E@) d enoting the subset E above with Do substitued Dih) = D(xo, g, h, f> 

and d(xo,x) by h(d( x0, x)), we have at each x E E@) 

h(d(xo, x’)) 5 h(d(xo, x) + d(x, x’)) - h(d(xo, x)) + h(d(xo, x)) 

5 c( d( xo 7 x)) d(x, x’ > + h(d(xo 7 z>> 

5 il(t) - ds) + dllTxo II> - go) 
= g( IITXO II> - &) 2 dllTxo II>* 

This proves x’ E Dih), as well as (in view of (2’)) 

d(x,x’) < ew - (where x = h-l(g(lplxol~))) 

if we take into account that, as an immediate consequence of definition 

+> 2 t s 
h(t) - 4s) < ( ) 

-CS) o<sct. - 

From this point on, the argument of Theorem 2 is working on the structure (IP), e, 5) 
where, in the definition of 2, g is to be substituted by g/c(X); in other words, we proved 

THEOREM 3. Under the same hypotheses about X, D, Y and T, let x0 f  D with Txo # 0 
w be such that, for each x in Do = qxo,SAf) with TX # 0 there correspond x’ in D 

and E in (O,I] for which (2) (with second part substituted by (2’)) is holding. Then the 

operator equation TX = 0 0 has at least a solution in Do . 

Concerning the. second part of (i) (which, as indicated by Matkowski [l7], surely contains 
the first part of (i) when a is increasing on (0, oo)) remark that a practical circumstance 
assuring its validity is 

(i’) lim sup,,,+ a(s) < t, for a11 t > 0, 
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the signifiante of the “limsup” operator being the standard one (see, eg., Turinici [22]). 
At the same time supposing that, in addition to (i), we accept 

(iv) t t--) t/(t - a(t)), t t+ b(t)/(t - a(t)) are decreasing and A(t) =r Ji s/(s - a(s))ds, 

B(t) = sot w/(s - a(s))ds are both finite for a11 t > 0 

conditions (ii) + ( iii Will be clearly fulfilled with f  = A, g = B. Alternatively, still ) 
admitting (i), plus 

(v) t H t-a(t) is increasing and a function d: (0,oo) + (0,oo) exists with the property: 
t, s > 0, a(t) 5 s < t imply t < d(s) 

assume (iv) is replaced by 

(iv’) t I+ d(t), t I+ b(t) are increasing and A*(t) = Jl d(s)/(s - a(s))ds, B*(t) = 

s; WWl(s - a(s)) ds are both finite, for a11 t > 0 

then (ii) + (iii) hold with f  = A*, g = B*. In particular, when a(t) = qt, t > 0, for some 
4 E (0, l), conditions (i) plus ( v  Will be satisfied; in this case, under an assumption of ) 
the form (iv’), our main result reduces to Theorem 1 if one adds the remark that , in the 
above reasonings, the information ]]Tzo - Txil 5 2f(IITq# (used in the construction of 

D@o, 5 f> and qxo, g, h, f>> maY b e neglected without affecting them. Of course, there 
are many other choices of this function which cannot be covered by the above one, such 
as, e.g., that described by 

t 
a(t) = - 

1 + ptr’ 
t > 0, for some p > 0, r f  (0, l), 

the motivation of this assertion is a consequence of the property a(t)/t --+ 1 as t --) O+. 
Finally, passing to the basic assumptions expressed by the inequalities in (2), let us assume 
the metric structure on X (supposed to be a linear space) is introduced by a norm and let 
X+ be a closed quasi-cane of X (that is a subset of X with the property Xa: + ~y E X+ 
whenever X, p 2 0 and x, y  f  X+); then, modulo the quasi-ordering 5 on X induced by 
X+, it is clear that (if we denote by T’(x)(*) th e usual Gâteaux derivative of T at x) the 
following one suffices for its validity 

IIT’WW + WI 2 a(llT(~)ll) and IlvIl I b(llTxll) for m-ne v E X+; 

indeed, it is enough to remark that if we put x’ = 1x3 + EV, with E > 0 sufficiently small, the 
assertion follows by the definition of T’(x); cf. also Cramer and Ray [lO]. 

As already pointed out in a previous place Theorem 3 is technically equivalent with 
Theorem 2; in particular, this tells us the basic solvability results in Ray and Walker [21, 
Theorems 3.1 and 3.21 are in fact reductible to (hence equivalent with) Altman’s result 
quoted as Theorem 1 (cf. also [3, Theorem 3.21). In the light of these considerations, 
the remark in Park and Bae [19] that the fixed point result in Ray and Walker (see the 
above reference), claimed as an extension of the Caristi-Kirk theorem [9] is nothing but an 
equivalent formulation of it, seems to be not very surprising. TO get an alternative proof 
of this fact, let (X, d) b e a complete metric space, 4: X + [0, 00) a lower semicontinuous 
function, and c: [0, 00) + (0,oo) a continuous decreasing function. Let the self-mapping 
T of X be such that, for some x0 E X, h(m) > +(x0) (where h: [O,oo) + (0,oo)) is taken 
as in Theorem 3) and 

c(d(x,xo))d(x,Tx) I 4(x) - 4(Tx), x E x-0 (4) 
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Introducing the subset Y of X by 

it is manifest that it is nonempty (20 E Y) and closed (as h is continuous and 4 is 1s~). 
Let =I: E Y, that is, h(d( vo)) 5 4(x0) - 4(x>* By (3) PIUS (4), 

h(d(Tx, x0)) 5 h(d(x, TX) + d(x, x0)) 

= h(d(z,Tx) + ~(VO)) - +@VO)) + h(d(x,xo)) 

5 c(d(x, xo)) d(x, TX) + h(d(z, $0)) 

L 4(x) - @lx) + 4(x0) - 4(x) 

= 4(X0) - $(Tx) 

or, in other words, TX E Y. Moreover, h(d(x,xo)) < +(x0) gives at once (in view of 

hw ’ exd) 
@,x0) L to, for some to > 0 

and the obtained relation implies c(d(x, x0)) 2 c(to) > 0 SO, again by (4), 

d(x,Tx) 5 w - ow 
c(to) l 

Summing up, Y is closed, invariant under T and the above inequality holds for a11 x E Y; 
consequently the Caristi-Kirk fixed point statement (see above reference) applies and the 
assertion is proved. A slight generalization of the main result could be reached if one 
replaces the normed structure of the image space Y by a metrizable (Fréchet) structure 
S = (1 l Ii 1 i f  N}; f  or a partial indication about the corresponding versions we refer 
to [23]. 

2. Newton-Kantorovich processes. A close analysis of the proof in the main result 
shows the process x H x’ (generated by (2)) under which a solution in Do = D(Z~, g, f) of 
the operator equation Txo is to be reached, has a (generally) non-constructive character 
because, as results from [25], the maximal element of the structure (E, 5) cannot be 
viewed as a last point of a denumberable chain. It is natural then to ask-under which 
additional conditions may a solution in Do of the equation in question be atttained through 
a denumberable process of this form. TO be more precise, given x0 E Do with Txo # 0, let 
xl E Do and ~0 in (0, l] be determined by (2) with x = x0, supposing Txl # 0, there exists 
a pair 22 E DO, ~1 E (0, 11 for which (2) holds with x = x1 and SO on. By an ordinary 
induction procedure one obtains (if we eliminate at each step the possibility of deriving, 
via (2), a solution of the considered equation) an increasing (modulo <> sequence (x~) in 
Do and a sequence (e,> in (0, l] for which t, = IITxnll > 0 for a11 n E N and 

(ITcz+1 - (1 - Gl)TGzll L w(Ipb2II), d(zrz, &2+1) Lc En b( pneu), n E N. (5) 

Our aim is now to find under what circumstances the sequence (xJ which, from a tech- 
nical reason explained by Altman [1] may be referred to as a general Newton-Kantorovich 
process, converges to a solution in Do of the operator equation TX = 0. In this direction, 
the following answer may be formulated. 
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THEOREM 4. Suppose in the main result, condition (ii) were deleted 

(vi) either ~~ = 1 for infinitely many ranks n and, in (i), t I+ a(t) is 

or c, Gt = 00 and the second part of (i) were substituted by 

Then, the general Newton-Kantorovich process (x~) described by (5) 
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and, in addition 

increasing on (0,oo) 
‘7 

( > 1 . 

converges to a solu- 
1 tion x E Do of the equation TX = 0 under an errer evaluation formula expressea as 

d(xn, 2) i s(llTxnll> - $J(O+), n E N. (6) 

PROOF: As a consequence of (5), 

t  n+1 5 (1 -G2)L +G&2), 72 f N 

SO that, necessarily, ( tn )  is decreasing and converges to a number t  > 0. Now, in the first 
alternative of (vi), let (n(k) 1 I f  N) be the (strictly increasing) sequence of ranks with 

WV = 1; in view of 

hz(k) 5 ak(tn(o>), k c N, 

it is clear that the case t > 0 cannot be accepted. In the second one, we note that, by (i’), 
a(s) < As (hence s - u(s) > (1 - x>s > (1 - x>t), t < s < t + 7, for some q > 0 sufficiently 
small and some X in (0,l) sufficiently close to 1, if one assumes t > 0; this fact combined 
with 

En(tn -a(tn)) 5 tn -&+l, n f  N 

gives at once 
(1 - x>tEn < I!n - tn+l, - n > n(t) - 

where n(t) E N is large enough and therefore, as Cn(tn - tn+l) converges, the assumption 
about (e,) Will be contradicted. Therefore, in any case we have t, -+ 0. At the same time, 
by the reasonings we developed in the proof of Theorem 2 

d(Xr-8, Xn2) L g(tn) - $7(trn), n L m 

and this shows (xn) is an ascending Cauchy (hence convergent) sequence in Do. Let x 
denotes its limit; we therefore have xn + x E Do and TX, + 0 SO, by our closedness 
hypothesis, Tz = 0. Adding the fact that, as a consequence of the above relation 

d(Xn,%) 5 s(bz) - !J(O+), 7-h 5 m, 

relation (6) f  o 11 ows at once performing the limit as m -+ 00 and the proof is complete. Cl 

Concerning the key condition (vi), we note that, in case the required properties for 
(en) fail to be satisfied, conclusion of Theorem 4 is still retainable when, alternatively, we 
stipulate that 

(Vi’> En En > C,(tn - tn+l.)/(tn - a(tn)) 

provided the second series converges; in fact, it suffices to take into account the inequality 
encountered in the proof above. Of course, it might very well happen that (vi’) be with- 
out abject when the above mentioned series diverges but, in the convergence case, this 
procedure yields a Newton-Kantorovich process (xn) whose associated sequence (in> is, in 
general non-standard (in the sense of (vi)). In particular, when a(t) = qt, t > 0, for some 
4 E (0, l), the result we just exposed reduces to that of Altman [l, Theorem 2.11 proved 
by a different method. 
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3. An application. Let X be a Banach space X* its (topological) dual and J the natural 
duality rnap of the couple (X,X*), that is 

J(x) = {x* E X* 1 (x,x*) = /xl12 = ~~XII~}, x E X, x # 0, 

where (0, 0) is the natural pairing between X and X*. A self-mapping T of X Will be called 
accretive when a constant CII > 0 exists with the property: for each couple U, ‘u E X, u # w, 

(T u - Tv,j) 2 allu - ul12, for some j E J(u - v). 

Of course, under such an assumption, the operator equation TX = 0 has at most a solution 
in X. Concerning the existence of this solution and its approximation by (general) Newton- 
Kantorovich processes, the following answer may be formulated. 

THEOREM 5. Assume X is reflexive and the continuous accretive self-map T of X has 
a fiéchet derivative T’(x) E L(X) t a each x E X, with x I+ T’(x) (from X to L(X)) 
lipschitzian on bounded subset of X. Then, given x0 E X arbitrary fixed there exists 
a sequence (in> in (0, l] with E, = 1 for n > n(xo) such that the (general) Newton- - 
Kant orovich process 

X3,+1= Xn -E~(T’(x&~Tx~, n E N 
. 

converges to the unique solution z E X of the operator equation TX = 0 under an error 
evaluation formula expressed as 

II Ix=n -211 L 'llT5nJl, n E N. 
a 

PROOF: The last assertion being evident by virtue of (7), the point is to prove the remain- 
ing ones. Firstly, as an easy consequence of (7) pl us the the the reflexivity of X we have 
at each pair z, y  E X, y  # 0 the property 

(T’(X)Y,j) 2 4Yl12, for some j f J(Y); 

SO, by a result of Ray and Walker [21, Theorem 3.41 (see also Deimling [ll]) T'(x) is, for 
each x E X, a homeomorphism of X onto X. Consequently T’(x)-’ exists (as element of 
L(X)) and, moreover, 

llT’(x>-‘II < i, for a11 x f  X. 

Secondly, 1x30 E X being arbitrary fixed put (for a given 4 E (0,l)) 

D 
{ l 

IPo II - IIT41 = II: E x 11x0 - 211 5 
41 - q) 

and, indicating by X the Lipschitz constant of x H T'(x) on 

Do = IITxo II 
41 - a> 

,(,>=min(IL,&), ~ED, Tx#O 

4 > x = -T’(x)-lTx, x E D. 
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Under these conventions, assume II: f  D is such that TX # 0 and put x’ = x + e(x)h(x). 
We have 

< - 

- - 

Ilxo - XII + Ilx - 41 
IPdI - IIWI +e( 

41 - a> 
X 
)llh( 

X 
)ll 

lITxo II - IIWI 
41 - 4) 

+ II WI 
41 - a> 

IPO II 
41 - a) 

that is, z’ E Do. Moreover, 

k(x)llh(x)ll” < A$$q - 
X 

- aPlI; 

SO, taking into account the Lipschitz property 

llT’(x + qx))h(x) - T’(qo)ll L qllTx~1; 0 L E L E(X) 

in which case, by the well-known Dieudonné mean value theorem [12, Ch. 8, Section 51 

llT(x + Eh(x)) - (1 - @‘XII < cqllTxll, 0 5 E 5 e(x). 

In particular, for e = E(X) this relation becomes 

IIT x’ - (1 - +))Txll L +)qllTxll 

(hence IITx’ll - IITx(( 5 e(x)qllTxII) and combining this with 

II x - X’II L ~ - ~(~)ll~4l < llT4l - IITX’II 
a(!2 - 1) 

it finally follows x’ E D, proving at this moment conditions of Theorem 2 Will be fulfilled 
. with 

a(t) = qt, 
t 

b(t) = -, t > 0 
-a 

and D(Z~, g, f) taken as D A Do = D (with no information about condition IITxo - TxII 5 

WllTxo II))* SO, by the conclusion of that result, combined with a previous remark, the 
operator equation TX = 0 has a solution z f  D which, in fact, is its unique solution 
in X. Let (xJ be the (g eneral) Newton-Kantorovich process described in (5), where 

( isn = ~(2~) 1 n E N) is introduced by the above convention (if we elminate at each step of 
this construction the alternative xn = z). As ( IITx~/ 1 n E N) decreases, (e,> increases and 
therefore (vi) (the second alternative) holds, proving conditions of Theorem 4 are fulfilled 
too. By the conclusion of that statement, x, + x; moreover, as TX, + 0, it is clear that 

en = 1 for n > n(x0) =the smallest value of n with the property IITxnII < qa2/X. The 
proof is complete. Cl 

In particular, assume X is a Hilbert space with iner product (e, 0). Then, obviously, (7) 
has the form 

(T U- TV+ - v) 2 ~!l[u - vl12, u,v f X I 
(7 > 
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and the above result reduces to Theorem 6 in Amann [5] proved by a different method 
(see also 14). A s a ready indicated in the above quoted papers, the statements of this type 1 
found an interesting application to the iterative solvalibility of the linear problems 

z;+jl:k(si,sj)f(sj,xj)wj =o, i = l,... p-n, (8) 
j=l 

arising from the discretization of the Hammerstein equations 

J 
b 

x@> + qt, s)f (% x(s)) ds =o, t f [a,b] =I I (8 > 
a 

where Ic: I2 + W and f  : 1 x R + R are continuous functions determined in such a 
way that (8’) h as at least a solution in C(I) (eg., that hypothesis of the main result 
be fulfilled with X = Y = C(I) and T: X -+ Y defined by the left member of (8’)). 
Concerning this last aspect, it is worth nothing that, by a technique involving monotone 
opertttors theory, Altman [2, Theorem 5.11 was able to derive, among others, an existence 
uniqueness and continuous dependence result for the nonlinear Hammerstein equations in 
L2(I) (comprising in general (8’)) 

x - A*FA(x) = b (= a fixed element in L2(I)) 

where A: L2(I) + LJ”(I) is a bounded linear operator, A*: Lq(I) + L2(I) (with p-l + 
-1 - Q - 1) its adjoint, and F: LP(I) --) L*(I) a nonlinear operator; see also Vainberg [26, 

Theorem 17.51. A more detailed analysis of these problems in connection with a general 
class of Newton-Kantorovich processes in the sense of Kantorovich and Akilov [IL~, Ch. 181 
Will be discussed in a forthcoming paper. 
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