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Résumé 

Soit P(N) le nombre de triangles Pythagoréens primitifs (c'est-à-dire 

de triples de nombres naturels (a,b,c) avec a2 +b 2 2 =c, a 5 b, a,b,c relati- 

vement premiers) d'aire moins que N. Dans cet article, on établit une estimation 

conditionnelle (supposant que Fhypothkse de Riemann soit vraie) pour le terme ré- 

siduel R(N) dans la formule asymptotique 

p (NI = c N112 + c' N1'3 + R(N), 

à savoir R(N) = O(N127's60'E). Cela améliore les résultats de Lambek et Moser [SI, 

de Wild Cl31 et de Duttlinger et Schwarz Cil. 

Abstract 

Let P(N) denote the number of primitive Pythagorean triangles (i.e., 

2 positive integer triples (a,b,c) with a + b2 = c 2, a 5 b, a,b,c coprime) of 

area less than N. In this paper we give a conditional estimate (subject to the 

Riemann hypothesis) of the error term R(N) in the asymptotic 

P(N) = c N112 t c' N1'3 t R(N), 

namely R(N) = 0(N127'560'E). This improves results of Lambek and Moser [SI, Wild 

Cl31 and Duttlinger and Schwarz Cl]. 
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1. Introduction 

A primitive Pythagorean triangle is a triple (a,b,c) of relatively prime 

natural numbers with a 2 b and a 2 cc2 t b . Let P(N) denote the number of 

primitive Pythagorean triangles with area less than N. The asymptotic behaviour of 

P(N) was first studied by J. Lambek and L. Eloser Kl who obtained 

P(N) = c N1" t O(N"3) 

with c = (27~ ) 5 -1'2r2(1/4). R. Wild cl31 improved this result to 

(1) WI = c N112 - c’ N1’3 t R(N) 

with c' = (~(1/3)[(1 t 2-1'3)/(<(4/3)(1 + 4-1’3)) and R(N) = O(N1’4 log N). The 

best known bound of R(N) depends on a good estimation of M(x) := 1 p(n) (here 
nsx 

p denotes the Moebius function). Using M(x) = 0(x esp(-C(log x)~/~)), C > 0, 

J. Duttlinger and W. Schwarz Cl] proved (1) with R(N) = O(N1'4 exp(-C(log N)l")). 

The same argument together with the sharper estimate M(x) = 0(x exp{-C(log x) 315 

uw 1% x> -l's]) (cf. [121) leads to 

R(N) = O(Nli4 exp(-C(log N) 3’5(10g log N) -l”)) . 

Assuming the correctness of the Riemann hypotheses, Dutt linger and Schwarz proved 

for every E > 0 

R(N) 5/22+-E =O(N . 1 

In [6], the third named author gave the bound R(N) = O(N 137’604) ; this cari be 

proved by Van der Corput? classical method for the estimation of exponential SU~S 

and by part of the analysis outlined in this paper. A stronger assertion of c6], 

that the exponent cari be improved to 0.22679.. . , apparent ly cannot be supported by 

classic techniques, since the method of exponent pairs is not applicable for the 

complicated functions occurring in this problem. In this paper, however, we employ 

the new “discrete Hardy-Littlewood method” for the estimation of exponential sums 

(due to Bombieri, Twaniec, Mozzochi, Huxley and Watt) to establish the following 

even slight ly sharper result . 



THEOREM. 

R(N) = O(N 127/560-e 
1 

and any 

2. 

E: > 0. 

Auxiliary results 

During the entire article Landau% 0-symbol and Vinogradoff's <<-notation 

are used (a11 constants involved are absolute ones). The symbol A G B is equiva- 

lent to A << B << A. As usual, e(t) abbreviates 2'it e and $(t) := t - Et]- 1/2. 

LEMMA 1 (Van der Corput, CU], p. 65). Lt& g(x) be a mat &.mc;tian wtih 

cutiinuuti dtiuaLi.vti up ka Zhe hhd attdm; g’!(x) < 0, m2 << /g"(x) 1 << m2 and 

g (3) (x) -=m 3 on Ca,bl. 7h~ 

c e(g(x)) = e(-ll8) c lP(x(u)) P2 eMxW> - u x(u)> 
a<x<b a<u<f3 

-1/2 
+ O(m2 1 + O(Cb-a39 1'5m~'5) + O(log(2 + (b-a)m2)), 

whem X(U) (Batr htwmt U) ti d&ned by g’(x(u)) = U, a := g'(b) and 

B := g'(a). 

The following result is an easy consequence (derived in c91) of Huxley's 

and Watt% deep estimation in c31, c41. 

LEMMA 2. kt c E IN, Mz 1 and Tzl tL&pahamtiW, F a tteal &nc- 

Lion Uix tAna cu~uuti~y di&$emntiub& un CM/2, 2' Ml, uXih6yhzg in Xkin /iM/tm- 

V& [F(r) 1 % MrT 604 r = 4,5,6 . SUppUhe hl.f M << T 4'15. Then @tr any tLec& 

M' E CM, 2' Ml and any E > 0, 

c e(F(u)) = O(M 116/139 T9/278tc 
1 + w  

1091/1668 T32/417tE: 
1 . 

MiulM' 

LEMMA 3. f.eX Xhe tteat @wCLun f be cunthzuuu&y d~&mntiab.te un Ca,bl 

wkth monuhze dtivtiv e f' < 0. Then 



c Nf(X>) = c 
a<sb f(b)<y<f(a) 

PROOF. We Count the number A of lattice points inside the domain D := {(~,y) 1 

a<x<b, f(b) < y I f(x)) in two different ways. Using Euler's summation for- 

mula a short calculation shows that 

A= a<Lb tCf(x)l - [f(b)l} 

= area - a<X,b $J(f(x)) - (" f'wwd dx + rCl(a>(fW - f(b)) 
- a 

t $(f(b))(b-a) + O(1). 

Interchanging f and f -1 (i.e., a with f(b) and b with f(a)) this reads 

A= c {&(y)1 - Cal) 
f(b)<yif(a) 

f(a) 
= area - c w1 (Y1 > - (f-5 ' (YMY) dY 

f(b)<y<f(a) f(b) 

t $(f(b))(b-a) t $(a)(f(a) - f(b)) + O(1). 

Now f' has been assumed to be monotone, hence the second mean value theorem cari 

be applied to estimate the first integral by max{ (fl(a)I, If'(b) 1) and the second 

one by max{l/lfl(a)[, l/[ff(b)[). Comparing both results completes the proof of 

the lemma. 

3. Proof of our theorem 

J, Lambek and L. Moser C51 reduced the problem of calculating p (NI to 

that of counting the number L(N) of lattice points inside the planar domain 

P := i: (~,y) 1 x y(x2-y2) < N, 0 < y < xl (N E R+) . 

They established the relation 

(2) P(N) = 1 (-l)kL'(N 4-k), 
kz0 

where L'(N) is the number of primitive lattice points in 0. TO estimate L(N), I ' 
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we use an asymptotic result of Duttlinger and Schwarz (I:l], pp. 369-370): 

(3) L(N) = d N1’2 - dt N1j3 - F1 -t O(N 2/15 ), 

with 

Here the abbreviations 

d= (4m)-lr2(l/4) IN' = VTfN 

d' = [~;(1/3)1(1 t 2-1'3) IN'* = fiN - fi/2 

Y= fi sin(n/8)N 1/4 

have been used. For OayiY the function 5 (Y) is uniquely defined by 

(5) c3y - cy3 - N = 0. 

By Cardano% formula, 

c(y) = ($ t fi)1'3 + ($ - fi)1'3, D = #2 - $ y6, 

in particular, c(y) > y and Ç(Y) = (fi + 1)Y. It remains to estimate sums of the 

form 

S .- 
a,b l  - c 

Y<Y 
QC$ Ç(Y) +- w  = 1 $V(t)) 

WY 
y+lN-ab) tdN 

where Y' := Y/a t b, f(t) := (at-ab)/a t b and (a,b) is one of the pairs um 9 

CE 0) or (fi, 1/2). Introducing a constant a E (0,l) (which Will be fixed 

later on) we split Sa b into two parts: 
9 

(6) S a,b = z: W(t)) + 1 W(t)> 
WcyY aY'St<Y' 

=: s1 t s2. 

Applying the inequalities of Erd&/Turan and Koksma (cf. C21, p. 104 and 

p. 107) to the sequence f(t) 9 t E IN, t < aY', and the function JI , we obtain 

H1 s1 << Y H-l t 1 
h=l 

h Iswl, 



where H = EN 13/152] (h < H throughout the sequel) and 

S(h) := c e-h f(t))* 
t<aY' 

TO estimate S(h), the summation interval Cl,aY*) is divided into J subintervals 
. 

of the form Ct t j' j+l ), with t := 1, t. := U 2' 
0 J 

for j := 1 ,...,J-1 and 

tJ := aY' (2tJ,1 < aY' 5 4tJ,l, u > 1 is a free real parameter). The first par- 

tial sum (j = 0) is trivially estimated by U and for j 2 1 we use Lemma 1 to 

transform each of the sums. Implicit differentiation of (5) leads to 

C'(y) = -2(22-3)(3z2-1)-1 

(8) E?'(Y) = 12zy-1(z2+1)2(z2-l)(3z2-l)-3 

5"'(Y) = -12zy -2 (z 4 A)(212 6 -492 4 t63z 2 =+5)(3~~-1)-~, 

where z = z(y) = c(y)/y > 1 and z*(y) = -4~y-~(z~-1)(3z~-l)~~ < 0. Therefore 

z (Y) is a monotone decreasing function with z(y) 2 z(Y) = le- + 1. From the expli- 

cit representation of 5 we get 

(91 c(y) s N1’3y-1/3 and z(y) % N1’3y-4’3. 

Hence the assurnptions of Lemma 1 are verified with 

g(t) := -h f(t) = - i c(at-ab) - hb, 

m2 
:= h N1/3t-7/3 

j  

.= 9 m3- h N1/3t-10/3 
j ' 

and we obtain 

(10) 

c e(-h f(t)) = e(-1/8) 1 Ig"lt(u)l I 
-1/2 

euYu)l 

Yatj+l 
<I&l Ujtl j 

+ O((h N l/3)-l/2t7/6 
j > -+ O((h N W) mt W5) 

j 

-t O(log N) 

with U. := -h f'(tj), 
3 t O-0 := y(u)/a + b, F(u) := g(t(u)) - ut(u). The function 

y(u) is defined by ~?(Y(U)) = -u/h. 



We want to estimate this new exponential sum by the method of exponent 

pairs; for this purpose we need a somewhat closer analysis of the functions involved. 

By the explicit formula for c(y) and the above definition, it follows that 

WI g(t) = -hb - ha -4'3(t-b)-1'3Nl'3G(a(t-b)N-l'4), 

where the function G is analytic near and G(O) + 0. By Leibniz% rule, for 

kz 1, 

w  g =-a (t> -4'3C(0)Ckh(t-b)-1'3-k N1'3(1 t 0( (t-b)N-l’!)) 

(12) 
- - a -4/3G(0)ckh N1/3t-1/3-k(l + O(l)) 9 

for t -1 and tN -1/4 small; here 
k-l 1 

ck = mvo (- 3 - m). From this we readily ver- 

ify that our function g(t) satisfies condition (3) in ClOl, p. 214 (with 

s = 4/3), provided that the constant a in (6) is sufficiently small and U is 

sufficiently large (since, in this context, u 52 t 5 aY'). By Lemma 4 in ClOl, the 

same is true for F(u), with cl = 3/4. 

Recently Huxley and Watt C4l have proved that, for any &’ > 0, 

(9/56 t E' , 37/56 t E') is an exponent pair. Applying the lrA-stepll twice, we get 

the exponent pair (9/278 t E, 241/278 t E), E > 0. From this we infer for any 

FI ’ E (u. u-1 
Jfl' J 

(recalling that u- L? u. 
7 J+l 

- h z s h N1'3tj4'3) that 

(13) c e(F(u)) << (h N 1/3)241/278tEt-9371834 
j 

. 

uj+l <ul?d ' 

We apply summation by parts in (10) (noting that Ig"(tb)) l 
-1/2 has only O(1) 

maxima and minima and is of order O(h -1/2N-1/6t7/6 j ) for tj 2 t(U) 5 tjtl, j 2 1) 

to infer that 

c e(-h(f(t)) << (h N ) 1/3 51/139tEt6/139 
j 

t (h N 1/3)-l/Zt7/6 

? 7 +l 
j 

t (h N 1/3)2+2/15 
i . 

Recalling, that 
Ctj > is a geometric sequence with U < t. << N w  

J 
, we arrive at 

J-l 
S(h) = 1 c e(-h f(t)) << U t h 51/139tcN37/278tc t ,h NWj2/5u-W5 L . 

j =0 tj <t<t I 
J+l 
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The choice U := h 6/17N2/17 and H := [N13/ls2 1 together with (7) finally yields 

and (with a new 

S(h) << h 51/139+CN37/278+6 

E: > 0) 

(14) s1 
<< p/152t& . 

TO estimate S2 we first use Lemma 3 to transform the +sum (note, that 

1 << f'(Y') < f'(aY') << 1): 

(15) s2 = A ;<B w-1cx)) + O(l). 
< - 

Here A := f(Y') - Y and B := f(aY') cz Y are of the same order Y? N w  . Like 

in (7), the inequalities of Erd'&/TurSin and Koksma are applied to get 

with 

S'(h) := c N-h f-1(w 9 
A<t<B 

and the exponential sum S(h) is transformed by Lemma 1. TO calculate the deriva- 

tives of f-'(t) = c-'(x(t))/a t b where x(t) := at - ab, we use the defining 

equation of c-l(x), which is, up to the sign of N, the same as that for c(y): 

(c-1)3x - (5-l)~~ t N = 0. 

Hence the derivatives of 5-l are of the form (8), if y is replaced by x and z 

by w  = w(x) = c-1(x)/x. The function w(x) is monotone decreasing with range 

(w(%w(s(y)lI = (0, fi - 11; furthermore (9) yields 

A4 -3 %Nx , -4 w(x) ? N x . 

With the definitions 

g(t) := -h f-'(t) 

m2 := h N-1/4, m3 := h N-lj2 
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A’ := -h(f-')'(A) N h, B' := -h(f-+(B) N h, 

Lemma 1 leads to 
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S’(h) = ef-1/8) c I g”WW I -1'2e(F(u)) + O(h-1/2N1'8) 
B'wsA 

+ O(h 2/SNl/10 
> . 

The function t(u) := x(u)/a t b is defined by (s-')*(x(u)) = -u/h and 

m := g(t(u)) - u t(u). Starting from 

e'(u) = -t(u) = -x(u)/a - b mi (5-1)11(x(~))~f(~) = -ML 

elementary calculations (which had been done by a computer program for symbolic com- 

putation) yield (for r= 4,5,6) 

^W F u ( > = (-l)rx(u)a -1(hw)1-r(3w2-l)r+1(w2tl)-3rt4(w2-l)-rt1P3r 6(w2)b 
r 

with 

‘,(‘) = 693x6 - 5082x 5 t 14259x 4 - 14476x3 t 6923x 2 t 518x + 45, 

p,(x) = 6237x' - 93555x 8 t 481572x 7 - 1114092x 6 t 1394582x' - 868378x4 

t 243124x 3 t 8708x 2 t 1589x + 117, 

52 (xl = 355509x 12 - 9006228x 11 t 75001626x 10 - 293761188x 9 + 651328587x 8 

- 860670888x 7 t 689351852x 6 - 308477288~' t 64183707x4 

- 437444x3 t 245210x2 t 31500x + 1989, 

b4 = 1/1728, b5 = 5120736, b6 = 5/248832, 

and w  = ~(X(U)). It is readily verified that 2 P,(w ) > 0 for r = 4,5,6 and 

0 5 2 w  2 3 - 2fl, hence 

[p(r) (u) 1 ‘-v N1’4h1-r, 

Lemma 2 is applicable with M := 2B* C-Y h, T := N1'4h and M' 5 A': 

c e@(u)) =CC h 241/278+EN9/l112tE + h1219/1668tEN8/417tE . 
B'<u<M' - - 



Applying summation by parts, we obtain 

S'(h) << h 51/139tsN37/278tc + h385/1668teN481/3336+& + h2/5Nl/lO 
. 

If we enter this into (16) and use I-l := [N l3/152 1, the estimate 

S 

2 
<< $5/15% 

follows. Combining this with (3), (4), (6) and (14) yields 

(18) UN) = d N1’2 _ d’ N113 + 0(N25/ls2 ‘). 

By the argument from C81, Theorem 1 (with a second main term), we thus infer that, 

if the Riemann hypotheses is true, 

L’ (NI = (d/c(2))N1'2 - (d'/<(4/3))N1'3 t O(N127'560+E). 

Now the theorem immediately follows from (2). 

CONCLUDING REMARK. Our result cari in fact be stated in a slightly more 

precise form, namely 

R(N) = O(N 127/560 
exp(c(log N) 

0.6393 
1) (c ' 0). 

This follows from the recently proved conditional bound for 1 p(n) due to H. 
n<x 

H. Maierand H. Montgomery C71, together with the observation that in Huxley's and 

Watt% estimates all E!S cari be replaced by logarithmic factors. 
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