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L* SPACES FOR OPERATOR VALUED MEASURES

M.E. BALLVE

RESUME. Dans cet article on introduit les espaces L® correspondant a une intégrale par
rapport a une mesure & valeurs opérateurs dans un espace vectoriel topologique localement
convexe. En particulier, la notion d’espace a-Radon-Nikodym est définie et caractérisée en
terme de convergence de martingales.

ABSTRACT. The L* spaces are introduced and studied for an intregral with respect op-
erator valued measures in the context of locally convex spaces. Also the a-Radon-Niodym
property with respect to an integral system is defined and a characteization is given for the
space having it, by means of the convergence of martingales.

In [8] is developed a theory of integration of functions valued in locally convex spaces
with respect to operator (also between locally convex spaces) valued measures, following the
ideas of [9] and which extends the integration theory defined in [5] (I). This integration is
not in general comparable with the integral studied in [7] as it is stated in [4]. The purpose
of this paper is to define and to study the L spaces for the integral introduced in [8]; for
this objective, the M spaces of the measurable functions of bunded (a, m)-semivariation
are defined. Several standard questions are treated, as the density of the simple functions,
the dominated convergence theorem and others. Also it is proved that the space L* is
Fréchet (or Polish) under certain conditions. Let us remark that these spaces L* (in the
context of locally convex spaces) are not in general complete.

The last part of the work is devoted to the study of the existence of the Radon-Nikodym
derivative of a vector measure with respect to an operator valued measure, in the general
context of the paper. The a-Radon-Nikodym property is defined using the concept of
(a,m)-controlled measures and it is proved a characterization of the spaces having the
a-Radon-Nikodym property by means of the convergence of martingales ( the martingale
and its convergence in this context are defined in a natural way).

Let us denote by E and F two locally convex Hausdorff spaces, being F' complete and P
and R two generating families of seminorms on E and F' respectively. Let G be the space
L(E, F) of the linear and continuous mappings from E into F, endowed with the topology
of the pointwise convergence. m will be a (countably additive) G-valued measure defined
on a o-algebra ¥ of subsets of a set §2 which verifies the *-condition, i.e. there exists a
family of non negative and finite measures defined on &, {v,, | p € P, r € R}, such that
llm||p,r < vp,r for every pair (p,7) € P x R such that ||m||, ~(2) < oo being

mllp,r(A) = supr (Z wim(Ai)>

=1

Regu le 9 mai 1989.
(©Association mathématique du Québec



10 L* spaces for operator valued measures

for every A € 3, where the supremum is taken over all the measurable and finite partitions
{Ai}™, of A and all finite families {z;}{~, C E such that p(z;) <1fori=1,...,n. We
say that the measure m verifies the *'-condition if for every continuous seminorm r € R
there exists a non negative and finite measure v,.: ¥ — R such that ||m, ;|| < v, for every
continuous seminorm p € P. As usual m is said to veriry the **x-condition if there is a non
negative and finite measure v on ¥ such that ||m, || € v for every pair (p,r) € P xR
such that ||m||,,-(2) < oo. In a standard way, a set A € ¥ will be said to be m-null if
|lm]|p,r(A) = 0 for every pair of continuous seminorms p € P and r € R.

Now on we will assume that the measure m is of bounded variation (i.e. for every
seminorm r € R there exists p € P such that ||m||, (22) < c0).

DEFINITION 1. Let be a function f: Q — E. We say that f is u-simple if it is a uniform
limit of a net of simple functions (the simple functions and their integral, and the integral
of the u-simple functions are defined in a standard way). Sy and S will denote respectively
the families of the simple functions and the u-simple functions.

The function f is said to be measurable (or m-measurable) if for every ¢ > 0 and
(p,r) € P x R with ||m||p,-(f2) < oo, there exists A € ¥ such that ||m|[, (2 4) < e and
the function f - x4 is u-simple.

We say that a function f is m-integrable (or integrable) if it is measurable and for every
pair of seminorms (p,r) € P x R with ||m]|, () < oo, the (p,r)-semivariation of the
function f is continuous, i.e. if for every € > 0 there exists § > 0 such that ||m||, ~(f,4) < ¢
for every A € ¥ which verifies that ||m||p,~(A4) < 6, being

Il (£, A) = supr( / gdm) ,

where the supremum is taken over all u-simple fonctions g € S such that p[g(t)] < p[f(¢)]
for every t € A.
If f is an integrable function then

mod) = [ fam= S [ £ xcdm

Kex(f)

for every A € ¥, being 5(f) ={ke€ X | f-xx € S}.

DEFINITION 2. If 1 € a < o0 and f is a measurable function, for every pair of continuous
seminorms p € P and r € R with ||m||, (Q) < oo, the (a,m,p,r)-semivariation of the
function f will be the set function mg (f,-): & — R* U {oo} such that

1/
mg (f, A) = sup [ [ r m!p] ,

where the supremum is taken over all y' € F' (being F' the dual space of F) such that
ly'(2)|] < r(z) for every z € F being |y'm|, the p-variation of the measure y'm: & — L(ER)
(remark that

ly'mlp(A) =sup > | sup |y'm(B)(z)|| (A€X)
Bem p(zz‘e)g:l

where the supremum is taken over all the measurable and finite partitions = of A).
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It can be proved that the equality

m (f,A) = Sué [r ( /A gdm” 1

holds where the supremum is taken over all the u-simple functions g such that p[g(t)] <
p[f(2)] for every t € A.

The function f is said to be of bounded (a,m)-semivariation if my (f) = mg (f,Q) < c0
for every pair of seminorms p € P and r € R such that |m||, -(Q2) < co.

DEFINITION 3. Let us denote by M*(E) (1 < o < 00) the vector space of all measurable
functions of bounded (a, m)-semivariation endowed with the topology defined by the family
of seminorms {my .(-,Q) | (p,7) € P x R with ||m||, () < oo}, and as usual M*(E) will
be the corresponding Hausdorff space of the equivalence classes modulus {f € M*(E) |
my (f) = 0 for every pair (p,7) € P x R such that [|m]|, -(Q2) < co}.

L%(E) denotes the space of the functions f € M*(E) such that their (a,m)-semivar-
iation are ||m/||,,~continuous (mg .(f,- < ||m||p,r for every pair of seminorms (p,r) €
P x R such that ||m||, (Q) < oo, endowed with the topology induced by M*(E). The
corresponding Hausdorff space of the equivalence classes will be denoted by L*(E).

L>°(E) represents the space of the m-integrable functions f which are essentialy bounded
endowed with the topology defined by the family of seminorms {pos | p € P} being

Poo(f) = essen sup{p[f(?)] | t € 22}

L*°(FE) will denote the corresponding Haussdorff space of the equivalence classes.

It can be proved that So C S ¢ LA(E) c MP(E) C L*(E) C M*(E),for1<a <8<
co. Moreover Sy (and therefore S) is a dense subspace of L*(E) and L*(E) is a closed
subspace of M*(E), for every 1 < a < oo. From where it follows immediately that L*(E)
is separable if 1 < a < 0o, m verifies the **-condition and the measure space (2,%,v) is
countably generated.

THEOREM 4 (DOMINATED CONVERGENCE THEOREM). Let be 1 < a < o0 and (fz),en
a sequence of measurable functions which converge to a measure function. If for every
continuous seminorm p € P there exists a function g, € L*(E) such that p(fn) < p(gp)
a.e. for every n € N, then f,, f € L*(E) (n € N) and the sequence (fn), N converges to
f in L®(E).

PROOF: In fact {f, fn | "N} C L¥(E) since m§ (fn) < my (gp) < 00 and my (fn,A) <
my +(gp) for every A € £, n € N and (p,r) € P x R such that ||m|,,(2) < co and

plf(D)] = lim p(fn(?)) < Plgp(?)] ace..

Moreover, for every € > 0, p € P and r € R with ||m/|[; () < oo, it results from Egorov’s
theorem (since ||m|[,,r < vp,r) the existence of a set A € T such that m$ (f,2\ A) <e¢
and mg . (fn, 2\ A) < € for every n € N, and therefore, there exists ng € N such that

plf(t) = fa(t)] < € and
M (f = fn) S MG ~ far A) + M2 (f = fa, 2\ A)
< e[llmllp (Y +mE (£, 2\ A) + mS (fa, 2\ 4)
< e |imllp.r ()" + 2]

for every t € A and n > ng, from where it follows immediately that the sequence (fy)
converges to f in L*(E). O



12 L* spaces for operator valued measures

LEMMA 5. If the measure m verifies the *'-condition, the space E is metrizable and (fy) is
a sequence of measurable functions which converges a.e. to a function f, then the function
f is also measurable.

PROOF: Let us consider p € P (= {pr | k € N}), r € R and a m-null set B € I such that
Im|lp, () < oo and (fr(t)) converges to f(t) for every t € Q\ B. For every € > 0, there
exists § > 0 such that ||m]|,,-(A) < € for every A € ¥ with v,(4) < 6. It results from
Egorov’s theorem that for every k € N there exists Cx € ¥ such that v,.(Ck) < §/2F and
(Pe(fn = f))nen is uniformly convergent to zero on Q \ (Cx U B). If A = B U (g2, Cx)
then A € %,

Imllp.r(A) < llmllp,(B) + lImllp,r (U Ck> <e
k=1

and (fn) is uniformly convergent to f on Q\ A. Therefore f - xq\4 is a u-simple fnction
and f is measurable. [J

THEOREM 6. If E is a Banach space and F is Fréchet, then the space L*(E) is Fréchet
forl < a< oo.

PROOF: Let us denote by p the norm on E and consider a non decreasing generating
family of seminorms R = {r, | n € N} on F. If (f,) C L*(E) is a Cauchy sequence, we
can find a subsequence that we will denote by (g, ), such that

1
Mp,rn (90 = In+1) S Sogazay

for every n € N. Let
1
An = {t € Q| p(gn — gn41) > 2—,,}

for every n € Nand A = 52, Une s An-
Evidently, A,, A € ¥ (n € N) and A is a m-null set since for every k € N we have that

Imllp,r(4) < llmllp,re (U An)

n=k

1
<> lImllp,ra(An) < oY=
n>k

and so for every ¢ > 0 and r € R, there exists n € N such that 1/2""! < ¢ and r < r,
and consequently,
1
lmllp,r(4) < lImllp,r.(4) < onT <€

Moreover, if t ¢ A there exists k € N such that ¢t ¢ |J,,5, An and for every € > 0 there
exists ng > k such that 1/2™~! < ¢ and

Plgn(t) = gm(] < Y % <e

i>ng

for n, m > ng. Therefore for every t € Q\ A, (gn(t)),en is @ Cauchy sequence in E and
there exists ¢(t) = lim, gn(t). It results from Lemma 5 that the function g is measurable
(we consider g|, = 0).
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Ift¢ AKX =), 51 An, then

n—1

plo(t) = ge(t)] = lim plgn(t) = ga(t)] < lim > plgi(t) = gia (1)) < D5
= =" i=k i>k

[\?l,.._n

Moreover, for every € > 0, rx € R, n > k and s € Sy verifirying p(s) < p*(g — gn), there
exists ¢ € N such that ¢ > n and

1 1
s < min (350, 2l (@)

being C' = max{p[s(t)] | t € O} (we can assume that C > 0 and ||m|| ,(£2) > 0, since in
other case the question is trivial). Then,

- </Qsdm>§ Y (/A sdm) +re (/Q\Aq sdm> < Cllmlly (A7) + 14 (/ﬂ\m sdm>

1 o
< gr+ sup / p(s)dly'mlp < o+ sup / (g = gn)dly'mly
2\ A9 Q\A?

y' €F' v/ €F!
19 1< 19’ 1<rg
1 1/a 1/«
< —+sup / p%(9 — gg)dly'm|p| + sup / p*(9p — gn) dly'ml,
2" yer | Jayas ver | Ja\as
lv'I1<r lp/1<rg
1 1 1
Soat 2q__1”m”13;7‘k(9) +my 9y —9n) S gomp + > mpr(9i — git1)

it=n
-1

1 1 1 1
R on—1 +Z 21(1+1/a) = 9n—1 +§: 21 = on—2"
i2n

from where it follows immediately that g € M*(E) and that (g, ) converges to g in M*(E),
and therefore, g € L*(E) and (f,) converges to ¢ in L*(E). O

COROLLARY 7. If the measure m verifies the ¥*-condition, the control measure space
(2, Z,v) is countably generated, E is a Separable Banach space and F is a Fréchet space,
then L*(E) is a Polish space for every 1 < a < oo.

PROOF: It follows immediately from Theorem 6 (see also the last part of the Defini-
tion 3). O

Radon-Nykodym property.

DEFINITION 8. Let #: & — F be a countably additive measure. It is said that theta is
(a,m)-controlled (1 < a < o0) if there exists a subalgebra ¥’ C ¥ and a bounded subset
(fa) gexy of L*(E), such that the following assertions holds:

81 o(X)=2%

8.2 6(A) = [, fadm, for every A € T'.

It can be easily proved that if the measure 6 is (a,m)-controlled, then it is (8, m)-
controlled for every 1 < # < a. Moreover, if 1 < a < 0o and 6 is (a, m)-controlled, then
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for every pair of continuous seminorms p € P and r € R for which ||m||,,-(22) < oo holds,
there exists Mp » > 0 such that

r[6(A)] < [lmllp, (A My,r

is verified for every A € X'.

We say that a complete Hausdorff locally convex space F' has the a-Radon-Nykodym
property (we will write a-R.N.P.) (1 < a < oo0) with respect an integral system
(2,2,m,E,F), if every (a,m)-controlled measure §: ¥ — F has a Radon-Nykodym
derivative with respect to m belonging to L*(E) (i.e. there exists f € [*(E) such that
6 = my). If the space F' has the a-R.N.P. with respect to every integral system (of last
type) whose measure m verifies the x*-condition, we will say that the space F' has the
R.N.P..

If F has the «-R.N.P. then it can be easily proved that every closed subspace of F has
also the a-R.N.P..

DEFINITION 9. Let (Q,X,m,E,F) be an integral system such that m verifies the *x*-
condition, (¥;);c; a non decreasing net of sub-o-algebras of ¥ and a net (fi);c; in L¥(E)
(1 £ a £ 00). (fi,Zi);er will be a martingale in L*(E) if the follwing conditions are
satisfied:

9.1 o (Uie[ z,‘) =3.

9.2 fA fidm = fA fj dm is verified for every A € 3; and ¢, y € I with 1 <y

We say that the martingale (f;, £i);c; is a bounded martingale in L¥(E) if (f;);¢; is a
bounded subset of L*(E).

A martingale (fi,%;);c; in L*(E) is said to be convergent (in L%(E)) if there exists a

function f € L*(E) such that
/ fdm:lir_n/ fidm
A tJa

THEOREM 10. Let be 1 < a < 0o and F' a complete Hausdorff locally convex space, then
the following assertions are equivalent:

10.1 F has the a-R.N.P..

10.2 Every Bounded martingale in L*(E) is convergent (in L*(E)).

for every A € (J;¢; Zi.

PROOF: Suppose that 10.1 is cerified and let (2,2, m, E, F) be a integral system such
that m verifies the **-condition and consider a bounded martingale in L*(E). Then

6o(A) = liEnAfi dm

exists for every A € |J;¢; X: and for every pair of continuous seminorms p € P and r € R
for wich ||m/|[,,~(£2) < oo holds, we have that

()] =t ( [ fiam) < [supmg (5 ) Ul 402

for every A € |J;c; Zi. Since m verifies the **-condition, there exists a non negative and
finite measure v: ¥ — R* such that |m||,,» < v for every pair (p,r) € P x R such that
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lm]|p,-(2) < 00, and so 6y < v and proceeding like in the proof of the Carathéodory-Hahn-
Kluvanek theorem, it is deduced the existence of a (a,m)-controlled measure : ¥ — F
which is an extension of 6y, and since F' has the a-R.N.P., there exists f € L%(E) such
that § = my and therefore

/Afdm:a(a) = 6o(a) :li?n/af,- dm

for every A € |J;¢; Zi, and the martingale (fi, Z:);c; is convergent to f.

Conversely, suppose that 10.2 is verified and let us consider an integral system
(2,2, m, E,F), such that m verifies the *x-condition, and a (a,m)-controlled measure
6: £ — F. Then there exists a subalgebra &' C ¥ and a bounded subset (fa) ¢y of
L%(E) which satisfy 8.1 and 8.2. Let us consider the net (fr, (7)) ¢y being II the family
of all finite and measurable partitions of {2 ordered by refinement and

f=Y faxa

A€T

for every partition 7 € II. It easily proved that (fx,o(7)), cp is @ bounded martingale in
L*(E) and therefore it is convergent to some function f € L%(E) which is a density with
respect to m and consequently 10.1 holds. OJ
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