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CODIMENSION 1 AND 2 BIFURCATIONS
OF FIXED POINTS OF DIFFEOMORPHISMS
AND PERIODIC SOLUTIONS OF VECTOR FIELDS

CHRISTIANE ROUSSEAU

RESUME. Dans cet article on passe en revue les bifurcations de codimension 1 et 2 des
points fixes des difféomorphismes. On met en évidence la relation entre les bifurcations des
points fixes et les bifurcations des solutions périodiques des champs de vecteurs. L’étude
des bifurcations des solutions périodiques se raméne a celle des bifurcations de points fixes
de ’application de premier retour de Poincaré. D’autre part, la bifurcation de codimension
2 d’un point fixe avec deux valeurs propres etia (resp. £1) s’étudie a I’aide des champs
de vecteurs symétriques sous un groupe de rotation fini ou infini (resp. sous une symétrie
axiale). On met I’emphase sur la dérivation géométrique des résultats, ainsi que sur leur
interprétation.

ABSTRACT. In this paper we review codimension 1 and 2 bifurcations of fixed points of
diffeomorphisms. We show the relationship between bifurcations of fixed points and bifurca-
tions of periodic solutions. First, the bifurcations of periodic solutions are studied by means
of the fixed points of the Poincaré return map. Then the codimension 2 bifurcation of a fixed
point with a pair of eigenvalues et®, (resp. +1) is studied by means of vector fields that are
symmetric under finite or infinite rotation groups (under an axial symmetry). Emphasis is
laid on geometric derivation and interpretation of results.

1. Introduction. In this paper we describe how a fixed point of a local diffeomorphism
of R™ loses its stability. The simplest types of destabilization are via the appearance of
other fixed or periodic points, or the emergence of an invariant attractive closed curve. We
restrict ourselves here to loss of stability through codimension 1 and 2 bifurcations. Some
of these results are well known to both pure and applied mathematicians, especially, for
example, exchange of stability of two fixed points when they pass through each other and
doubling period bifurcation. These appear for diffeomorphisms of R, and, correspond to
an eigenvalue crossing the unit circle at values 1 and —1, respectively.

If we restrict ourselves to the case n > 2, we encounter Hopf bifurcation, which corre-
sponds to loss of stability of a fixed point when two complex conjugate eigenvalues cross
the unit circle at points e*?™**. We observe the emergence of an invariant closed curve
on which the diffeomorphism is orientation-preserving. (In fact, it is close to a rotation
through an angle 2wa). But orientation-preserving diffeomorphisms on the circle are in
general not topologically equivalent. To study topological equivalence, we introduce an
invariant: rotation number. Two topologically equivalent orientation-preserving diffeo-
morphisms must have the same rotation number. This is a sufficient condition in the case
of an irrational rotation number. In the case of a rational rotation number p/q, the dif-
feomorphisms have periodic points. Generically they have a finite number of hyperbolic
periodic points, in which case the dynamics is completely determined by the number of
periodic points. Since rational and irrational numbers are both dense in R, the two cases
are inseparable. When eigenvalues cross the unit circle at points with an argument com-
mensurable with 27 we will have open regions with rational rotation numbers. We call this
phenomenon a resonance effect. As a result, the bifurcation corresponding to two eigen-
values crossing the unit circle is best studied as a 2-parameter bifurcation, one parameter
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56 Codimension 1 and 2 bifurcations of fixed points

for transversal crossing on the unit circle, and another for perturbation of the eigenvalues
arguments. This approach is taken by several workers ([2], [13], [15], [18]).

In this paper we give an elementary, though fairly complete treatment of this phe-
nomenon. Our main inspiration is the work of Arnold [2], who provides a beautiful geo-
metrical insight. He studies bifurcations near resonances e*2""?/4 by analyzing bifurcations
of vector fields symmetric under rotation of angle 27/g. Here we derive this transformation
in detail, since it is rather obscure in the literature. We go on to study bifurcations for
different values of ¢, and reinterpret them in terms of bifurcations of the fixed points of the
map. Among the resonance effects, we distinguish between weak (¢ > 5) and strong reso-
nances (¢ = 1, 2, 3, 4). In weak resonances, Hopf bifurcation is the principal phenomenon,
giving rise to an invariant attractive closed curve. The additional bifurcations are just
modifications of the dynamics on the invariant attractive closed curve. In strong reso-
nances, however, we find several fixed or periodic points emerging before Hopf bifurcation,
and some of them are saddle points. This is followed by an interaction between the invari-
ant closed curve that emerged in Hopf bifurcation and the stable and unstable manifolds
of the other fixed or periodic points. This yields transversal crossings of the stable and
unstable manifolds, implying chaotic behaviour. Work on the strong resonance of order 4
is not complete, and we mention the unresolved problems relating to this resonance.

In constructing bifurcation diagrams for vector fields symmetric under rotations, we give
geometric evidence for the existence of bifurcation curves. We avoid long technical proofs,
which would ensure us that the bifurcation diagram is complete. However, we discuss the
interpretation in terms of bifurcations of fixed points in detail, since the treatment in the
literature is incomplete.

Similarly, we analyze bifurcation of a fixed point with two eigenvalues £1 by studying
a vector field with one axial symmetry, as first proposed by Zholondek [19]. In the latter
case, as in the case of Hopf bifurcation, the description of the bifurcation is incomplete
when the vector field has saddle connections, since this is normally interpreted by means
of transversal homoclinic orbits accompanied by chaotic behaviour.

It has been known since Poincaré that the stability or bifurcations of periodic solutions
of vector fields can be studied by analyzing the fixed points of the Poincaré return map.
We therefore interpret all our results in both contexts. The Hopf bifurcation theorem for a
fixed point of the Poincaré map when the eigenvalues take values et2™** corresponds to a
bifurcation to a 2-torus when the limit cycle loses its stability. When the system is linear
at the bifurcation point, the trajectories are quasi-periodic if a is irrational (periodic if a is
rational). The non-linear case is measuring how qualitatively different the system is from
the underlying linear system and determining which quasi-periodic (periodic) motions of
the linear case remain in the non-linear case.

In general, we study the stability of a fixed point of an application by means of the
eigenvalues of its linear parts:

— If all eigenvalues A satisfy |A\| < 1 (resp. | > 1), then the fixed point is asymptot-
ically stable (resp. unstable).

— Ifall eigenvalues A satisfy |A| # 1, then the fixed point is hyperbolic, i.e. structurally
stable. It can be asymptotically stable, unstable, or a saddle point.

— If some of the eigenvalues satisfy |A\| = 1, the stability of the fixed point has to be
checked using higher order terms. Moreover, the fixed point is structurally unstable,
and small perturbations may generate bifurcations.

Here we are interested in studying the simplest bifurcations of fixed points of local dif-
feomorphisms, which requires that we construct universal unfolding of singularities. A
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universal unfolding of a local diffeomorphism F “contains” all behaviour appearing in any
perturbation of the local diffeomorphism. Given a local diffeomorphism F' with a non-
hyperbolic fixed point at the origin, we embed F in a family F, depending of k parame-
ters (e1,€2,...,€) such that for any perturbation G, of F' depending on m parameters
(#1,- - -5 #m), any member of G, is topologically equivalent to an F,. The precise definition
will be given in Section 2. The minimum number of parameters needed for a universal
unfolding is called the codimension of the singularity.

The intuitive notion of codimension is as follows. If a singularity of codimension greater
than k appears in a k-parameter family of diffeomorphisms, then it is possible to remove
the singularity by a small perturbation of the family. Singularities of codimension < k are
the only unavoidable singularities in a k-parameter family [2].

According to the centre manifold theorem, we can search for universal unfoldings in a
space of a dimension equal to the number of unit-modulus eigenvalues. More precisely, if
the local diffeomorphism F on R™ has n eigenvalues on the unit circle, then its dynamics
is a direct product of the dynamics of a map f on R™, with a map (z4,z-) — (224, %z_)
(inthe case of an orientation preserving diffeomorphism). The precise form of the centre
manifold theorem will be given in Section 2.

The simplest way for a fixed point to lose its stability is through a real eigenvalue 1
or —1, which is the case inside a centre manifold of dimension 1. Under a non-degeneracy
condition we get bifurcation of codimension 1. Under additional degeneracy we have
codimension 2 singularities. Due to resonance effects, the least degenerate singularity with
two eigenvalues on the unit circle is of codimension 2. The last codimension 2 singularity
is the case of two eigenvalues 1 and —1.

This paper is organized in the following way. In the second section we briefly recall the
definitions of universal unfolding and normal forms in the neighborhood of a fixed point of
a diffeomorphism, and state the centre manifold theorem. In the third section we discuss
bifurcations with one eigenvalue equal to 1; in the fourth section, bifurcations with one
eigenvalue —1; and in the fifth section, bifurcations with a pair of eigenvalues on the unit
circle. In the last section we analyze the bifurcation for a pair of eigenvalues 1 and —1.

REMARK. For simplicity we will always consider C* diffeomorphisms or vector fields. This
allows us to use the very powerful tool of the Malgrange-Weierstrass preparation theorem.
Of course the following treatment is also valid under weaker hypotheses. In general, if our
treatment involves terms of the normal form up to order n, it is valid for diffeomorphisms
or vector fields of class C™*1,

2. Universal unfolding, normal forms, and the centre manifold theorem. We
first give the precise definition of universal unfolding of a fixed point of diffeomorphism.

DEFINITION [2]. Let F: (R*,0) — (R™,0) be a local diffeomorphism of class C". A
deformation F, of class C", depending on € = (¢;....,6x) such Fe|,_, = F, is a universal
unfolding (or versal deformation) of F if and only if, given any perturbation G, of class
C™ depending on p = (p1,...,m) such that G,| =F,

i) there exists neighborhoods U of 0 in e-space, V of 0 in p-space, W of 0 in R™,
ii) there exists a function ¢: V — U,
ili) there exists a map H: W x V — W such that, for fixed p, H, = H(-,p) is a
homeomorphism, and for each u, G, is topologically equivalent to Fy(,) through
H,“ i.e. H;lGﬂH“ = F¢(“).

=0

The normal forms serve as a tool to construct universal unfoldings. The diffeomorphism
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is first brought to normal form, and the missing terms in the normal form usually suggest
a universal unfolding. We now proceed to discuss the normal form (following [2]).
Consider a local diffeomorphism

F: (R, 0) — (R",0), (2.1)
whose linear part has eigenvalues on the unit circle. Suppose that
F(z) = Az + Fy(z) + Frya(2z) +.. ., (2.2)
where F,.(z) is homogeneous of degree r. We introduce a change of coordinates
z =G(y) =y +Gr(), (2.3)
in order to eliminate terms of degree . This gives the equation

GT'FG(y) = G (Ay + AG.(y) + Fr(y + G+(v)) +...)
= Ay+ AG(y) + Fr(y + G.(¥)) - G (Ay+ AG(y) + F(y + G.(¥))) +.. ..

(2.4)
Comparing this with
G™'FG(y) = Ay + O(ly|™?) (2:5)
we get the equation for the terms of degree »:
Fr(y) = Gr(Ay) - AGr(y) = MA(Gr(y))’ ‘ (2'6)

which we call the homological equation. At each step (i.e. for each r) we can eliminate
the image of M4. M, is a linear operator on the set of homogeneous polynomial vectors
of degree r. The case where A is a diagonal matrix with eigenvalues A, ..., A, can be
described simply. If G.(y) = y™e, = y["'y3'* ...y e,, where e, is the st vector of the
standard basis of R™, then

Ma(Gr(y)) = (A" A3 ... A7 — A,) Gr(y). (2.7)

Therefore the image of M4 contains all non-resonant terms, i.e. all terms for which
ATRAZ?...AM» — A, # 0. The normal form is now an expression with resonant terms
only. '

If we consider the following particular cases, we can arrive at the normal forms:

- — One eigenvalue A = 1. All terms are resonant. The normal form is:

F(z) =z 4+ azz® + asz® +--- . (2.8)

— One eigenvalue A = —1. We have the resonances A = A\® = A% = ..., and the
normal form:

F(z)= -z +a3z® + asz® +---. (2.9)

— One pair of eigenvalues Ay, = e*?mia  In this case we obtain the resonances

A1 =23 =2IA2 = .., A3 = A2); = A3)2 = .... These are the only resonances if

« is irrational. The case & = p/q yields the extra resonances \; = Ag_l =.... The

general resonances thus are A\; = A[**AJ*? where m; —m; = 1 (mod q), and similarly
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for A\;. Here the normal form is most simply expressed in complex coordinates. For
irrational a it is given by:

F(z)= ez’"."‘z‘+ 1227+ 22322 + - - . (2.10)
In the case of rational a = p/q, we get
F(z) = ™92 4 ¢, 227+ ¢22°%% + -+« + ATV + O(|2]9). (2.11)
— One pair of eigenvalues +1. We have the resonances

Al=A§=A§=...=A1A§=A1A§=...A§=A;=...,

2.12
A2=Ag=A5=...=A1A2=A§A2=.... ( )

The normal form is then:

2 3 2 4 2 4
F(z;,z2) = (zl + axzi + asz; + bizyz; + bazyzy + 125 + eszy + 00,

—23 + 125 + c2z5 + diz1zs + dpzias + - ) . (2.13)

REMARK. (2.10) and (2.11) are the forms (up to higher order terms) of an equivariant
map under all rotations for a irrational (under rotation of angle 2w /q for a = p/q). (2.13)
is the form of a map symmetric about the z;-axis.

Since we are looking for equivalent classes of diffeomorphisms, it is natural to start with
a diffeomorphism already in normal form, up to a certain degree.

We now give the most general form of the centre manifold theorem.
THEOREM [6]. Let F: (R",0) — (R™,0) be a diffeomorphism of class C™ with a fixed
point at the origin, and suppose that the linear part has

i) ny eigenvalues greater than 1 in modulus, with eigenspace E™+,
il) n_ eigenvalues less than 1 in modulus, with eigenspace E™-,
ili) ng eigenvalues with unit modulus, and eigenspace E™.

Then, in a neighborhood of the origin, there exist invariant C"-manifolds W*, W* and
W? tangent to E™+, E™ and E™ respectively. W* and W* are unique, while W° is
not necessarily unique. Moreover, there exists a change of coordinates in which the map
becomes

F(z4,z_,20) = (224, fracl2z_, f(zo)), (2.14)

for the case when F|gn, and F|gn_ are orentation preserving. We change the sign of one
coordinate in the natural way for the other cases.

Bifurcation with the eigenvalue A = 1. The first codimension 1 case is called saddle-
node bifurcation, and corresponds to a map F': R — R with normal form:

F(z)=z+az’+0(z%), a#0 (3.1)
In this case a universal unfolding is given by:

F.(z) = F(z)+ ¢ =z + ¢ + az’ + O(=*). (3.2)
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Figure 1. Saddle-node bifurcation in the case ¢ < 0: a) fixed
point, b) periodic orbit.

By the Malgrange-Weierstrass preparation theorem (see Appendix), the equation for fixed
points F, (z) = z gives a maximum of two fixed points: F,(z)—z = (22+b(c)z+c(e))H(z,¢)
in a neighborhood of the origin, where b(0) = ¢(0) = 0 and H(0,0) # 0. the equation for
fixed points is 22 + b(¢)z + c(¢) = 0 which can be approximated by az? + ¢ = 0. This
means we have two fixed points for ae < 0, no fixed point for ae > 0, and a double fixed
point for € = 0 (Figure la and 2a).

In the case of bifurcations of limit cycles this corresponds to the coalescence of two limit
cycles before they disappear (Figure 1b).

Depending on the constraints of the system, some significant variations may arise:

— If the origin always remains a fixed point we have a transcritical bifurcation. Here,
we consider the following universal unfolding of (3.1):

F.(z) = (1 +¢€) + az® + O(z*), (3.3)

which always has two fixed points that pass through each other and exchange sta-
bility (Figure 2b).

—  If the function is odd, due to a symmetry of the system, the pitchfork bifurcation
occurs. This is characterized by the following universal unfolding (see Figure 2c):

F.(z) =2(1+¢)+az®+0(z%), a#0. (3.4)

We now consider the similar case of codimension 2, corresponding to a map with normal
form:

F(z) = z + az® 4+ O(z*). (3.5)

A universal unfolding is given by:
F.(z) = &1 + 2 + €22 + az® + O(z*?). (3.6)

As before, the equation for fixed points can be approximated by az® + e2z + ¢; = 0, which
has three zeros for 4ae3 +27a%¢? > 0, one for 4aej +27a%c? < 0 (and two zeros — a simple
and a double — on the curve 4ae3 + 27a%¢? = 0) See Figure 3a for the fixed points and
Figure 3b for the case of three limit cycles.
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Figure 2. Codimension 1 bifurcation in the case of the eigen-
value 1: a) saddle-node bifurcation, b) transcritical bifurcation,
c) pitchfork bifurcation.

4. Bifurcation with eigenvalue —1. The normal form of the system here is
F(z) = —z + agz® 4 asz® + O(z"). (4.1)

Bifurcation of codimension 1, called period doubling bifurcation (or flip bifurcation),
corresponds to ag # 0. The origin is stable if and only if a3 > 0. To find the unfolding,
we note that (by the implicit function theorem) any perturbation of (4.1) will still have a
unique fixed point, but allows the eigenvalue to vary from —1

F.(z) = —(1 4 €)z + asz® + O(z°). (4.2)
The second iterate of the map
F3(z) = (14 2¢ + &)z + (=2 — 4 — 3¢ — £*)asz® + O(=?), (4.3)

always has a fixed point at 0 (which is already the fixed point of F'). As in Section 3, we get
two more fixed points when eas > 0. These fixed points are stable (unstable) when ag > 0
(a3 < 0). The fixed points of F? correspond to period 2 points of F, (see Figure 4a).
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Figure 3. Codimension 2 bifurcation for the eigenvalue 1: a) fixed
point, b) periodic orbit.
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Figure 4. Codimension 1 bifurcation with eigenvalue —1: a) fixed
point, b) periodic orbit.

For bifurcation of limit cycles, this corresponds to a loss (or gain) of stability of the
limit cycle and the appearance of a stable (unstable) limit cycle of twice the period (see
Figure 4b). Note that although the centre manifold of the map is of dimension one, this
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phenomenon cannot happen in the plane and occurs only in R™ for n > 3, since the centre
manifold for the limit cycle is locally a M&bius strip (trajectories cannot intersect in the
case of a vector field).

The codimension 2 case corresponds to ag = 0 and a5 # 0, with unfolding

F.(z)=—-(14¢&)z+ e2z® + asz® + 0(37). (4.4)
The equation for fixed points of F? is now given by

(1+¢e1)z—ea[l4e1+(1+€1))e® —(1+e1)as(1+(1+e1)* - 3e3(1+€1)%)e" + Oo(z") = .
(4.5)
and the regions in parameter-space with hyperbolic fixed points can be approximated by
i)
52 + 4eja5 >0, £1a5 <0, e€qa5<0, (4.6)

for four nonzero fixed points.

i)

€3 +4e1a5 >0, €1a5 > 0, (4.7)
for two nonzero fixed points.
iii)
eg +4e1a5 >0, €105 <0, e€2a5 >0, (4.8)
or
eg + 4e1a5 < 0, (4.9)

when there are no nonzero fixed points.

The line €; = 0, e; # 0, corresponds to the period doubling bifurcation, while the curve
approximated by €2 + 4¢1a5 = 0, e1a5 < 0, £2a5 < 0, corresponds to the coalescence of
two pairs of period 2 points of F, (cf. Figure 5a).

In the case of vector fields we have the same bifurcation diagram. The case with no (resp.
two, four) nonzero periodic points corresponds to zero (resp. one, two) period 2 limit cycles
located in the centre manifold. When there are two limit cycles, one is attractive and the
other is repulsive (cf. Figure 5b).

REMARK. The bifurcation diagram in this case is reminiscent of the bifurcation diagram
for Hopf bifurcation of order 2.

We have computed (using Macsyma) the coefficients as and a5 of the normal form of a
map

F(z)=-z+ boz? + bszd + byt + - .- . (4.10)
These are given by
as = by + b2, (4.11)
13, 5,
as = bs + 3by by + z—bzbs + sz (4.12)

5. Bifurcation with a pair of eigenvalues e*2™*®, Using the implicit function theo-
rem, we note that any perturbation of the map has an unique fixed point (as the case of
eigenvalue —1). In the case of an irrational & or a rational & = p/q, with g large enough
(g = 5), it seems natural to take

F.(z) = (1 + €)™z 4 ¢, 222+ O(|z|*) (5.1)
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Figure 5. Codimension 2 bifurcation with eigenvalue —1: a) fixed
point, b) periodic orbit.

as a universal unfolding of (2.10) or (2.11), under the hypothesis Re (c7e?™®) # 0, the
meaning of which we will discuss later. We then apply the Hopf theorem for diffeomor-
phisms [13], and obtain an attractive or repulsive invariant closed curve.

The underlying idea of the Hopf theorem for diffeomorphisms is this: in polar coordi-
nates, z = re'?, F.(z) = Re'%, (5.1) gives

R=r[(1+¢)+7"Re(ce’™) + O(r*)]

(5.2)
® =2ra+ 0+ O(r).

For small r, ® is given approximately by 2wra + 8. Suppose first that O(r*) is independent
of @ in the expression of R. An invariant closed curve is thus a circle satisfying the
equation R = r. Solving R? = r? by the implicit function theorem, we find a unique
solution r2 = r?(¢), provided Re (c7e?™*®) # 0. This gives an invariant closed curve for
eRe (c7e®™@) < 0. The closed curve is attractive (repulsive) if Re (c7e?™**) < 0 (> 0).
The result is the same when O(r?) is dependent of 6, except that the invariant closed curve
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is no longer a circle (the proof is far more complex). We state the theorem in a simple
form. The more general form can be found in [13], together with a complete proof.

THEOREM. Assume the function F in (5.1) is of class C*, for k > 6, and Re (c7e?™®) < 0
(resp. > 0). Then there exists an invariant attractive (resp. repulsive) closed curve r =
r(e, ), bifurcating from 0, for small ¢ satisfying € Re (c7e*™**) < 0.

REMARKS.

(1) The condition Re (Eez’“'“) # 0 has a geometric interpretation. It is equivalent to
a nonzero scalar product (c;,e?™**), where the complex numbers ¢; and e?™** are
considered as vectors of C = R2. When (c;, €2**®) = 0, the cubic term c¢; 227 has no
radial contribution, and the stability is determined by higher- order terms.

(2) The inverse function theorem applied at the origin ensures that for sufficiently
small £, the map restricted to the invariant closed curve is a diffeomorphism.

In the Hopf bifurcation theorem for vector fields, an unfolding similar to (5.1) is uni-
versal, since vector fields having a unique attractive (repulsive) limit cycle with same
orientation are topologically equivalent. But this does not hold for diffeomorphisms, since
orientation-preserving diffeomorphisms of the circle (e.g., the diffeomorphism restricted to
the invariant closed curve) are in general not topologically equivalent. Diffeomorphisms
with periodic points cannot be equivalent to diffeomorphisms with none. There is an in-
variant for topologically equivalent diffeomorphisms of the circle: the rotation number,
and it can also serve as a tool for detecting periodic points.

DEFINITION. Let f: S* — S? be a diffeomorphism. Then f can be represented by a map
¢: R — R satisfying ¢(z + 1) = ¢(z) + 1. The rotation number is defined as

p(f) = lim ¢nT(z)

n—o0

(5.3)

PROPERTIES OF ROTATION NUMBER.

i) p(f) is independent of the point z used in the definition.
ii) p(f) is rational and equal to p/q if and only if f has a periodic point of period g.
iii) If p(f) = a is irrational, then f is topologically equivalent to a rotation of angle
27a. (This is Denjoy’s theorem [2].)

From the previous remarks it follows that (5.1) is an unfolding, but not a universal
unfolding. In a universal unfolding of (2.10), we would expect to find diffeomorphisms
with irrational rotation number, and in the universal unfolding of (2.11), diffeomorphisms
with periodic points of period g should appear. Since both the rational and the irrational
numbers are dense in R, it is natural for a universal unfolding to depend on two parameters

Fo(z) = (1 + €1 +ie2)e®™ 2 4 1227 + O(J2[*), (5.4)

at least when a # p/q for ¢ < 4.

We could study (5.4) in more detail. However, we will adopt another approach. We start
by studying the bifurcation of a periodic orbit for which the Poincaré map has eigenvalues
et?™i®  We show how this can be analyzed by means of a planar vector field symmetric
under rotations of angle 2ra. We then show that (5.4) itself can be further studied by
analyzing a two-parameter deformation of a symmetric vector field.
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We begin with a vector field having a periodic solution corresponding to a fixed point
of the Poincaré map on a cross-section, and suppose that the linearized Poincaré map has
eigenvalues e¥27¥; j.e. we consider a vector field in R®. We transform the vector field in
the following steps:

i) We localize the vector field at the periodic solution, which yields a system with
periodic coefficients. We then apply Floquet theory to the linear part.
il) We bring the system to Poincaré-Birkhoff-Dulac normal form, in “toroidal” coor-
dinates (¢,2,%) in the neighborhood of the periodic solution.
iii) We change the coordinates (z,%) to coordinates ({,() spiralling along t, so that the

system becomes independent of t. The system in (¢, {) is invariant under rotations
of angle 27wa to arbitrary large order.

i) When we localize the vector field at the periodic solution, we obtain an equation
with 2w-periodic coefficients in t.

P= AW+ f(2,7,8) f(2,5,1) = O(=]?). (5.5)

The monodromy operator (a diagonal map with eigenvalues e*?7**) now coincides
with the Poincaré map. Using Floquet theory, (by a linear 27-periodic change of
coordinates) the linear part of (5.5) can be brought to

z = 1iaz. (5.6)
This change of coordinates brings the whole equation to
i=iaz+g(2,%,t) g(2,%,t) = O(|z]") g(z,7,t+2m) = g(z,%,1), (5.7)

where g = Y ampz™zZ™e*t = g,.(2,%,t) + O(|2|™+?).
ii) Following the example of the normal form for vector fields we perform a change
of variables

2=w+ ) bupw™T™e* = w+ h,(w,T,1) + O(Jw|™), (5.8)

in order to eliminate as many terms in the second member of (5.7) as possible. This
procedure is done degree by degree [2]. The normal form obtained is called the
Poincaré-Birkhoff-Dulac normal form. To eliminate homogeneous terms of degree
7 in (5.7), we take (5.8) with [m| = m; +m; = r. In order to transform the equation
to the form

W = iaw + O(|w|™t?), (5.9)

we must solve the homological equation

gr = iawa—uj - za'ﬁi% + % —tah, = Lo(hr). (5.10)

An h, of the form A, = w™w™e*t is an eigenvector with eigenvalue A = ik +

(m1 + m2 — 1)ia. Then h, is in the image of L, if and only if A # 0. The resonant

terms which appear in the normal form are those for which A = 0. In the case of
irrational « this gives

m; = My + 1, k=0. (511)
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Figure 6. Trajectories of quasi-periodic or periodic flow in
the neighborhood of a periodic solution.

In case of rational o = p/q this gives kg + (m; + mz — 1)p = 0 which gives
k=ps, my+my—1=—qs forsel. (5.12)
For terms in w, w, this gives
m; —mz —1=0 (mod q). (5.13)

The resonant term of lowest degree satisfying m; — my — 1 = —gs # 0 is the term
w?!. Replacing w by z, our normal form is then, to arbitrarily large order r

z=1iaz+ E amkz™zZ™e* 4 O(|2]™Y), (5.14)
mi—ma—1=0 (q)

where it is understood that the sum is over the set m; —m,; —1 = 0 if a is irrational.
iii) We change the coordinates (%, z,%) to (¢,(,() with z = e***¢. The system (5.14)

becomes ) -
b= X amal™T™ O3, (5.15)
m)-m3—1=0(q)
3<|Im|<r
REMARKS.

(1) If a vector field is symetric under the rotation of angle 2wa, then it is symmetric
under rotations of any multiple of 27a. For a irrational (rational), the vector field
is symmetric under a group of rotations with angles dense in the circle, and hence
under any rotation (under the rotation of angle 27/q). Equation (5.15) is precisely
the form of a system with vanishing linear part whose 7-jet is symmetric under all
rotations (rotations of angle 2r/q) for a irrational (rational).

(2) The same procedure could have been applied to a 2-parameter perturbation

2= (p1 + tp2)z +iaz + g(z,%,1) (5.16)

of (5.7), and would have given a 2-parameter perturbation of (5.15)

C=(eatiea)l+ 3 amu¢™T™ +O(CI). (5.17)

-

(3) We want to describe the geometry underlying the construction in i)-iii) in more
detail, i.e. determine how different the flow of the vector field is from the quasi-
periodic (or periodic if « is rational) flow with rotation number o (Figure 6). This
flow is given by

t=iaz, t=1, (5.18)
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and in (-coordinates by ¢{ = 0. We can imagine the (-coordinate as a complex
coordinate in a section ¥ at ¢ = 0, transversal to the limit cycle. The change of
coordinates from z2-coordinates to {-coordinates can be viewed as the transportation
of the vector field at the point (z,%), back to the section X along the flow lines of
the quasi-periodic flow. Here the vector field in ¢ is independent of ¢ because the
system is in Poincaré-Birkhoff-Dulac normal form.

(4) If we had applied the transformation z = e'*!(, before bringing the system to
normal form, the system in the {-coordinates would be non-autonomous

(= Y amagmEmeletmmma i L o(j¢|r), (5.19)

By taking the mean value for t € (—o00,00) if a is irrational (¢ € (0,27q) for a
rational), we get, as before, a system that is symmetric under all rotations (rotation
of angle 27/q).

Consequently, the normal form eliminates contributions whose mean value is zero,
and keeps all other contributions.

We now come to the problem of how (5.4) can be analized by means of a symmetric
vector field. To do this, we show that there exists a vector field which is symmetric under
all rotations for a irrational (under rotation of angle 27/q for @ = p/q), such that the flow
map at time 27 is equal to FZ, to arbitrarily large order. We could have found a vector
field with flow map equal to F,, to arbitrarily large order, but this is of no interest, since
periodic points of the map will not be detected on a flow map. However, fixed points of
the map F? will correspond to equilibrium points of the vector field (5.20) and periodic
solutions of (4.5). We thus look for a vector field in R? x $* C R3:

i=Pz+ > amz™Z™ 4+ O(|z|™tY) i=1 (5.20)

mi—m3—1=0(q)

whose flow map at time 27 has the form

Fi(2) = (1+¢, +iex)z + > bmz™ 2™ + O(|2]™HY), (5.21)

m1—ma—1=0(q)

(with ¢ = 0 when « is irrational). The vector field (5.20) has the periodic solution z = 0 in
the “toroidal coordinates” z, Z, t. A determination of (5.20) is accomplished by identifying
®(27,20) and FJ(2,) degree by degree, where ®(t,zy) is the solution of (5.20) with initial
condition $(0, zg) = 2zo. This solution has the same symmetry as the system and therefore
the form

&(t,20) = da(t)z0 + > dm ()25 Z0™ + O(|20|™?). (5.22)

my—mz—1=0(q)

di(t) and the d,,’s satisfy the differential equations

dll (t) = Bdi(2), d;(0) =1, (5'23)
dy(t) = Bds(t) + az,1d1(t)|ds(2)>, ds(0) =0, .... (5.24)
These equations have a unique solution for the d,,,’s as functions of 8 and the a,,’s. We

next identify ®(2,20) with FJ(zo). This gives a solution for 3 and the a,,’s as functions
of €1, €3, and the b,,’s.
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We have now reduced the study of bifurcations of fixed points, when the linear part has
eigenvalues €27 {0 the study of bifurcations of vector fields with zero linear part, which
are symmetric under all rotations for « irrational (rotations of angle 27/q if & = p/q). We
analyze bifurcations of the following vector field, which is symmetric under a rotation of

angle 27w /q
2= (1 +i8) + 122T+ 22°2% + - -« + 47T + O(|2]9), (5.25)

with the non-degeneracy conditions Re(c;) # 0, A # 0.

In this study we distinguish two cases: ¢ > 5 and ¢ < 4. The former is called weak
resonance, and the latter, strong resonance. The distinction stems from the fact that,
for ¢ > 5, the term AZ?"! is small compared to c;22Z. Then the dynamics is governed
mainly by the term ¢;22%, which produces a limit cycle. The term AZ?~! only changes
the dynamics on the limit cycle, with the appearance of 2¢q equilibrium points. However,
in the case of strong resonances, the AZ9~! either becomes dominant over the term c; 2%,
in case ¢ < 3, or is of equal importance in the case ¢ = 4. This allows the emergence of
additional equilibrium points before Hopf bifurcation, leading to an interaction between
the limit cycle that emerged in Hopf bifurcation and the other singular points, usually in
the form of homoclinic or heteroclinic connection.

THEOREM [2] [15]. The bifurcation diagram of equation (5.25) in the case of weak reso-
nances is given in Figure 7.

PRrOOF: By a change of the direction in time we can always suppose that Re(c;) < 0.
Then (5.25) has a Hopf bifurcation of order 1 at ¢y = 0, e # 0. The system has an
attractive limit cycle for any €5 # 0 and &; > 0 small enough compared to €. On this
cycle the flow will change direction. The non-generic instance would be a cyle of equilibrium
points, but we expect the phenomenon to occur in a more generic way, i.e. through the
appearance of a finite number of equilibrium points on the limit cycle. In fact these points
appear as g saddle-nodes, which then give 2q equilibrium points. These will disappear in ¢
saddle-nodes, but not involving the same pairs of points, such that the total flow direction

on the limit cycle has changed.
€y /
@)
CHNR
&
Tl

3 “)

Figure 7. Bifurcation in the case of weak resonance (figure corre-
sponds to resonance of order 5).

To find the singular points explicitly we further reduce (5.25). By change of scale on z
and ¢, we can suppose A =1 and Re(c;) = —1. Let ¢; = a; +ib;. We bring (5.25) to polar
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Figure 8. Global bifurcation diagram for eigenvalues in the nei-
bourhood of the unit circle: “Arnold tongues”. Strong resonance
effects are not represented.

coordinates
F=e7r— 1 +ayr® + -+ + 177  cos gf + O(r?),

] 5.26
0=es+ b7 +bar*+ .-+ 77 %5ingd + O(,’.q—l). ( )

We look for nonzero solutions of # = § = 0. (By the implicit function theorem,) the
equation 7/r = 0 gives

r? =¢; +0(e) = r=E1(1+0(e)), (5.27)

(with o(¢) and O(e) depending on ). So we have exactly one fixed point for #, for each
fixed 6, and &; > 0. We make the following invertible change of coordinates in the second
equation

72 =€2+b1’r2+bz1'4+-" , (5.28)

2

where 72 is replaced by its value in equation (5.27). The equation 6 = 0 becomes

7 — 9 2singd + O(r?7 1) = 0. (5.29)
Under condition (5.27), this equation has solutions in a region approximately of the form

Ima| < 7272, (5.30)

The bounderies of this cuspoidal region correspond to the two curves of simultaneous
saddle-node bifurcations. [

REMARK ON THE DIFFERENTIABILITY OF THE INVARIANT CLOSED CURVE. The 2q equi-
librium points are alternately attractive and repulsive on the cycle, when they exist. Since
the cycle itself is attractive, these points are nodes and saddle points. For the saddle
points, the two unstable separatrices form a differentiable curve. However, there is no
constraint that forces this to happen at the nodes, except on the cuspoid, since the limit
cycle without singular points is differentiable. Hence, inside the cuspoid the limit cycle
loses its differentiability. In the case of periodic solutions of vector fields this corresponds
to a torus losing its differentiability, and this has been observed numerically.

INTERPRETATION OF THE THEOREM FOR DIFFEOMORPHISMS. The limit cycle for (5.25)
corresponds to an attractive closed invariant curve I', appearing when the fixed point loses
its stability. The cuspoidal region corresponds to a pair of orbits of period ¢ on I' —
one attractive, the other a saddle orbit. Outside the cuspoidal region, orbits are either
non-periodic or periodic of period ¢' > g, (since all rational number p'/q' sufficiently close
to p/q satisfy ¢' > q.
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We can put all these local results for all weak resonances together in a global picture.
This happens if we consider a two-parameter family of diffeomorphisms, where the (real)
parameters represent the complex eigenvalue. Then we can draw the different cuspoidal
regions of the plane ( which have attractive periodic orbits) branching from the unit cir-
cle (Figure 8). As long as we stay away from the strong resonances, a generic curve in
parameter-space will pass through an infinity of cuspoidal regions. Hence, after the fixed
point has lost its stability, we witness the emergence and disappearance of an infinite
number of arbitrarily high-period cycles (no two cycles with different periods can coexist).
This phenomenon would have been missed in a one-parameter analysis of loss of stability

by a fixed point.

REMARK. Sufficiently close to the unit circle, the region with periodic behavior, (the union
of the interiors of the cuspoids), is open and dense, while approximately of measure zero,
while non-periodic behavior is confined to a region of nearly full measure. Accordingly, even
if the generic situation is that of periodic motion, in practice (i.e. numerical simulation),
we often observe an aperiodic motion as well.

INTERPRETATION OF THE THEOREM IN THE CASE OF BIFURCATION OF PERIODIC SO-
LUTIONS. Hopf bifurcation in Figure 7 corresponds to the birth of a 2-torus fromn the
periodic solution, while the argument of the eigenvalue on the unit circle corresponds to
the rotation number multiplied by 27x. The interior of the cuspoid coincides with the region
of rational rotation number o = p/q. The flow on the torus thus has at least one periodic
solution. More precisely, it has two limit cycles, one attractive and one repulsive, which
close after p turns along and q turn around the initial limit cycle. Outside the cuspoid the
flow is quasi-periodic. Further to the above remark for diffeomorphisms, we observe that
the torus loses its differentiability away from the bifurcation curves.

REMARK. From the point of view of numerical simulation, an attractive torus with an
attractive orbit of period ¢ lying on it cannot be distinguished from an attractive orbit of
period ¢ alone. Consequently, Figure 8 can be interpreted as the emergence and disap-
pearance of an infinite number of limit cycles of arbitrarily long periods when the initial
limit cycle loses its stability.

We now come to the analysis in the neighborhood of strong resonances. In the case
¢ = 3 and ¢ = 4 we analyze the following systems:

2 = (€1 + i€2)z + 22 + ¢2?Z + O(|2|*), (5.31)
2= (e1 +1e2)z + 2° 4 c2®7 4 O(|2|Y). (5.32)

Limiting cases occur where the two eigenvalues approach 1 or —1. When the two eigen-
values of the linear part of the diffeomorphism are equal, the most generic situation is a
linear part with a Jordan block of order 1. Transposed to symmetric vector fields this
corresponds to analyzing a vector field whose linear part is a nilpotent Jordan block of
order 2, and which has no special symmetry (resp. symmetry under rotation of angle ) in
the case of a double eigenvalue equal to 1 (resp. —1). Therefore we study the vector fields

T=y
5.33
§= &1+ €2y + az® + bey + O(|z, y[*) (533)
which we call strong resonance of order 1 (double eigenvalue 1) and
T=1y
(5.34)

¥ =e1 + ey + az® + bzy + O(|z,y|*)
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which we call strong resonance of order 2 (double eigenvalue —1). The quadratic (resp.
cubic) term in (5.33) (resp. (5.34)) cannot be removed when bringing the system to normal
form. In order to have a bifurcation of codimension not greather than 2 we need to take

a, b#0.

ANALYSIS OF RESONANCE OF ORDER 1 [11]. We now determine the bifurcation diagram
of (5.33). A change of scale in z, y, t (allowing time reversal), and in the parameters,
brings (5.33) to

=y , (5.35)

Yy=—€ —y+zc —2zy
The singular points of (5.35) are g4 = (+4/21,0) for ¢; > 0. At e; = 0 two points coincide
and form a saddle-node. The point ¢, is a saddle. The point ¢_ is a focus, attractive
for —e2 + /€1 < 0, and repulsive for —e3 + /€7 > 0. On the half-parabola, we have a
Hopf bifurcation. To determine the type of Hopf bifurcation, we localize the system at the
point g_ by the change of variables X = z + /€7, and then make the change y = —,/z2Y.

Equation (5.35) becomes
X = —\/Ezl
. z2 (5.36)
Y = X - — - XY.
The origin in (5.36) is a stable singular point (cf. formula in [11] for example). This
yields a stable limit cycle in the region —e; + /7 > 0. The cycle soon disappears in a

homoclinic loop bifurcation. To approximate this loop we transform the system into a
near-Hamiltonian system by means of the change of variables

z = 6% y=26% T =6t

5.37
e = &* €2 = Sps ( )
The new system is (where ' denotes the derivative with respect to 7)
v =0
, 9 (5.38)
v = =1 — pov + v’ + duv.
For pu; = § = 0, we have a Hamiltonian system with Hamiltonian function
2 3
Hmw=%-%+% (5.39)

The level curve H(u,v) = 2/3 is a homoclinic loop v for the Hamiltonian system (Fig-
ure 9a). The homoclinic loop of system (5.38) can be approximated by equation [11]

M(pp,8) = / —pav — Suvdu = 0. (5.40)
¥

i.e. the line integral of the perturbation is zero. Substituting v = +4/2/3(1 — u)vu + 2
in (5.40) we get p,/6 = 5/7. From (5.37) we get €, = 5/7,/21. The bifurcation diagram is

given in Figure 10.
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Figure 9. Phase portraits of Hamiltonian systems with Hamilton

functions: a) (5.39), b) (5.45), c) (5.51), d) (5.59).
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Figure 10. Bifurcation diagram in the case of strong resonance of
order 1.

INTERPRETATION OF RESONANCE OF ORDER 1.

Map. In this case the emergence of ¢4 at e; = 0 corresponds to the emergence of two fixed
points of the map. Hopf bifurcation corresponds to the appearance of an attractive
invariant closed curve for the map. This attractive closed curce then interacts with
the stable ans unstable manifolds of the saddle point. However, in the generic case
of a map, the stable and unstable manifolds of a saddle point can cut transversally.
(Remember that (5.33) is only a mean value for the case of resonance 1, so that long-
term features appear in the dynamics of (5.33), but some details are not present.)
In this case, they cross in a infinite number of points (Figure 11a). This results in
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b)

a)

c)
Figure 11. Transversal intersection of stable and unstable
manifolds of periodic points for the resonances a) of or-
der 1, b) and c) of order 2, d) of order 3.

an infinite number of horseshoes and chaotic behavior in the dynamics (cf. [11]).

Flow. We have the same interpretation with the two fixed points replaced by a pair of
periodic orbits, and the invariant closed curve by an invariant torus. The homoclinic
orbit corresponds to the destruction of the torus, when it intersects the stable and
unstable manifolds of the other periodic orbit. Generically the two surfaces can cut
transversally (Figure 12). The intersection curve is not closed, but winds around
an infinite number times. The flow is everywhere tangent to the curve.

Figure 12. Transversal intersection of stable and unstable mani-
folds of periodic solution in the case of a homoclinic bifurcation
for resonance of order 1.

ANALYSIS OF RESONANCE OF ORDER 2. We analyze system (5.34). Rescaling and ne-
glecting higher order terms brings it to

E=v (5.41)
y=e1z + ey £z —2?y. '

The two cases with + signs are qualitatively different. We start with the minus sign.
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Bifurcation diagram of (Figure 13)
=y

5.42
y=e1z + ey — 2 — 2%y, ( )

() ~
@ | &=

Figure 13. Bifurcation diagram for resonance of order 2: sys-
tem (5.42).

g

i) The system has one singular point, the origin, for €; < 0. The origin is attractive
for €3 < 0 and repulsive for 2 > 0. It has a Hopf bifurcation at e = 0, and an
attractive limit cycle for €5 > 0.

il) At &5 = O the system has a pitchfork bifurcation. The origin becomes a saddle
point, and two singular points ¢+ = (1/€1,0) appear. The points ¢+ are attractive
for e; < €1, and repulsive for €, > €3, with a Hopf bifurcation on the line ¢2 = ¢;.
They are both surrounded by a repulsive limit cycle for €2 < €;.

iii) The divergence of the vector field div = e, — z? is non-zero for £; < 0. Hence all
limit cycles must disappear when we reach the region £; > 0, €2 < 0. We therefore
look for homoclinic loops, making the change of variables

z = bu y= 6% =46t

G 8 e (5.43)
The system becomes

v =0

v =u+ pov — ud — §uv. (5-44)
For p, = 6§ = 0, we have a Hamiltonian system, with Hamiltonian function

H(u,v) = % - u2_2 + 1;—4. (5.45)



76

Codimension 1 and 2 bifurcations of fixed points

The Hamiltonian system has a double homoclinic loop v, given by H = 0 (Fig-
ure 9b). An approximation of the double homoclinic loop of system (5.42) is given
by

M(p2,8) = /(uzv — §u’v)du = 0. (5.46)
v
Since v = u/2(1 — u?/2)!/? we get
4 _. 4
He = 5-6 Le &2 = z&1 (5.47)

Before the loop occurs the “object” formed by the three singular points and the
separatrices of the origin is repulsive. However the trace of the origin is positive,
so the loop make repulsive cycles appear or disappear (cf. [1]). We conclude that
the loop makes the two repulsive cycles around ¢, disappear. After the loop the
“object” becomes attractive. So we need a repulsive limit cycle around the “object”.
Since they rae no other homoclinic loops, the only way the two cycles disappear
before the region ¢; < 0, is if they coallesce (as in Figure 1b).

INTERPRETATION OF BIFURCATION DIAGRAM OF (5.42) FOR FIXED POINTS WITH A DOU-
BLE —1 EIGENVALUE.

Map.

Flow.

Suppose we start in the region ¢, e < 0, wher the orign is a stable fixed point.
The fixed point can lose its stability in two ways. The first is when ¢; = 0: one
eigenvalue becomes equal to —1, yielding a stable orbit of period 2. The second is
when £; = 0: the two eigenvalues cross the unit circle and we have an attractive
invariant closed curve C;. The initial fixed point is now repulsive. When we cross
the semi-axis €; = 0, £, > 0, one eigenvalue becomes equal to —1, creating an
unstable orbit of period 2 inside C;. The eigenvalues of the unstable period 2 orbit
cross the unit circle, and consequently we get a pair of repulsive closed curves around
the period 2 orbit: the set formed by these two curves is globally invariant, and
the iterates alternate between the two. These invariant closed curves grow until
they interact with the stable and unstable manifolds of the origin. The unstable
invariant closed curves expand, and, through a chaotic process involving transversal
crossings of the stable and stable manifolds (Figure 11b), they amalgamate in a large
repulsive invariant closed curve C containing the origin, its separatrices and the two
points of period 2. The two curves C; and C, then coallesce and disappear.

We have a similar interpretation with the fixed point replaced by a periodic orbit,
the periodic points replaced by a periodic orbit of period 2, and the invariant closed
curves by invariant tori. The two limit cycles of (5.24) around ¢4 correspond to a
unique torus twisted twice, centered on a periodic orbit of period 2 (Figure 25).

REMARK. The behavior is more complex than in the case of weak resonances, since the
periodic points need not appear on an invariant closed curve. Accordingly, there is some
interaction between the different periodic points and the invariant closed curve.

We now come to the second case of (5.41), and study

2=y (5.48)
y=51w+52y+zs—z2y. '

BIFURCATION DIAGRAM OF (5.48) (FIGURE 14).

i)

The origin is a saddle point for €; > 0, and there are no other singular points.
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ii) Fore; = 0 we have a pitchfork bifurcation, and two saddle points g+ = (£+v/—¢1,0)
appear for €; < 0. The origin is attractive for e < 0 and repulsive for 2 > 0. A
limit cycle appears for €, > 0 via Hopf bifurcation.

iii) div = e3 — z?, so the limit cycle must disappear for e > &; (via heteroclinic
connection beveen g+). The change of variables

=4 =4 =6t
z=6u . y=bv T (5.49)
€ = —6 €2 = bpz,
brings (5.48) to
v=v (5.50)
v = —u+ ppv + u® — §ulv. )

which is a perturbation of a Hamiltonian system with Hamiltonian function

2 2 4

v u
H(u, 'U) = 7 + ? - z—. (5.51)
The heteroclinic connection v at H = 1/4 (Figure 9c), stays for
M(p.,6) = /([J.g‘U —6uPv)du=0ie §=5u,ie 3= —-551. (5.52)
Y

€2

>GX

QX

s |

Figure 14. Bifurcation diagram for resonance of order 2: sys-
tem (5.48).

INTERPRETATION OF BIFURCATION DIAGRAM OF (5.48).

Map. In the region £; > 0 the origin is a saddle point. It becomes attractive (repulsive)
when it crosses the semi-axis ¢ < 0 (¢2 > 0), where a saddle orbit of period 2



78 Codimension 1 and 2 bifurcations of fixed points

appears. The origin loses its stability on the semi-axix ¢; < 0, and an invariant
attractive closed curve appears for €2 > 0. This invariant closed curve disappears in
a heteroclinic connection for the orbit of period 2: the stable manifold of each peri-
odic point intersects the unstable manifold of the other periodic point transversally
(figure 11c).

Flow. Same interpretation, with the origin replaced by a periodic orbit, the points
g+ replaced by a periodic orbit of period 2, and the invariant closed curve by an
attractive torus.

REMARK. The difference between (5.42) and (5.48) lies essentially in the direction of the
period doubling bifurcation. In the first case the fixed point loses its stability, yielding a
stable orbit of period 2. In the second case there are no regions of the ¢; — £, plane where
we have only one stable fixed point. The stable fixed point collapses with a saddle orbit
of period 2 on the €2 < 0 semi-axis to give a fixed saddle point.

ANALYSIS OF THE RESONANCE OF ORDER 3 [2]. Here, we analyze the phase portrait of
z=(e1 +1e2)z + 12°2 + Z°. (5.53)

A change of variables
z2=467 =9
1= (5.54)
€2 = 8o T =6t

brings (5.53) to the form
Z=(m +im)2 +c62°Z+7". (5.55)

This system is Hamiltonian for g3 = § = 0. To analyze the phase portrait of (5.53) we
use (5.53) or (5.55).

BIFURCATION DIAGRAM OF (5.53) (FIGURE 15). What makes this case different is that
for any (e1,€2) # (0,0) the system (5.53) has always three singular points in the neigh-
borhood of the origin. In fact, singular points for (5.55) at § = 0 are given by Z = re®
satisfying

re®[(py + ipg) + re 3] = 0. (5.56)
This has the following solutions, corresponding to three singular points
2 2 2 ¢ k . i¢
ITHE TR 0=—-§+27r§ where u = p; + tuy = re*®. (5.57)

The Jacobian matrix is given by

_(r 22
A= (2z ﬁ). (5.58)
The determinant |A| = |u|2—4|z|? is negative at the singular points, so we have three saddle
points. Since saddle points are structurally stable, this property also holds for (5.53).
ii) The origin in (5.53) is attractive for e; < 0 and repulsive for £; > 0. It has a Hopf
bifurcation at the origin for e; = 0, €5 # 0. This gives an attractive limit cycle for
sufficiently small €; > 0 (if we suppose Re(c;) < 0).
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€2

Figure 15. Bifurcation diagram for resonance of order 3.

iii) The divergence of the vector field is div = 2¢; + 4Re(c;)(z% + 9?) > 0 in the
region €; > 2|Re(c;)|(¢? + €2), in particular on the semi-axis €; > 0 close to the
origin. The limit cycle around the origin disappears in a heteroclinic connection
joining the three saddle points. The curve in parameter-space for which we have
the connection can be approximated using the similar connection v (Figure 9d) for
the Hamiltonian system

Z=imZ+7". (5.59)

Here, as before, we approximate the curve by integrating the perturbation over ~,
(Figure 9d).

M(p,8) = / (112 +6¢,:2°Z) dZ + (/.147-1- 5c1272) dZ
v

raV3/2
= 3/ [ply + §Re(cy )y(:c2 + yz) + 6 Im(e; ):l:(:z:2 + yz)] |y=“2/2 dz
~n2v3/2

3 3 : 2
= ;1,3\/7- [Nl + 5RC(C1)%2-:| =0ie py =—6 Re(cl)l;_2 (5.60)

This yields an approximation by the parabola e; = —Re(c;)e2/4 for system (5.53).

INTREPRETATION OF THE BIFURCATION DIAGRAM OF (5.53).

Map. We note that for any (e;,€2) # (0,0) we have a periodic orbit of order 3, which
is of saddle type. This is better understood if we look at the behavior of the map
at (e1,€2) = (0,0) (Figure 21 thereafter and ref. [15]). The fixed point is stable for
€1 < 0, and undergoes a Hopf bifurcation for £ = 0. For ; > 0 sufficiently small
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compared to €3, we have an attractive invariant closed curve. The closed curve
disappears during transerval intersection of the stable and unstable manifolds of
period-three orbit (Figure 11d).

Flow. As the case of a map, we always have a saddle-type orbit of period 3. The invariant
closed curve corresponds to a torus, which disappears when it intersects the stable
and unstable manifolds of the orbit of period 3.

REMARK ON RESONANCES OF ORDER 1, 2 AND 3. In these cases it is shown that (5.35),
(5.42), (5.48), (5.53) are universal unfoldings of the corresponding systems at e; =¢, =0
([3], [4], [12]), and that the addition of higher order terms does not change the universal
unfoldings.

ABOUT RESONANCE OF ORDER 4. In this case we study the phase portrait of
t=ez4¢22T4+ 7, €=¢ +ic,. (5.61)

This study is incomplete. It is almost complete for the case where the system (5.61) can
be brought to a near-Hamiltonian system through changes of coordinates similar to (5.54).
We will sketch the known results. In the case |¢;| < 1, (5.61) always has four singular
points for (e;1,€2) # (0,0), and this yields a bifurcation diagram similar to Figure 15,
with a similar interpretation (orbit of period 3 replaced by orbit of period 4). In the case
|Re(cy)] > 1 we get a bifurcation diagram similar to the case of weak resonances. The
difficulties arise when |¢;| > 1 |Re(¢;)| < 1.
Singular points of (5.61). Suppose that Re(c;), Im(c;) < 0. In polar coordinates z = red,
the equation z = 0 gives

—;7 =¢; + e, (5.62)

The point ¢; + e~ %% lies on the circle C centered at ¢; with radius 1. There are two
different cases, depending on ehether the origin is contained within C or not (Figure 16).

N \\\\\

C) \
a) leyl <1 b) [Re ¢l <1 c) IRecyl > 1

IC-‘I > 1

Figure 16. Possible positions of C. The dark region in b) and c)
indicates the region of the e-plane where there are four singular
points distinct from the origin.

i) |ei] < 1. In this case the origin lies inside C. To solve (5.62) we must choose 8
such that ¢ and ¢; + e~** on C have opposite directions. This is always possible
(Figure 16a). Thus, for any € # 0, (5.61) always has four fixed points.

ii) |e1] > 1. Now £ must be chosen with direction opposite to any vector joining the
origin to a point of C. This is possible only for € in an angular sector bounded by
the semi-lines opposite to the tangent lines to C, issuing from the origin (Figure 16b
and 16c). For such an ¢, there are two points of the circle with direction opposite
to €, so we get eight fixed points for the system.
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Stability of the fized points. The Jacobian matrix at a fixed point zp = re® is
2 2,20 —416
A= (Tze-ze.'a-*-(:;i?,euo) e E(_lc_lz-ct;: )) . (5.63)
We have a saddle if |4]| < 0, i.e.
|e + 2c1r2| < I'rzez’.o (c1 + 3e_4"0)| . (5.64)
Replacing € by —r%(c; + e~*%) using (5.62), (5.64) is equivalent to
|c1 - e'“o| <le+ 3e_4‘9| . (5.65)

i) If |e1] < 1, the left member is less than 2, and the right member is greather than 2,
so the four fixed points are always sadlle points.

ii) If |e;| > 1, the eight singular points appear as diametrically opposed pairs on C.
In this case, one satisfies |A| < 0 (i.e. it is a saddle) and the other satisfies |A| > 0
(i.e. it is a node or a focus). Its stability is then determined by Tr(A). Since

Tr(A) = 2 Re(e + 2¢17%) = 2r Re(e; — e~ *%9), (5.66)

for Re(c;) < —1, Tr(A) has constant sign: the sign of Re(c;). For Re(e;) > —1,
Tr(A) may take different values, when € varies. In this case we may have Hopf
bifurcations at four of the singular points. The saddle corresponds to the points on
C which is closest to the origin, and so the saddles are closer to the origin than the
nodes or foci.

Hopf Bifurcations. The origin has a Hopf bifurcation at ¢; = 0, €5 # 0, which yields an
attractive limit cycle for €; > 0. We calculate the condition for which the four foci can
have a Hopf bifurcation in the case |c;| > 1, |Re(c;)| < 1. If we definr N = e~*%, Hopf
bifurcation for the points occurs when the point ¢; — N lies on the imaginary axis. But
this point ¢; — N must correspond to a focus and not to a node, so the point ¢; + N must
be the point of C closest to the origin and lying on the line from the origin to ¢; + N. The
boundary of the region where we have Hopf bifurcation is the case where ¢; — N is on the
imaginary axis, and the line joining ¢; + N to the origin is tangent at C' (Figure 17a). It
is not difficult to see that the corresponding condition is

1+ Re(¢;)?

v1-Re(e1)?’

The corresponding curve in the space Re(c;), Im(c;) is illustrated in Figure 17b together
with the region where Hopf bifurcation occurs.

Tentative bifurcation diagrams for (5.61). We need to suppose that (5.61) satisfies |¢;| # 1,
|Re(e1)] # 1, |Im(e1)| # (1 + Re(e1)?)/4/1 — Re(c1)?, otherwise we have a bifurcation of
order greater than two. There are probably other non-degeneracy conditions, but since
the study is not finished, they are still unknown.

[Im(e,)| = (5.67)

i) ]ei] < 1. In this case the bifurcation diagram is probably the same as in resonance
of order 3 (Figure 18).
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Figure 17. a) Limiting position of C in the e-plane, for appear-
ance of Hopf bifurcation, b) Degeneracy curves for the resonance
of order 4, separating regions of the c;-plane corresponding to
different bifurcation diagrams (probably not an exhaustive list).
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Figure 18. Bifurcation diagram for resonance of order 4,
case [¢;1]| < 1.

ii) |Re(c1)| > 1. The bifurcation diagram is probably the same as in the case of weak
resonances, the only difference being that the region with eight singular points is
bounded by two straight lines with a non-zero angle at the origin (Figure 19).

iti) |Re(e1)| < 1, |e1] > 1. Here, the only possible Hopf bifurcation are necessarily
of order 1 [17]. The saddle node bifurcations happen in two half-lines, one on the
left of the e,-axis, the other on the right. So for Hopf bifurcation at €; = 0,62 <0
(resp. €2 > 0) the eight singular points lie inside (resp. outside) the attractive limit
cycle. Arnold [2] gives a tentative bifurcation diagram for the case Im(c;) — oo
(Figure 20). This can be scaled to a system

i =ez+ (a+1)27 467, (5.67)
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Figure 19. Bifurcation diagram for resonance of order 4,
case |Re(cp)| > 1.

with a, B small. The heteroclinic bifurcations can be studied as in the previous
cases, using the heteroclinic connections of the Hamiltonian system corresponding
to (5.67) with &3 = a = 0. We refer the reader to [2] for the details. (Note that the
precise direction of bifurcation curves at the origin has not been calculated, and the
reader should only consider the topological form of the bifurcation diagram.)

REMARKS.

(1) We can explain the different shapes of the bifurcation diagrams by the phase
portrait of the system at ¢ = 0 (¢f. [15] and Figure 21).

i) resonance of order 3 and order 4 (for |c;| < 1).

ii) weak resonance and resonance of order 4 (for | Re(c;)| > 1), and first case of
order 2 (corresponding to (5.42)).

iii) resonance of order 1.

iv) second case of order 2 (corresponding to (5.48)).

v) resonance of order 4 (for |c;| > 1 and | Re(c;1)| < 1).

The effect of the unfolding can be viewed as “blowing up the origin”. In case i)
there are always trajectories going toand from the origin, before perturbation. The
effect of the perturbation is to transform the origin into an “object” with the same
property. Similarly, the origin is attractive in ii) and v) for ¢ = 0 and the perturba-
tion blows it up into an “attractive object”. The same remark applies for the other
cases.

(2) Our whole analysis has been for Re(c;) < 0. The case where Re(c;) > 0 is similar,
except that all directions of the vector field are reversed.

REMARK. In all resonances we have neglected to prove the versality of the bifurcation
diagrams described. The proofs exist, except for the resonance of order 4. Since they
are rather technical and of no interest for the applications, we have omitted them. The
simplest reference for the resonance of order 1 is [9], although the original proof was due
to Bogdanov [3]. For the resonance of order 2 we refer to [4], [12], and for the case of
order 3 to [8] or [12].

6. Bifurcation with eigenvalues 1 and —1. To complete the study of bifurcations of
codimension 2, we have evdently the case with two eigenvalues \; =1 and A\, = —1. In
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Figure 20. Tentative bifurcation diagram for resonance of order 4,
case Re(c;) < 1, Im(¢;) — oo.

this case we have the resonances (2.12), which give the map (2.13).

Here, as in section 5, instead of directly studying (2.13), we study symmetric vector
fields. We start with a vector field which has a periodic solution, corresponding to a fixed
point of the Poincaré map on a cross-section, with eigenvalues +1.

i) We localize the vector field at the perioidic solution, and apply Floquet theory to

get
2= f(z:91) flzyt)= O(lz,91%)
i= 2 +g(2,3,1) f(2,9,8) = Ollz,yl)
with f and g periodic in ¢ of period 2w. We can take
£= Y amps™ym™e = £,(2,9,8) + O(lz, yI"™),
9= bmrz™y™e™* = g,(z,y,t) + O(|z,y[™+).

ii) As in case of normal form, we perform a change of variables

(6.1)

(6.2)

z=X+ Zc"n’kaxymzeikt =X+ h,.(X,Y, t) + O(IX,Y|1‘+1)’

_ (6.3)
Y=Y+ dmpX™Y™eH = ¥ + b (X, Y1) + O(1X, Y[™).
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Figure 21. Configuration of resonances before the unfold-
ings: a) order 1, b) order 2 with (5.41), c) order 2 with (5.47),
d) order 3 e) order 4 in case Re(c;) > 1 and weak res-
onance, f) order 4 in case |c;| < 1, g) order 4 in case
Re(c;) <1 and |¢;| > 1.

in order to eliminate as much terms as possible in (6.1), and solve the homological
equation [2], as in Section 5:

i¥ Ohy  Ohe
2 8Y ot’

iY 8k, Ok, i
20y '8t 2

hy =
(6.4)

k, = k.

An h, (resp. kr) of the form z™y™2¢*** is an eigenvector with eigenvalue A =
im3 /2 4 ik (resp. A = i(m; — 1)/2 + ik). Consequently, the normal form is

X =) CppXmy2keitt,
Y = Z D, a X™Y2kH1 ikt (6.5)

Here X and Y are complex variables.



86 Codimension 1 and 2 bifurcations of fixed points
iii) We make the change of coordinates Y = e?*/2Z. Then (6.5) becomes

X =) CunpXmz, (69)
Z=> DmpX™2z%+, '

which is now a real normal form.

Now, to reduce the study of (2.13) to (6.6), we can construct (as in Section 5) a symmetric
vector field in R x S?, with flow map at time 27 equal to F2, to arbitrarily large order

&= Zamzm1y2mz + (O(‘z7y|r+1)’
Y= Z bmzm1y2mz+1 + (O(|z1y|"+1)’ (6‘7)
i=1.

A candidate for the universal unfolding of (2.13) is the map
Fe(z,y) = (e1+z+az® +by® + Az® + Bzy? +--- ,—(1 +2)y + czy+ Cz®y + Dy®), (6.8)
which is studied by means of the vector field

& = &; + az? + by® + Az® + Bzy?,

6.9
9 = 2y + czy + Cz?y + Dy’. (6.9)

This field is symmetric about the z-axis.

STUDY OF THE VECTOR FIELD (6.9). By rescaling on z, y, and making a translation on
z, we can study the system [19]

& =¢€; 4 22 + az? + by® + Az® + Bzy?,

_ \ \ (6.10)
y=-2zy+ Cz*y+ Dy, b= =%l.
A change of coordinates
z=X+aX?+ BXY,
y=Y +vXY, (6.11)
T=141+6X),
reduces the study of (6.10) to the study of (6.12):
=€y + €22 + az? + by® + ca?, (6.12)

y=—-2zy, b==l,

anda #0,c=0ifb = —-1,a # 0, -2, ¢c = 1 if b = 1. We have four different,
non-equivalent cases for the phase portraits of (6.12), depending on the signs of a and b.

SINGULAR POINTS OF (6.12). They lie on the coordinate-axis. Since the z-axis is invari-
ant, there is no complex behavior around the singular points on the z-axis.
i) The singular points on the y-axis are p1 = (0,%+/|e1/b]) for e,6 < 0. The
determinant of the linearized vector field is 4by?, so we have two saddles if b = —1,
and two nodes or foci if b = 1.
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ii) The singular points on the z-axis are given by y = 0 cz® + az? + €2z + ¢; = 0,
so we always have a singular point far from the origin, which we do not consider
in our local study. We may also have two singular points ¢+ = (z4,0) in the
neighborhood of the origin which are given approximately by az? + e;z +¢; = 0,
provided A = € — 4ae; > 0. The determinant of the linearized vector field is
—VAz, (resp. VAz_ ), at ¢4 (resp. ¢—). So g (resp. ¢_) is a saddle precisely
whenz4 > 0,i.e.a> 0,62 <0ore; <0,e; >0 (resp. z_ < 0,i.e. a, €2 > 0 or ¢y,
€2 < 0).

iii) In the case b = 1, there is a Hopf bifurcation at the point ¢4 for e = 0, ¢; < 0,
leading to attractive (resp. repulsive) limit cycles if ¢ = 1 (resp. ¢ = —1).

In the case b = —1, the phase portraits are given in Figure 22. There are two topologi-
cally distinct cases, depending on the sign of a.

2

3|

el

a<0

Figure 22. Bifurcation diagrams of system (6.10) for b = —1.

INTERPRETATION OF THE SYSTEM (6.9), WHEN b = —1.

Map. The singular points ¢4 correspond to fixed points, and the points p4 to periodic
points of period 2.
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Flow. The singular points g4 correspond to periodic orbits, and the points p+ to a
periodic orbit of period 2.

We now study the phase portraits in the case b = 1, limiting ourselves to ¢ = 1 ( the
case ¢ = —1 is obtained by z — —=z, t — —t, €3 > —e3). There are two topologically
distinct cases, depending whether the points g4 exist (a > 0) or not (a < 0) at the time
of the Hopf bifurcation. In the two cases Hopf bifurcation occurs at e = 0, ¢; < 0. It
leads to repulsive limit cycles around p.. for €2 < 0. The disappearance of the limit cycle
is studied via the change of variables

=§ =6 = 6t
oy Y= T (6.13)
€1 = ) €q = ) Va,
through which the system (6.9) becomes
v =1+ au? + v + §(vy + 1)d°, (6.14)

v = —2uv.

The system at § = 0 is integrable, but not Hamiltonian, so we multiply it by the integrating
factor v*~! for v > 0. The region v < 0 is obtained by symmetry.

u: =07 4 au? o 4 o 4 §(rpuv® T 4 b0t TY), (6.15)
v = —2uv®.
For § = 0 we have a Hamiltonian system, with Hamiltonian function
v ,va+2
H=—+ 4% . 6.16
a tuet a+2 ( )

We now discuss separately the two cases a > 0, and a < 0.

(1) a> 0. The Hamiltonian system has two singular points (+4/1/a,0), and a hete-
roclinic loop through the two points for H = 0 (Figure 23). The limit cycle dies in
the heteroclinic connection for

3,,a—1
S v

Vg = —F——— < 0. 6.17
2 Sy uv®1dv . (6.17)
as>0 a < -2 -2<a<0

Figure 23. Closed curves of the Hamiltonian system (6.15)
with § = 0, in the region v > 0.
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(2) a < 0. Here what really happens is more obscure. We know that the limit cycles
must have disappeared before we reach the pitchfork bifurcation onthe negative
€p-axis. The problem is that the closed curves of the Hamiltonian system become
infinite, and our analysis by perturbation techniques is only valid in acompact sub-
space of the plane. It is evident that the limit cycles cannot disappear by themselves.
There are several possibilities:

i) They disappear by interacting with singular points at infinity.

ii) The system (6.10) has an extra singular point on the z-axis, which is out of
the range of our local study, but which could play a role in the disappearance
of the limit cycles.

ii) The limit cycles disappear by interacting with the points (g4,0), which appear
in the saddle-node bifurcation, approximately at 2 — 4ae; = 0 e < 0. Zholon-
dek [19], seems to have excluded the last possibility (see Figure 24, proposed
by Zholondek), but he does not give any satisfying explanation.

A2 ;E E

_C,_\_
\__/ﬁ

g

9O

E==a

k;} ;AC;_
_8 @
P

» €

a<0

Figure 24. Bifurcation diagram of the system (6.10) for b = 1.

REMARK. A proof of the versality of the deformations can be found in [19]. References [5]
and [10] (resp. [7]) deal with the uniqueness of the limit cycle in the case a > 0 (for any
a).
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INTERPRETATION OF THE BIFURCATION DIAGRAM OF (6.9) FOR b =1.

Map. The interpretation is similar to the previous cases. The singular points g4 corre-
spond to fixed points, the singular points p1 to periodic points of period 2, and the
limit cycles to two closed curves of period 2, around the periodic points.

Flow. The singular points g+ correspond to periodic orbits, the singular points p+ to
a periodic orbit of period 2, and the limit cycles to an invariant torus of period 2
(Figure 25), around the periodic orbit of period 2.

Figure 25. An invariant torus of period 2.

Appendix. Here we state the Malgrange-Weierstrass preparation theorem, and we discuss
its use.

THEOREM. ([14] or [16]) Let f: (R™,0) — (R,0) be a C™ function in a neighborhood

of the origin, such that f(0) = 0, 2—{ =0 fori < r, and &f # 0. Then there
. 8zi | _ Ozl | _
exist nlz=0 nlz=0
i) a neighborhood U of 0 in R™,
ii) C* functions cy, ..., ¢,—) depending on i, ..., n_1, and satisfying c;(0) =0,
iii) a C* function h: U — R, invertible on U,
such that we have in U
f(z) = h(z)P(z), (A1)
with
P(z) =z, + cr1(Z1y. -y Tno1)zh P 4o+ c1(Z1,. ., Tn-1)Tn + co(T1,. ..y Tpo1).
REMARKS.

(1) The functions ¢; and h are in general not unique. They are unique in the case
where f is analytic. In this case c; and h are also analytic. In the C°-case Mather
showed that one could take the ¢;’s and h as depending linearly on f.

(2) Essentially, this theorem says that, locally, the zeros of a smooth function on the
variable z,, depending on n—1 parameters (z;,...,Z,_1), are the same as the zeros

"f
Bar #0. In

n =
particular there exists a neighborhood of the origin in which the function cannot
have more than r zeros in z, for any values of (z,,... yTp—1)-

(3) The case r =1 is equivalent to the implicit function theorem.

of a polynomial of degree 7, under the non-degeneracy condition



C. Rousseau 91

10.

11.

12.

13.

14.

15.

16.

17.
18.

19.

REFERENCES

. A.A. Andronov, E.A. Leontovitch, I.I. Gordon and A.G. Maier, “Theory of bifurcations of dynamic

systems on a plane,” Israel program of scientific translations, Jerusalem, 1971.

. V.I. Arnold, “Geometric theory of ordinary differential equations,” Springer Verlag, New York, Hei-

delberg, Berlin, 1982; Russian original, Moscow. 1977.

. R.I. Bogdanov, Bifurcation of the limit cycle of plane vector fields, Russian original, Trudy Seminar

Petrovskii 2 (1976), 23-35; English translation, Sel. Math. Sov. 1 (1981), 373-387; Versal deforma-
tions of a singularity of a vector field on the plane, in the case of zero eigenvalues, Russian original,,
Trudy Seminar Petrovskii 2 (1976), 37-65; English translation, Sel. Math. Sov. 1 (1981), 389—-421.

. J. Carr, “Applications of center manifold theory,” App. Math. Sci. 85, Springer Verlag, New York,

Heidelberg, Berlin, 1981.

. J. Carr, S.N. Chow and J. Hale, Abelian integrals and bifurcation theory, J. of Differential Equations

59 (1985), 413-436.

. S.N. Chow and J. Hale, “Methods of bifurcation theory,” Grundelehrender mathematischen Wis-

senschaften , Springer Verlag 251, New York, Heidelberg, Berlin, 1982.

. S.N. Chow, C. Li and D. Wang, Uniqueness of periodic orbits of some vector fields with codimension 2

singularities, J. Differential Equations 77 (1989), 231-253.

. S.N. Chow, C. Li and D. Wang, A simple proof on uniqueness of periodic orbits in the 1:3 resonance

problem, preprint. (1987).

. R. Cushman and J.A. Sanders, Abelian integrals and global Hopf bifurcation, Springer Lectures Notes

1125, Springer Verlag, New York, Heidelberg, Berlin.

S.A. van Gils, A note on: Abelian integrals and bifurcation theory, J. of Differential Equations 59
(1985), 437—441.

J. Guckenheimer and P. Holmes, “Nonlinear oscillations, dynamical systems, and bifurcations of
vector fields,” App. Math. Sci. 42, Springer Verlag, New York, Heidelberg, Berlin, 1983.

E.L. Horozov, Versal deformations of equivariant vector fields under symetries of order 2 and 3,
Trudy Seminar Petrovskii 5 (1979), 163-192.

G. Iooss, “Bifurcations of maps and applications,” Mathematical Studies 36, North-Holland, Ams-
terdam, 1979.

V. Poenaru, “Analyse différentielle,” Springer Lectures Notes 871, Springer Verlag, New York, Hei-
delberg, Berlin, 1974.

F. Takens, Forced oscillations and bifurcations, Applications of global analysis I, Comm. Math. Inst.
Rijksuniversiteit Utrecht (1974), 1-59.

C.T. Wall, “Liverpool Symposium on singularities,” Springer Lectures Notes 192, Springer Verlag,
New York, Heidelberg, Berlin, 1971.

D. Wang, Hopf bifurcation at non-zero foci in 1:4 resonance, preprint. (1987).

D. Whitley, Discrete dynamical systems in dimensions 1 and 2, Bull. London Math Soc. 15 (1983),
177-217.

K. Zholondek, On the versality of a family of symmetric vector fields on the plane, Math. USSR
Sbornik 48 (1984), 463-492.

C. Rousseau

Dép. de mathématiques et de statistique
and Centre de recherches mathématiques
Université de Montréal

C.P. 6128, Succ. A

Montréal, Qc, H3C 3J7



