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FIRST AND SECOND ORDER OPTIMALITY CONDITIONS
IN VECTOR OPTIMIZATION

CHRISTIAN MALIVERT

RESUME. Cet article présente des conditions nécessaires d’optimalité de type Kuhn et
Tucker pour un probléme d’optimisation vectorielle avec contraintes d’égalité et d’inégalité.
Les hypotheéses de différentiabilité utilisées sont suffisamment larges pour étre vérifiées en par-
ticulier par les fonctions Fréchet différentiables ainsi que les fonctions convexes continues. Le
principal outil est une généralisation du classique lemme de Farkas Minkowski faisant inter-
venir des applications et des multiapplications convexes. Comme conséquence, moyennant un
renforcement des hypothéses, on montre qu’un optimum local faible est aussi un minimum lo-
cal pour un Lagrangien augmenté. Enfin en ajoutant au conditions nécessaires des hypothéses
de différentiabilité du second ordre, on obtient des conditions suffisantes d’optimalité.

ABSTRACT. A multiplier rule is presented for a vector optimization problem with equality
and inequality constraints. The results are established for a class of mappings which contains
Féchet differentiable mappings and continuous convex mappings, using a version for convex
mappings of the Farkas/Minkowski lemma. In the case of a reflexive space, adding to the
necessary conditions a second order differentiability assumption, we get sufficient optimality
conditions.

1. Introduction. In this paper we are interested in constrainted vector (multiobjective,
Pareto) optimization problems for which we want to obtain necessary and sufficient op-
mality conditions. Several results of this type can be found in the litterature, see for
instance [Oettli], [Craven], [Minami|, [Jahn], [Jahn/Sachs] among others. Recently
the results of Jahn for Fréchet differentiable functions were extended to the class of regu-
larly locally convex functions by Khanh/Nuong. When an equality constraint is present,
necessary conditions are generally carried out by using the Ljusternik’s Theorem. In par-
ticular the equality constraint must be of class C! with a surjective derivative. Here we
consider an objective mapping belonging to a class which contains in particular the regu-
larly locally convex mappings. We show that under a regularity assumption, it is sufficient,
in order to get a multiplier rule, to assume that the equality constraint admits a Fréchet
derivative, the range of which is a direct factor. It is well known that necessary optimality
conditions are not sufficient unless convexity assumptions are added. In this paper we give
an other type of sufficiency dealing with second order conditions.

In the first part we introduce extended notions of differentiability and in the second
section we discuss the regularity assumption. Under the regularity assumption, the so-
lution set of our minimization problem is included into an other subset which can be
characterized in terms of directional derivatives. In the third section we present a re-
sult of Farkas/Minkowski type for convex mappings, from which we derive the Fritz-John
optimality conditions for our problem and then we get a multiplier rule. Furthermore
strengthening the conditions we show that each solution appears to be a local minimum
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66 Optimality conditions in vector optimization

of a perturbated Lagrangian function. In the last part we show that adding a second
order differentiability assumption to the necessary conditions previously obtained, we get
sufficient optimality conditions, without convexity nor regularity.

Unless otherwise specified, X, W are Banach spaces and Y, Z are normed vector spaces
ordered by closed convex cones C and D respectively. Consider f: X - Y, g: X — Z,
p: X — W and a convex subset Q of X. The problem we are interested in, is stated under
the following general form:

min{f(z) | z € S} (P)

where S = {z € Q| g(z) <0, p(z) = 0} is the feasible set. An element zy € § is called a
local minimum for (P) if there exists a neighborhood N € N (o) of ¢ such that for every
€ NNS, f(zo) — f(z) ¢ C\ (—C). If we have for every z € NN S, f(zo) — f(z) ¢ riC,
where ri C denotes the relative interior of C, we say that ¢ is a local weak minimum.

As in [Iofe/Tihomirov], f is said to be locally convez at z € X, if its directional
derivative f'(z) - h exists for all A € X and is convex in the sense that

tf'(z) - h+ (1 =t)f'(z) - k= f(z) - [th+ (1 - t)k] € C,

for all h, k € X and t € [0,1].

Note that f'(z) is a positively homogeneous mapping as soon as it is defined. The
mapping f is said uniformly differentiable in the direction h € X at ¢ € X if f'(z) - h
exists and for every U € N(0) in Y there exists N € V(k) in X and to > 0 such that

t7 (e +tk) — f(2)] = f'(2) -h €T,

whenever k € N and t € (0,1o).

If f is locally convex at z and uniformly differentiable in all directions at z, then we say
that f is regularly locally convez at z. In this case f'(z) is a continuous function. If the
closed convex cone C of Y is Daniell (i.e. each decreasing net which has a lower bound
converges to its infimum), then every convex mapping from X to Y is locally convex.
Moreover every Fréchet differentiable mapping is regularly locally convex. We have also:

1.1 PROPOSITION. Let C be a closed convex cone of Y which is Daniell and normal (i.e.
there is a base of neighborhoods U of 0 withU = (U—-C)N(C—-U)) and let f: X — (Y,C)
be a convex map. Then f is regularly locally convex at z if and only if it is continuous at
.

PRrROOF: The necessity is obvious from the definition of the regular local convexity. More-
over, f being convex and C being Daniell, f is automatically locally convex. Thus, we
have only to check uniform differentiability at = in all directions. Since f is continuous at
z it is also continuous on a neighborhood V' of this point [Borwein, Cor. 2.4]. Let h € X,
U=((U-C)N(C—-U) aneighborhood of 0 in Y and Uy C U such that Uy + Uy C U. We
choose tg > 0 such that z 4+ toh € Uy and

to ! [f(z + toh) — f()] = () - h € Ub. (1.1)

By the continuity.of f at  + toh, there exists N € Ny(h), N symmetric with respect to
h such that for all k € N

t; [f(z + tok) — f(z + toh)] € Up. (1.2)
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On the other hand, from the convexity of f we have for all k € N
Yt € (0,t0)  t5'[(to —t)f(z) +tf(z +tok)] — f(z +tk) e C
which gives
Vt € (0,t0)  t3 [f(z +tok) — f(z)] =t [f(z + tk) — f(z)] € C. (1.3)
From (1.1), (1.2) and (1.3) we get for all k € N and t € (0,%0)
t7 [ f(z + tk) — f(z)] — f'(z)-heU - C. (1.4)

Setting k' = 2h — k we have k' € N since N is symmetric with respect to A and by the
convexity of f

Vt € (0,t0)  f(z+tk)—2(f(z +th)+ f(z +tk') e C (1.5)

and

Vt € (0,0)  t7'[f(z +th)— f(z)] - f'(z)-h e C. (1.6)

It follows from (1.5) and (1.6) that for all k € N and ¢ € (0,o)
t7 f(z + tk) = f(2)] = f'(z) -k €t [f(z + th) — f(2) + f(z) = f(z + k)] + C
and from (1.6)
tf(e +tk) — f()] = f'(c) -k € f'(z) - h =t {f(z + tk") — f(2)] + C.
As k' € N we get from (1.4)
t7f(z +tk) — f(z)] — f'(z)-he -U+C (1.7)

and the normality of C, with (1.4) and (1.7), entails that

VEENVte (0,4) ¢ [f(z+tk)— f(2)] - fi(2)-heU. O

Let us introduce now an extended notion of differentiability. Foreachz € X and h € X
we define f'(z, h) as the subset of all y € ¥ such that for every U € N(0) in Y, there exist
N € N(h) in X and o > 0 satisfying

tf(z +tk) — f(z)] —~y €U - C,

whenever £k € N and t € (0,%). If f'(z,h) # & we say that f is lower uniformly dif-
ferentiable at z in the direction h. Futhermore f is said to be regularly lower uniformly
differentiable at z if the multiapplication f'(z,-): X — 2Y has non empty values and is
convex in the following sense:

tf'(z,h) + (1 =) f'(z,k) C f'(z,th+ (1 —t)k)+ C

for all h, k € X and t € [0,1]. Obviously every uniformly differentiable mapping is lower
uniformly differentiable, f'(z,h) being the singleton {f'(z) - h}. The following example
shows that this inclusion may be strict.
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1.2 EXAMPLE. Consider f: R — R defined by

0 ifz <0:
zsin(l/z) ifz > 0.

@) = {

The quantity ¢~! f(¢) oscillates between 1 and —1 when ¢ tends to 0% so that f'(0)-1 does
not exist. However if A >0, f'(0,k) = [1,00[ and if A < 0, f'(0, k) = [0, cof.

1.3 LEMMA. If f: X — (Y,C) is lower uniformly differentiable at + € X in the direction
h € X then for every A > 0, f'(z,Ah) = Af'(z, h)

PROOF: Let be y € f'(z,h), A > 0 and U € N(0). Since A7'U € N(0), there exist
N € N(h) and to > 0 such that for every t € (0,%9) and every k € N

t7f(z +tk) — f(z) —y € A7U - C.
Setting r = A~!t we have

r f(z+rXk) — f(z)) - Ay eU-C
wich means Ay € f'(z, k). Thus we have proved Af'(z,h) C f'(z,AR). In the same way
we have A~ f/(z, \h) C f'(z, A" Ah) implying the equality. OJ

1.4 LEMMA. If f: 2 — (Y, C) is lower uniformly differentiable at € X in all directions
and int C # @ then the multimapping f'(z,-): X — 2Y is lower semi continuous.

PROOF: Let be y € f'(z,h) and U € N(0) in Y. Let be ¢ € int C N U and consider the
neighborhood of 0, @ = U N (¢ — C). Since f is lower uniformly differentiable at z, there
exists N € M(0) in X such that N/2+ N/2 C N and t, > 0 such that for every t € (0,%)
and every k € h+ N

t7f(e +tk) ~ f(2)] —y € Q- C.
Then, for every k € h + N/2, every b € k + N/2 and every t € (0,to)

7 f(z +tb) - f(z)] ~y € Q- C. (1.8)

Consider y; = y+c. Since @ C ¢ —C we have for V. € N0)in Y, y+Q - C C
y1 + V — C. Thus for every k € h + N/2, it follows from (1.8) that y; € f'(z, k) which
entails f'(z, k)N (y+ Q) #<. O

If S is a non empty subset of a real separated topological vector space X and z € S, we

say that h belongs to the contigent cone T, S of S at z, whenever there are nets (z;)ier,
z; € S and (\;)ier, Ai > 0 such that:

h=lim A\ (z; — z), limA; = 0.
13 2

We denote by Y* (resp. Z*, W*) the spaces of linear continuous functionals on Y, (resp.
Z, W) and we define the polar cones of C CY and D C Z by:

C*={\eY* | y>0foralyeC}

and
D* = {p* € Z* | p*2 >0 for all z € D}.
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For z € X we set
D; = {u* € D* | u*g(z) = 0}

and
(D) ={z€Z|u*2>0for all u* € D;}.

Obviously we have D C (D7})*. Recall (see e.g. [Jahn, Lemma 3.21 a]) that if Z is locally
convex and D a closed convex cone of Z then D = {z € Z | p*z > 0 for all u* € D*}.
When the directional derivatives g'(z)- h and p'(z)- h exist, we introduce the subset of X:

H, = {h€ (intQ) -z | ¢'(z) - h € —int (D})"), p'(a) - h = 0}.

If g is locally convex and p Fréchet differentiable then H; is a (possibly empty) convex set.

2. Regularity condition. We begin with a result showing that TS is included into the
convex cone defined with the aid of the directional derivatives of effective constraints at
z€S.

2.1 PROPOSITION. If g is uniformly differentiable at ¢ € S and p is Fréchet differentiable
at z then

TS C{he .2 | ¢'(s) - h € ~(D}), F(z) - h=0).
PROOF: Let be h = limp oo t; (2, — 2) € TS with z, € S, t, > 0 and limp, .0 tn = 0.

The mapping g being regularly locally convex at z, for every U € Ny (0), there exist t; > 0
and V € Nx(h) such that

Vte (0,t0) VkeV tlg(z+tk)—g(z)] —g'(z)-helU
taking t = ¢, and k = t;;!(z, — «) there exists ny such that
Vn>ne  tt[g(en) —g(e)) —g'(e) - heU
and for each p € D3, ||u|| = 1 we get
Vn > ng titp*g(zn) — p*g'(z) - h € u*(U).
Since g(z.) < 0 and p* € D} C D* we deduce that for every U € Ny(0), u*g'(z) - h €

—u*(U) — Rt which implies, U being arbitrarily small, u*¢'(z) - h < 0. Thus ¢'(z)-h €
—(D%)*. Now p being Fréchet differentiable at z,

Ve >03no >0¥n >no |lt;* [p(zn)—p(2)—p' (2)(@n — )|+ |lp'(2)(t7 (2 —2)—R))|| < &.

Since p(zn) = p(z) = 0 and ||p'(z) - k|| < ||p'(2)(t 7 (zn — )| + |lp'(2)(t57 (20 — ) — R))]|
it yields p'(z)-h =0. O

2.2 REMARK. The inclusion in Proposition 2.1 can be strict. Consider for example:
S ={(z1,22) ER? |22 + 22 -1<0, 2, +1 =0}

and the point (—1,0) € S. In fact § = {(—1,0)} and T(_;,0)S = {(0,0)}. However
g'(=1,0) - (h1, h2) = —2hq, p'(—1,0) - (h1, h2) = hy and

{h = (h1,.h2) €R? | ¢'(=1,0)- h <0, p'(~1,0)- h =0} = {h € R* | by = 0}.



70 Optimality conditions in vector optimization

Let be z € S. We shall use the following regularity condition:
H, CT,S. (R1)
2.3 LEMMA. If g is uniformly differentiable at = € S and ¢'(z) - h € —int((D})*) with
h = limpaoot; (zn — ), 2n € X, t, > 0 and limp,_ootn = 0, then there exists ng > 0
such that, for each n > ng, g(z») < 0.
PROOF: Since D is a closed convex cone, g(z) < 0 is equivalent to u*g(z) < 0 for every

u* € D*. Suppose that there exist sequences nx € N, limg_,onr = oo and uj € D*,
ll#x]l = 1 such that for each k € N

#ig(zn,) > 0. (2.1)
We may suppose that u} weakly converges to u* € D* with ||u*|| = 1. The mapping g
being uniformly differentiable at z we set for each ng:

ar =t,1(9(zn,) — 9(2)) — g'(2) - h
and we have limg_,o ax = 0. By linearity of p}

#e9(2ny) = p19(2) + taupi(9' () - B+ k).
If we suppose p*g(z) < —n < 0 then there exists ko € N such that k > ko implies p}g(z) <
—n/2 and t,, ||¢'(z)-h+ ar| < n/2. Therefore, k > ko implies p*g(z,,) < —n/2+n/2 =0,
a contradiction with (2.1). Thus, p*g(z) = 0 and p* € D}. As g'(z) - h € —int((D%)*) we
have p*g'(z) - h < —e < 0 and there exists ko such that k > ko entails p*(¢'(z) - b+ ax) <
—&/2. Then for k > ko

* * * * * 6
pr(g'(2) - b+ ax) < (pk — p*)g'(x) - b+ |lpk — ¥ lox]| — 3

Since limy o ax = 0, ||uf]| = ||#*|| = 1 and pj being weakly convergent to u* there exists
k1 > 0 such that for all £ > &k

tn, <1and px(g'(z) - h+ ax) < —Z
which implies p}g(zn,) < —€/4 and a contradiction with (2.1). O

2.4 LEMMA. Suppose that limk—eot; (zn — z) € (intQ) — z, with z, € X, t, > 0,
limp oo tn = 0. Then there exists no > 0 such that for all n > ng, z,, € Q.

PROOF: We set h = limp—oot;(zn — ) and for each n € N, e, = h — t;;!(z, — z) with
h=w-2z weintQ and lim,oen = 0. Therefore z, = th(w — &) + (1 — t,)z, the
convexity of 2 implying z, € ) as soon as w — &, € Q (i.e. for n large enough). O

2.5 REMARK. From these two lemmas, if we consider a problem (P) without equality
constraints and g a uniformly differentiable mapping at z € S then z satisfies the regularity
condition (R1). Indeed, for h € H,; we have h = limp,oon(z+(1/n)h—z), h € (int Q) —=z
and ¢'(z)-h € —int((D})*) which gives (z +(1/n)h) € S for n large enough. Actually, the
assumption “g admits a directional derivative in all directions at z” would be sufficient in
this particular case, because we apply Lemma 2.3 with the added information that z, is
of the form z + (1/n)h.

2.6 PROPOSITION. If g is uniformly differentiable at z € S and p continuously Fréchet
differentiable at x with p'(z) surjective, then z satisfies the regularity condition (R1).

PROOF: Let be h € H,. From the Ljusternik theorem [Jahn, Th. 3.49] or [Ioffe/Tihomi-
rov, § 0.2], we have h = lim 00 t;*(zp — z) with p(z,) =0, t, > 0 and lim, o t, = 0.
By Lemmas 2.3 and 2.4 it exists ng > 0 such that n > ng implies z,, €  and g(z,) < 0.
Therefore z,, € S for n large enough and then h € T, S.
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3. Necessary optimality conditions. We suppose from now that C' and D are proper
closed convex cones with non-empty interiors and that the convex set Q C X has also a
non-empty interior.

3.1 PROPOSITION. If f is a lower uniformly differentiable mapping then every local weak
solution z of (P) satisfies

Vh e T,S f'(z,h)N—intC = Q.

PROOF: Suppose that y € f/(z,h)N—int C with A = limp,—~eo t;}(zn —2), 2z, € S, t, > 0,
lim,—otn = 0. Let be U € Ny(0) a neighborhood of 0 such that y + U C —intC. As
f is lower uniformly differentiable at z, there is N € A (h) and o > 0 such that for each
k€ N and t € (0,t)

7 f(z +thk)— f(z)] —yeU-C

from which

flz +1tk)— f(z) € t[y+ U] - C C —int C.

Choosing t = t,, and k = t;;!(z, — z) we get for n large enough

f(zn) — f(z) € —int C,

a contradiction with z local weak solution of (P). O

Proposition 3.1 implies that for a local weak solution z, satisfying the regularity condi-
tion (R1) we have

Vhe Hy, f'(z,h)N—intC = 2. (3.1)

We denotes by © the subset of X consisting of all points of S satisfying (3.1).
O={z€S|f(z,h)N—intC =D forall h € H,}.

3.2 PROPOSITION. We suppose that f is regularly lower uniformly differentiable at z € S,

g is locally convex at = and p is Fréchet differentiable at x. Then = € © if and only if there
exists \* € C* \ {0} such that h € H, implies X\* f'(z,h) C RT.

PROOF: Since y € f'(z,h) N —int C would imply \*y < 0, the condition is obviously
sufficient. Now, let be z € ©. If H, = O the result is obvious. In the other case the
convex subset conv(f'(z, H,) + int C) has a non-empty interior and does not contain 0.
Indeed, suppose that Y ; Xi(yi+ci) =0with Yo Ai=1, X >0,y € f'(z,hi), hi € H,
and ¢; € —int C. The multimapping f'(z) being convex, there exists y € f' (z, > 1, \ihi)
such that Y., \jyi € y + C which implies y € —int C, contradicting z € © since H,
is convex. By the topological version of Eidelheit’s separation theorem (see e.g. [Jahn,
Th. 3.16]) there exists a continuous linear functional \* € Y™* \ {0} such that for all
y € f'(z,H;) and ¢ € intC
A*(y +¢) > 0.

Therefore A* € C*\ {0} and A\*y > 0 for each y € f'(z,H,). O

In order to derive a generalized multiplier rule from the Proposition 3.2 we need a version
of the Farkas/Minkowski’s lemma involving convex mapping instead of linear mappings.
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3.3 THEOREM. Consider a convex non empty valued lower semi continuous multimapping

F: X — 2Y, a convex continuous mapping G: ¢ — Z and P: X — W linear continuous
with P(X) closed. If A C X is a convex subset such that int A # & and N* a closed
convex cone in Z* such that N* C D*, then the implication

heintA G(h) € —int(N*)*) P(h)=0 = F(h)N—intC =@ (3.2)
entails
I, p*, ) e C* x N* x W*\ (0,0,0) Vhe A (M\*F+u*G+v*P)hCRT. (3.3)

Moreover if P(X) is a direct factor in W and {h € intA | G(h) € —int((N*)*), P(h) =
0} # @ then we can choose A* # 0.

Proor: If P(X) is a proper subspace of W, there is v* € W* \ {0} such that v*P = 0.
Then we get (3.3) with A* = p* = 0. In the other case P(X) = W. Consider the subset @
of Y x Z x W defined by

Q = {(F,G,P)int A} + {int C' x int((N*)*) x {0}}.
Note that int((N*)*) D int((D*)*) D int D # &. We want to show that @ is open in
Y xZ xW. Let (y+¢,G(h)+ d,P(h)) € Q with h € intA, y € F(h), ¢ € intC,

d € int((D*)*). By the lower semi continuity of F' and the continuity of G there exists
U € N(h), U C int A such that for each k € U

F(k) N (y + § — int c) £, G(k)eG(h)+ g —int((N*)*).
Then, for each k € U there exists y; € F(k) such that y; € y + ¢/2 —int C and

v+ -26- +int C, G(h) + -‘25 + int((N*)*),P(k)]
C [y1int C, G(k) + int((N*)*), P(k)] C Q.

As P is an open linear map, the subset [y + ¢/2 +int C,G(h) + d/2 + int((N*)*), P(U))
is an open neighborhood of [y + ¢,G(h) + d,P(h)] in Y x Z x W. Thus we have proved
that € is open and that conv @ is a convex set with a non empty interior. In the case
where 0 ¢ conv @, then by the topoligical versionof the Eidelheit’s separation theorem
there exists (\*, u*,v*) € Y* x Z* x W*\ (0,0,0) such that

V(h,c,d) € int A x int C x int((N*)*) Vy € F(h)
X(y+c)+ p*(G(h) +d)+v*P(h) > 0. (3.4)

This implies that A* € C*, u* € N* and
VheintA Vy € F(h) Ay+p*G(h)+v*P(h)>0.

Let bee > 0. If k € A and z € F(k), from the lower semi continuity of F' and the
continuity of G and P, there exists h € int A such that

F(h)N (2 +0) #@, u*G(k)+v*P(k) 2 u*G(h) +v*(h) -
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where O = {y € Y | | \*y| < ¢/2}. Therefore we may choose y € F(h) such that y € 24+ O
and then A\*z > A*y — €/2. Since ¢ is arbitrarily small we have

Vk € AVz € F(k) M\z+ p*G(k)+v*P(k) > 0.

Now we suppose that 0 € conv @), then there exist h; € int A, v; >0 =1, ..., k with
Ef:l ~; = 1 such that:

k k k
Z'YiF(hi) N—intC# Z'YiG(hi) € —int((N™)*) Z’Y:’P(hi) =0.

From the convexity of both the multimapping F' and the mapping G, the linearity of P
and the inclusion D C (N*)* we have:

k k k
F (Zm,) N—-intC#@ G (2 'y,-h,) € —int((N*)*) P (Z 7,-h,-> = 0.

=1

contradicting (3.2) since E:;l vihi € int A. In the case where P(X) is a direct factor in
W, we denote P(X) by Wi and in a same way as previously we can prove the existence of
(A*, p*,v7) € Y* x Z* x W} \ (0,0,0) such that

Vhe A (X*F+pu*G+viP)h CRY.

Setting v* = v{ projy, we have v* € W*, since Projy, is continuous, thus we get (3.3).
Moreover if it exists ho € int A such that G(ho) € —int((N*)*) and P(hg) = 0 then,
from (3.4) (with v{ instead of v*),

VeeintC A*(F(ho)+¢)>0

from which A* # 0. O

In the proof above the continuity assumptions on F, G and int A # & are needed in
order to ensure the openess of ). In the case of a problem without equality constraint
these assumptions can be removed and we get the following result (see [Holmes,§ 14 F)).

3.4 THEOREM. Consider F': X — 2Y a convex non empty valued multimapping, G: X —
Z a convex mapping, a closed convex cone N*, a convex subset A with N* C D* and
A C X. Then the implication

{h € A and G(h) € int(N*)*)} = F(h)N—intC = &

entails
I\, p*) € C* x N*\ (0,0) Yhe A (A\*F 4 p*G)h C RT.
Moreover if it exists hg € A such that G(hg) € —int((N*)*) then we can choose \* # 0.

Now we are ready to present the announced multiplier rule.
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3.5 THEOREM. Suppose that f: X — (Y, C) is regularly lower uniformly differentiable at
z, g: X — (Z, D) is regularly locally convex at ¢ and p: X — W Fréchet differentiable at
z with p'(z)X closed. Suppose that z satisfies the regularity condition (R1). Then
(i) If z is a weak solution then x € ©.
(ii) If = € O then there exists (A\*, p*,v*) € (C* x D* x W*)\ (0,0,0) such that for all
h € Ty, \*f'(z,h) + p*g'(z) - h +v*p'(z) - A CRT.
(iii) Furthermore if p'(z)X is a direct factor in W and H, # Q& then we can add \* # 0
in the conclusion of (ii).

PROOF: (i) is a direct consequence of the condition (R1) and the Proposition 3.1. (ii)
comes from the Theorem 3.3. Indeed taking F = f'(z,-), G = ¢'(z), P = p'(z), N* = D%
and A = ) — z, there exists A* € C*, pu* € D%, v* € W* not all zer such that

VheQ—z XN f'(z,h)+p*g'(z) - h+v*p'(z)-h C R (3.5)

moreover under the assumptions in (iii) we can choose A* # 0. Now we want to show
that (3.5) is valid for every h € T, 2. In this case, we have b = limt 1hy,, by € Q—z, t, > 0,
limt, = 0. Then for every y € f'(z,h) and € > 0 consider U = {y € Y | [A\*y| < £/2}.
From the lower semi continuity of f'(z,-) there exists a neighborhood N € N (k) such that
for every k € N

f(a, )N (U +y) # 2.

Therefore, it exists no such that for each n > no we can find y, € f'(z,t; h,) N (U +
y). Since g'(z) and p'(z) are positively homogeneous and f'(z,t;1h,) = t;1f'(z, hn)
(Lemma, 1.3), it follows from (3.5) that

Nyn +p*g'(2) t7 hn +v*p'(2) - £, hy > 0. (3.6)

Since y, € U +y we have A*y, < A*y +¢/2 and from the continuity of ¢'(z) and p'(z) we
get for n large enough

* * bl * * €
[*g'(@) + P (@)] (t a) < (079" () + 7P (2)] B+ 3.
Therefore it follws from (3.6) that

Ny+ptg'(2) - h+v*p'(z) - h> —e

for every y € f'(z,h) and every ¢ > 0. Thus we have proved (3.5) for every h € T, Q. O

If we suppose p continuously Fréchet differentiable at 2 we may remove the regularity
assumption (R1) in the Theorem 3.5 to obtain:

3.6 THEOREM. Let be f: X — (Y,C) regularly lower uniformly differentiable at z,
g: X — (Z,D) regularly locally convex at  and p: X — W continuously Fréchet dif-
ferentiable at x with p'(z)X closed. Then
(i) If z is a weak minimum then there exists (A\*, u*,v*) € (C* x D% x W*) \ (0,0,0)
such that for all b € T, X* f'(z,h) + p*g'(z) - h + v*p'(z) - R C RT.
(ii) Futhermore if p'(z)X is a direct factor in W and H, # @ then we can add \* # 0
in (i).
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ProoF: If p'(z)X is a proper subspace of Y, we take v* # 0, such that v*p'(z) = 0 and
u* = X* = 0. In the other case p'(z) is surjective and from the Proposition 2.6, (R1)
is satisfied. So we have (i) from the Theorem 3.5. For (ii), we first apply Theorem 3.5
(iii), with p'(z)X instead of W, since in this case (R1) is satisfied. We obtain, setting
Wy = p'(z)X, the existence of (A*, u*,vf) € (C* x D x W*)\ (0,0,0) such that for all
h € T,Q,

X f'(e,h) + p*g'(2) - h+v*(p'(z) - A CRF.

The result follows taking v* = v{ projy, € W*. O

In the particular case of a problem (P) without equality constraint we get from Re-
mark 2.5 and Theorem 3.4:

3.7 THEOREM. Consider f: X — (Y, C) regularly lower uniformly differentiable at x and
g: X — (Z, D) regularly locally convex at z.

(i) If z is a weak optimal solution then z € ©.
(ii) If z € © then there exists (A*,u*) € (C* x D)\ (0,0) such that for all h € T, Q,
X f'(z, k) + p*g'(z) - h CRT.
(iii) Futhermore if {h € (intQ) —z | ¢'(z) - h € —int((D%)*)} # D then we may add
A* # 0 in the conclusion of (ii).

We know from Theorem 3.5 that under suitable assumptions a local weak optimum z is a
critical point for the Lagrangian function A* f+x*g+v*p, but in the non-convex case z is not
generally a minimum point for that functional. In Theorem 3.9 we shall give assumptions,
under which a kind of augmented Lagragian function achieves its minimum at z. In order
to prove this result we need a generalization of the Ljusternik’s Theorem [Dolecki], for
which we give a proof for sake of completeness.

3.8 THEOREM. Let X, Y be Banach spaces and F: X — Y a continuously differentiable
mapping at x € X and C a closed conein Y. If

Y = F(2)X +C (3.7)

then there exist k > 0 and 6§ > 0 such that for every t € B(z,§) (i.e. the closed ball with
center ¢ and radius §) and y € B(F(z),6)

dist(t, F~(y — C)) < kdist(y, F(t) + C).
PROOF: Consider the following multimapping A: X — 2%
Az=z+F'(z) " (y+ F(t+2z)-C)

From the continuity of F'(z) and (3.7), Az is a non empty, closed subset of X. We are
going to prove that A is a contraction in a neighborhood of 0. Consider 23, z; € X, let H
be the Hausdorff distance and denote F} = y— F(t+21) and F;> = y— F(t + z2). From the
definition of the Hausdorff distance H(Az,Az) = max(ecc(Azy, Azy),ecc(Azz, Azy)),
where

ecc(Azy,Azy) = su inf z1+u—zo —v|. 3.8
(Az1,Az) ueF’(:c)—I;Fl—C] VP (e [Fa—C] l|z1 2 — | (3-8)

Note that for each m € F'(z)”[F, — F; — C] and each u € F'(z)"[F; — C] we have
m+u € F'(z)”[F, — C].
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Therefore using (3.8)
ecc(Azy, Azy) < dist(z1 — 22, F'(z) " [F2 — F1 — C]).

The multimapping (F'(z) + C) being convex, graph closed and satisfying (3.7), it follows
from the generalized open mapping theorem [Borwein/Zhuang, Th. 34, Th. 2.5] that
there exists £ > 0 and # > 0 such that

dist(21 - Zz,F’(IE)_[Fg - F1 - C]) S ﬁdlSt(F’(.’E)[Z] - 22],F2 — Fl - C) (39)

as soon as the right hand side is less than 3.
From the mean value theorem there exist 6 € ]0, 1[ such that

FBR—FR=Ft+2z)-F{t+z)=F({t+2z+6(z2 —21))(z1 — 22).

Thus using the continuity of F' at z, there exists r, 0 < r < /2¢ such that for (z — t),
21, z2 € B(0,r) the right hand side of (3.9) is less than £||z — 21|| < 8. Consequently

Vz1,22 € B(0,7) ecc(Azy,Az) < €llz2 — z1]|.

Swapping z; and z2 we can replace ecc by the Hausdorff distance H.
Note that we have also from the generalized open mapping theorem

dist(0, A0) = dist(0, F'(x)[y — F(t) — C] < &dist(y — F(t),C)

as soon as £ dist(y— F(t),C) < B. Then there exists § > 0 such that for y € B(F(z),§) and
t € B(z,6) we get dist(0, A0) < r(1—£). This allows to apply the contraction multimapping
principle [Ioffe/Tihomirov, p. 31] to A. Thus for every s such that dist(0,A0) < s <
r(1 —§) there exists z € B(0, s) such that z € Az and ||z|| < (2/(1 — £)) dist(0, AO) From
the expression of A it follows that F(t + z) € y — C and

dist(t, F [y — C)) < ||z|| < 12_65 dist(y, F(¢t) + C). O

3.9 THEOREM. Let X, Y, Z, W Banachspacesand f: X - Y, g: X - Z, p: X - W
continuously differentiable mappings at zo € S. We suppose that z¢ is a weak optimal
solution belonging to intQ and that Y x Z x W = (f,9,p)' (z0) - X + —C x Rg(zo) x {0}.

Then there exists (\*, u*,v*) € [C*\ {0}] x D3, x W* such that for each § > 0 there
exists Vs € Nx(zo) satisfying:

1/2

min A" f(z) + u7g(e) +v"p(e) + 8 [f(z) — f(=0)I” +ll9(=) — 9(o)lI* + lIp(=)]*]

= A" f(o).
PrOOF: We set F' = (f — f(zo),9 — g(z0),p). One can see easily that the condition
Y xZxW =(f,9,p)'(z0) X +—C x Rg(xo) x {0} implies that p'(z¢) is surjective and

that the condition H, # O is satisfied. Then from the Proposition 2.4 (R1) is also satisfied
and by the Theorem 3.5 we get(\*, u*,v*) € (C*\ {0}) x Dy, x W* such that

VzeQ (A\*f+u*g+v*p)(z0) (z—xz0)>0. (3.10)
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Let us use the notation r = A*f + p*g + v*p. As z¢ € int 2, (3.10) with the linearity of
r'(x9) means that r'(x¢) = 0. Consider the closed hyperplan H = {z € Z | u*z = 0}. We
have Rg(zo) C H and denoting by k the closed convex cone —C x H x {0} CY X Z x W
we have obviously Y x Z X W = F'(z¢) - X + K. It follows from Theorem 3.8 that there
exist € > 0, £ > 0 such that

Vz € B(zg,e) distlz, F~(—K)] < kdist[0, F(z) + K].
Thus for each z € B(xo,¢), there exists a(z) with

fa(2)) — f(z0) € C g(a(z)) —g(z0) € H p(a(z)) =0 (3.11)

and

llz = a(e)l| < kdist[(f(<) — f(20), 9(2) — 9(z0),p(2)),C x H x {0}]. (3.12)

On the other hand we have by the mean value theorem:

Vz € B(zo,e) r(z) =r(a(z)) +r'(¢)(a(z) — z)
> r(a(z)) — kI (I [1(2) = f(@o)lI + llg(e) — g(zo)l® + Ip(=)I2]*  (3.13)

where ¢ € ]z, a(z)[. Since r'(z¢) = 0 and r is continuously differentiable at zo, for every
6 > 0 there exists n > 0 such that

)
Ve € B(zo,n) |Ir'(@)ll < £
Now using (3.12) and the continuity of f, g and p let be €1 < inf(e,7/2) such that

Vz € B(zo,e1) ||z — a(z)|| < g

It yields

Vo € B(zo,e1) r(z) > r(a(z)) — 8 [|1f(2) = F(=o)lI* + lg(z) — g(zo)l® + Ilp(=)] />

From (3.11)
r(a(z)) = A*f(a(z)) = A* f(zo) = r(z0)

which gives
Vz € B(zo,e1) r(2) 2 r(zo) — 8 [[I£(2) — F(2o)I? + llg(2) — g(=o)l® + lIp(x)|?)"*. O

4. Sufficient optimality conditions whitout convexity. In this section we use a
slightly less restrictive notion of optimality. A point z € S is said to be a local weak
solution in the direction d € X if there exists a neighborhood N € N(z) such that if ¢ >0
and z 4+ td € SN N then we have f(z +td) — f(z) ¢ —intC.

At first we note that the necessary conditions obtained in Theorem 3.5 (ii) and 3.6 (iii)
are sufficient to obtain ¢ € ©, without any regularity condition:
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4.1 THEOREM. Let f be regularly lower uniformly differentiable at ¢ € S, g regularly
locally convex at = and p Fréchet differentiable at z. If there exists (A*,u*,v*) € (C*\
{0}) x D} x W* such that

VheQ—z [Nf'(z)+ug'(z)+v*p'(2)]h >0
then z € O.
PROOF: Suppose that 2 ¢ ©, then there exists hg € H, such that f'(z,ho) N —int C # O,
g'(x) - ho € —int((D*)*) and p'(z) - ho = 0. Thus taking yo € f'(z,ho) N —int C we have
XNyo + p*g'(z) - ho + v*p'(z) - ho < Ay < 0. O

Theorem 4.1 gives sufficient conditions for z to belong to © but not to be an optimal
solution. In order to answer this question we introduce a second order assumption ensuring
that a point x € © be an optimal solution of the problem(P).

4.2 PROPOSITION. Let f and g be regularly locally convex at z € S and p Fréchet dif-
ferentiable at z. Suppose that there exists (\*,p*,v*) € (C* \ {0}) x D x W* such
that
VReQ—a [Nf'(z)+p*g'(z)+v*p'(2)]h>0 (4.1)
and that
A f(o + th) = ()
12

MNfl(z)-h=0 = Jim, € R™\ {0} (4.2)

then z is a local weak minimum in all directions.

PROOF: Let d € X be a direction. Suppose that there exists ¢, > 0 such that z+t,d € S,
limp—ootn = 0 with f(z + tpd) — f(z) € —int C. Setting z, = = + t,d € S, we have for
eachn € N, d = t;'(z, —z) € T S. From Proposition 2.1, ¢'(z)-d € —(D*)*, p'(z)-d =0
and

N fl(z)-d> —p*qg'(z)-d—v*p'(z)-d > 0.

On the other hand, f being locally convex, A* a continuous functional and C' closed,

2] <o
tn =

N fl(z)-d= lim X
Therefore A* f'(z) - d = 0 and from (4.2), for n large enough
A* tpd) — A*
Ho +tnd) = 2"S(2) _
12
a contradiction with f(z +t,d) — f(z) € —int C and A* € C*\ {0}. O
4.3 PROPOSITION. Let X, Y, Z, W be Banach spaces, f, g, p Fréchet differentiable

mappings at ¢ € S and X a reflexive space. If (4.1) and (4.2) hold then z is a local weak
solution of (P).

PROOF: Suppose there exist 2, € S, limp—o0 Tn = = with f(z,) — f(z) € —intC. We
denote by h a weak limit of ||z, — z||~!(zn — ). From the Fréchet differentiability of f, ¢
and p we have

02> p*g(za) = p"g'(z) - (Tn — 2) + 4|20 — zller(zn — 2) (4.3)
0=v*p'(z) (zn — ) + v*||2n — z||ea(zn — z) (4.4)
AN f(@n) = A f(2) + A" f'(2) - (T — 2) + A"||zn — z|les(zn — 2) (4.5)
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where limjjy|—o0 €i(t) = 0,1 =1, 2, 3.
From (4.1)
XN f'(2) (zn —2) 2 —p*g'(2) - (20 — ) = V*P'(2) - (20 — @)
Thus for each € > 0 there exists ng > 0 such that for n > ng
X ) [

As X*f'(z) is a linear continuous function,

Mf(z) k= lim 3f'(z)- [—‘z] > 0.

llzn — =]

x”] > prer(zn — ) + v'ea(zn — ) > —€.

e3(zn — )

On the other hand by (4.5)
—r) 2GS

A* !
Wl imer [en —
which implies A*f'(z) - A < 0, since f(z,) — f(z) € —intC, A* € C*\ {0}. Therefore

A*f'(z) - h = 0 and from (4.2) we get, as in the previous proof a contradiction with

M[f(zn) = f(z)] <0. O
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