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CODIMENSION 1 AND 2 BIFURCATIONS 
OF FIXED POINTS OF DIFFEOMORPHISMS 

AND PERIODIC SOLUTIONS OF VECTOR FIELDS 

CHRISTIANE ROUSSEAU 

RÉSUMÉ. Dans cet article on passe en revue les bifurcations de codimension 1 et 2 des 
points fixes des difféomorphismes. On met en évidence la relation entre les bifurcations des 
points fixes et les bifurcations des solutions périodiques des champs de vecteurs. L’étude 
des bifurcations des solutions périodiques se ramène à celle des bifurcations de points fixes 
de l’application de premier retour de Poincaré. D’autre part, la bifurcation de cadi -mension 
2 d’un point fixe avec deux valeurs propres .fia (resp. 3~1) s’étudie à l’aide des champs 
de vecteurs symétriques sous un groupe de rotation fini ou infini (resp. sous une symétrie 
axiale). On met l’emphase sur la dérivation géométrique des résultats, ainsi que sur leur 
interprétation. 

ABSTRACT. In this paper we review codimension 1 and 2 bifurcations of fixed points of 
diffeomorphisms. We show the relationship between bifurcations of fixed points and bifurca- 
tions of periodic solutions. First, the bifurcations of periodic solutions are studied by means 
of the fixed points of the Poincaré return map. Then the codimension 2 bifurcation of a fked 
point with a pair of eigenvalues efia, (resp. 3~1) is studied by means of vector fields that are 
symmetric under finite or infinite rotation groups (under an axial symmetry). Emphasis is 
laid on geometric derivation and interpretation of results. 

1. Introduction. In this paper we describe how a fixed point of a local diffeomorphism 
of Wh loses its stability. The simplest types of destabilization are via the appearance of 
other fied or periodic points, or the emergence of an invariant attractive closed curve. We 
restrict ourselves here to loss of stability through codimension 1 and 2 bifurcations. Some 
of these results are well known to both pure and applied mathematicians, especially, for 
example, exchange of stability of two 6xed points when they pass through each other and 
doubling period bifurcation. These appear for diffeomorphisms of R, and, correspond to 
an eigenvalue crossing the unit circle at values 1 and -1, respectively. 

If we restrict ourselves to the case n > 2, we encounter Hopf bifurcation, which corre- - 
sponds to loss of stability of a fixed point when two complex conjugate eigenvalues cross 
the unit circle at points ef2’% We observe the emergence of an invariant closed curve 
on which the diffeomorphism is orientation-preserving. (In fact, it is close to a rotation 
through an angle 2na). But orientation-preserving diffeomorphisms on the circle are in 
general not topologically equivalent. TO study topological equivalence, we introduce an 
invariant: rotation number. Two topologically equivalent orientation-preserving diffeo- 
morphisms must have the same rotation number. This is a sufficient condition in the case 
of an irrational rotation number. In the case of a rational rotation number p/q, the dif- 
feomorphisms have periodic points. Generically they have a finite number of hyperbolic 
periodic points, in which case the dynamics is completely determined by the number of 
periodic points. Since rational and irrational numbers are both dense in R, the two cases 
are inseparable. When eigenvalues cross the unit circle at points with an argument com- 
mensurable with 27r we Will have open regions with rational rotation numbers. We cal1 this 
phenomenon a resonance effect. As a result, the bifurcation corresponding to two eigen- 
values crossing the unit circle is best studied as a 2-parameter bifurcation, one parameter 

Reçu le 21 décembre 1987 et, sous forme révisée, le 8 septembre 1988. 
This work was supported by NSERC and the Québec Minis@ of Education. 

@Association mathématique du Québec 
55 



56 Codimension 1 and 2 bifurcations of fixed points 

for transversal crossing on the unit circle, and another for perturbation of the eigenvalues 
arguments. This approach is taken by several workers ([2], [13], [15], [lS]). 

In this paper we give an elementary, though fairly complete treatment of this phe- 
nomenon. Our main inspiration is the work of Arnold [2], who provides a beautiful geo- 
metrical insight. He studies bifurcations near resonances e *2iriplq by analyzing bifurcations 
of vector fields symmetric under rotation of angle 27r/q. Here we derive this transformation 
in detail, since it is rather obscure in the literature. We go on to study bifurcations for 
different values of Q, and reinterpret them in terms of bifurcations of the fixed points of the 
map. Among the resonance effects, we distinguish between weak (g > 5) and strong reso- 
nances (q = 1, 2, 3,4). 1 n weak resonances, Hopf bifurcation is the principal phenomenon, 
giving rise to an invariant attractive closed curve. The additional bifurcations are just 
modifications of the dynamics on the invariant attractive closed curve. In strong reso- 
nances, however, we find several fixed or periodic points emerging before Hopf bifurcation, 
and some of them are saddle points. This is followed by an interaction between the invari- 
ant closed curve that emerged in Hopf bifurcation and the stable and unstable manifolds 
of the other fixed or periodic points. This yields transversal crossings of the stable and 
unstable manifolds, implying chaotic behaviour. Work on the strong resonance of order 4 
is not complete, and we mention the unresolved problems relating to this resonance. 

In constructing bifurcation diagrams for vector fields symmetric under rotations, we give 
geometric evidence for the existence of bifurcation curves. We avoid long technical proofs, 
which would ensure us that the bifurcation diagram is complete. However, we discuss the 
interpretation in terms of bifurcations of fixed points in detail, since the treatment in the 
literature is incomplete. 

Similarly, we analyze bifurcation of a fied point with two eigenvalues rtl by studying 
a vector field with one axial symmetry, as first proposed by Zholondek [19]. In the latter 
case, as in the case of Hopf bifurcation, the description of the bifurcation is incomplete 
when the vector field has saddle connections, since this is normally interpreted by means 
of transversal homoclinic orbits accompanied by chaotic behaviour. 

It has been known since Poincaré that the stability or bifurcations of periodic solutions 
of vector fields cari be studied by analyzing the fixed points of the Poincaré return map. 
We therefore interpret all our results in both contexts. The Hopf bifurcation theorem for a 
fixed point of the Poincaré map when the eigenvalues take values ef21ricu corresponds to a 
bifurcation to a 2-torus when the limit cycle loses its stability. When the system is linear 
at the bifurcation point, the trajectories are quasi-periodic if a! is irrational (periodic if cy is 
rational). The non-linear case is measuring how qualitatively different the system is from 
the underlying linear system and determining which quasi-periodic (periodic) motions of 
the linear case remain in the non-linear case. 

In general, we study the stability of a fixed point of an 
eigenvalues of its linear parts: 

application by means of the 

- I f  a11 eigenvalues X satisfy IA1 < 1 (resp. IX > l), then the fixed point is asymptot- 
ically stable (resp. unstable). 

- I f  all eigenvalues X satisfy IA1 # 1, then the fixed point is hyperbolic, i.e. structurally 
stable. It cari be asymptotically stable, unstable, or a saddle point. 

- I f  some of the eigenvalues satisfy IA1 = 1, the stability of the fixed point has to be 
checked using higher order terms. Moreover, the fixed point is structurally unstable, 
and small perturbations may generate bifurcations. 

Here we are interested in studying the simplest bifurcations of fixed points of local dif- 
feomorphisms, which requires that we construct universal unfolding of singularities. A 
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uniuersal unfolding of a local diffeomorphism F “contains” all behaviour appearing in any 
s perturbation of the local diffeomorphism. Given a local diffeomorphism F with a non- 

hyperbolic fixed point at the origin, we embed F in a family Fe depending of & parame- 
ters (El, e2 , . . . , Q) such that for any perturbation G, of F depending on m parameters 

(P 1,~8. , p,,J, any member of G, is topologically equivalent to an Fe. The precise definition 
Will be given in Section 2. The minimum number of parameters needed for a universal 
unfolding is called the codimension of the singularity. 

The intuitive notion of codimension is as follows. If a singularity of codimension greater 
than k: appears in a E-parameter family of diffeomorphisms, then it is possible to remove 
the singularity by a small perturbation of the family. Singularities of codimension < Ic are - 
the only unavoidable singularities in a &-parameter farnily [2]. 

According to the centre manifold theorem, we cari search for universal unfoldings in a 
space of a dimension equal to the number of unit-modulus eigenvalues. More precisely, if 
the local diffeomorphism F on FP has n eigenvalues on the unit circle, then its dynamics 
is a direct product of the dynamics of a map f on FP, with a map (z+,z-) H (2z+, $IL) 
(inthe case of an orientation preserving diffeomorphism). The precise form of the centre 
manifold theorem will be given in Section 2. 

The simplest way for a fixed point to lose its stability is through a real eigenvalue 1 
or -1, which is the case inside a centre manifold of dimension 1. Under a non-degeneracy 
condition we get bifurcation of codimension 1. Under additional degeneracy we have 
codimension 2 singularities. Due to resonance effects, the least degenerate singularity with 
two eigenvalues on the unit circle is of codimension 2. The last codimension 2 singularity 
is t he case of ‘two eigenvalues 1 and -1. 

This paper is organised in the following way. In the second section we briefly recall the 
definitions of universal unfolding and normal forms in the neighborhood of a fixed point of 
a diffeomorphism, and state the centre manifold theorem. In the third section we discuss 
bifurcations wit h one eigenvalue equal to 1; in the fourt h section, bifurcations wit h one 
eigenvalue -1; and in the fifth section, bifurcations with a pair of eigenvalues on the unit 
circle. In the last section we analyse the bifurcation for a pair of eigenvalues 1 and -1. 

REMARK. For simplicity we Will always consider CO0 diffeomorphisms or vector fields. This 
allows us to use the very powerful tool of the Malgrange-Weierstrass preparation theorem. 
Of course the following treatment is also valid under weaker hypotheses. In general, if our 
treatment involves terms of the normal form up to order 72, it is valid for diffeomorphisms 
or vector fields of class C”+l. 

2. Universal unfolding, normal forms, and the centre manifold theorem. We 
first give the precise definition of universal unfolding of a fixed point of diffeomorphism. 

DEFINITION [2]. Let F: (P,O) + (Il", 0) be a local diffeomorphism of class CV. A 
deformation Fe of class C’, depending on e = (~1.. . . , ek) such Fg(,=, = F, is a universal 
unfolding (or versai deformation) of F if and only if, given any perturbation G, of class 
Cr depending on p = (~1,. . . , p,) such that G, IPEO = F, 

9 there exists neighborhoods U of 0 in e-space, V of 0 in CL-space, VV of 0 in R”, 
ii) there exists a function 4: V + U, 
iii) there exists a map H: IV x V -+ IV such that, for fixed cc, H, = H(-, p) is a 

homeomorphism, and for each p, G, is topologically epivalent to F#(,) through 
H,, i.e. H;'G,H, = F4cp). 

Th , e normal forms serve as a tool to construct universal unfoldings. The diffeomorphism 

_ -. -.’ _ , . ’ s. 
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is first brought to normal form, and the missing terms in the normal form usually suggest 
a universal unfolding. We now proceed to discuss the normal form (following [2]). 

Consider a local diffeomorphism 

F: (R”,O) + (R”,O), 

whose linear part has eigenvalues on the unit circle. Suppose that 

F(x) = AZ + F,(x) + &+I(X) + . . . 9 

(2 1) . 

(2 2) . 

where F,(z) is homogeneous of degree r. We introduce a change of coordinates 

2 = G(y) = Y + G(Y), (2 3) . 

in order to eliminate terms of degree T. This gives the equation 

G--~FG(Y) = G-‘(Ay + M,(y) + F’r(y + G,(Y)) + l ) 
= Ay + A&(y) + &(y + G,(y)) - Gr(Ay + A~-(Y) + F,(Y + G,(Y))) + l l l l 

(2 4) 

.  

Comparing this with 
G--~FG(Y) = Ay + O(lyi”+‘) (2 5) . 

we get the equation for the terms of degree T: 

Fhd = Gr(AY) - A&(y) = &@,-(y)), (2 6) . 

which we dl the homological equation. At each step (i.e. for each T) we cari eliminate 
the image of M A. MA is a linear operator on the set of homogeneous polynomial vectors 
of degree F. The case where A is a diagonal matrix with eigenvalues Al, . . . , X, cari be 
described simply. If Gr(y) = yme, = y~‘y~~~. . . yz=el, where ed is the sth vector of the 
standard basis of R”, then 

MA(G,(~)) = (~~1X~2 . . . Xr” - Ad) G,(y). (2 7) . 

Therefore the image of M A contains ail non-resonant terms, i.e. a11 terms for which 
x;nlxra . . . AZ= - A, # 0. The normal form is now an expression with resonant terms 
only. 

If we consider the following particular cases, we cari arrive at the normal forms: 

One eigenvalue X = 1. All terms are resonant. The normal form is: 

F(x) = x + a2x2 + asx3 + l l 0 . (2 8) . 

- One eigenvalue X = -1. We have the resonances A = X3 = X5 = . .., and the 
normal form: 

F( > 2 = -2 + a3x3 + a5x5 + l *. . (2 9) . 

- One pair of eigenvalues Al,2 = efarria. In this case we obtain the resonances 
Xl = A& = X3A2 1 2 - . .., A2 = AiA1 = A;g = . . . . These are the only resonances if 
cy is irrational. The case cy = p/q yields the extra resonances Xl = Xi-’ = . . . . The , 
general resonances thus are A1 = Xr1AF2 where ml -m2 = 1 (mod q), and similarly 



C. Rousseau 59 

for X2. Here the normal form is most simply expressed in complex coordinates. For 
irrational cy it is given by: 

F( > z = e2x% + clz22 + c22Z2 + . . . . 

In the case of rational a = p/q, we get 

F( > z = e2xiPlqz + c 1z22+ c2z3z2 + l .  l + AS-’ + O( IzlQ)a 

One pair of eigenvalues H. We have the resonances 

A 1= x2 A3 1= 1=... = A& = AlA; = . ..A. = xi = . . . . 
x2= 2= 2= x3 x5 . . . - XIX2 = A& = . . . . 

(2.10) 

(2.11) 

(2.12) 

The normal form is then: 

F(Xl,X2) = (x1 + a2xf + a34 + blxlx2 + b2q4 + elxi + e&j + l 9 

-x2 + clx; + c2x; + 4x1x2 + d2xfx2 + l . )  l (2.13) 

REMARK. (2.10) and (2.11) are the forms (up to higher order terms) of an equivariant 
map under all rotations for a irrational (under rotation of angle 27r/q for Q! = p/q). (2.13) 
is the form of a map symmetric about the xl-axis. 

Since we are looking for equivalent classes of diffeomorphisms, it is natural to start with 
a diffeomorphism already in normal form, up to a certain degree. 

We now give the most general form of the centre manifold theorem. 

THEOREM [6]. Let F: (P,O) -B (Rn,O) be a di.%omorphism of class C’ with a fixed 
point at the ori&, and suppose that the linear part bas 

9 n+ eigenvaJues greater than 1 in modulus, with eigenspace En+, 
ii) n- eigenvdues less than 1 in modulus, with eigenspace En- , 

iii) no eigenvalues with unit modulus, and eigenspace ET 

Then, in a neighborhood of the origin, there exist invariant C’-manifolds W”, Wb and 
W” tangent to En+, En- and Em respectively. W” and W” are unique, wlzile W” is 
not necessarily unique. Moreover, there exists a change of coordinates in which the map 
becomes 

F(x+,x-$0) = (2X+, frac12x-, f(20)) 9 (2.14) 

for the case when FIEn+ and FI,,- are orentation preserving. We change the sign of one 
coordinate in the natural way for the other cases. 

Bifurcation with the eigenvalue X = 1. The first codimension 1 case is called saddle- 
node bifurcation, and corresponds to a map F: R + R with normal form: 

F(x) = x + ux2 +0(x3), a # 0 (3 1) . 

In this case a universal unfolding is given by: 

F,(x) = F(x) + & = x + e + 42x2 + 0(x3). (3 2) . 
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E:< 0 fz =o e>O 

a) 

E>O 

b) 
Figure 1. Saddle-node bifurcation in the case a < 0: a) fixed 
point, b) periodic orbit. 

By the Malgrange-Weierstrass preparation theorem (see Appendix), the equation for fixed 
points FL. (2) = zgivesamaximumoftwofîxedpoints: F,(z)-z = (z”+b(++c(e))H(s,e) 
in a neighborhood of the origin, where b(0) = c(0) = 0 and H(O, 0) # 0. the equation for 
fixed points is z2 + &)a: + C(E) = 0 which cari be approximated by ux2 + t = 0. This 
means we have two fked points for ae < 0, no fixed point for ae > 0, and a double fixed 
point for c = 0 (Figure la and 2a). 

In the case of bifurcations of limit cycles this corresponds to the coalescence of two limit 
cycles before they disappear (Figure 1 b). 

Depending on the constraints of the system, some significant variations may arise: 

- I f  the origin always remains a fked point we have a transcriticd bijùrcation. Here, 
we consider the following universal unfolding of (3.1): 

F,(x) = x(1 + e) + ax2 + 0(x3), (3 3) . 

which always has two fixed points that pass through each other and exchange sta- 
bility (Figure 2b). 

- I f  the function is odd, due to a symmetry of the system, the pitchfork bifircation 
occurs. This is characterieed by the following universal unfolding (see Figure 2~): 

Fe(x) = x(1 + e) + ax3 + 0(x5), a # 0. (3 4) . 

We now consider the similar case of codimension 2, corresponding to a map with normal 
form: 

F(x) = x + ax3 + 0(x4). (3 5) . 

A universal unfolding is given by: 

F,(x) = el + x + t2x + ax3 + 0(x4). (3 6) . 

As before, the equation for fixed points cari be approximated by ax3 + ~22 + tl = 0, which 
has three zeros for 4~: +27a2éf > 0, one for 4~: +27a2cf < 0 (and two zeros - a simple 
and a double - on the curve 4ae3 + 27a2e2 - 2 1- 0) See Figure 3a for the fixed points and 
Figure 3b for the case of three limit cycles. 
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b) 

Figure 2. Codimension 1 bifurcation in t he case of the eigen- 
value 1: a) saddle-node bifurcation, b) transcritical bifurcation, 
c) pitchfork bifurcation. 

4. Bifurcation with eigenvalue -1. The normal form of the system here is 

F(x) = -X + u3x3 + a5x5 + 0(x7). (4 1) . 

Bifurcation of codimension 1, called period doubling bi@cation (or fl;p bijùmztion), 
corresponds to a3 # 0. The origin is stable if and only if a3 > 0. TO find the unfolding, 
we note that (by the implicit function theorem) any perturbation of (4.1) Will still have a 
unique fixed point, but allows the eigenvalue to vary from -1 

F,(x) = -(1+6)x +a3x3 +0(x"). (4 2) . 

The second iterate of the map 

F;(x)=(l+ ~E+E~)x+(-~-~E-~E~ -E~)U~X' +0(x5), (4 3) . 

always has a fùced point at 0 (which is already the fixed point of F). As in Section 3, we get 
two more fixed points when EU~ > 0. These fixed points are stable (unstable) when a3 > 0 
(a3 < 0). The fixed points of F: correspond to period 2 points of Fe (see Figure 4a). 
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a) 

b) 
Figure 3. Codimension 2 bifurcation for the eigenvalue 1: a) fixed 
point, b) periodic orbit. 

a) 

b) 

Figure 4. Codimension 1 bifurcation with eigenvalue -1: a) fixed 
point, b) periodic orbit. 

For bifurcation of limit ‘cycles, this corresponds to a loss (or gain) of stability of the 
limit cycle and the appearance of a stable (unstable) limit cycle of twice the period (see 
Figure 4b). Note that alt hough the centre manifold of t he map is of dimension one, this 
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phenomenon cannot happen in the plane and occurs only in Rn for rt 2 3, since the centre 
manifold for the limit cycle is 1ocaIIy a Mobius strip (trajectories cannot intersect in the 
case of a vector field). 

The codimension 2 case corresponds to Q = 0 and as # 0, with unfolding 

F,(x) = -(1+ SI)X + &2X3 + usx5 + 0(x7). (4 4) . 

The equation for fixed points of Ff is now given by 

(1 +s1)2x -e~[l+&~+(l+&~)3]x3-(l+E~)[u~(l+(l+&~)4-3Ef(l+~~)2]xb+0(x7) = 2. 
(4 5) 

and the regions in parameter-space with hyperbolic fixed points cari be approximated by ’ 

0 
(4 6) . 

for four nonzero fixed points. 
ii) 

&; + 4&fU5 > 0, &lW > 0, (4 7) . 

for two noneero fixed points. 
iii) 

e; + 4QUs > 0, WG < 0, &2W > 0, (4 8) . 

or 
&; + 4&fUS < 0, (4 9) . 

when there are no nonzero 6xed points. 

The Iine ~1 = 0, e2 # 0, corresponds to the period doubling bifurcation, whiIe the curve 
approximated by ez + 4~1~5 = 0, QUE < 0, ~2~5 < 0, corresponds to the coalescence of 
two pairs of period 2 points of Fe (cf. Figure 5a). 

In the case of vector fields we have the same bifurcation diagram. The case with no (resp. 
two, four) nonzero periodic points corresponds to zero (resp. one, two) period 2 limit cycles 
located in the centre manifold. When there are two limit cycles, one is attractive and the 
other is repulsive (c$ Figure 5b). 

REMARK. The bifurcation diagram in this case is reminiscent of the bifurcation diagram 
for Hopf bifurcation of order 2. 

We have computed (using Macsyma) the coefficients u3 and u5 of the normal form of a 

map 
F( 1 x = -x + b2x2 + b3x3 + b4x4 + . l . . (4.10) 

These are given by 

a3 = bs + b;, (4.11) 

= b5 + 3bA + 
13 

a5 Tb;b3 + ;b;. (4.12) 

5. Bifurcation with a pair of eigenvalues e *2ria. Using the implicit function theo- 
rem, we note that any perturbation of the map has an unique fixed point (as the case of 
eigenvalue -1). In the case of an irrational QL or a rational a = p/q, with Q large enough 
(Q 2 5), it seems natural to take 

F,(z) = (1 + c)e2*iaz + c1z22+ O(lz14) (5 1) . 
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: . -_ 

b) 
Figure 5. Codimension 2 bifurcation with eigenvalue -1: a) fixed 
point, b) periodic orbit. 

as a universal unfolding of (2.10) or (2.11), under the hypothesis Re (qe2iria) # 0, the 
meaning of which we will discuss later. We then apply the Hopf theorem for diffeomor- 
phisms [l3], and obtain an attractive or repulsive invariant closed curve. 

The underlying idea of the Hopf theorem for diffeomorphisms is this: in polar coordi- 
nates, z = Teie, &(z) = Reig, (5.1) gives 

R = T [(l + c) + ~~ Re (qeaTicr) + O(r3)] 

a = 2na + 8 + O(T). 
(5 2) . 

For small T, Q is given approximately by 27~ + 0. Suppose first that O(T~) is independent 
of 6 in the expression of R. An invariant closed curve is thus a circle satisfying the 
equation R = T. Solving R2 = y2 by the implicit function theorem, we find a unique 
solution Y2 = T~(E), provided Re (~e~~‘~) # 0. This gives an invariant closed curve for 

t Re (cearia) < 0. The closed curve is attractive (repulsive) if Re (qe2*‘a) < 0 (> 0). 
The result is the same when O(r3) is dependent of 0, except that the invariant closed curve 



C. Rousseau 65 

is no longer a circle (the proof is 
form. The more general form cari 

far more 
be found 

complex). We state the theorem in a simple 
in [ES], together with a complete proof. 

THEOREM. Assume the function F in (5.1) is of class Ck, for k 2 6, and Re (Fe2zicr) < 0 
(resp. > 0). Then there exists an invariant attractive (resp. repulsive) closed curve r = 
T(E, 6), bifurcating fiom 0, for small E satisfying t Re (qe2ria) < 0. 

REMARKS. 
(1) The condition Re (Fetzia ) # 0 has a geometric interpretation. It is equivalent to 

a nonzero scalar product (cl, eawia ), where the complex numbers cl and caria are 
considered as vectors of ê = fQ2. When (ci, e2*‘a ) = 0, the cubic term clz2x has no 
radial contribution, and the stability is determined by higher- order terms. 

(2) The inverse function theorem applied at the origin ensures that for sufficiently 
small t, the map restricted to the invariant closed curve is a diffeomorphism. 

In the Hopf bifurcation theorem for vector fields, an unfolding similar to (5.1) is uni- 
versal, since vector fields having a unique attractive (repulsive) limit cycle with same 
orientation are topologically equivalent. But this does not hold for diffeomorphisms, since 
orientation-preserving diffeomorphisms of the circle (e.g., the diffeomorphism restricted to 
the invariant closed curve) are in general not topologically equivalent. Diffeomorphisrns 
with periodic points cannot be equivalent to diffeomorphisms with none. There is an in- 
variant for topologically equivalent diffeomorphisms of the circle: the rotation number, 
and it cari also serve as a tool for detecting periodic points. 

DEFINITION. Let f:  S1 + S be a diffeomorphism. Then f cari be represented by a map 
4: F? + R satisfying qS(x + 1) = 4(x) + 1. The rotation number is defined as 

P(f) - - Em @Y4 . 
< n-00 12 (5 3) . 

PROPERTIES OF ROTATION NUMBER. 
i) p(f) is independent of the point x used in the definition. 

ii) p(f) is rational and equal to p/q if and only if f has a periodic point of period Q. 
iii) I f  p(f) = a is irrational, then f is topologically equivalent to a rotation of angle 

271-a. (This is Denjoy’s t heorem [2].) 

From the previous remarks it follows that (5.1) is an unfolding, but not a universal 
unfolding. In a universal unfolding of (2.lO), we would expect to find diffeomorphisms 
with irrational rotation number, and in the universal unfolding of (2X), diffeomorphisms 
with periodic points of period q should appear. Since both the rational and the irrational 
numbers are dense in FI, it is natural for a universal unfolding to depend on two parameters 

F,(z) = (1 + el + &z2)e2w’az + clz2a + 0( ]z]*), (54) . 

at least when a! # p/q for q C 4. 
- We could study (5.4) in more detail. However, we Will adopt another approach. We start 

by studying t he bifurcation of a periodic orbit for which the Poincaré map has eigenvalues 
ef27ria 

. We show how this cari be analyzed by means of a planar vector field symmetric 
under rotations of angle 27rcu. We then show that (5.4) itself cari be further studied by 
analyzing a two-parameter deformation of a symmetric vector field. 

- i; 
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We begin with a vector field having a periodic solution corresponding to a fixed point 
of the Poincaré map on a cross-section, and suppose that the linearized Poincaré map has 
eigenvalues efaTM : i.e. we consider a vector field in R ‘. We transform t he vector field in 
the following steps: 

9 

ii) 

iii) 

9 

ii) 

We localise the vector field at the periodic solution, which yields a system with 
periodic coefficients. We then apply Floquet theory to the linear part. 

We bring the system to Poincaré-Birkhoff-Dulac normal form, in “toroidal” coor- 
dinates (t, z, Z) in the neighborhood of the periodic solution. 

We change the coordinates (z, Z) to coordinates (5, c> spiralling along t, SO that the 
system becomes independent of t. The system in (C,T> is invariant under rotations 
of angle 27rcu to arbitrary large order. 

When we localise the vector field at the periodic solution, we obtain an equation 
with 2n-periodic coefficients in t. 

Z = A(t) + f(z,z,t) f(z,z, t) = o(lz12). (5 5) . 

The monodromy operator (a diagonal map with eigenvalues efâwicr) now coincides 
with the Poincaré map. Using Floquet theory, (by a linear %r-periodic change of 
coordinates) the linear part of (5.5) cari be brought to 

z = ha. (5 6) . 

This change of coordinates brings the whole equation to 

i=i=+g(z,=,t) g(z,z,t)=0(1z~2) g(z,T,t+2?r)=g(z,z,t), . (5 7) 

where g = C am,kZ 
ml 72 eikt - 

- gr(QJ) + o(lq+‘). 

Following the example of the normal form for vector fields we perform a change 
of variables 

%= W + C bm,kWmtF2,ikt = w + hr(w,qt) + O(lwlr+‘), (5 8) . 

in order to eliminate as many terms in the second member of (5.7) as possible. This 
procedure is done degree by degree [2]. Th e normal form obtained is called the 
Poincaré-Birkhoff-Dulac normal form. TO eliminate homogeneous terms of degree 
T in (5.7), we take (5.8) with ]m] = ml +mz = T. In order to transform the equation 
to the form 

ti = iaw + o(lwl’+‘), (5 9) . 

we must solve the homological equation 

bh ah dh r 
gr = icywz 

dw 
- icyz~2 + - - icuh, = L,(h,). 

&ü dt 
(5.10) 

An h, of the form h, = wmlV9eikt is an eigenvector with eigenvalue X = ik + 
(%fml- 1)ia. Then h, is in the image of L, if and only if X # 0. The resonant 
terms which appear in the normal form are those for which A = 0. In the case of 
irrational cy this gives 

ml =m2+1, k=O. (5.11) 
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Figure 6. Trajectories of quasi-periodic or 
the neighborhood of a periodic solution. 

periodic flow in 

In case of rational cy = p/q this gives kq + (ml + m2 - 1)~ = 0 which gives 

k =ps, ml+m2-l=-qs forsEZ. (5.12) 

For terms in 20, ut, this gives 

ml - ma - 1 = 0 (mod q). (5.13) 

The resonant term of lowest degree satisfying ml - m2 - 1 = -qs # 0 is the term 
3-l. Replacing w by z, our normal form is then, to arbitrarily large order T 

i= iaz + c am,kZ 
ml p ,ikt 

+ wl”t’), (5.14) 
ml -m2-1=0 (4) 

where it is understood that the sum is over the set ml - m2 - 1 = 0 if a! is irrational. 
iii) We change the coordinates (t, ZJ) to (t, C,S, with z = eiartC. The system (5.14) 

becomes . 
c - - c am,kCm’T2 + O( IClp”)~ (5.15) 

ml-m2 -1=0(q) 
%bllf 

REMARKS. 
(1) If a vector field is symetric under the rotation of angle 27rcy, then it is symmetric 

under rotations of any multiple of 27rcu. For Q! irrational (rational), the vector field 
is symmetric under a group of rotations with angles dense in the circle, and hence 
under any rotation (under the rotation of angle %/q). Equation (5.15) is precisely 
the form of a system with vanishing linear part whose r-jet is symmetric under a11 

(2) 
rotations (rotations of angle 2r/q) for a! irrational (rational). 
The same procedure could have been applied to a Sparameter perturbation 

i=(p1++2)z+im+g(z,T,t) (5.16) 

of (5.7), and would have given a 2-parameter perturbation of (5.15) 

c am,kCm1r2 + O( IC[p+‘)~ 

-m2 -1=0(q) 
2Slmllf 

(5.17) 

(3) We want to describe the geometry underlying the construction in i)-iii) in more 
detail, i.e. determine how different the flow of the vector field is from the quasi- 
periodic (or periodic if a is rational) flow with rotation number a (Figure 6). This 
flow is given by 

2 = iaz, i = 1, (5.18) 

1 -_ I  
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and in C-coordinates by C = 0. We cari imagine the c-coordinate as a complex 
coordinate in a section C at t = 0, transversal to the limit cycle. The change of 
coordinates from a-coordinates to C-coordinates cari be viewed as the transportation 
of the vector field at the point (z,t), back to the section C along the flow lines of 
the quasi-periodic flow. Here the vector field in < is independent of t because the 
system is in Poincaré-Birkhoff-Dulac normal form. 

(4) If  we had applied the transformation z = e iatC, before bringing the system to 
normal form, the system in the C-coordinates would be non-autonomous 

( = C am,kCmlZm2e(a(ml-m2-l)+k)it + o(l~~v+l)~ (5.19) 

By taking the mean value for t E (-oo,oo) if a! is irrational (t E (0,2nq) for a 
rational), we get, as before, a system that is symmetric under a11 rotations (rotation 
of angle 2?r/q). 

Consequently, the normal form eliminates contributions whose mean value is zero, 
and keeps all other contributions. 

We now corne to the problem of how (5.4) cari be analized by means of a symmetric 
vector field. TO do this, we show that there exists a vector field which is symmetric under 
all rotations for a! irrational (under rotation of angle 2n/q for ar = p/g), such that the flow 
map at time 27r is equal to F Cp, to arbitrarily large order. We could have found a vector 
field with flow map equal to Fe, to arbitrarily large order, but this is of no interest, since 
periodic points of the map Will not be detected on a flow map. However, fixed points of 
the map Ff Will correspond to equilibrium points of the vector field (5.20) and periodic 
solutions of (4.5). We thus look for a vector field in R2 x S1 c F?3: 

;E=pa+ x amdm1Zm2 + O(l%y+‘) t = 1 (5.20) 
ml -ma-1=0(q) 

whose flow map at time 27r has the form 

F:(a) = (1 + q + i4% + c bmzrnlZni + WI’+‘), (5.21) 
mi -ma-l=0 (4) 

(with Q = 0 when Q! is irrational). The vector field (5.20) has the periodic solution z = 0 in 
the “toroidal coordinates” a, X, t. A determination of (5.20) is accomplished by identifying 
<P(2n,zo) and FcQ(zo) d e g ree by degree, where @(t,zo) is the solution of (5.20) with initial 
condition +(O, ao) = ~0. This solution has the same symmetry as the system and therefore 
the form 

@(t,zo) = dl(qzo + c 
dm(t)%r1ZOm2 + 0( I%O lT+l). (5.22) 

ml -m2-1=0(q) 

dl(t) and the dm ‘s satisfy the differential equations 

4(t) = BW), dl(O) = 1, (5.23) 

d:(t) = Bd3(t) + a2,14(t)ldl(q12, d3(0) = 0, .  l l l (5.24) 

These equations have a unique solution for the dm’s as functions of /3 and the am’s. We 
next identify 9(2n,zo) with F!(Q). Th is g ives a solution for p and the a,‘s as functions 
of & 1) ~2, and the bm’s. 
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We have now reduced the study of bifurcations of fixed points, when the linear part has 
eigenvalues e &23riot , to the study of bifurcations of vector fields with zero linear part, which 
are symmetric under all rotations for a! irrational (rotations of angle 27r/q if a! = p/q). We 
analyse bifurcations of the following vector field, which is symmetric under a rotation of 
angle 27r/q 

i=(e1+&)+ clz2z + ~~22~ + l l l + AS-’ + 0( lziq), 

with the non-degeneracy conditions Re(cl) # 0, A # 0. 

(5.25) 

In t his s tudy we dis tinguish two cases: Q > 5 and Q < 4. The former is called wea& 
resonance, and the latter, strong reaonunce. I’he distinSion stems from the fact that, 
for Q > 5, the term AP-’ - is small compared to ciz2Z Then the dynamics is governed 
mainly by the term c1z2z, which produces a limit cycle. The term AS-’ only changes 
the dynamics on the limit cycle, with the appearance of 2q equilibrium points. However, 
in the case of strong resonances, the AF-’ either becomes dominant over the term clz2Z, 
in case Q 5 3, or is of equal importance in the case Q = 4. This allows the emergence of 
additional equilibrium points before Hopf bifurcation, leading to an interaction between 
the limit cycle that emerged in Hopf bifurcation and the other singular points, usually in 
the form of homoclinic or heteroclinic connection. 

THEOREM [2] [15]. Th e bT 1 urcation diagram of equation (5.25) in the case of weak reso- 
nances is given in Figure 7. 

PROOF: By a change of the direction in time we cari always suppose that Re(cl) < 0. 
Then (5.25) bas a Hopf bifurcation of order 1 at ~1 = 0, ~2 # 0. The system has an 
attractive limit cycle for any e2 # 0 and el > 0 small enough compared to ~2. On this 
cycle the flow will change direction. The non-generic instance would be a cyle of equilibrium 
points, but we expect the phenomenon to occur in a more generic way, i.e. through the 
appearance of a finite number of equilibrium points on the limit cycle. In fact these points 
appear as Q saddle-nodes, which then give 2q equilibrium points. These Will disappear in Q 
saddle-nodes, but not involving the same pairs of points, such that the total flow direction 
on the limit cycle bas changed. 

G 

Figure 7. Bifurcation in the case OI weaK resonance (ngure corre- 
sponds to resonance of order 5). 

TO find the singular points explicitly we further reduce (5.25). By change of scale on z 
and t, we cari suppose A = 1 and Re(cl) = -1. Let cj = aj + ibj. We bring (5.25) to polar 
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coordinates 

Figure 8. Global bifurcation diagram for eigenvalues in the nei- 
bourhood of the unit circle: “Arnold tongues”. Strong resonance 
effects are not represented. 

T=ap- T 

3 

+ tz2T5 + l l l + T-*--l cosqe + 0(7-Q) ,  

.  

6 = 452 + blr2 + bp* + 0.. + F2 sinq0 + 0(+-l). 
(5.26) 

We look for nonzero solutions of + = 8 = 0. (By the implicit function theorem,) the 
equation +/r = 0 gives 

T2 = El +0(e) * T = fi(1 +O(g)), (5.27) 

(with o(e) and O(a) d p d g e en in on 0). SO we have exactly one fixed point for T, for each 
fixed 8, and el 2 0. We make the following invertible change of coordinates in the second 
equation 

72 = &2 + b1r2 + b2T4 + l .= ,  (5.28) 

where r2 is replaced by its value in equation (5.27). The equation 6 = 0 becomes 

?I2 -T *-2 sin @Y + O(rqB1) = 0. (5.29) 

Under condition (5.27), this equation has solutions in a region approximately of the form 

(5.30) 

The bounderies of this cuspoidal region correspond to the two curves of simultaneous 
saddle-node bifurcations. Cl 

REMARK ON THE DIFFERENTIABILITYOF THE INVARIANT CLOSED CUR~E. The 2q equi- 
librium points are alternately attractive and repulsive on the cycle, when they exist. Since 
the cycle itself is attractive, these points are nodes and saddle points. For the saddle 
points, the two unstable separatrices form a differentiable curve. However, there is no 
constraint that forces this to happen at the nodes, except on the cuspoid, since the limit 
cycle without singular points is differentiable. Hence, inside the cuspoid the limit cycle 
loses its differentiability. In the case of periodic solutions of vector fields this corresponds 
to a torus losing its differentiability, and this has been observed numerically. 

INTERPRETATION OF THE THEOREM FOR DIFFEOMORPHISMS. The limit cycle for (5.25) 
corresponds to an attractive closed invariant curve I’j appearing when the fixed point loses 
its stability. The cuspoidal region corresponds to a pair of orbits of period Q on r - 
one attractive, the other a saddle orbit. Outside the cuspoidal region, orbits are either 
non-periodic or periodic of period Q’ > Q, (since all rational number p’lq’ sufficiently close 
to p/q satisfy q’ > q. 
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We cari put all these local results for all weak resonances together in a global picture. 
This happens if we consider a two-parameter family of diffeomorphisms, where the (real) 
paramet ers represent t he complex eigenvalue. Then we cari draw the different cuspoidal 
regions of the plane ( which have attractive periodic orbits) branching from the unit cir- 
cle (Figure 8). As long as we stay away from the strong resonances, a generic curve in 
parameter-space Will pass through an infinity of cuspoidd regions. Hence, after the fixed 
point has lost its stability, we witness the emergence and disappearance of an infinite 
number of arbitrarily high-period cycles (no two cycles with different periods cari coexist). 
This phenomenon would have been missed in a one-parameter analysis of loss of stability 
by a fixed point. 

REM 
of th 

ARK. Sufficiently close to the unit circle, the 
.e interiors of the cuspoids), is open and den 

region 
.se, whi 

th periodic behavior, (t he union WI 

.le approximately of measure zero, 
while non-periodic behavior is confined to a region of nearly full measure. Accordingly, even 
if the generic situation is that of periodic motion, in practic e (i.e. numerical simulation), 
we often observe an aperiodic motion as well. 

INTERPRETATION OF THE THEOREM IN THE CASE OF BIFURCATION OF PERIODIC SO- 
LUTIONS. Hopf bifurcation in Figure 7 corresponds to the birth of a 2-torus fromn the 
periodic solution, while the argument of the eigenvalue on the unit circle corresponds to 
the rotation number multiplied by 2n. The interior of the cuspoid coincides with the region 
of rational rotation number a! = p/+ The flow on the torus thus has at least one periodic 
solution. More precisely, it has two limit cycles, one attractive and one repulsive, which 
close after p turns along and Q turn around the initial limit cycle. Outside the cuspoid the 
flow is quasi-periodic. Further to the above remark for diffeomorphisms, we observe that 
the torus loses its differentiability away from the bifurcation curves. 

REMARK. From the point of view of numerical simulation, an attractive torus with an 
attractive orbit of period Q lying on it cannot be distinguished from an attractive orbit of 
period Q alone. Consequently, Figure 8 cari be interpreted as the emergence and disap- 
pearance of an infinite number of limit cycles of arbitrarily long periods when the initial 
limit cycle loses its stability. 

We 
Q =3 

now corne to 
and q = 4 we 

the analysi ,s in the neighborh 
analyse the following systems: 

ood of strong resonances. In the case 

2- i = (Cl + iQ)% + z2 + cz 2 + O(l%l’), (5.31) 

2: = (El + ie+ + zs + m2z+ o(lzl’). (5.32) 

Limiting cases occur where the two eigenvalues approach 1 or -1. When the two eigen- 
values of the linear part of the diffeomorphism are equal, the most generic situation is a 
linear part with a Jordan block of order 1. Transposed to symmetric vector fields this 
corresponds to analyzing a vector field whose linear part is a nilpotent Jordan block of 
order 2, and which has no special symmetry (resp. symmetry under rotation of angle r) in 
the case of a double eigenvalue equal to 1 (resp. -1). Therefore we study the vector fields 

&=y 

y = el + ~y+ ax2 + bxy+ 0(1x, ~1') 
(5.33) 

which we call strong pesonunce of order 1 (double eigenvalue 1) and 

(5.34) 

_ ._ ,  -  _ c .L - ,  _- _ -4 
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which we call strong peaonu7tce of order 2 (double eigenvalue -1). The quadratic (resp. 
cubic) term in (5.33) (resp. (5.34)) cannot be removed when bringing the system to normal 
form. In order to have a bifurcation of codimension not greather than 2 we need to take 
a, b # 0. 

ANALYSIS OF RESONANCE OF ORDER 1 [ll]. W e now determine the bifurcation diagram 
of (5.33). A change of scale in 2, y, t (allowing time reversal), and in the parameters, 
brings (5.33) to 

&=y 

y= 
(5.35) 

-&1 -e2y+x2-xy 

The singular points of (5.35) are QA = (*fi, 0) for el 2 0. At el = 0 two points coincide 
and form a saddle-node. The point Q+ is a saddle. The point Q- is a focus, attractive 
for -Q + fi < 0, and repulsive for -es + fi > 0. On the half-parabola, we have a 
Hopf bifurcation. TO determine the type of Hopf bifurcation, we localise the system at the 
point Q- by the change of variables X = x + 6, and then make the change y  = -&Y. 
Equation (5.35) becomes 

. 
X = --&Y 

Y=&x- 
X2 

--XY. 
6 

(5.36) 

The origin in (5.36) is a stable singular point ( CJ formula in [ll] for example). This 
yields a stable limit cycle in t he region -c2 + fi > 0. The cycle soon disappears in a 
homoclinic loop bifurcation. TO approximate this loop we transform the system into a 
near-Hamiltonian system by means of the change of variables 

x= u s2 y  = 63v T = St 

&l = s4 452 = b.42 

The new system is (where ’ denotes the derivative with respect to 7) 

For CL2 = 6 = 0, we have a Hamiltonian system with Hamiltonian function 

The level curve H(u, V) 
ure sa). The homoclinic 

ù = v  

v’ = -l-p2v+u2 +6uv. 

V2 U3 
H(u,v) = 2- 3+u. 

(5.37) 

(5.38) 

(5.39) 

- - 2/3 is a homoclinic loop y  for the Hamiltonian system (Fig- 
loop of system (5.38) cari be approximated by equation [ll] 

WCL24) = 
J 

-p2v - Suvdu = 0. (5.40) 
Y 

i.e. the line integral of the perturbation is zero. Substituting v  = f@3(1-u)&iq 
in (5.40) we get &S = 5/7. From (5.37) we get ~2 = 5/7&. The bifurcation diagram is 
given in Figure 10. 
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b) 

c) d) 

Figure 9. Phase portraits of Hamiltonian systems with Hamilton 
functions: a) (5.39), b) (5X9, c) (5.51), d) (5.59). 

Figure 10. Bifurcation diagram in the case of strong resonance of 
order 1. 

INTERPRETATION OF RESONANCE OF ORDER 1. 

Map. In this case the emergence of qk at el = 0 corresponds to the emergence of two fixed 
points of the map. Hopf bifurcation corresponds to the appearance of an attractive 
invariant closed curve for the map. This attractive closed curce then interacts with 
the stable ans unstable manifolds of the saddle point. However, in the generic case 
of a map, the stable and unstable manifolds of a saddle point cari tut transversally. 
(Remember that (5.33) is only a mean value for the case of resonance 1, SO that long- 
term features appear in the dynamics of (5.33), but some details are not present .) 
In this case, they cross in a infinite number of points (Figure lla). This results in 
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a) b) 

cl d) 

Figure 11. Transversal intersection of stable and unstable 
manifolds of periodic points for the resonances a) of or- 
der 1, b) and c) of order 2, d) of order 3. 

Flow. 
an infinite number of horseshoes and chaotic behavior in the dynamics (C~L [ll]). 

We have the same interpretation with the two fked points replaced by a pair of 
periodic orbits, and the invariant closed curve by an invariant torus. The homoclinic 
orbit corresponds to the destruction of the torus, when it intersects the stable and 
unstable manifolds of the other periodic orbit. Generically the two surfaces cari tut 
transversally (Figure 12). The intersection curve is not closed, but winds around 
an infinite number times. The flow is everywhere tangent to the curve. 

Figure 12. Transversal intersection of stable and unstable mani- 
folds of periodic solution in the case of a homoclinic bifurcation 
for resonance of order 1. 

ANALYSIS OF RESONANCE OF ORDER 2. We analyze system (5.34). Rescaling and ne- 
glecting higher order terms brings it to 

&=y 

ry= 4512 + e2y It z3 - z2y. 
(5.41) 

The two cases with k signs are qualitatively different. We start with the minus sign. 
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Bifurcation diagram of (Figure 13) 

&=y 

y= 2 &IX + e2y - x3 - x y. 
(5.42) 

Figure 13. Bifurcation diagram for resonance of order 2: sys- 
tem (5.42). 

i) The system has one singular point, the origin, for el < 0. The origin is attractive 
for 452 < 0 and repulsive for ~2 > 0. It has a Hopf bifurcation at ~2 = 0, and an 
attractive limit cycle for 452 > 0. 

ii) At el = 0 the system has a pitchfork bifurcation. The origin becomes a saddle 
point, and two singular points q* = (fi, 0) appear. The points qk are attractive 
for ~2 < ~1, and repulsive for ~2 > el, with a Hopf bifurcation on the line ~2 = ~1. 
They are both surrounded by a repulsive limit cycle for ~2 < el. 

iii) The divergence of the vector field div = ~2 - x2 is non-zero for 452 < 0. Hence all 
limit cycles must disappear when we reach the region ~1 > 
look for homoclinic loops, making the change of variables 

x = bu y=s2v 7=St 

&l = b2 452 = SP2 

The system becomes 

ù = v 

v’ = u + j.49 - u 3 - su 2 2). 

0,452 < 0. We therefore 

For P2 = 6 = 0, we have a Hamiltonian system, with Hamiltonian function 

V2 U2 U4 
H(u,v)=~-~+~. 

(5.43) 

(5.44) 

(5.45) 
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The Hamîltonian system has a double homoclinic loop 7, given by H = 0 (Fig- 
ure 9b). An approximation of the double homoclinic loop of system (5.42) is given 

bY 

M(P2,S) = 
J 

(/A221 - 6u2u) du = 0. (5.46) 
7 

Since 2) = u/2 (1 - u2/2)li2 we get 

4 4 
p2 = 56 i.e. ~2 = Sol (5.47) 

Before the loop occurs the “abject” formed by the three singular points and the 
separatrices of the origin is repulsive. However the trace of the origin is positive, 
SO- the loop make rep&ive cycles appear or disappear (cfi [l]). We conclude that 
the loop makes the two repulsive cycles around Q+ disappear. After the loop the 
“abject” becomes attractive. SO we need a repulsive limit cycle around the “abject”. 
Since they rae no other homoclinic loops, the only way the two cycles disappear 
before the region 62 < 0, is if they coallesce (as in Figure lb). 

INTERPRETATION OF BIFURCATIONDIAGRAM OF (5.42) FORFIXED POINTS WITH ADOU- 
BLE -1 EIGENVALUE. 

hhp. 

Flow. 

Suppose we start in the region el, t2 < 0, wher the orign is a stable f&ed point. 
The fixed point cari lose its stability in two ways. The first is when tl = 0: one 
eigenvalue becomes equal to -1, yielding a stable orbit of period 2. The second is 
when ~2 = 0: the two eigenvalues cross the unit circle and we have an attractive 
invariant closed curve Cl. The initial fixed point is now repulsive. When we cross 
the semi-axis el = 0, t2 > 0, one eigenvalue becomes equal to -1, creating an 
unstable orbit of period 2 inside C 1. The eigenvalues of the unstable period 2 orbit 
cross the unit circle, and consequently we get a pair of repulsive closed curves around 
the period 2 orbit: the set formed by these two curves is globally invariant, and 
the iterates alternate between the two. These invariant closed curves grow until 
they interact with the stable and unstable manifolds of the origin. The unstable 
invariant closed curves expand, and, through a chaotic process involving transversal 
crossings of the stable and stable manifolds (Figure Iib), they amalgamate in a large 
repulsive invariant closed curve C containing the origin, its separatrices and the two 
points of period 2. The two curves Cl and C2 then coallesce and disappear. 

We have a similar interpretation with the fixed point replaced by a periodic orbit, 
the periodic points replaced by a periodic orbit of period 2, and the invariant closed 
curves by invariant tori. The two limit cycles of (5.24) around Q& correspond to a 
unique torus twisted twice, centered on a periodic orbit of period 2 (Figure 25). 

REMARK. The behavior is more complex than in the case of weak resonances, since the 
periodic points need not appear on an invariant closed curve. Accordingly, there is some 
interaction between the different periodic points and the invariant closed curve. 

We now corne to the second case of (5.41), and study 

&=y 

$= qx + a2y+ x3 - x2y. 
(5.48) 

BIFURCATION DIAGRAM OF (5.48) (FIGURE 14). 

9 The origin is a saddle point for el > 0, and there are no other singular points. 
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ii) For ~1 = 0 we have a pitchfork bifurcation, and two saddle points qk = (fJ=, 0) 
appear for ei < 0. The origin is attractive for ~2 < 0 and repulsive for ~2 > 0. A 
limit cycle appears for ~2 > 0 via Hopf bifurcation. 

iii) div = e2 - z 2, SO the limit cycle must disappear for ~2 > ~1 (via heteroclinic 
connection beveen qf). The change of variables 

x = su y = sv T = St 

451 = -6 2 
452 = b2, 

(5.49) 

brings (5.48) to 
u’ = v  

v’ = -u + #L2v + us - su2v. 
(5.50) 

which is a perturbation of a Hamiltonian system with Hamiltonian function 

V2 U2 U4 
H(u,v) = 2+ yj-0 4’ 

The heteroclinic connection 7 at H = l/4 (Figure SC), stays for 

(5.51) 

kf(p2,6) = /(pg) - bu2v)du = 0 i.e. 6 = 5~2 i.e. ~2 = -f$-. 
JY 

(5.52) 

Figure 14. Bifurcation diagram for resonance of order 2: sys- 
tem (5.48). 

INTERPRETATION OF BIFURCATION DIAGRAM OF (5.48). 

Map. In the region ti > 0 the origin is a saddle point. It becomes attractive (repulsive) 
when it crosses the semi-axis ~2 < 0 (~2 > 0), where a saddle orbit of period 2 
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Flow. 

appears. The origin loses its stability on the semi-axix ~1 < 0, and an invariant 
attractive closed curve appears for ~2 > 0. This invariant closed curve disappears in 
a heteroclinic connection for the orbit of period 2: the stable manifold of each peri- 
odic point intersects the unstable manifold of the other periodic point transversally 
(figure 11~). 

Same interpretation, with the origin replaced by a periodic orbit, the points 
qk replaced by a periodic orbit of period 2, and the invariant closed curve by an 
attractive torus. 

REMARK. The difference between (5.42) and (5.48) 1 ies essentially in the direction of the 
period doubling bifurcation. In the first case the fixed point loses its stability, yielding a 
stable orbit of period 2. In the second case there are no regions of the el - ~2 plane where 
we have only one stable fixed point. The stable fixed point collapses with a saddle orbit 
of period 2 on the ~2 < 0 semi-axis to give a fixed saddle point. 

ANALYSIS OF THE RESONANCE OF ORDER 3 [2]. H ere, we analyse the phase portrait of 

2- -2 Z=(&l+ie++clz z+x. (5.53) 

A change of variables 

brings (5.53) to the form 

z = sz 61 = bl 

&2 = b-42 r = St 
(5.54) 

I 

i = (/11+ ip2)z + Cl62 
2- -2 

2 + 2 . (5.55) 

This system is Hamiltonian for ~1 = 6 = 0. TO analyze the phase portrait of (5.53) we 
use (5.53) or (5.55). 

BIFURCATION DIAGRAM OF (5.53) (FIGURE 15). What makes this case different is that 
for any (E~,Q) # (0,O) the system (5.53) has always three singular points in the neigh- 
borhood of the origin. In fact, singular points for (5.55) at S = 0 are given by 2 = reie 
satisfying 

reie[(pl + ip2) + re-3ie] = 0. (5.56) 

This has t he following solutions, corresponding to three singular points 

The Jacobian matrix is given by 

(5.57) 

(5.58) 

The determinant IA1 = Ip12 -41~1~ is negative at the singular points, SO we have three saddle 
points. Since saddle points are structurally stable, this property also holds for (5.53). 

ii) The origin in (5.53) is attractive for el < 0 and repulsive for ~1 > 0. It has a Hopf 
bifurcation at the origin for el = 0, ~2 # 0. This gives an attractive limit cycle for 
sufficiently small ~1 > 0 (if we suppose Re( cl) < 0). 
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Figure 15. Bifurcation diagram for resonance of order 3. 

iii) The divergence of the vector field is div = 2~ + 4Re(q)(z2 + y2) > 0 in the 
region el > 21 Re(q)l(ef + E$), in particular on the semi-axis el > 0 close to the 
origin. The limit cycle around the origin disappears in a heteroclinic connection 
joining the three saddle points. The curve in parameter-space for which we have 
the connection cari be approximated using the similar connection ~y (Figure 9d) for 
the Hamiltonian system 

i =ip2z+z2. (5.59) 

Here, as before, we approximate the curve by integrating the perturbation over 7, 
(Figure 9d). 

WPd) = 1 (plZ + 6clZ22) dz+ (,,z+ 6c1Zz2) dz 
7 

J 
k? a/2 

=3 
-mfip 

[PlY + sR+l)Y(x2 + Y2) + SIm(+(x2 + Y2)] Iy=p,,2 dx 

4 2 1 2 

=A+ p1 + 6Re(cl)? = 0 i.e. ccl = AiRe( 
4 

(5.60) 

This yields an approximation by the parabola el = - Re(c#/4 for system (5.53). 

INTREPRETATION 0~ THE BIFURCATION DIAGRAM OF (5.53). 
Map. We note that for any (q,~) # (0,O) we have a periodic orbit of order 3, which 

is of saddle type. This is better understood if we look at the behavior of the map 

at (%&a) = (w) (F'g 1 ure 21 thereafter and ref. [15]). The fixed point is stable for 
el < 0, and undergoes a Hopf bifurcation for q = 0. For el > 0 sufficiently small 

c 
, !  
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compared to ~2, we have an attractive invariant closed curve. The closed curve 
disappears during transerval intersection of the stable and unstable manifolds of 
period-three orbit (Figure lld). 

Flow. As the case of a map, we always have a saddle-type orbit of period 3. The invariant 
closed curve corresponds to a torus, which disappears when it intersects the stable 
and unstable manifolds of the orbit of period 3. 

REMARK ON RESONANCES OF ORDER 1, 2 AND 3. Inthese casesitis shownthat (5.35), 
(5.42), (5.48), (5.53) are universal unfoldings of the corresponding systems at ~1 = ~2 = 0 

(PI9 MY Plh and that the addition of higher order terms does not change the universal 
unfoldings. 

ABOUT RESONANCE OF ORDER 4. In this case we study the phase portrait of 

i= éz+cp2z+Z9, e=q+iep. (5.61) 

This study is incomplete. It is almost complete for the case where the system (5.61) cari 
be brought to a near-Hamiltonian system through changes of coordinates similar to (5.54). 
We Will sketch the known results. In the case ICI 1 < 1, (5.61) always has four singular 
points for (~1, ~2) # (O,O), and this yields a bifurcation diagram similar to Figure 15, 
with a similar interpretation (orbit of period 3 replaced by orbit of period 4). In the case 
I Re(cl)l > 1 we get a bifurcation diagram similar to the case of weak resonances. The 
difficulties arise when Icf 1 > 1 1 Re( cf ) 1 < 1. 

Séngdur pointa of (5.61). Suppose that Re(cr), Im(ci) < 0. In polar coordinates z = reie, 
the equation E = 0 gives 

e a-= 
T2 

cl + eBrie. (5.62) 

The point cl + e -4ie lies on the circle C centered at cl with radius 1. There are two 
different cases, depending on ehether the origin is contained within C or not (Figure 16). 

a) Ic I < 1 1 b) lRecl<l 1 c) IRe c,l > 1 

Ic,l ' 1 

Figure 16. Possible positions of C. The dark region in b) and c) 
indicates the region of the e-plane where there are four singular 
points distinct from the origin. 

9 

ii) 

IC~I < 1. In th‘ 1s case the origin lies inside C. TO solve (5.62) we must choose 8 
such that e and cl + e-4ie on C have opposite directions. This is always possible 
(Figure 16a). Thus, for any e # 0, (5.61) always has four fixed points. 

IC~I > 1. Now e must be chosen with direction opposite to any vector joining the 
origin to a point of C. This is possible only for E in an angular sector bounded by 
the semi-lines opposite to the tangent lines to C, issuing from the origin (Figure 16b 
and 16~). For such an e, there are two points of the circle with direction opposite 
to E, SO we get eight fixed points for the system. 



C. Rousseau 81 

Stability of the fized points. The Jacobian matrix at a fixed point zo = yeie is 

A 
e+2c1r2 - r2e2ie (cl + 3e-4’e) 

- ~2e-2iO (q+ 3e4ie) z+ 2TT2 > 
. (5.63) 

We have a saddle if IA1 < 0, i.e. 

Ic + 2clF2 1 < lT2e2ie (cl + 3e-4’8) 1 . 

Replacing e by -r2(c1 + e-4ie) using (5.62), (5.64) is equivalent to 

I cl - e -4i8 1 < Ici + 3e-4ie 1 . 

(5.64) 

(5.65) 

i) If /cl 1 < 1, t he left member is less t han 2, and the right member is greather t han 2, 
SO the four fixed points are always sadlle points. 

ii) If ICI 1 > 1, the eight singular points appear as diametrically opposed pairs on C. 
In this case, one satisfies IA1 < 0 ( i.e. it is a saddle) and the other satisfies IA1 > 0 
(i.e. it is a node or a focus). Its stability is then determined by Tr(A). Since 

Tr( A) = 2 Re(& + 2~1~~) = 2r2 Re(cl - e-4iB), (5.66) 

for Re( cl) < -1, Z?(A) has constant sign: the sign of Re(c& For Re(cl) > -1, 
Tr(A) may take different values, when E varies. In this case we may have Hopf 
bifurcations at four of the singular points. The saddle corresponds to the points on 
C which is closest to the origin, and SO the saddles are closer to the origin than the 
nodes or foci. 

Hopf Bifurcationa. The origin has a Hopf bifurcation at el = 0, ~2 # 0, which yields an 
attractive limit cycle for el > 0. We calculate the condition for which the four foci cari 
have a Hopf bifurcation in the case ICI 1 > 1, 1 Re(cl)l < 1. If we definr N = e-4ie, Hopf 
bifurcation for the points occurs when the point cl - N lies on the imaginary axis. But 
this point cl - N must correspond to a focus and not to a node, SO the point cl + N must 
be the point of C closest to the origin and lying on the line fiom the origin to cl + N. The 
boundary of the region where we have Hopf bifurcation is the case where cl - N is on the 
imaginary axis, and the line joining cl + N to the origin is tangent at C (Figure 17a). It 
is not difficult to see that the corresponding condition is 

1 + Re(cl)2 
I1m(clJ’ = JV’ (5.67) 

The corresponding curve in the space Re(cl), Im(cf) is illustrated in Figure 17b together 
with the region where Hopf bifurcation occurs. 

Tentatiwe bifurcation diagrams for (5.61). We need to suppose that (5.61) satisfies ICI 1 # 1, 
IRe(c1)l # 1, IIm(c1)l # (1 + R+l)2)/J1 - Re(cl)2, o th erwise we have a bifurcation of 
order greater than two. There are probably other non-degeneracy conditions, but since 
the study is not finished, they are still unknown. 

i) ici1 < 1. In th’ 1s case the bifurcation diagram is probably the same as in resonance 
of order 3 (Figure 18). 
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1’ A ‘1 ‘1 1 ‘N -z I Y’ ; I I I 

1 

I 
I 
i 

4 b) 

Figure 1'7. a) Limiting- position of C in the e-plane, for appear- 
ance of Hopf bifurcation, b) Degeneracy curves for the resonance 
of order 4, separating regions of the q-plane corresponding to 
different bifurcation diagrams (probably not an exhaustive list). 

I 

Figure 
case ]q 

8. Bifurcation diagram for resonance of order 4, 
< 1. 

ii) ]Re(cr)] > 1. Th e b f i urcation diagram is probably the same as in the case of weak 
resonances, the only difference being that the region with eight singular points is 
bounded by two straight lines with a non-zero angle at the origin (Figure 19). 

iii) 1 Re(cl)l < 1, ]C~I > 1. H ere, the only possible Hopf bifurcation are necessarily 
of order 1 [I?l. Th e saddle node bifurcations happen in two half-lines, one on the 
left of the ez-axis, the other on the right. SO for Hopf bifurcation at ~1 = 0, ~2 < 0 
(resp. ~2 > 0) the eight singular points lie inside (resp. outside) the attractive limit 
cycle. Arnold [z] g ives a tentative bifurcation diagram for the case Im(ci) + oo 
(Figure 20). This cari be scaled to a system 

a= ez + (a + i)z2z+ p2, (5.67) 
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Figure 19. Bifurcation diagram for resonance of order 4, 
case IRe(cl)l > 1. 

with cy, p small. The heteroclinic bifurcations cari be studied as in the previous 
cases, using the heteroclinic connections of the Hamiltonian system corresponding 
to (5.67) with el = Q! = 0. We refer the reader to [2] for the details. (Note that the 
precise direction of bifurcation curves at the origin has not been calculated, and the 
reader should only consider the topological form of the bifurcation diagram.) 

REMARKS. 

(1) We cari explain the different shapes of the bifurcation diagrams by the phase 
portrait of the system at e = 0 (c$ [15] and Figure 21). 

i) resonance of order 3 and order 4 (for ICI 1 < 1). 
ii) weak resonance and resonance of order 4 (for 1 Re(ci)l > l), and first case of 

order 2 (corresponding to (5.42)). 
iii) resonance of order 1. 
iv) second case of order 2 (corresponding to (5.48)). 
v) resonance of order 4 (for ICI 1 > 1 and 1 Re( ci)] < 1). 
The effect of the unfolding cari be viewed as “blowing up the origin”. In case i) 

there are always tràjectories going toand from the origin, before perturbation. The 
effect of the perturbation is to transform the origin into an “abject” with the same 
property. Similarly, the origin is attractive in ii) and v) for E = 0 and the perturba- 
tion blows it up into an “attractive abject”. The same remark applies for the other 
cases. 

(2) Our whole analysis has been for Re(q) < 0. The case where Re(q) > 0 is similar, 
except that a11 directions of the vector field are reversed. 

REMARK. In all resonances we have neglected to prove the versality of the bifurcation 
diagrams described. The proofs exist, except for the resonance of order 4. Since they 
are rather technical and of no interest for the applications, we have omitted them. The 
simplest reference for the resonance of order 1 is [SI, although the original proof was due 
to Bogdanov [3]. For the resonance of order 2 we refer to [4], [l2], and for the case of 
order 3 to [8] or [X2]. 

6. Bifurcation with eigenvalues 1 and -1. TO complete the study of bifurcations of 
codimension 2, we have evdently the case with two eigenvalues A1 = 1 and AZ = -1. In 

i 
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c 

Figure 20. Tentative bifurcation diagram for resonance of order 4, 
case Re(cf) < 1, Im(cr) + 00, 

this case we have the resonances (2.12), which give the map (2.13). 
Here, as in section 5, instead of directly studying (2.13), we study symmetric vector 

fields. We start with a vector field which has a periodic solution, corresponding to a Sied 
point of the Poincaré map on a cross-section, with eigenvalues H. 

i) We localise the vector field at the perioidic solution, and apply Floquet theory to 
t3et 

k = fhY>t) f(%Y>t) = W,Y12) 

$= $ +g(x,y,t) f(x,Y>t) = O(1X,Y12) 
(6 1) . 

with f and g periodic in t of period 27r. We cari take 

f = C am,kxmlymaeikt = f&, y, t) + O( lx, ylr+l), 

9 = C bm,kXmlymaeikt = gr(x, y, t) + 0( IX, yl’+‘). 

ii) As in case of normal form, we perform a change of variables 

(6 2) . 

x = x + c c&Xm1Ym2eikt = X + h,(X,Y, t) + 0( IX, ylr+l), 

Y = Y -I- C &Jm1Ym2eikt = Y + k,(X, Y, t) + 0( IX, yl’+l). 
(6 3) . 
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b) 

Figure 21. Configuration of resonances before the unfold- 
ings: a) order 1, b) order 2 with (5.41), c) order 2 with (5.47), 
d) order 3 e) order 4 in case Re(cl ) > 1 and weak res- 
onance, f) order 4 in case ICI 1 < 1, g) order 4 in case 
Re(cl) < 1 and Ici1 > 1. 

in order to eliminate as much terms as possible in (6.1), and solve the homological 
equation [ 21, as in Section 5: 

h 
iY ah, ah, 

r=-- 
2aY+8t’ 

k 
iY dk, dlc, ix r= -- k 
2aY+at-2ra 

(6 4) . 

An h, (resp. k,) of the form z’VJ’Qeikt 
im2/2 + ik (resp. X = i(ms - 1)/2 + ik). 

is an eigenvector with eigenvalue X = 
C onsequently, the normal form is 

X = )-: Cm,kXmY2ke-ikt, 

y = c Dm,kXmy2k+1e-iktm 

Here X and Y are complex variables. 

(6 5) . 
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iii) We make the change of coordinates Y = eiti2Z. Then (6.5) becomes 

x = x Cm,kxmZ2k, 
2 = x Dm,kXmg2k’1, 

(6 6) . 

which is now a real normal form. 

Now, to reduce the study of (2.13) to (6.6), we cari construct (as in Section 5) a symmetric 
vector field in R2 x S1, with flow map at time 2n equal to F2, to arbitrarily large order 

&Z c UmXm1y2m2 + (o(lx,YI’+‘), 

Y = C bmXm1y2m2+1 + (0( IX, y(F+‘), 

i=l. 

(6 7) . 

A candidate for the universal unfolding of (2.13) is the map 

F,(x,y) = (~1 +x+ ax2+by2+AxS+Bxy2+~~* 9 -(1+e2)y+cxy+Cx2y+DY3), (6.8) 

which is studied by means of the vector field 

2:= q + ax2 + by2 + Ax’ + Bxy2, 

y= e2y + cxy + cx2y + Dy3. 
(6 9) . 

This field is symmetric about the x-axis. 

STUDYOF THE VECTOR FIELD (6.9). By rescaling on x, y, and making a translation on 
x, we cari study the system [lO] 

si:= tl + ~22 + ax2 + by2 + Ax3 + Bxy2, 

g= -2xy+Cx2y+Dy3, b=H. 
(6.10) 

A change of coordinates 
x=x+cYx2+pxY, 

y=y+7xy, 
7 = t(1+ 6X), 

reduces the study of (6.10) to the study of (6.12): 

(6.11) 

&= ~1 + ~2 + ax2 + by2 + cx3, 

y= -2XY9 b = rfil, 
(6.12) 

and a # 0, c = 0 if b = -1, a # 0, -2, c = &l if b = 1. We have four different, 
non-equivalent cases for the phase portraits of (6.12), depending on the signs of a and 6. 

SINGULAR POINTS OF (6.12). They lie on the coordinate-axis. Since the z-axis is invari- 
ant, there is no complex behavior around the singular points on the z-axis. 

i) The singular points on the y-axis are pk = (0, fJr;llbi) for eib < 0. The 
determinant of the linearixed vector field is 4by2, SO we have two saddles if b = -1, 
and two nodes or foci if b = 1. 
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ii) The singular points on the z-axis are given by y = 0 cx3 + ax2 + ~22 + el = 0, 
SO we always have a singular point far from the origin, which we do not consider 
in our local study. We may also have two singular points qk = (xk, 0) in the 
neighborhood of the origin which are given approximately by ax2 + ~22 + el = 0, 
provided A = ca - 4a(sl > 0. The determinant of the linearized vector field is 
-6x+ (resp. fix-), t a q+ (resp. q-). SO q+ (resp. q-) is a saddle precisely 
when x+ > 0, i.e. a > 0, ~2 < 0 or ~1 < 0, ~2 > 0 (resp. x- < 0, Le. a, ~2 > 0 or ~1, 
452 < 0). 

iii) In the case b = 1, there is a Hopf bifurcation at the point qk for Q = 0, el < 0, 
leading to attractive (resp. repulsive) limit cycles if c = 1 (resp. c = -1). 

In the case b = -1, the phase portraits are given in Figure 22. There are two topologi- 
cally distinct cases, depending on the sign of a. 

a>0 

a<0 

Figure 22. Bifurcation diagrams of system (6.10) for b = -1. 

INTERPRETATION OF THE SYSTEM (6.9), WHEN b= -1. 
Map. The singular points qk correspond to fixed points, and the points pu to periodic 

points of period 2. 

_- 

.  i 

J 
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Flow. The singular points qk correspond to periodic orbits, and the points p& to a 
periodic orbit of period 2. 

We now study the phase portraits in the case I) = 1, limiting ourselves to c = 1 ( the 
case c = -1 is obtained by d: t+ -z, t I+ 4, ~2 I-) -Q). There are two topologically 
distinct cases, depending whether the points qk exist (a > 0) or not (a < O),at the time 
of the Hopf bifurcation. In the two cases Hopf bifurcation occurs at ~2 = 0, ~1 < 0. It 
leads to repulsive limit cycles around pk for e2 < 0. The disappearance of the limit cycle 
is studied via the change of variables 

2 = 6u y  = 6v r = St 

&l = s2 t2 = s2 u2, 

through which the system (6.9) becomes 

u’ = 1 +au2 +v2 + &(y, +l)~ 3 , 
v’ = -2uv. 

(6.13) 

(6.14) 

The system at 6 = 0 is integrable, but not Hamiltonian, SO we multiply it by the integrating 
factor va- ’ for v > 0. The region v < 0 is obtained by symmetry. 

21’ = va-l + au2vam1 + va+l + S(14uv~-~ + u3va-l), 

v’ = -2uva. 
(6.15) 

For 6 = 0 we have a Hamiltonian system, with Hamiltonian function 

H 
Z)a+2 - - 5 + u2va + - 

a a+2’ 
(6.16) 

We now discuss separately the two cases a > 0, and a < 0. 

(1) a > 0. The Hamiltonian system has two singular points (-tJ1/a, 0), and a hete- 
roclinic loop through the two points for H = 0 (Figure 23). The limit cycle dies in 
the heteroclinic connection for 

l4 = - J H=o u3va-‘dv < o 

s H=o uva-ldv ’ 

a >.O a < -2 -2<a ~0 

Figure 23. Closed curves of the Hamiltonian system 
with 6 = 0, in the region v > 0. - 

(6.17) 

(6.15) 
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(2) a < 0. Here what really happens is more obscure. We know that the limit cycles 
must have disappeared before we reach the pitchfork bifurcation onthe negative 
es-axis. The problem is that the closed curves of the Hamiltonian system become 
infinite, and our analysis by perturbation techniques is only valid in acompact sub- 
space of the plane. It is evident that the limit cycles cannot disappear by themselves. 
There are several possibilities: 

i) They disappear by interacting with singular points at infinity. 
ii 

ii 

The system (6.10) h as an extra singular point on the z-axis, which is out of 
the range of our local study, but which could play a role in the disappearance 
of t he limit cycles. 
The limit cycles disappear by interacting with the points (q*, 0), which appear 
in the saddle-node bifurcation, approximately at a$ - 4ael = 0 ~2 < 0. Zholon- 
dek [19], seems to have excluded the last possibility (see Figure 24, proposed 
by Zholondek), but h e d oes not give any satisfying explanation. 

J a>0 

a<0 

Figure 24. Bifurcation diagram of the system (6.10) for b = 1. 

REMARK. A proof of the versality of the deformations cari be found in [19]. References [5] 
and [lO] (resp. [7]) deal with the uniqueness of the limit cycle in the case a > 0 (for any 

a)* 



90 Codimension 1 and 2 bifurcations of fixed points 

INTERPRETATION OF THE BIFURCATION DIAGRAM OF (6.9) FOR b= 1. 

Map. The interpretation is similar to the previous cases. The singular points Q& corre- 
spond to f&ed points, the singular points pk to periodic points of period 2, and the 
limit cycles to two closed curves of period 2, around the periodic points. 

Flow. The singular points Q& correspond to periodic orbits, the singular points pk to 
a periodic orbit of period 2, and the limit cycles to an invariant torus of period 2 
(Figure 25), around the periodic orbit of period 2. 

Figure 25. An invariant torus of period 2. 

Appendix. Here we state the Malgrange-Weierstrass preparation theorem, and we discuss 
its use. 

THEOREM. ([14] or [Mi]) Let f:  (P,O) + (W,O) be a CO0 function in a neighborhood 

of the origin, such that f  (0) = 0, $- af 

exist n 8=0 

= 0 for i < r, and & r # 0. Then there 
n o=o 

9 a neighborhood U of 0 in FI”, 
ii) 

iii) 
C”O functions CO, . . . , cv-1 depending on x1, . . . , xn-1, and satisfying ci(O) = 0, 
a C” function h: U + R, invertible on U, 

such that we have in U 

f(z) = h(s)P(x), (A*1) 

with 

P(x) = XE + CT-1(X1, l .  .y  Xn-l)XEsl + l ’ ’ + Cl(Xl, l .  l 9 Xn-1)X, + CO(X1, . . a  ,Xn-1 l 
1 

REMARKS. 

(1) The functions c; and h are in general not unique. They are unique in the case 
where f  is analytic. In this case ci and h are also analytic. In the Cw-case Mather 
showed that one could take the ci’s and h as depending linearly on f. 

(2) Essentially, this theorem says that, locally, the zeros of a smooth function on the 
variable 211 depending on n - 1 parameters (xi, . . . ,x,-l), are the same as the zeros 

r 
af of a polynomial of degree T, under the non-degeneracy condition - 
ax: z=() 

#O. In 

particular there exis.ts a neighborhood of the origin in which the function cannot 
have more than T zeros in 2, for any values of (xl,. . . 9%-l l 

(3) The case F = 
1 

1 is equivalent to the implicit function theorem. 
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