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EXISTENCE OF SOLUTIONS FOR AN 
ORIGIN-DESTINATION MATRIX ESTIMATION PROBLEM 

ROBERT LEBEUF 

RÉSUMÉ. [Nguyen (i97?)] considère le problème d’estimation d’une matrice origine-desti- 
nation dans un contexte d’équilibre des flots sur un réseau. Nous montrons l’existence d’une 
solution optimale pour le problème d’optimisation qui est au coeur de son approche. 

ABSTRACT. [Nguyen(W77)] considers the origin-destination matrix estimation within a 
network equilibrium approach. In this note we prove the existence of an optimal solution for 
a crucial optimization problem used by Nguyen. 

1. The Problem. The problem of obtaining an O-D matrix (i.e. an origin-destination 
matrix) is the following: given the link flows on a network with initial nodes O;, i = 1, 
. . . , 1, and terminal nodes pj, j = 1, . . . , .7, (and possibly with other intermediate nodes) 
cari one give a consistent estimate of the number of travels between node 0; and node Pj 
(i = 1, . . . , I and j = 1, . . . , .7). This number is the ijth entry of the O-D matrix. 

In [Nguyen (1977)j th e author considers the following problem (P) in a network equilib- 
rium approach to the estimation of an O-D matrix (see also [Jornsten and Nguyen (1983)]): 

7 va 
min 5,(x)dx - c GiTi 

iEW 

Ti > 0 - iEW 

where 

L is the set of links in a finite road network, 
v, is the flow on a link a, 
W is the set of O-D pairs, 
R is the set of routes, 
Qi is the set of routes between the ith O-D pair 
Ti is the travel demand on the ith O-D pair, 
hl is the flow on route Z, 

0 
6 

if link a is not on route Z 
a1 = 

1 otherwise. 
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50 Existence of solutions for an origin-destination matrix estimation problem 

Also ~~(9) is the travel cost function on link a: it is assumed to be continuous, strictly 
increasing and such that lim,,,, ZJ&J,J = 00. 

The question we wish to answer is whether there exists an optimal solution to prob- 
lem (P) given any family of positive ‘iii: notice that the feasible set of (P) is unbounded. 

We Will in fact consider t he following equivalent problem: 

/ c , &l hl 
min XJ SO(X) dx - ÛiTi 

aEL 0 

s.t. 

tPA) ’ T; - C hz = 0 

KQi 

hlzo IER 

\ Ti 2 0 (redundant) 

The convexity of the objective function in (PA) follows readily from [Rockafellar (1970), 
Theorem Ei.l]: 

THEOREM. Let f be a convex function fiom Rn to (-00, oo] and let 4 be a convex function 
from R to (-00, oo] wtich is non-decreasing. Then h(x) = 4( f( x)) is convex on Rn ( where 
one sets #+20) = 00). 

, 

Indeed one cari Write 

J 

c , &r hz 

aa(X)dX =4(f(h)) 
0 

where 
f: R” * (-OO,OO]: h ++ C6alhl 

z 

Ch ere nz = tard(R)) and 

J 

t 

4: R-+(-oo,oo]:t~ Sa(x) dx. 
0 

NOW f(e) is clearly convex. Since 4’(m) = Sa(*) 2 0, 4 is non-decreasing (a cost function is 
always non-negative). TO see that 4(e) is convex, one has to show 

d(t) - 4(f) 2 Vtp(Z)(x - Z) for a11 x, z in R 

that is 

J 

t 

aa(x)dx 2 Sa(Z)(x - Z) for a11 X, z in R. 
0 

Indeed if t > f, then (1) becomes 

J 
t 

aa(X)dx L aa(q+q 
0 

(1) 

which is seen to be true from a(x) 2 ~(0 for x f [Z,t]. 
If t < f, multiply (1) by -1 and proceed as above. 
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2. Existence of solutions. TO derive the existence of an optimal solution for prob- 
lem (PA) we will use the following detitions and theorem £rom [Rockafellar (1970)]. 

A convex function is proper if its epigraph is non-empty and contains no vertical line. 
A proper convex function is closed if it is lower semi-continuous. Let C be a non-empty 
convex set in R”, then C recedes in the direction of y, y  # 0, iff 2 + Ay f C for every 
X 2 0 and z E C. Th e set of a11 such vectors y, plus the vector zero, is the recession cane 
of C (notation O+C). The directions in which C recedes are the directions of recession 
of C. Let f be a convex function on Rn not identically oo: the recession jùnction of f 
(notation fO+) is the only function such that that epi(fO+) = O+(epif). The set of all 
vectors y such that (~O+)(Y) 5 0 is the recession cane of f. The direction of vectors in 
this cane are the directions of recession of f.  

THEOREM [ROCKAFELLAR (1970), THEOREM 27.31. Let h be a closed proper convex 
function, and let C be a non- empty closed convex set over wich h is to be minimized. If  
h and C have no direction of recession in common (which is trivially truc if either h or C 
has no direction of recession at au), then h at tains its infimum over C. In the case 
C is polyhedral, h achieves its infimum over C under the weaker hypothesis that every 
common direction of recession of h and C is a direction in which h is constant. 

We shah now recast our problem (PA) in the following form. 

where 
c , &A 

a=(z) dz + c 2i;Ti if (h,T) 2 0 
i 

otherwise 

and 

C = (h,T)Ih+O, Ti>O, Ti-Chl=Oforalli 

1 

- - 
KQi 

The set C is obviously closed. 
Now f + g is a closed proper convex function: we know already that it is convex and . 

proper ad since (f + g)itRnj+ is continuous we have (j + g)-‘(1 - oo, ~11) closed in (R”)+ 

and thus in Rn. Using [Rockafellar (1970), Th eorem 7.11 we thus have that f + g is closed. 
Let us postulate for the time being that the directions of recession of f + g are of the 
special form (dh, 8’) E Rn, where 72 = card( R) + tard(W), and where also d” = 0. Now 
let D = (dl,G) b e a direction of recession of C which is also a direction of recession 
of f + g: (d,h,dr) = (O,dr). But this d’ lrection of recession must also be a direction of 
recession for each of the closed sets 

c; = (h,T)Ih>o, TXI, Ti-xhl=O - - i f  W. 
IEQi 

But this implies that 

(O,d;)+l,-l,..., -1,0 ,..., l,..., O)=o 
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(where the position of the 1 corresponds to the jth component of T), since C; is part of an 
hyperplane and directions of recession of an hyperplane must be orthogonal to its normal. 
Now this equality implies in turn that 

dT . = 0 2,s for all i f  VV. 

Thus D = 0 and C and f  + g do not have any direction of recession in common. Thus by 
the theorem cited above, we obtain the existence of an optimal solution for problem (PB) 
and thus for problem (P). 

3. Directions of recession for the function f  + g. TO complete our proof we need to 
show the following 

PROPOSITION. The set of direction of recession off + g is a subset of 

{(dh,dT) f Rn 1 dh = 0, dT > 0). - 

PROOF: I f  for a certain i E IV we have df’ < 0, then choosing A E R large enough we cari 
make Fi + dT < 0 for a (T, h, (f + g)(T,h) E epi(f’+ g): th us it is impossible to have such 
a negative component in a direction of recession of epi(f + g). 

We are thus left with the task of showing that it is impossible to have a non-zero 
component of dh. The impossibility of having d,h < 0 for a certain Z E I; is proved 
as above. SO let us suppose, without loss of generality, that d,h > 0: we thus consider 

Cd 
h ; dr,. . .) E O+(epi(f + 9)). But since the sa(*) are positive and strictly increasing 

to’&; ;t is possible to choose (h, F) in the interior of dom(f + g) such that 

Th us 

or 

But then 

f(h) + g(T) + a < f(h) + g(T) + V(f + g)(Jg) . (dh,dT) 

5 (f + 9)((V) + (dh, 0) 

since f  + g is convex. 
Thus 

(h,T, f (h) + g(T) + (dt,. . . ; df’, . . . ; a) 

((h,T) + (d; ,... ;dr ,...) 

i.e. 

(dh,dT> e o+(ep;(f+g) 
Thus dt = 0. This ends the proof. 

9 f(h) + g(T) + 4 e epi(f + 9) 
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