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ON RENEWAL PROCESSES HAVING STABLE

INTER-RENEWAL INTERVALS AND STABLE REWARDS*
Joshua B. Lévy and Murad S.| Tagqu

Résumé

Mandelbrot, et plus tard Taqqu et Lévy, ont étudié des processus station-
naires de récompense et de renouvellement qui donnent lieu d& des processus auto-
similaires. Nous généralisons le mod&le en considérant d'une part des récompenses
qui appartiennent au domaine d'attraction d'une variable aléatoire stable d'indice

0 < B <2, et d'autre part, des temps de renouvellement qui appartiennent au domaine

IA

d'attraction d'une variable aléatoire stable d'indice 1 < o 2.

1. Introduction

This paper generalizes previous work of Mandelbrot [M] and Taqqu and Levy
[T-L] by examining stationary renewal processes with rewards that belong to D (B)
with 0 < B < 2, that is, which belong to the domain of attraction of a non-Gaussian
(strictly) stable distribution with index B. The inter-renewal times are assumed
to belong to P(a) with 1 < a < 2. The Gaussian case o = B = 2, which is omitted

here, has been studies in [T-L].

To each inter-renewal interval we associate a reward. This enables us to

define processes W = W(t) and V = V(t), indexed by t = 1,2,... as follows. On

Key words and phrases: Renewal processes, stable distributions, Lévy stable motionm,
self-similar processes.
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each inter-renewal interval, W(t) is constant and equal to the reward on that in-
terval. On the other hand, V(t) is 0 in the inter-renewal interval, but at the
renewal epoch at the end of the interval, V(t) assumes a value equal to the reward
times the length of the interval. Thus, sums of W(t) and V(t) on inter-renewal
intervals are equal. (This correspondence between W(t) and V(t) fails, however,

for the first inter-renewal interval. See Section 2 for more details.)

Consider now independent and identically distributed (i.i.d.) copies
Wm(t) and Vm(t), m=1,2,... of W(t) and V(t), respectively, and let Xm(t)
denote either Wm(t) or Vm(t). Our objective is to determine the limit
[Tyl M
L - ;ig KTTTﬁT'tEI mgl X (), 0<y=<l1,

T-00

where L - lim stands for convergence of the finite-dimensional distributions and
A(T,M) are suitable normalization constants. The precise nature of the limit de-

pends on whether

(i) B<a or o< B

W or X =V

(ii) X

(iii) T

¥
8

before M > o, or M > o before T =+ =,

For example (Theorem 1), under 1lim lim, the limiting process is the Lévy-stable mo-
Msoo Too0
tion with index p = min(a,B), whether X = W or X = V. The Lévy-stable motion is

a stable process with stationary independent increments.

In all cases the limit must be a self-similar process. A process A(y) is
self-similar with parameter H if the finite-dimensional distributionsof A(y) and
a_HA(y) are the same for all a > 0. For example, the Lévy-stable motion with

index p is self-similar with parameter 1/p.

The case a < B, X =W and 1lim lim is not treated here. In the case

T Moo
B = 2 the limit turned out to be gractional Brownian motion, a Gaussian process
s . . s . _ B-o+l _ 3-a
with stationary increments, self-similar with H = g -3 [T-L1. When B < 2,

the limit is a stable process of index B with stationary increments and also self-
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similar with H = B-g+l . However, the limit may not be the gractional Lévy motion,

as defined in [T] or [T-W]. The results concerning this case will appear elsewhere.

Section 2 contains the precise assumptions and definitions of the processes,

while the statements of the results are in Section 3. Proofs are in Section 4.

2. Assumptions and definitions

The basic ingredient is a stationary renewal-reward process with inter-
renewal intervals of length Uk’ k =1,2,... and corresponding rewards Wk,
k = 1,2,... Random variables U0 and W0 are also needed. The following assump-
tions on the sequences {Uk, k > 0} and {Wk, k = 0} will hold throughout the

paper:

(A.1) The sequence {Wk, k = 0} is i.i.d., and either Ewg <o (case B = 2)

or if 0 < B < 2, then

P(W, < -x) ~ c'x"Bg(x), P(W, > x) ~ c+x-8g(x) as x > o

- + - +
for some constants ¢ 20, ¢ 2 0, such that ¢ + ¢ > 0 and for some

slowly varying function g(x). Moreover,
if 1< B < 2, then EWo = 0;

if B =1, then Wo is symmetric.

(A.2) The sequence {Uk, k > 0} is i.i.d. and either EUg < » (case

QR
i

2)
or, if 1 < a < 2, then P{Uo > x} ~ x%(x) as x > o where h(x) is

"a slowly varying function. Let u = EUo'

(A.3) {Wk, k 2 0} and {Uk, k = 0} are independent.
REMARK. Assumption (A.1l) implies that W, is in the domain of attraction

of a stable random variable of index 0 < B < 2, that is, there exists a sequence

of constants An(B) such that

ne>

.1 ®
L - lim A (B) Iow
n>e k=1

A

k B”
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The limiting random variable is normal when B = 2. When 0 < B < 2, An(B) =

nl/BLg(n) where Lg is a slowly varying function satisfying for x % 0

lin L) " MBelBL my)[x]) = 1.
n-> g &

The stable random variable AB satisfies

B

P(AB < -x) ~cx ", P(AB > x) ~ ctxB

as x + o, and its distribution is totally characterized by B and the constants

of asymptoticity ¢~ and ¢’ (see for example [I-L1).
P

A similar remark holds for Uk with B8, Wk’ g, Lg replaced by a, Uk—u,

h, L, respectively and with ¢ =0, ¢ =1.

NOTATION. We shall write

L if B <a
(2.1 p = min(a,B), L =4{ 8

Pl if o> B.

h

To get a stationany renewal process, define the time So of the first re-
newal to be independent of {Uk, k > 0}, with
1
(2.2) P(S, = x) = S PU, > X)), x = 0,1,2,...,
and form the partial sums
k
S, =S + ] U, k =1,2,...

Then {Sk, k 2 0} is a stationary renewal process with first inter-renewal interval

S and subsequent inter-renewal intervals U,

° K k 2 1. Note that S0 does not

have the same distribution as Uo'

The processes W = {W(t), t > 1} and V = {V(t), t = 1} can now be defined

as follows:
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t
w(t) = J WIS, ; <ts<s

o Kk Kk k-1 K’
(2.3)

t U W, if t=S§

K"k K
V(t) = } YN IS, = t) =

k=0 0 if t#S,.

Here S_; = 0. Thus, ) W(t) and ) V(t) are both equal to
te(S, 1,5, ] te(S, 1,5, ]

Ukwk when k > 1. These sums are different when k = 0 because the first equals

S W while the second equals Uowo‘ This difference has important consequences.

Observe also that the tail probabilities of UoWo, are controlled by Wo

when B < o, and by Uo when o < B. For instance, as x - &,

B

0x—Bg(x) if B <a

I | (c” +cHEU
(2.4) PlUW | 2 x) =
oo E[wolax‘“h(x) if o < B.

Thus Ukwk e D(p) where p = min(a,B). See Proposition 4.1 below for more details.

REMARK. For simplification, we consider here a one-sided stationary re-
newal sequence {Sk, k > 0}. However, the results of this paper continue to hold if
{Sk, -» < k < @} is a two-sided stationary sequence and W(t) and V(t) are de-

fined as in [T-L] for t = ...,-1,0,1,...

3. Statement of the results

Let Wm(t) and Vm(t), m=1,2,... bei.i.d. copies of W(t) and V(t)
respectively and let Xm(t) denote either Wm(t) or Vm(t). We are interested in
the behavior of the cumulative sum process.

[Tyl M
xetym = I x (@, o0
t=1 m=1

IA
~<
A
ha

suitably normalized as T - ® and M + «,

The first result holds for o ¥+ B and for either X =W or X =V. It

max(wo,O) and Wo = -mln(WO,O), and
é"

involves 1lim lim . We use the notation W;
Moo T30

also Lp defined in (2.1). The notation " denotes equality of the finite
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dimensional distributions.
THEOREM 1. 1§ o #+ B8 and p = min(a,B), then if either X =W o X =V,

(3.1) L - lim lim 1

T k. X*(Ty,M) 2 U_l/pAp(Y), 0<y=<l1,
Myoo Tooo M T Lp (T)

where Ap(y) is a drigtless Lévy-stable motion: AL has stationary Aindependent in-

crements, satisfies Ap(O) = 0, and the random variable Ap = Ap(l) satisgies as

X > o
(3.2a) P, < ) ~ ¢ euhyx®, P(, > x) ~ c*(EUE)x“B if p =B,
(3.2b) P, < x) ~ E(w;)“x’“, P, 2 x) ~ E(Wz)ax_a if p = a.

To see why A (y) appears as a limit under 1lim lim , we consider first
p Moo Tooo
the single process (e.g. M= 1) X*(T) = X*(T,1), and we define the number of re-

newals in the closed interval [0,T] by

K(T) = # of integers k = 0 satisfying Sk <T

1+ sup{0 < k < [T]: S, < T} if S, < T
(3.3) =
0 if § > T
o

S, . Sg(ry-1 T Sk (1)

\'A A4 1 AV

A AN T )

Now for large values of T, X*(T) for X =W or X =V behaves asymptotically
K(T)

like } UW & u_l/oU W,, since lim K(T) . u (with probability one). But
L Uiy Kk T
k=1 Toe
Uy € D) (see (2.4)). Consequently, L - lim T /P (1) 7hxe(r) 2 wor o

To0

M
the other hand, taking the sum J Aém) of M i.i.d. copies {Aém), 1<m<M
m=1

of Ap yields a stable distribution Ml/pAp so that the conclusion under the se-

cond limit, 1im , is obvious.
Moo

The next result states that the same limit is obtained as in Theorem 1 un-

der 1lim lim , but only if B < a.
T Moo
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THEOREM 2. I§ B < a, then for eithen X =W or X =1V

(3.4) L - lim lim ——p ——rl

Tow Moo TL/B /B

x=(ry,m & u o)
L, ()

where AB(y) 44 the Lévy-astable motion of Theorem 1 with p = B.

REMARK. We prove here only the case X = V. The proof for X = W will

appear elsewhere.

To understand (3.4), observe that the process arising from the first limit,
Zy ) 21 - 1im MYBL ) "Ix*(Ty,M), must have probability tails that imitate
X,T Moo g

those of X*(Ty), in that for each T, as x »> «,
P(lzy ] 2 %) ~ 4 2x T e POXean)| 2 00 ~ 4y 0x Px).

When X = V, the process ZV T(y), 0 <y <1, has independent increments while the
process Zw T(y), 0 <y <1, has stationary non-independent increments. In either
3
case, we shall see that dX T(y) ~ ddTy as T » o for some do > 0, irrespective
3

of whether X =W or X =V.

The case o < B yields a result different from that of Theorem 2 and, in

fact, we must distinguish between the case X =W and X = V. The result for

THEOREM 3. 1§ o < B and X =V then

. R 1 A
(3.5) L - 1lim lim o o V*(Ty,M) = Aa,+(Y)’ 0<y<1,

Toe Moo M/ VL, (M)
whene Aa L0 =0, and for y % 0, Aa L) 48 a constant process equal to a

Atable nandom variable Aa . that satisfies

(3.6) P(A(x,+ < -x) ~ (l—u-l)E(W;)o‘x‘a, p(Au’+ 2 x) ~ (1-u’1)E(w;)°‘x‘a

as x > ®,

REMARK. When o < B and X = W, the corresponding version of (3.5) yields

a stable process of index B with stationary increments but having self-similarity
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parameter H = 8_%+1 . The character of the finite-dimensional distributions are

still being explored and will appear in future work. -

4. Proofs of Theorems 1, 2 (X =V) and 3

We will use the following symbolic notation. For any non-zero a € R, let

+ if a> 0 - if a > 0 .
o(a) = , -0(a) =
- if a <0 + if a < 0.

Thus, for example, if a > O,

W@ 2wtz maxcom,  I@ =t

1

wo@) _ oy = -min(0,W), 0@ - -,

In section 3, we indicated that the tail probabilities of Uowo are con-
trolled by Wo when B < o and by Uo when o < B. The following proposition

gives the precise asymptotic behavior of the tails.

PROPOSITION 4.1. Let Uo >0, Wo, ¢t oand ¢ be defined as in Section 2.
Then as x » « :

(i) 46 B<a

P(aU W, < -x) ~ Ia!“c'g(a)Evgx'sg(X),

P(aU W, = x) ~ la[aco(a)Eng_Bg(x).

(1i) 44 a < B

14

P(alU ¥ < -x) 1a|“E(w;°(a))“x'“h(x),

g(a)

o_-0.
o )7x “h(x).

|a|%EW

3

P(aU W, = X)

PROOF. We only consider the case (ii) and P{anwo < -x}. Let Fw be the dis-
0

v

tribution of Wo. If a> 0, then by (A.3) and Uo 0,
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400
f P(anw < -x)dFo(w)

~00

P{anwo < -x}

0
[ ) P(U, 2 ET’__‘W)dpwo(w)

0
~ x %h(x)a”* f

(-w)dF, ()
0

-o(a). o

x*hx) | a| “E (W )

If a< 0,

P(aU W, < -x) f P(U, 2 Tjgjaadpwo(w)

0

2

x*h(x) (-a)*EWH®

-o(a)
o

x*hx) | al *EwW . 0

Let 6 = (61,...,6n) and y = (yl,...,yn), 0=y < Y1 < ... <

and set T0 =0, Tj = [Tij for j =1,...,n.

Theorem 1 is a consequence of the following lemma.

LEMMA 4.1. Under the conditions of Theorem 1,

. 1 A -1/p
L - 1im X*(Ty) = ¢ A ().
Tooo Tl;pr(T) P

103

PROOF. For any real number O < S < T, define the number of renewals in the half-

open interval (S,T] by

K([0,T1/[0,81) if S % 0

K(S,T]
K(T) if S =0,

where K(T) = K[0,T] as defined by relation (3.3) and where A/B denotes the set

difference A N B. Then
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T.1 = 0)
K(T.)-1

j- 1T J

(4.12)  WH(Ty) - WH(T; ) = (T; - Tj_l)wK(Tj_ LT,

+

+ [ (S - T, W
K(T; ) 7 -1 ekt o1 Uk

+oTy - SK(Tj)_l)WK(Tj)]I(K(Tj_l,Tj] 2 1),
K(T.)-1
(4.1b) V*(T)) - V(T ) = UMGI(T; g < S € T5) + UK KT, ;T3] 2 1),
k=K(T; ;)

In eith case X =W o X =V, we writ X*(T.) - X*(T. = A, .(T) + B, .(T),
er T we write ( J) ( J-l) X,J( ) X,J( )
with AX j(T) being the term with the sum on the right side of (4.la) and (4.1b)
E
respectively. We will show that there exist i.i.d. copies {AéJ), 1<j<n} of

Ap such that

@.2) L -1 TP m ol oo, m=w 1] epo, -y ptoad,
j=1 i=j J j=1 i=j J
. -1/p -1
(4.3) L-1im T L (T) "B, .(T) =
Tooo o (T "By 5
Combining (4.2) and (4.3) would then lead to
L - 1im TP, (17! E ( E 8)IX*(T,) - X*(T, )]
T R R J J

-1/0 ¥ ¥ ) 1/0, (i)
u jgl (igj 8005 - ;) AT,

and thus complete the proof of the lemma.

We first verify (4.2) when X = W. Since K(Tj) ~ K(Tyj) ~ u_lTyj, the

joint limiting distribution of

K(T%)-l
A, .(T) = I(K(T; ,,T;) 2 1)
X,J [sz(Tj-l)” KV J j-1"7j

is identical to that of

[u'lTyj]
{ z ]I(K(TJ T332 1.

_ry, -1
k=[u Tyj_1]+1
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P(K(T; ;,T;1 2 1) > 1 yields I(K(T; ;,T;3>1)>1 as T~ = with probability

j-1° 10T

one and, therefore, the joint distribution of AX j(T) is identical to that of
s’
[u-lTyj]
(4.4) A;(T) = l U W -

4 k'k
k=[u Tyj _l]+1

Using Proposition 4.1 and the notation (2.1), we get

(4.5) L - lim T'l/oLb(T)‘lAj(T) - u’l/p(yj - y._l)l/pA(J),
T J p
where the A;EJ)’ j =1,2,... are distributed as Ap in (3.2). They are also in-

dependent because the summation in (4.4) is over disjoint intervals. A similar ar-

gument holds when X = V.
Regarding (4.3), we note that when X = W,

B, .(T) = (T

"y i - Tj—l)wK(Tj_ JUK(T; 1,153 = 0) + [(S

ST, W
K(T;_ ) 7 3-10K(Ty)

+ (T - SK(Tj)-l)WK(T YUK, .77 2 1)

(T) + B (T) + B (T)

P - lim T_l/pr (T) _IBJ. 1(T) = 0 (convergence in probability) follows from
T ’

Chebychev's inequality. Indeed, let <Yy < p. Then

7Y

O N e A I e W R AR BIREL T L ICTCNIE S

j- 1T j

B-ot+1,r(1-1/o)y+1-o¢

~ x-YEIWOIYU_l(OL-l)_l()’j s -1 LC;Y(T)

as T » », since E|W

1

K(T)IY E[w |7, and, by (2.2)

P (K(T. l1-a

T.1=0)=P(S, > T, - T, )~ u'l(a-l)‘lch - T

-1’73 o j i- j—l)

But p = min(a,B), o > 1, and Y <p yield (1 - 51-)Y +1 -a < 0, so that we get

the desired result.

In addition, with probability one,
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IA

U T.121)

B, + 185 5™ Knjdﬂwug_ﬂl”K“rl’J

+ U [TCR(T; 1,750 2 1, K(Ty,) 2 1)

K(Tj)[WK(T ) i-1°T5

<U )[ +U

[w [w I
K(T; 1) K(TS ) K(T;)' K (T5)

so that these terms, multiplied by T-l/plb(T), tend to zero in probability. Hence

(4.3) holds for X = W, and similarly it holds for X = V. [
PROOF of Theorem 1. Follows immediately from Lemma 1. [

To prove Theorem 2 (case X = V) and Theorem 3, we need first to charac-

terize the limiting process

1

A (y) = L - 1lim ————— V*(Ty,M), 0<sy=<1l,
v.T Moo Ml/oLp(M)
for each T = 1,2,...
LEMMA 4.2 (X = V). Forn each T = 1,2,... .
. 1 A
L - lim —————— V*(Ty,M) = V T(y)

Moo Ml/oLo(M)

where Zy s, O0sys1, isa stable process with independent non-stationary in-
crements, satisfying as x > o«
(i) when p =8 (B<a),

n n -o(I%_. 8.)
(4.6) P( Z 8,2y ¢(¥) £ )~ J | ] eiIBc =)l {EUBP(T._l <S5, < Ty
j= =1 i ° ’
K(T.)-1
3 -8
+ E[ ) I(Ka' 10731 2 lﬂ}x ;
k=K(T; ;) 31773

P( Z 0. zv T(y ) 2 x) satisfies the same expression with -o neplaced by o.
j= .

(ii) when p = o (a < B),

n

noon o[-0l 8)° .
(4.7 P( Z 8,2y p¥;) € X) ~ [ P11 e %W P(T, ; <8, < T.)]x ;
j=1 ’ =1 =] ° e

with the other tail satisfying the same expression with -o neplaced by o.
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PROOF. Using (4.1b), we write

. . K(T;)-1
OV () = T (] 8IUMI(T, | < S < T,) + IK(Ty ;750 > DI
L0 s L 1§J o Tk ) R )

(i) B < a. Here W_ controls the tail behavior of Uowo' Conditioning

on all of the Uk's, using the independence of the Wk's, letting x > », and final-

ly unconditioning yield, as in Proposition 4.1,

n -0 ( ?_. 0.)
P(Z B;V*(T;) < -x) ~{E|A|B "’(A)EUB + 2 | ) ei[Bc Lij
j=1 j=1 i=j
K(T;)-1
| D S 3 £ S T 1)]}x'5g(x)
k=K(T; ) 317
n
where A= J Z 0;)I(T;_; < S, < T;). Since
j=1 l-J
n
B -o(m) _ 1 FURIY s s
E[A[Fc = jzl |1§J 8;l%c P(Ty_p < S5 = T5),

we obtain (4.6). The right probability tail satisfies the same expression with -o

replaced by o.

(ii) o < B. U0 controls the tail behavior of Uowo’ but Wk controls

that of Ukwk when K(T._l) < k < K(T ) -1 and K(TJ 1° J] 2 1 because then Uk

is bounded by T , hence by T. Thus, using Proposition 4.1, as x + o

n Z“_. 9.))%
P( Z 8,V (T;) < -x) ~ ]:Z | Z o,1%Ejw, ) VP, <8 < T.)]x—ah(x)
j=1 j=1  i=j e

_O(zgzj ei)

+
e~
—

n
I.Z_ ei|B°
1=)

K(T;)-1
. E[ y uﬁI(K(Tj_l,Tj) > 1| xBex)
k=K(T; )

n

noon -0y 8)))° -
~ [jzl |i§j 0;1°E W P(T; ;) < S, < Tj)]x %h(x),

thereby verifying (4.6). The same expression holds for the right probability tail

with o replacing -o.
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Relations (4.6) and (4.7) show that in both cases (i) and (ii) the process

Zv T(y) is a stable process with independent increments. []
s’

To prove Theorem 2 (X = V) and Theorem 3, we must establish the exact

growth rate of the right side of (4.6) and (4.7) as T » =,

PROOF of Theorem 2. When B <o and X = V, the firét term on the right side of

(4.6) satisfies
n n -o(J5_; 6.) n -o(J3., ©
s |7 p,[Fc V1 EUSP(Tj_l <S, <1 ~ | ] o,fc 1
j=1 1i=j i=1

:)
i B -1
EUo(l-u )

as T » o, because 1lim P(T0 < S0 < Tl) = P(So >0) =1 - u-l (see (2.2)) while

T

IA

lim P(Tj_1 < So < Tj) =0 for 2 <j <n.

T

The second term on the right side of (4.6) is estimated as follows. For

fixed j,
K(T,)-1
8
E UL T(K(T, ,,T.1 2 1ﬂ
- k -1
k=K(T;_;)
CE T B
: E[kgo U KTy ) < k< K(Ty) - 1, K(T; 1,751 2 1]
(4.9) B WBIr. <8, <T.)]
k=0 k-1 k j

"

EL J UI(S, <T)] -ElJ UI(S, <T, ,)I.
Koo K kT Ko KUk T -1

By Lemma 4.3 below, this is asymptotically proportional to
(4.10) wleby. -y o1

' o5 7 Y51
as T » o, dwarfing (4.8).

Lemma 4.2 provided the limit as M + ». The above computation shows that

18

if, in addition, one normalizes by T and lets T » o, then one obtains the Lévy

stable process uhl/BAB(y). This establishes Theorem 2 in the case X = V. [
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LEMMA 4.3, T4 B <o, then as T » o

(4.11) B ] i, < 1~ e,
k=0
PROOF. Let A(T) = EL J Uﬁl(sk < T)1. Then
k=0
-] T B T B )
A = § ) x P(U = x, § <T) = 1 x P(U = x) ) P(S_1 < T-x)
k=0 x=1 x=1 k=1

where we used the relation {Uk =X, § < T} = {Uk =% 8 1 <T- x} and the in-

dependence of Uk and Sk' Now,

0o 0
P(S, ; <T-x = ] PKT -x) 2k = EK(T - x) = n" (T - x),
k=1 k=1
since {Sk, k = 0,1,...} is stationary ([R], Thm 3.15(i), p. 48). Thus,
T T
(4.12) NG IR SIS JOREES IR IR e JUREESE
x=1 x=1

The first term is asymptotic to u_l(EUO)T as T > Since P(U = x) ~ ax_a_lh(x)

as x » o, the second term satisfies, as T » «,

T gt it Bt <w
-1 R+1 o o
u Z X P(Uo = Xx) ~ -1 J1.8-a+l 8+1
x=1 v a(B-0t+l) T h(T) if EU0 = ®

and hence is o(T) because B < a. It is negligible compared to the first term. O

PROOF of Theorem 3. Here o < B and X = V. In this case, relation (4.7) of Lemma

4.2 characterizes the limit as M~ «, To get the limit as T -+ «, note that

lim P(T, , <S <T.) =0 for j =2,...,n but, if j =1, 1imP(T, , <S_<T.
o (Tj.1 <85 < T3 roj n but, if j Tiﬂ (T30 <S5 = T3
=P(S, > 0) =1-u"l. Thus, as T >,
n n
n n -o(}._. 6.))® n -o(f;_, 0.)]% )
TOIT e %w P e, <s <1y~ T 6. %W T Yo uh.
j21  i=j i o j-1 o J j=1 & (]

The limiting process Aa +(y) is thus constant for y # 0 and equal to the stable

>

random variable characterized by (3.6). At y = 0, we have Aa +(O) = 0 because

1

V*(0) = 0. 0O
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