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FIRST AND SECOND ORDER OPTIMALITY CONDITIONS 
IN VECTOR OPTTMIZATION 

CHRISTIAN MALIVERT 

RÉSUMÉ. Cet article présente des conditions nécessaires d’optimalité de type Kuhn et 
Tucker pour un problème d’optimisation vectorielle avec contraintes d’égalité et d’inégalité. 
Les hypothèses de différentiabilité utilisées sont suffisamment larges pour être vérifiées en par- 
ticulier par les fonctions Fréchet différentiables ainsi que les fonctions convexes continues. Le 
principal outil est une généralisation du classique lemme de Farkas Minkowski faisant inter- 
venir des applications et des multiapplications convexes. Comme conséquence, moyennant un 
renforcement des hypothèses, on montre qu’un optimum local faible est aussi un minimum lo- 
cal pour un Lagrangien augmenté. Enfin en ajoutant au conditions nécessaires des hypothèses 
de différentiabilité du second ordre, on obtient des conditions suffisantes d’optimalité. 

ABSTRACT. A multiplier rule is presented for a vector optimization problem with equality 
and inequality constraints. The results are established for a class of mappings which contains 
Féchet differentiable mappings and continuous convex mappings, using a version for convex 
mappings of the Farkas/Minkowski lemma. In the case of a reflexive space, adding to the 
necessary conditions a 
conditions. 

second order differentiability assumption, we get sufficient optimality 

. 

1. Introduction. In this paper we are interested in constrainted vector (multiobjective, 
Pareto) optimization problems for which we want to obtain necessary and sufficient op- 
mality conditions. Several results of this type cari be found in the litterature, see for 
instance [Oettli], [C raven], [Minami], [ Jahn], [ Jahn/Sachs] among others. Recently 
the results of Jahn for Fréchet differentiable functions were extended to the class of regu- 
larly locally convex functions by Khanh/N uong. When an equality constraint is present, 
necessary conditions are generally carried out by using the Ljusternik’s Theorem. In par- 
ticular the equality constraint must be of class C1 with a surjective derivative. Here we 
consider an objective mapping belonging to a class which contains in particular the regu- 
larly locally convex mappings. We show that under a regularity assumption, it is sufficient, 
in order to get a multiplier rule, to assume that the equality constraint admits a Fréchet 
derivative, the range of which is a direct factor. It is well known that necessary optimality 
conditions are not sufficient unless convexity assumptions are added. In this paper we give 
an other type of sufficiency dealing with second order conditions. 

In the first part we introduce extended notions of differentiability and in the second 
section we discuss the regularity assumption. Under the regularity assumption, the so- 
lution set of our minimization problem is included into an other subset which cari be 
characterized in terms of directional derivatives. In the third section we present a re- 
sult of Farkas/Minkowski type for convex mappings, from which we derive the Fritz-John 
optimality conditions for our problem and then we get a multiplier rule. Furthermore 
strengthening the conditions we show that each solution appears to be a local minimum 
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66 Optimality conditions in vector optimization 

of a perturbated Lagrangian function. In the last part we show that adding a second 
order differentiability assumption to the necessary conditions previously obtained, we get 
sufficient optimality conditions, without convexity nor regularity. 

Unless otherwise specified, X, VV are Banach spaces and Y, 2 are normed vector spaces 
ordered by closed convex cones C and D respectively. Consider f  : X + Y, g : X --) Z, 
p: X + VF/’ and a convex subset 0 of X. The problem we are interested in, is stated under 
the following general form: 

min{ f(x) 1 x CE S} P) 

where S = {x E Sz 1 g(x) < 0, p(x) = 0) is th e f  easible set. An element x0 E S is called a 

local nzinimum for (P) if there exists a neighborhood N E JV(XO) of x0 such that for every 
x f  N n S, f(xo) - f(x) fg! C \ (-C). I f  we have for every x E N n S, f(zo) - f(x) 4 riC, 
where ri C denotes the relative interior of C, we say that x0 is a Zocal weak: minimum. 

As in [Iofe/Tihomirov], f  is said to be ZocaZZy convezc at x f  X, if its directional 
derivative f’(x) l h exists for a11 h E X and is convex in the sense that 

t f ’ (x) l h + (1 - t)f’(x) . k - f’(x) 0 [th + (1 - t)k] E C, 

for a11 h, ,Fc E X and t E [0,1]. 
Note that f’( x is a positively homogeneous mapping as soon as it is defined. The ) 

mapping f  is said uniformly diflerentiuble in the direction h f X at x E X if f’(x) . h 
exists and for every U E n/(O) in Y there exists N E n/(h) in X and to > 0 such that 

t - ‘ [ f (x  + t k )  -  f ( x ) ]  -  f’(x) l h E U, 

whenever k E N and t E (0, to). 
I f  f  is locally convex at x and uniformly differentiable in a11 directions at x, then we say 

that f  is TeguZurZy ZocuZZy con’uelç at x. In this case f’( x is a continuous function. If  the ) 
closed convex cane C of Y is Daniel1 (;.e. each decreasing net which has a lower bound 
converges to its infimum), then every convex mapping from X to Y is locally convex. 
Moreover every Fréchet differentiable mapping is regularly locally convex. We have also: 

1.1 PROPOSITION. Let C be a closed convex cane of Y which is Daniel1 and normal fi.e. 
there is a base of neighborhoods U of 0 with U = (U-C)n(C-U))andlet f:  X -+ (Y,C) 
be a convex map. Then f is regularly focally convex at x if and only if it is continuous at 
X. 

PROOF: The necessity is obvious from the definition of the regular local convexity. More- 
over, f  being convex and C being Daniell, f  is automatically locally convex. Thus, we 
have only to check uniform differentiability at x in a11 directions. Since f  is continuous at 
x it is also continuous on a neighborhood V of this point [Borwein, Cor. 2.41. Let h E X, 
U =(u-C)n(C-U) a neighborhood of 0 in Y and Uo c U such that Uo + UO c U. We 
choose to > 0 such that x + toh E Uo and 

tol[f(x + toh) -  f ( x ) ]  -  f’(z) l h E Uo. (1 1) . 

By the continuity of f  at x + to h, there exists N f  NY(h), N symmetric with respect to 
h such that for a11 Ic f  N 

t;‘[f(x + tek) - f(x + toh)] E U-0. (12) . 
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On the other hand, from the convexity of f  we have for a11 k f  N 

vit f (wo) tp [(to - Q.~(X) + tf(x + to-)] - f(x + tk) f  C 

which gives 

vt f (040) t;‘[f(x + tek) - f(x)] - t-l [f(x + tk) - f(x)] f  c. (13) . 

From (ll), (1.2) and (1.3) we get for a11 k f  N and t E (0, to) 

t-‘[f(x + tk) - f(x)] - f’(x). h E U - C. (14) . 

Setting k’ = 2h - k we have k’ E N since N is symmetric with respect to h and by the 
convexity of f  

vt f (wo) f(a: + t-) - 2(f(z + th) + f(a: + tk’) E C (15) . 
and 

vt E (vo) t - ‘ [ f (x  + th)  -  f ( x ) ]  -  f’(x) l h E C. 

It follows from (1.5) and (1.6) that for a11 k f  N and t E (O,to) 

(16) . 

t - ‘ [ f (x  + t k )  -  f ( x ) ]  -  f’(x) l h c t - ‘ [ f (x  + th)  -  f ( x )  + f ( x )  -  f ( a :  + tk’)] + C 

and from (1.6) 

t - ‘ [ f (x  + t -> -  f ( x ) ]  -  f’(x) l h E f’(x) l h - t-‘[f(x + tk’) - f(x)] + C. 

As k’ E N we get from (1.4) 

t - ‘ [ f (x  + t k )  -  f ( x ) ]  -  f’(x) l h E -4 + c (17) . 

and the normality of C, with (1.4) and (1.7), entails that 

‘dk c N Vt E (o,to) 
t-l [ f ( x  + t k )  -  f ( x ) ]  -  f’(x) l h E u. 0 

Let us introduce now an extended notion of differentiability. For each x E X and h E X 
we define f’(x, h) as the subset of a11 y  E Y such that for every U E N(O) in Y, there exist 
N E Af(h) in X and to > 0 satisfying 

t-'[f(x + tk) - f(x)] - y E u - c, 
whenever k E N and t E (0,to). I f  f’(q h) # 0 we say that f  is lower unriformly dif- 
ferentiable at x in the direction h. Futhermore f  is said to be regularky Zower uniformly 
diflerentiable at x if the multiapplication f’(x, l ): X -3 2y has non empty values and is 
convex in the following sense: 

tf’(x, h) + (1 - t)f’(x, k) c f’(qth + (1 - t)k) + C 

for a11 h, k E X and t E [O,l]. Ob viously every uniformly differentiable mapping is lower 
uniformly differentiable, f  ‘(x, h) being the singleton {f’(x) . h}. The following example 
shows that this inclusion may be strict. 
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1.2 EXAMPLE. Consider f:  f3 + t3 defined by 

0 

f(x) = { xsin(l/x) 

ifx<O: 

if x I 0. 

The quantity t-If(t) oscillates between 1 and -1 when t tends to O+ SO that f’(0) l 1 does 
not exist. However if h 2 0, f’(0, h) = [l, oo[ and if h < 0, f’(0, h) = [0, oo[. 

1.3 LEMMA. If f: X -P (Y,C) is Jower uniformly differentiable at x E X in the direction 
h E X then for every X > 0, f’(x, Ah) = Xf’(x, h) 

PR~OF: Let be y  E f’(x, h), X > 0 and U E n/(O). Since X-IU f  N(O), there exist 
N E N(h) and to > 0 such that for every t E (0, to) and every k E N 

f-V(x + tq - f(x)] - y E x-w - c. 

Setting r = X-Q we have 

r-l [f(x + rX1) - f(x)] - Xy E U - C 

wich means Xy E f’(x,Xh). Th us we have proved Xf’(x, h) c f’(x, Ah). In the same way 
we have Pf’(x, Ah) c f1(x, FXh) implying the equality. Cl 

1.4 LEMMA. Iff: x + (Y, C) is Jower uniformly differentiable at x E X in aJJ directions 
and int C # 0 then the multimapping f’(x, 0): X + 2y is Jower semi continuous. 

PROOF: Let be y  f  f’(x, h) and U E n/(O) in Y. Let be c E int C f7 U and consider the 
neighborhood of 0, Q = U n (c - C). Since f  is lower uniformly differentiable at x, there 
exists N E N(0) in X such that N/2 + N/2 c N and to > 0 such that for every t E (O,to) 
and every k E h + N 

t-‘[f(x + tk) - f(x)] - y E Q - C. 

Then, for every k f  h + N/2, every b f  k + IV/2 and every t f  (0, to) 

t-l [f(x + tb) - f(x)] - y E Q - C. (18) . 

Consider y1 = y  + c. Since Q c c - C we have for V E n/(O) in Y, y + Q - C c 
y1 + V - C. Th us f  or every k E h + N/2, it follows from (1.8) that y1 E f’(x,k) which 
entails f’(x, k) n (y + Q) # 0. 0 

If  S is a non empty subset of a real separated topological vector space X and x E S, we 
say that h belongs to the contigent cane T,S of S at x, whenever there are nets (X&I, 
x; E S and (A&I, A; > 0 such that: 

h = lim &‘(x; - x), 
i 

1imA; = 0. 
i 

We denote by Y* (resp. Z*, W*),th e s p aces of linear continuous functionals on Y, (resp. 
2, W) and we define the polar cones of C C Y and D C 2 by: 

C* = {A* f  Y* 1 X*y > 0 for a11 y  E C} 

and 
D* = {p* f  Z* 1 p*z > 0 for a11 x f  D}. - 
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For x f  X we set 
DZ = {p* ci D* 1 p*g(x) = 0) 

and 
(Dz)* = (2 E 2 ] p*z 2 0 for a11 CL* E Dz}. 

Obviously we have D C (Dz )* . Recall ( see e.g. [Jahn, Lemma 3.21 a]) that if 2 is locally 
convex and D a closed convex cane of 2 then D = {z f  2 ] p*x 2 0 for a11 p* f  D”}. 
When the directional derivatives g’(x) l h and p’(x) l h exist, we introduce the subset of X: 

H, = {h E (int s2) - x ] g’(x) l h f  - int ((Dz)*), p’(x) l h = 0). 

I f  g is locally convex and p Fréchet differentiable then H, is a (possibly empty) convex set. 

2. Regularity condition. We begin with a result showing that T,S is included into the 
convex cane defined with the aid of the directional derivatives of effective constraints at 
x E s. 

2.1 PROPOSITION. If g is uniformly differentiable at x E S and p is Fréchet differentiable 
at x then 

T,S c {h E T,Q 1 g’(x) l h c -(Dz)*, p’(x) l h = 0). 

PROOF: Let be h = limn+,&‘(xn - x) f  T,S with x, E S, t, > 0 and lim,,,t, = 0. 
The mapping g being regularly locally convex at x, for every U E A/‘&(O), there exist to > 0 
and V E N’(h) such that 

vt f  (0,to) Vk E V t-‘[g(x + tk) - g(x)] - g’(x) . h E u 

taking t =t,andk=t;‘(x,- x) there exists no such that 

Vn > no . t ; ‘ [s(zn) -  g(x) ]  -  g’(x) l h E U 

and for each p E Dg, 11~11 = 1 we get 

Qn > no t;‘p*g(x,) -  p*g’(x) l h f  p*(U). 

Since g(xn) 5 0 and p* E DE C D* we deduce that for every U f  NY(O), p*g’(x) l h E 
-p*(U) - W+ which implies, U being arbitrarily small, p*g’(x) l h 5 0. Thus g’(x) l h E 
-(DE)*. Now p being Fréchet differentiable at x, 

Since P(h) = P(X) = 0 ad llP’(X) l hll 5 l~P’(x)(t-y&2 - X))II + llP’(x>(t;‘(Gz - 2> - h>)ll 
it yields p’(x) l h = 0. Cl 

2.2 REMARK. The inclusion in Proposition 2.1 cari be strict. Consider for example: 

and the point (-1,O) f  S. In fact S = {(-l,O)} and Tc-1 QS = {(O,O)}. However > 
s'(-U)*(h,hz)= -2hl, p’(-1,O) l (hl, hz) = hl and 

{h = (hi, A) f  W2 1 g’(-1,O). h 5 0, p’(-l,O) l h = o} = {h f  R2 1 hl = 0). 
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Let be x E S. We shall use the following regularity condition: 

H, c T,S. (RU 

2.3 LEMMA. I f  g is uniformly differentiable at x E S and g’(x) l h E -int((Dz)*) with 
h = lim,,, t;‘(x, - x), xn c X, t, > 0 and lim,,, t, = 0, then there exists no > 0 
such that, for each n > no, g(xn) 5 0. 

PROOF: Since D is a closed convex cane, g(z) < 0 is equivalent to p*g(z) 5 0 for every 
p* E D*. Suppose that there exist sequences ?‘Zk E N, limk+00 nk = 00 and & E D*, 
]]CL:]] = 1 such that for each k f  N 

Phl(4 > 0. (2 11 

We may suppose that & weakly converges to cc* E D* with I~C~*]I = 1. The mappini g 
being uniformly differentiable at x we set for each nk: 

ak = t;;(g&) - g(x)) - g’(x) l h 

and we have limk+, ak = 0. By linearity of pz 

dh(%z) = /-12dx> + tw#k(d(x) l h + ak). 

I f  we suppose p*g(x) < -r) < 0 then there exists /CO f  N such that k > Ico implies &g(x) < 
- 77/2 andt,,Ilg’(x)~h+wII < 77/2. Th ere ore, f k > Ico implies p*g(xnk) < -r)/2+~7/2 = 0, 
a contradiction with (2.1). Thus, p*g(x) = 0 and p* E Dz. As g’(x) l h E -int((Dz)*) we 
have p*g’(x) l h < -E < 0 and there exists Ico such that Ic > Ico entails p*(g’(x) l h + e!k) < 
-e/2. Then for Ic > /CO 

&f(x) ’ h + ak) < (p; 
c 

-  p*)d(x) l h + lb; -  P*li Il-11 -  - -  2 
Since limkdm a!k = 09 IlP;ll = lb*11 = 1 ad Pk b ein weakly convergent to ,x* there exists g 
kr > 0 such that for a11 rlc > /CI 

t,, < 1 and pk(g’(x) . h + ak) < - f  

which implies &g(xnk) < -~/4 and a contradiction with (2.1). q 

2.4 LEMMA. Suppose that lim&+, t;l(x, - x) E (int Q) - x, with xn E X, t, > 0, 
lim t n-m 72 = 0. Then there exists no > 0 such that for ail n > no, X~ E Q. 

PROOF: We set h = lim,,, t;l(x, - x) and for each n E N, ~~ = h - t;l(x, - X) with 
h EU- X, c3 E int s1 and lim,,, en = 0. Therefore xxi, = t,(w - E,J + (1 - t,)x, the 
convexity of St implying xn f  St as soon as c3 - ~~ E 0 (;.e. for n large enough). Cl 

2.5 REMARK. From these two lemmas, if we consider a problem (P) without equality 
constraints and g a uniformly differentiable mapping at x E S then x satisfies the regularity 
condition (Rl). Indeed, for h E H, we have h = lim,,, n(x + (l/n)h - x), h f  (int $2) - x 
and g’(x) l h E - int((Dz)*) which g ives (x + (l/n)h) c S for n large enough. Actually, the 
assumption “g admits a directional derivative in a11 directions at x” would be sufficient in 
this particular case, because we apply Lemma 2.3 with the added information that xn is 
of the form x + (l/n)h. 

2.6 PROPOSITION. I f  g is uniformly differentiable at x f  S and p continuously fiéchet 
differentiable at x with p’(x) surjective, then x satisfies the regularity condition (RI). 

PROOF: Let be h ‘E H,. From the Ljusternik theorem [Jahn, Th. 3.491 or [Ioffe/Tihomi- 
rov, 5 0.21, we have h = lim,,, ti’(x, - x) with p(z,) = 0, t, > 0 and lim,,, t, = 0. 
By Lemmas 2.3 and 2.4 it exists no > 0 such that n > no implies xn f  0 and g(xn) < 0. - 
Therefore xn E S for n large enough and then h E T,S. 0 
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3. Necessary optimality conditions. We suppose from now that C 
closed convex cones with non-empty interiors and that the convex set 
non-empty interior. 

and D are proper 
Lxx has also a 

3.1 PROPOSITION. I f  f  is a lower uniformly differentiable mapping then every local weak 
solution x of (p) satisfies 

Vh E T,S f1(5, h) n -int C = 0. 

PROOF: Suppose that y  f  f’(x, h) n - int C with h = lim,,, t;l(x, -x), X~ E S, t, > 0, 
. 

lim t n+m n = 0. Let be U E A&(O) a neighborhood of 0 such that y  + U c - int C. As 
f  is lower uniformly differentiable at x, there is N E N(h) and to > 0 such that for each 
k f  N and t E (O,to) 

t-l [f(x + tic) - f(x)] -y E u - c 

from which 

f(x+tlc)-f(x)Et[y+U]-CC-intC. 

Choosing t = t, and k: = ti’(xn - x) we get for n large enough 

f(Xn) - f(X) E - int C, 

a contradiction with x local weak solution of (p). 0 

Proposition 3.1 implies that for a local weak solution x, satisfying the regularity condi- 
tion (Rl) we have 

Vh E H, f’(x, h) n -int C = 0. (3 1) . 

We denotes by 0 the subset of X consisting of a11 points of S satisfying (3.1). 

3.2 PROPOSITION. We suppose that f  is regularly lower uniformly differentiable at x f  S, 
g is locally convex at x andp is Fréchet differentiable at x. Then x f  0 if and only if there 
exists X* E C* \ (0) such that h E Hz implies X*f’(x, h) c IV. 

PROOF: Since y  E f’(x,h) n - int C would imply X* y  < 0, t he condition is obviously 
sufficient. Now, let be x E 0. If  H, = 0 the result is obvious. In the other case the 
convex subset conv( f  ‘( x, Hz) + int C) h as a non-empty interior and does not contain 0. 
Indeed, suppose that xr=, X;(yi+ci) = 0 with xr=r A; = 1, A; > 0, y; E f’(x, h;), h; E H, 
and c; E - int C. The multimapping f’(x) being convex, there exists y  E f’ (x, Cyz1 Aihi) 
such that xy=, &yi f  y  + C which implies y  E - int C, contradicting x E 0 since Hz 
is convex. By the topological version of Eidelheit’s separation theorem (see e.g. [Jahn, 
Th. 3.161) th ere exists a continuous linear functional X* E Y* \ (0) such that for a11 
y  E f’(x, H,) and c E intC 

x*(y + c) > 0. 

Therefore X* E C* \ (0) and X*y 2 0 for each y  f  f’(x,&). Cl 

In order to derive a generalized multiplier rule from the Proposition 3.2 we need a version 
of the Farkas/Minkowski’s lemma involving convex mapping instead of linear mappings. 
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3.3 THEOREM. Consider a convex non empty valued lower semi continuous multimapping 
F: X -+ 2y, a convex continuous mapping G: x + Z and P: X + W linear continuous 
with P(X) closed. If  A c X is a convex subset such that int A # 0 and N* a closed 
convex cane in Z* such that N* c D*, then the implication 

h E int A G(h) E -int((N*)*) P(h) = 0 ,_ F(h) n -int C = 0 (3 2) . 

entails 

3(X*,p*,u*) E C” x N* x W* \ (O,O,O) Vh E A (X*F + p*G + v*P)h c R+. (3.3) 

Moreover if P(X) is a direct factor in W and {h f  int A 1 G(h) f  - int((N*)*), P(h) = 
0) # 0 then we cari choose X* # 0. 

PROOF: I f  P(X) is a proper subspace of W, there is V” E W* \ (0) such that v*P = 0. 
Then we get (3.3) with X* = p* = 0. In the other case P(X) = W. Consider the subset Q 
of Y x 2 x W defined by 

Q = {(F, G,P)int A} + {int C x int((N*)*) x (0)). 

Note that int((N*)*) > int((D*)*) > intD # 0. W e want to show that Q is open in 
Y x 2 x W. Let (y + c, G(h) + d, P(h)) E Q with h E int A, y  E F(h), c c int C, 
d E int((D*)*). By th e 1 ower semi continuity of F and the continuity of G there exists 
U E n’(h), U c int A such that for each k E U 

F(k) n (y + i - int C) # 0, G(E) f  G(h) + z - d int( (N*)*). 

Then, for each k f  U there exists y1 E F(E) such that y1 E y  + c/2 - int C and 

y  + f  + int C, G(h) + % + int((N*)*), P(k)] 

c [y~ int C, G(k) + int((N*)*), P(k)] c QD 

As P is an open linear map, the subset [y + 42 + int C, G(h) + d/2 + int((N*)*), P(U)] 
is an open neighborhood of [y + c, G(h) + d, P(h)] in Y x 2 x W. Thus we have proved 
that Q is open and that convQ is a convex set with a non empty interior. In the case 
where 0 4 conv Q, then by the topoligical versionof the Eidelheit’s separation theorem 
there exists (X”, p*, v*) f  Y* x Z* x W* \ (O,O, 0) such that 

V(h,c,d) E intA x int C x int((N*)*) Vy E F(h) 

X*(y + c) + p*(G@) + d) + u*P(h) > 0. (3.4) 

This implies that X* E C*, p* f  N* and 

Vh f  int A Vy E F(h) X*y + p*G(h) + v*P(h) > 0. 

Let be & > 0. If  k E A and x f  F(k), f  rom the lower semi continuity of F and the 
continuity of G and P, there exists h E int A such that 

F(h) n (Z + 0) # 0, p*G(k) + u*P(k) 2 p*G(h) + v*(h) - i 
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where 0 = {y E Y 1 ]X*yI < E/Z}. Therefore we may choose y E F(h) such that y E x + 0 
and then X*z > A*y - - 42. Since E is arbitrarily small we have 

Vk E A ‘dz E F(k) X*z + p*G(k) + y*P(k) 2 o. ’ 

Now we suppose that 0 E conv Q, then there exist h; E int A, yi 2 0 i = 1, . . . , k with 
X:=1 y~ = 1 such that: 

k k k 

Cy;F(h$? -intC # 0 CyiG(hi) E -int((N*)*) CyiP(hi) = 0. 
i=l i=l i=l 

From the convexity of both the multimapping F and the mapping G, the linearity of P 
and the inclusion D c (N*)* we have: 

n-intC# 0 G E -int((N*)*) P 

contradicting (3.2) since zf=, Tihi E int A. In the case where P(X) is a direct factor in 
W, we denote P(X) by W 1 and in a same way as previously we cari prove the existence of 
(A*+*, Y:) E Y* x Z* x PV; \ (O,O,O) such that 

Vh f A (X*F + /A*G + v;P)h c W+. 

Setting v* = ~iproj~~ we have V* E IV*, since ProjW1 is continuous, thus we get (3.3). 
Moreover if it exists ho E int A such that G(ho) E - int((N*)*) and P(ho) = 0 then, 
from (3.4) (with V; instead of v*), 

Vc E int C X*(F(ho) + c) > 0 

from which A* # 0. Cl 

In the proof above the continuity assumptions on F, G and int A # 0 are needed in 
order to ensure the openess of Q. In the case of a problem without equality constraint 
these assumptions cari be removed and we get the following result (see [Holmes,§ 14 FI). 

3.4 THEOREM. Consider F: X + 2y a convex non empty valued multimapping, G: X + 
Z a convex mapping, a closed convex cane N*, a convex subset A with N* c D* and 
A c X. Then the implication 

{h E A and G(h) E int((N*)*)} + F(h) n -int C = 0 

entails 

3(X*+*) E C” x N” \ (0,O) Vh f  A (X*F + p*G)h c R+. 

Moreover if it exists ho E A such that G(ho) f - int((N*)*) then we cari choose A* # 0. 

Now we are ready to present the announced multiplier rule. 
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3.5 THEQREM. Supposethatf:X + (Y, C) is regularly lower uniformly differentiable at 
x, g : X + (2, D) is regularly locally convex at x and p: X + W Fréchet differentiable at 
x with p’(x)X 1 c osed. Suppose that x satisfies the regularity condition (Rl). Then 

(i) I f  x is a weak solution then x E 0. 
(ii) I f  x E 0 then there exists (A*+*, v*) E (C” x Dz x W*) \ (O,O,O) such that for a11 

h E T& X*~/(X, h) + p*g’(x) l h + V*~‘(X). h c Fp+. 
(iii) Furthermore ifp’(x)X is a direct factor in W and Hz # 0 then we cari add A* # 0 

in the conclusion of (ii). 

PROOF: (i) is a direct consequence of the condition (Rl) and the Proposition 3.1. (ii) 
cornes from the Theorem 3.3. Indeed taking F = f’(x,=), G = g’(x), P = p’(x), N* = Dz 
and A = Sz - x, there exists A* f  C*, lu* f  Dz, v* E W* not a11 zer such that 

VhES2-x X*f’(x, h) + p*g’(x) l h + V*~‘(X). h c fp+ (3 5) . 

moreover under the assumptions in (iii) we cari choose A* # 0. Now we want to show 
that (3.5) is valid for every h E T,R. In this case, we have h = limti’h,, h, E R-x, t, > 0, 
limt, = 0. Then for every y  E f’(x, h) and E > 0 consider U = {y E Y 1 IX*yI < ~/2}. 
From the lower semi continuity of f’(x, 0) th ere exists a neighborhood N E N(h) such that 
for every k E N 

f’(x, h) n (U + Y) # 0. 

Therefore, it exists no such that for each n > no we cari find yn f  f’(x, ti’h,) (I (U + 
y). Since g’(x) and p’(x) are positively homogeneous and f’(x, ti’h,) = t;lfr(x, h,) 
(Lemma 1.3), it follows from (3.5) that 

x*y, + p*g’(x) l t;l h, + Y*~‘(X) l t;lh, > 0. - (3 s> . 

Since yn E U + y  we have X*y, 5 X*y + e/2 and from the continuity of g’(x) and p’(x) we 
get for n large enough 

b*dX) + v*P’(x)] (t;‘hn) L [p*g’(x) + V*~‘(X)] h + ;. 

Therefore it follws from (3.6) that 

A*Y + p*g’(x) l h + u*p’(x) l h 2 -E 

for every y  E f’(x, h) and every E > 0. Thus we have proved (3.5) for every h E T,SL Cl 

If  we suppose p continuously Fréchet differentiable at x we may remove the regularity 
assumption (Rl) in the Theorem 3.5 to obtain: 

3.6 THEOREM. Let be f: X --+ (Y,C) regularly 1 ower uniformly differen tiable at x, 
g : X + (2, D) regularly locally convex at x and p: X + W continuously Fréchet dif- 
ferentiable at x with p’(x)X closed. Then 

0 i 

( > ii 

I f  x is a weak minimum then there exists (A”, @, v*) E (C” x Dz x W*) \ (O,O, 0) 
such that for ail h E TJ2, X*f’(x, h) + p*g’(x) l h + V*~‘(X) l h C R+. 
Futhermore if p’(x)X is a direct factor in W and Hz # 0 then we cari add A* # 0 
in (iJ. 
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PROOF: If $(x)X is a proper subspace of Y, we take V* # 0, such that Y*~‘(X) = 0 and 
p* = A* = 0. In the other case p’(z) is surjective and from the Proposition 2.6, (Rl) 
is satisfied. SO we have (i) from the Theorem 3.5. For (ii), we first apply Theorem 3.5 
(iii), with p’(x)X instead of VV, since in this case (Rl) is satisfied. We obtain, setting 
W = p’(x)X, the existence of (X*,p*, vi> E (C” x DE x W*) \ (O,O,O) such that for a11 
h E T3yfl, 

X*f’(x, h) + /L*~‘(X) l h + Y*(~‘(X) l h c F?+. 

The result follows taking V* = VT projw, E W*. Cl 

In the particular case of a problem (P) without equality constraint we get from Re- 
mark 2.5 and Theorem 3.4: 

3.7 THEOREM. Consider f  : X + (Y, C) regularly lower uniformly differentiable at x and 
g : X + (2, D) regularly locally convex at x. 

(i) 1f x is a weak optimal solution then x E 0. 
(ii) I f  x E 0 then there exists (A*+*) f (C” x Dz) \ (0,O) SUC~ that for a11 h E TzQ, 

X*~/(X, h) + p*g’(x) l h c FI+. 
(iii) F’uthermore if (h E (int Q) - x 1 g’(x) 9 h E -int((DE)*)} # 0 then we may add 

X* # 0 in the conclusion of (ii). 

We know from Theorem 3.5 that under suitable assumptions a local weak optimum x is a 
critical point for the Lagrangian function X*f+p*g+V*p, but in the non-convex case x is not 
generally a minimum point for that functional. In Theorem 3.9 we shall give assumptions, 
under which a kind of augmented Lagragian function achieves its minimum at x. In order 
to prove this result we need a generalization of the Ljusternik’s Theorem [Dolecki], for 
which we give a proof for sake of completeness. 

3.8 THEOREM. Let X, Y be Banach spaces and F: X + Y a continuously differentiable 
mapping at x E X and C a closed cane in Y. If  

Y = F’(x)X + C (3 7) . 

then there exist k > 0 and 6 > 0 such that for every t E B(x, 6) (i.e. the closed bal1 with 
tenter x and radius 6) and y  E B(F(x),S) 

dist(t, F-(y - C)) 5 kdist(y, F(t) + C). 

PROOF: Consider the following multimapping A : X +. 2x 

Az = x + F’(x)-(y + F(t + z) - C) 

From the continuity of F’(x) and (3.7), A z is a non empty, closed subset of X. We are 
going to prove that A is a contraction in a neighborhood of 0. Consider 21, x2 E X, let H 
be the Hausdorff distance and denote J’r = y - F(t + zr) and F2 = y - F(t + ~2). From the 
definition of the Hausdorff distance H(Azr , Azz) = max(ecc(Az1, AZ& ecc(Az2, Azl>>, 
where 

ecc(Azi , Az2) = SUP inf 1121 + u - 22 - VII* (3 8) . 
ufF'(z)-[l+-C] ~@%H~2--C1 

Note that for each rn E F’(x)-[F2 - FI - C] and each u E F’(x)-[FI - C] we have 
r-n + u E F’(x)-[F2 - C]. 
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Therefore using (3.8) 

ecc(Azr , AQ) 5 dist(z1 - 22, F’(z)-[F2 - FI - C]). 

The multimapping (F’(x) + C) b ein convex, graph closed and satisfying (3.7), it follows g 
from the generalized open mapping theorem [Borwein/Zhuang, Th. 34, Th. 2.51 that 
there exists c > 0 and p > 0 such that 

dist(z1 - 22, F’(x)-[F2 - FI - C]) 5 rdist(F’(x)[zi - 221, F2 - FI - C) (3 9) , 

as soon as the right hand side is less than ,6 
From the mean value theorem there exist 8 E ]O,l[ such that 

F2 - FI = F(t + 21) - F(t + 22) = F'(t + xl + 6(z2 - zl))(zl - zz>. 

Thus using the continuity of F’ at 1x3, 
21, 22 E B(0, r) the right hand side of 

Va$2 f B(O,r) 

there exists y, 0 < r‘ < p/2{ such that for (x - t), 
(3.9) is less than []]zz - x1 11 5 p. Consequently 

ecc(A&nzz) 5 51122 - ziII* 

Swapping zr and 22 we cari replace ccc by the Hausdorff distance H. 
Note that we have also from the generalized open mapping theorem 

dist(O, AO) = dist(O, F’(x)[y - F(t) - C] < cdist(y - F(t), C) 

as soon as t dist(y- F(t), C) C ,& Then th ere exists 6 > 0 such that for y E B(F(x), 6) and 
t E B(x, 6) we get dist(O, AO); r(l-t). Th’ 1s a 11 ows to apply the contraction multimapping 
principle [Ioffe/Tihomirov, p. 311 to A. Thus for every s such that dist(O, AO) < s < 
r(1 - r> there exists x E B(0, s) such that x E AZ and ]lz]l < (2/(1- S)) dist(O, AO). From 
the expression of A it follows that F(t + x) f y - C and 

I 

dist(t,F-[y - C]) 5 11~11 5 3 dist(y, F(t) + C). Cl - 

3.9 THEOREM. Let X, Y, 2, W Banach spaces and f: X --+ Y, g: X -+ 2, p: X -+ W 
continuously differentiable mappings at x0 E S. We suppose that x0 is a weak optimal 
solution belonging to intS2 and that Y x Z x VV = (f,g,p)‘(xo) . X + -C x Rg(xo) x (0). 

Then there exists (A”, CL*, v*) E [C” \ {0}] x Dz, x M/‘* such that for each S > 0 there 
exists Vjj E ~/X(X*) satisfying: 

min x*m + P*s(x> + y*pw + 6 [Ile9 - f(xo>l12 + Ils(x) - 9(xo)l12 + llP(x)l12]1’2 xwi5 

= x*f(x*). 

PROOF: We set F = (f - f(xo)7s - dXo),P)* O ne cari see easily that the condition 
Y x 2 x VV = (f,.g,P)‘(xo) . X + -C x Rg(xo) x (0) implies that p’(x0) is surjective and 
that the condition H, # 0 is satisfied. Then from the Proposition 2.4 (Rl) is also satisfied 
and by the Theorem 3.5 we get(X*, p*, v*) E (C” \ (0)) x Dz, x VI/T* such that 

vx E sl (x*f + p*g + u*p>yx*> ’ (x - x0> 2 0. (3.10) 
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Let us use the notation r = X*f + p*g + v*p. As ~0 E int 0, (3.10) with the linearity of 
f’(qJ means that T’(Q) = 0. Consider the closed hyperplan H = {z f Z ] p*z = 0). We 
have Wg(z0) c H and denoting by k the closed convex cane -C x H x (0) c Y x 2 x VV 
we have obviously Y x 2 x IV = F’(Q) l X + K. It f o 11 ows from Theorem 3.8 that there 
exist E > 0, k > 0 such that 

V12: E B(zo,e) dist[z, F-(-K)] 5 k dist[O, F(z) + K]. 

Thus for each II: E B(Q,E), there exists a(z) with 

f(W) - f(xo) E c S(a(x)> - dxo) E H P(W) = 0 (3.11) 

and 

II =II - WI L k did KW - f(xo), s(x) - s(zo), P(4) 7 c x H x {QI l 

(3.12) 

On the other hand we have by the mean value theorem: 

vx E B(Xo,E) f(X) = r(4x)) + r’(r)(+) - x) 
> r(a(iç>> - wwll [IlfW - fWl12 + Ils(4 - Lwl12 + llP(X>l12] i’2 - (3.13) 

where t E ]X+(X)[. Since r’(x0) = 0 and r is continuously differentiable at x0, for every 
S > 0 there exists q > 0 such that 

VLC E B(xo, 77) Ilr’(x)ll < ;* 

Now using (3.12) and the continuity of f, g and p let be ~1 < inf(e, q/2) such that 

vx E B(so,Q) Ila: - a(x)ll < 5. 

It yields 

vx E B(Xo,Q) w ’ +w) - 6 [IL+) - f(zo)l12 + lb(x) - s(xo>l12 + llP(~)l12]1’2 ’ - 

From (3.11) 

which gives 

r(a(x)) = x*f(+)) 2 x*f(xo) = r(xo) 

VX f J+O, CI) f(x) 2 f(x0) - 6 [IlfW - f(4ll” + Ils(x) - s(xo)l12 + l(P(x)l12]1’2 l 

cl 

4. Suffkient optimality conditions whitout convexity. In this section we use a 
slightly less restrictive notion of optimality. A point x E S is said to be a local weak 
solution in the direction d E X if there exists a neighborhood N E N(x) such that if t > 0 
and x + td E S n N then we have f(x + td) - f(x) $ - int C. 

At first we note that the necessary conditions obtained in Theorem 3.5 (ii) and 3.6 (iii) 
are sufficient to obtain x E 0, without any regularity condition: 
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4.1 THEOREM. Let f  be regulady lower uniformly differentiable at x E S, q regularly 
locally convex at x and p Fréchet differentiable at x. If there exists (A*, t-l*, u*) f (C” \ 
(0)) x DE x W* such that . 

Vh E 0 - x [A*~‘(X) + /coq’ + Y*~‘(X)] h 2 0 

then x E 0. 

PROOF: Suppose that x # 0, then there exists ho E H, such that f’(x, ho) n - int C # 0, 
q’(x) l ho E - int((D*)*) and p’(x) l ho = 0. Thus taking y0 E f’(x, ho) n -int C we have 

X*yo + p*q’(x) l ho + u*p’(x) l ho < X*yo < 0. Cl 

Theorem 4.1 gives sufficient conditions for x to belong to 0 but not to be an optimal 
solution. In order to answer this question we introduce a second order assumption ensuring 
that a point x E 0 be an optimal solution of the problem(P). . 

4.2 PROPOSITION. Let f and g be regularly locally convex at x f S and p Fr&et dif- 
ferentiable at x. Suppose that there exists (A*, CL*, u*) f (C” \ (0)) x Dz x W* such 
that 

Vh E a - x [A*~‘(X) + /-l*s’(x) + v*p’(x)]h 2 0 (4 1) . 

and that 

A*f’(x) l h = 0 + lim 
A*f(x + th) - A*f(x) 

t-o+ t2 E w+ \ {OI (4 2) . 

then x is a local weak minimum in all directions. 

PROOF: Let d f  X be a direction. Suppose that there exists t, > 0 such that x+ t,d f  S, 
lim n+oo t, = 0 with f(x + t,d) - f(x) E - int C. Setting xn = x + t,d f S, we have for 
each n E N, d = t;l(x, - x) E T,S. From Proposition 2.1, q’(x) l d E -(Dz)*, p’(x). d = 0 
and 

A*f’(x) l d 2 -p*q’(x) . d - V*~‘(X) l d > 0. - 

On the other hand, f  being locally convex, A* a continuous functional and C closed, 

x*f’(x). d =z lim A* f(x +t:d) - f(x’ < 0. 
n-cm 1 - n 

Therefore X*f’(x) l d = 0 and from (4.2), for n large enough 

X*f (x + tnd) - X*f (x) > o 
t2 

a contradiction with f(x + tnd) - f(x) E - int C and A* E C* \ (0). Cl 

4.3 PROPOSITION. Let X, Y, 2, W be B anach spaces, f,  q, p Fréchet differentiable 
mappings at x E S and X a reffexive space. I f  (4.1) and (4.2) hold then x is a local weak 
solution of (P). 

PROOF: Suppose there exist xn E S, lim,,, xn = x with f(xn) - f(x) E - int C. We 
denote by h a weak limit of llxn -X~~~~(X~ - x). From the Fréchet differentiability of f ,  q 
and p we have . 

0 2 /J*g(Xn) = jQ*g’(X) ’ (Xn - 2) + ~*I[X72 - Xllel(Xn - 2) 

Oc U*p'(X)'(Xn -X)+U*11Z, -XilE2(Xn -X) 

X*f(Xn)= A*f(X)+A*f'(X)*(Xn -X)+X*11Xn -XllE~(Xn -X) 

(4 3) 
l 

(4 4) 

1 (4 5) 
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where lirnplpoc, Ei(t) = 0, i = 1, 2, 3. 
From (4.1) 

A*f’(x) l (xn 
-  x) > -p*g’(x) l (x7-& -  x) -  Y*$(x) l (xn -  x)0 

Thus for each E > 0 there exists 720 > 0 such that for n > no 

x*f’(x) l 2 p*E~(x, -  2) + v*Q(x ,  -  x) > -&. 

As X*~‘(X) is a linear continuous function, 

A*~‘(X) l h = lim A*~‘(X) 8 xn -x 2 0. 
n-+00 [ 1 II X92 - 211 

On the other hand by (4.5) 

which implies X*~‘(X) l h 5 0, since f(xn) - f(x) E -int C, X* E C* \ (0). Therefore 
A*~‘(X) . h = 0 and from (4.2) we get, as in the previous proof a contradiction with 

X*[f(xn) - f(x)] < 0. q 
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