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THE ABC's OF CLASSICAL ENUMERATION 
Don Rawlingsl 

Résumé 

En utilisant la décomposition des permutations en “arbres binaires crois- 

santsI’, on établit une formule de récurrence qui donne des généralisations et plu- 

sieurs q-analogues des polyn8mes eulériens, des nombres d’Euler, des nombres de 

Catalan, des polynômes de Stirling de première et de deuxième espèces, des polynômes 

d’tlermite, des polynômes de Bell, etc. Dans plusieurs cas, les séries génératrices 

des q-analogues obtenus peuvent être exprimées sous forme de produits infinis. 

Abstract 

Using the “arbres binaires croissants’l permutation decomposition, a rela- 

tively simple recurrence relationship is derived that provides refinements, genera- 

lizations, and several q-analogs of the Eulerian polynomials, the Euler numbers, 

the Catrlan numbers, the Stirling polynomials of both the first and second kinds, the 

Ilermite polynomials, the Bell polynomials, and others. In several cases, the gener- 

ating functions for the q-analogs may be expressed in the form of infinite products. 

1. Introduction 

The similarity in form of the following recurrence relationships, which 

respectively define (n+l) !, the Eulerian polynomials, the Catalan numbers, and the 
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Stirling polynomials of the first and second kinds, 

n 

+l+l = 7 (?)L L 
k;. E k n-k' 'o Iz 

1 

A n+l(t)= An(t) + t ; (n)A (t)An_k(t), 
kzl ' ' 

Ao := 1 

C n+l = kio 'kcn_k9 co '= ' 

S n+l(Y) = Y ; (;)(n-k)!sk(y)> 
k=O 

SO(Y) := 1 

s ntl(Y) = Y ; (n)?(Y)P 
kz0 ' ' 

SO(Y) := 1 

lies in the fact that essentiaïly the same counting argument may be used in deriving 

each one of them. The argument is elementary and is based on the "arbre binaire 

croissant" permutation decomposition, henceforth referred to as the ABC decomposi- 

tion, which may be described as follows: 

A permutation u of 

o = olcf*...cln and the symbol 

City, L[n] will signify the 

For u e LCCI where 

be the unique index such that 

let 

a set D of n integers Will be written as a list 

LCD] \Cil1 denote the set of such lists. For simpli- 

set of lists of {1,2,...,nI. 

C is a non-empty set of (ntl) intcgers, lct (ktl) 

'k+l 
is equal to the minimum element in C. Further, 

Cl.21 Cal A := $,u2,...,ok} 

(b) B := {u kt2yukt3'...'unt11' 

Then, the ABC decomposition of u < LFC] is defined to be the unique factorization 

of u into the sublists indicated by 

(1.3) u = omf3 

where 
o := ul"2S** 

uk e L[AI, m := minimum element of C, and 



Dvn Radingb 209 

6 := u k+2uk+3.. .un+l l L[B]. 

The reason for referring to (1.3) as the ABC decomposition becomes clear if 

one views u = czrn6 geometrically as follows: 

(1.4) 

Iteration of (1.4) will produce a unique rooted binary planar tree in which each 

vertex has a different label from the set C, such that the labels appear in increa- 

sing order as one moves up and away from the root. This unique tree is the so-called 

“arbre binaire croissant” associated to u as described by Foata and Schfftzenberger 

[131. For example, the ABC corresponding to 

(1.5) u = 26147385 e L[81 

is the following one: 

(1.6) 

Note that, given any ABC, the corresponding permutation may be recovered by project- 

ing the labels of the vertices onto a horizontal axis in such a way that the left 

(respectively right) subtree above a vertex h falls to the left (resp. right) of h. 
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The essential counting argument underlying the relationships listed in (1.1) 

is exemplified by the derivation of recurrence (l.la) which goes as follows: First, 

observe that (1.3) may be viewed as a bijection from LCCI to the set of 4-tuples 

(1.7) ; {(A,~;o,b): lA[ = k, A t B = C\{m], cx c L[AI, B E L[B11 
k=O 

where [A[ denotes the cardinality of the set A and A + B signifies the disjoint 

union of A and B. Also, note that 1 LCD1 1 depends only on the cardinality of 

D. In fact, 

(1.8) 

iL[D]i = n! if [Dl = n. Then, if we let 

the fol lowing calcu lation based on 

(1.9) L ntl = 1 1 
ueLCC1 

‘n 
:= lLCnl[, 

(1.3) and (1.7) 

establishes the fact that the recurrence for (ntl) ! is indeed (l.la). As Will be- 

corne apparent later, to obtain the remaining recurrences of (1. l), one merely places 

various restrictions and weights on u and then uses the same decomposition. 

While it is interesting that the simple argument in (1.9) may be modified 

and exploited in several settings, the remarkable fact is that the ABC decomposition 

may be used to derive a single recurrence which contains a11 of the relationships 

listed in (1.1). In fact, in addition to containing a11 of (l.l), the “master” re- 

currence (3.3) given in Theorem (3.1) of $3 provides refinements, generalizations, 

and several q-analogs of a multitude of other recurrences pertaining to partitions 

of sets and to the descent set, the inversion set, the pattern sets, and the cycle 

type of permutations (see $2 for a11 definitions). Surprisingly, the proof of Theo- 

rem (3.1) is not significantly more difficult than the one given for (1. la) : One 

begins by observing that certain permutation stati.stics are compatible with the ABC 

decomposition and then just follows them through (1.9). 



The agenda for this paper is as follows: After providing the necessary 

background in $2 and proving the master recurrence in $3, a variety of corollaries 

to Theorem (3.1) Will be discussed in sections 4 through 9. 

8ection 4 is devoted to the presentation of some of the generalized Catalan 

numbers considered by Carlitz and Riordan [SI and by Fllrlinger and Hofbauer Ll81. 

In section 5, examples concerning the descent set of a permutation are 

given. In particular, the (p,r)-Eulerian polynomials of Gesse1 CZOI and the p- 

Euler numbers found in [15, 201 are considered. 

In sections 6 through 8, we present a number of recurrences which pertain 

to what at this point are best described as “left-to-right” and ‘Vight-to-left” 

cycle type results on permutations. Among the many recurrences of these sections, 

one Will find Gould’s [22] p-Stirling numbers of the first type, the p-analog of 

the number of derangements given in [321, both of the q-Hermite polynomials of 

Cigler [SI, a q-analog of the double Stirling numbers considered by Carlitz and 

Scoville [7], and others. Interestingly, the “left-to-right” and “right-to-left” 

cycle types lead to two classes of infinite products that are, in a sense that will 

become clear, complementary. 

In the final section, results concerning “left-to-right” and “right-to- 

left” partitions of a set C are considered. Recurrence relationships are given 

for new analogs of the Stirling numbers of the second kind and of the Bell poly- 

nomials. 

A few remarks are in order at this point: 

REMARK 1. In selecting and specializing the parameters in the master re- 

currence to obtain the corollaries of sections 4 through 9, it should be noted that 

one is at the same time choosing and placing weights on a class of increasing rooted 

binary trees. Only in some cases will the particular class of ABC’s be described. 
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REMARK 2. The approach used in this paper provides a common combinatorial 

setting for many classic q-analogs that have previously been studied in a variety 

of contexts. 

REMARK 3. The ABC decomposition is certainly one of the most basic in com- 

binatorics and has been used by a number of mathematic ians to generate various re- 

finements of the Eulerian numbers. Although it would be difficult to give a complete 

set of references, the influence on the present paper by the works of Foata and 

Schlltzenberger [12, 131, Françon [16, 171, Viennot [17, 351, and, in particular, by 

the work [41 of Bergeron and Reutenauer, should be acknowledged. In fact, the gene- 

ration of several refinements of the Eulerian numbers in C41 provided the direct 

stimulus for this paper. 

L’ = L2. 

L’(x) = L2(x) 

REMARK 4. Rather than working with recurrences, the modem school of com- 

binatorics [23, 24, 26, 28, 29, 301 derives a functional or differential equation 

for the generating series directly from the decomposition being considered. For 

instance, using the language of UQAM [24, 29, 301, if L denotes the species of 

lists on linearly ordered sets, then decomposition (1.3) may be written in the com- 

pact for-m 

(1.10) 

Furthermore, if 

(1.11) L(x) := 1 Lnxn/n! 
n>O 

denotes the exponential generating series of the species L, then (1.10) implies im- 

mediately that 

(1.12) 

which is equivalent to (1. la). 

Certainly, this derivation of (1.12) is much clearer and more direct than 

the one given in (1.9) of (l.la). However, it is not clear to what extent the 



generality of Theorem (3.1) cari be lifted to the level of generating series, and, 

for this reason, the focus of this paper will be on recurrences. A starting point 

for such a lifting perhaps lies in the theory of non-commutative generating functions 

as developed by Longtin [311 in the study of descent set problems. 

2. Preliminary definitions and facts 

Throughout this section, D will be an n element set of integers. The 

notions of descent set, “cycle” type, and three letter patterns are defined as fol- 

lows: The set of descents and the number of descents of a permutation o e L[Dl 

are respectively defined to be 

Des(u) := {i: ui > oi+l, 0 < i < n} 

and 

des(u) := iDes(u) 1. 

As an example, for u in (1.5), note that Des(u) = 

later use, observe that for u l LCCI as factorized 

(2.1) (a) Des(u) = {itl: i c Des(b)) if k 

{2,5,7} and des(u) = 3. For 

in (1.3) we have 

= 0 

PI Des(u) = {k} U Des(o) U {itktl: i c Des(b)} if 0 < k 5 n. 

Because of a certain incompatibility with the ABC decomposition, the notion 

of a cycle in a permutation Will be replaced by the enumeratively equivalent notion 

of a left-to-right (or right-to-left) minimum component E321, which is compatible 

with (1.3) : An integer uj in the list u c L[Dl is said to be a left-to-right 

(respectively right-to-left) minimum if ui 3 uj for 1 5 i < j (resp. uj c u. 
1 

for j < 1 Sn). In the terminology of C71, a left-to-right minimum would be refer- 

red to as a left lower record. In terms of the associated ABC, the left-to-right 

(resp. right-to-left) minimums of u correspond to the labels of the vertices on 

the extreme left (resp. right) branch. For instance, in (1.6) the left-to-right 

minimums of u are {1,2} and the right-to-left minimums are 11,3,51. 

The unique factorization of u l L[Dl as 
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(2.2) u = wlw*...wj 

where each sublist K. 
1' 

1 < i < j, begins with and 

minimum is referred to as the left-to-right minimum 

For u in (1.5) , we have o = wlw2 where wl = 26 

On the other hand, the factorization 

(2.3) u = vlv*...vr 

where each sublist v. 1 
ends with and contains only 

contains only one left-to-right 

component factorization of U. 

L 

one right-to- left minimum wi 11 

and w9 = 1473a5. 

be referred to as 

in (1.5) , observe 

the right-to-left minimum component factorization of U. For u 

that u = vlv2v3 where vl = 261, v2 = 473, and v3 = 85. 

Note that, in the corresponding ABC, each left-to-right (resp. right-to- 

left) minimum component corresponds to a vertex h on the extreme left (resp. right) 

branch together with the Upper right (resp. left) subtree attached to h. 

In order to keep track of the minimum component type of u e L[Dl, the 

statistics 

&i(u) := i{w: w is a sublist in (2.2) of length il1 

and 

rLi(u) := 1 Iv: v is a sublist in (2.3) of length il1 

will be used. In (l.S), &2(u) = 1 and rL3(u) = 2. Again for later use, note 

that for u = omS as in (1.3) we have 

(2.4) (a) mS is a left-to-right min. component of length n-ktl 

(b) om is a right-to-left min. component of length ktl. 

As in [331, an ordered triple (i,j,h) where 1 < i < j < h 5 n is said 

to be a 213 pattern in u e L[Dl if uj < ui < u 
h and u. 5 u for i<r<h. - J r 

The triple (4,6,7) is just such a pattern for u in (1.5). Similarly, (i,j ,h) 

is said to be a 312 pattern of u if uj < uh < ui and uj < u for - r i<rLh. 

The statistics defined by 
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213(u) := l{T: 1 is a 213 pattern in uj\ 

and 

Will be utilized to record the 

For A and B two d i 

{T: 1 is a 312 pattern in U]i - 

number of 213 and 312 patterns in U. .- - 

sjoint sets of integers, the number of inversions 

215 

from A to B is defined to be 

Inv(A,B) := \{(i,j): i c A, j l B, i > j}i. 

It is not difficult to verîfy that the numbers of patterns in u l LCCI are related 

to those of u e LIAI and u e L[B1 in (1.3) according to the relationships 

The various q-analogs which appear in later sections arise not on 

connection with the previously described patterns but also in connection wi 

well-known statistics defined on u e LCD1 by 

maj (U) := I i 
icDes (u) 

and 

inv(u) := [{(i,j): 1 5 i < j 5 n, ui > crj}i, 

ly in 

th the 

(2.5) Cal 213(u) = 213(0,) t 213((3) -t k(n-k) - Inv(A,B) 

(b) 312(u) = 312(o) t 312(6) t Inv(A,B). 

which are respectively known as the major index and inversion number. In the set- 

t ing of (1.3) we have 

(2.6) (a) inv(u) = k t inv(o) t inv(6) t Inv(A,B) 

(b) maj (u) = k + maj(o) + maj (B) t (ktl)des(S). 

Some rudiments of the q-calculus [2, 271 will be needed. The q-analog, 

q-factorial, and q-binomial coefficient of a non-negative integer n are respect- 

ively defined to be 



Cnlq := 1 + q t q2 t . . . + q n-l 

(n)qI := (l)q(2)q.. . Cnlq 

(Dq := (n)q!/(k)q!(n-k)q! 

where, by convention, (0)q := 0 and (0) ! := 1. 
q 

The usual two exponential func- 

tions in this setting are 

(2.7) (a) Exq(x) := 1 q n(n-1)/2 n 
x /(ri) ! 

n>O q 

PI exq(x) := nio xn/(n) q! 

which have the infinite product expansions 

Cal Exq(x) = Il C 1 t (1-q)xqkl 
kz0 

for O<q<l (see C3, p. 191). The q-exponential generating function F(x) of 

a q-sequence fn(q) is defined as 

F(x) := nio fn(q)xn/(n) ! 
ci 

and the q-derivative of F(x) is given by 

(2.10) Ld/dxJF(x) := F(x;l;q;:xq) . 

It is not difficult to show that 

(2.11) Cd/dxlF(x) := 1 fntl(q)xn/(n)q! 
nz0 

In $6, the left-to-right and right-to-left minimum component factorizations 

give rise respectively to the cl-separable differential equations 

(2.W Cal [d/dxlF(x) = W(x)F(xq) 

(b) Ld/dxlG(x) = W(xq)G(x). 
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The solutions of these equations are given by 

(2.13) ( > a F(x) = F(O) II Cl + (l-q)xq % k 
(xq )l 

kz0 

m G(x) =G(O) II [l- (l-q) xq%(xqk+l) 1 -l 

provided that O<q<l. The proof of (2.13a) is straightforward and goes as fol- 

lows : BY (2*10) > equation (2.12a) may be rewritten in the equivalent form 

F(x) = wa-1 -t (1-q)xW(x)J, 

which, when iterated, yields (2.13a). The proof of (2.13b) is similar. 

For a fixed set D of n integers, the fact (see [ 23, p. 981) that 

(2.14) cq 

where the sum is over a11 ordered pairs (WI 

Will be crucial in the proof of Theorem (3.1). 

3. The master recurrence 

such that I I A =k and AtB=D, 

The parameters T. := (t 
3 l+j9t2+j>t3+j>“’ 9 Y '= (Y1>Y2>Y3>***) and 1 

Z := (z~>z2'23'***) are respectively associated with the descent set, the left-to- 

right minimum components, and the right-to-left minimum components of a permutation 

CT E LCD1 according to (3.1) below: 

(3-l) ( 1 a TDes@) := n 

j 
t. 

ieDes(o) itj 

(b) 
yW@ .- 

.- n y~ri(a) . 

i2l ' 

By convent ion, an empty product Will be equal to 1. 

of the form z := 1 Will mean that z. := 1 1 for 

For convenience, an expression 

i 2 1. 



For D an n element set of integers, the expression Ln(u9v,p;Tj ,y9z) 

Will be used to denote the generating polynomial 

(3.2) c U213(o)v312(a)pinV(a)TDes(~)yer(~)zr~(a) 

CTE LC Dl j 

for permutations by patterns, inversions, descent set, and minimum components. Note 

that Ln(u,v,p;Tj ,Y,Z) is indeed well defined since (3.2) depends only on the car- 

dinality of D. 

For expedience, the parameters u, v, and p Will sometimes be suppressed. 

For instance the symbol Ln(Tj,Y,Z) will occasionally be used to denote the poly- 

nom+ defined in (3.2). The main theorem of this paper may now be stated and 

easily proven. 

n 
(3.3) L n+po’LZ) = k& (~)gF(k)Lk(To,y,l)Ln-k(Tk+l,l,z) 

-1 whetre q:=pvu , F(k) := Uk(n-k)pktkyn k+lzk+l, t 
0 

:= 1, and L. := 1. 

PROOF. With respect to the ABC decomposition of o E LCCI given in (1.3)) it is 

clear from (2.1), (2.4), (2.5), and (2.6) that 

(3.4) ( > a TDes ca) = 
0 

TDes(“)t TDes (B) 
0 k k+l 

(b) #r(o) = Yn-k+lye’ b) 

( > C zrua = 
“k+lz 

rUB) 

(4 U 
213(a) 

=U 
213(a)u213(B)uk(n-k)u-Inv(A,B) 

( > e V 
312(a) 

= v 
312(o),312(B),Inv(A,B) 

Placing the expressions u 213(a), v312 (a) 
9 P 

inv (a) , TDes (a>, y’r(o), and zrg(a) 
0 



into derivation (1.9), making use of the identities in (3.4), regrouping terms ap- 

propriately, and, finally, utilizing (2.14) with q := pvu -' yields (3.3). . 

4. Generalized Catalan numbers 

It is known C25, 33, 341 that, for a fixed rc- E 1213,312) , the number of - - 

permutations o E LCnJ that have no T patterns is equal to the Catalan number Cn. 

Thus, to obtain recurrences for generalized Catalan numbers one only needs to set 

U := 0 or v := 0 in (3.3). Three such recurrences, which respectively define the 

first and second p-Catalan numbers of Riordan and Carlitz 151 and a (t,r)-Catalan 

number of Furlinger and Hofbauer ClSJ, are presented in Corollaries (4.1), (4.2), 

and (4.3). It should be remarked that the combinatorial setting used here differs 

from the models in CS, 181. 

Noting that (11 if q:= 0 then the q-binomial coefficient of n equals 

1, and that (2) there is no problem in setting u := 0 in (3.3) since the q-bi- 

nomial coefficient of n is a monic polynomial of degree k(n-k); the following 

consequences of (3.3) become immediate: 

COROLLARY 4.1. f& C,(P) := Ln(l,O,p;l,l,l). 7Vzen 

11 

C ntl = (P) 1 
k=O 

Pkc,(P) Cn-& (P) 

wCzehe CO(P) := 1. 

COROLLARY 4.2. Se/t c,(p) := Ln(O,l,p;l,l,l). Then 

n 
C ntl = (P) 1 pwl) woc 

k=O k 
(p)c 

n-k (P) 

(4duiYte c,(p) := 1. 

COROLLARY 4.3. &@ne Kn(t) := Ln(l,O,l;To,l,l) in Xhe C~M ccrhen 

5. := tri I;UtL i21. Thub, 

KnW = 1 t des(a)yaj (o) 



K ntl 0) = Kn(tr) t t y rjK. (t)K, j(trjtl) 
j=l 3 - 

ukth ;the ,laXid cundi;tiun Ko : = 1. 

The set of “arbres binaires croissants” associated to Corollaries (4.1) , 

(4.21, and (4.3) are easily described. For instance, setting v := 0 selects the 

subset of ABC’s that satisfy the following condition: If h is any vertex in such 

a tree and A, (resP* Bh) is the set of vertices in the Upper left (resp. right) 
AA 

subtree attached to 

(44 

AL 

h, then Inv(A,*,B,) = 0. Such a tree is sketched in (4.1). 

Note that each ABC satisfying the condition Inv(Al,Bh) = 0 for a11 h is uniquely 

labelled by what is commonly known as prefix order. Thus, the act of removing the 

labels is a bijection from the set of ABC’s with no 312 patterns to the set of un- - 

labelled binary rooted planar trees. The latter set is a well-known combinatorial 

mode1 of the Catalan numbers. Of course, the ABC’s corresponding to setting u := 0 

are just the planar reflections of the type sketched in (4.1). 

For further details concerning generalized Catalan numbers, the interested 

reader is referred to CS, 181. A weight preserving bijection between the combina- 

torial mode1 of CS, 181 and the one of this paper may be found in c331. 



221 

5. Descent set results 

By specializing the parameter T - 9 
3 

it is possible to obtain from Theorem 

(3.1) a recurrence relationship for any enumerative descent set problem on permuta- 

t ions. As examples, the Eulerian polynomials and the Euler numbers are considered 

in this section. 

The Eulerian polynomial Cl21 is combinatorially defined to be 

(5-l) 1 p (0) . 
0~ LC n3 

Corollary (5.1) below defines Gesse19 C201 (p,r) -analog of the Eulerian polynomials 

in terms of the major index and inversion number. Of course, when P 1 := and 

r := 1 the recurrence relationship given in Corollary (5.1) reduces to (l.lb). 

COROLLARY 5.1. kx AnW := Ln(l,l,P;To> 1,l) hz Xhe CLX&t when ti 7 tri 

404 i.21. Thb , 

A (t> = 1 n 
tdes (o)pinv(o)rmaj (a) . 

oc Ltnl 

In XC& Q&JXq, Theortem (3.1) 4educU X0 

A ni-1 0) = An(tr) t t y pkrk(;)pAk(t)An k(trktl) 
k=l 

A0 := 1. 

The Euler number En of André Cl1 is combinatorially defined to be the 

cardinality of the set of lVdown-up’* permutations in 

0 E LCn3 with 

(5.2) Des(a) = (1,3,5 ,..., m1 

LCnl, that is, permutations 

where m is the greatest odd integer less than n. TO obtain a recurrence for the 

Euler numbers, one needs to extract the appropriate terms from (3.3). This may be’ 

done by setting t2i := 0 for i 2 1, t2itl := t for i 2 0, and then inductively 

extracting the coefficient of maximum degree in t from recurrence (3.3). Note 



that when this done, only odd indices remain in the summation in (3.3) since 

t2i := 0 for i 2 1 and t. := 1. A recurrence for the p-Euler numbers of 

[15, 203 is given in the following corollary: 

COROLLARY 5.2. sQ/1c t2i := 0 @z. i 2 1 CM~ t2i+l := t @tr. i 2 0. 

7vt Xti CU&, && E (p) cf~o$e /the cae~&&ti ti L (l,l,p;T ,l,l) 06 i??axtium 
n n 0 

cfegttee in t. IX tien &Uoti @am 7heuUm (3.1) XC& 

E (P) 
kn 

ntl = k gdd p (k)pEk(P)En-k(P) 

whem E. :z 1 ad El := 1. 

The trees associated with Corollary (5.2) are well-known and may be des- 

cribed as follows: Since k is odd in the summation, and therefore in the ABC de- 

composition, it inductively follows that the left Upper subtree attached to a non- 

leaf is non-empty. Furthermore, as t2i := 0 for i 2 1, the right Upper subtree 

attached to a non-leaf (except perhaps the non-leaf on the extreme right branch) is 

also non-empty. Thus, in this case, the ABC’s are complete (or nearly complete). 

From the derivation of Corollary (54, it is clear that one cari obtain a 

recurrence relationship for the number A(n;dl>d2,..., m d > of permutations 0 E LCnl 

having a fixed descent set {dl c d2 < -*. < dm} by simply extracting the appro- 

priate terms from identity (3.3). This is left as an exercise. For an explicit 

formula for 

6. 

A(n;dl,d2,. .o ,$J 

Minimum component results 

see C213. 

Analogs of resufts concerning permutations by cycle type may be obtained 

from Theorem (3.1) by specializing either the parameter Y or the parameter Z 

respectively associated with left-to-right and right-to-left minimum components. 

After the derivation of two p-exponential functions for permutations by minimum 

component *%ypet*, the classic enumeration problems concerning the Stirling numbers 

of the first kind, derangements, and involutions are considered in Corollaries (6.1), 
1 1 

(6.2) and (6.3). It should be noted that part (d) of Corollary (6.1) defines Gould's 



[22J p-Stirling numbers of the first kind and that Corollaries (6.2b) and (6.3b) 

respectively give the recurrences forthe p-derangements and the p-involutions 

that appear in [32]. 

Let LRCn(Y) := Ln(l,l,p;l,Y,l) and RLCn(Z) := Ln(l,l,p;l,l,Z). Froc the 

fact (see [3, p. 411 that 

c P inv(a) = (n) 1 
m LCnl P’ 

and from (3.3) it follows that 

n 
(6.1) ( 1 a LRCn+l(Y) = 1 PkY n k+l(~)p(n-k)p!LRCI<(Y) 

k=O - 

n 
(b) RLC n+l = m 

k 
c p= 

k=O 
k+&)p(k) !RLcn k(Z) P - 

where LRCo := RLCo := 1. If LRC(x;Y) and RLC(x;Z) denote the respective 

p-exponential functions (see 2.9) of the p-sequences defined in (6.1), then it is 

not difficult to show that 

(6.2) ( > a Cd/dxlLRC(x;Y) = J(x;Y)LRC(xp;Y) 

( w Cd/dxlRLC(x;Z) = J(xp;Z)RLC(x;Z) 

where 9 P := in (2.10) and 

J(M) == 1 Yn+lxn. 
n20 

By (2.13), the solutions of the equations in (6.2) are 

(6.31 ( > a LRC(x;Y) = II: cl + (l-p)xpkJ(xpk;Y)] 
kz0 

w RLC(x;Z) = II Cl - (l-p)~p~J(xp~+~;Z)J-~ 

which provide p-exponential generating functions for permutations by minimum com- 

ponent types. As one might expect, the functions in (6.3) may in a sense be viewed 

as respective compositions of the two basic p-exponential functions in (2.8) with 



the fimction J. As corollaries of (6.1) and (6.3), we have: 

COROLLARY 6.1 (Stirling numbers of the first kind). LU &sn(y) := LRC,(Y) 

buhen y i := y and &$ rlsn(z) := RLCn(Z) uhen Z. := L Thz 
1 

(a) &s n+l (Y) = y f pk(t)p(n-k)p!lrsk(y) 
k=O 

(b) 1rs ntl (Y) = fr" lypk + (Qpl 
k=O 

ntl (z) = z j. pk(",)p(k),lr.esn-,(z) r- 

n 
(4 r.& ntl (z) = n Cz + p(Qpl 

k=O 

urhem &so(y) := r.tso(z) := 1. ft..~b.motle, id &s(x) and rLs(x) CV~Q XCLe 

X 6ott khe p-nequenceh a6 (a) 

and (c) , Xlzen 

(e) lrs(x) = l--I t1 t- 
k 

(l-p)xp y(l-xp ) k -13 

k>O 

(f> 
k r&(x) = n Cl - (1-p)xp z(l-xp ktl)-ll-l* 

k?O 

PROOF. Parts (a), (c), (e), and (f) are obvious in view of (6.1) and (6.3). The 

following calculation shows that (a) implies (b): 

L’sn+l (Y) = Y 
k=O 

pk(t),(n-k),!lrs,(y) 

= yp%s,(Y) -t r(n) p 
n-l 

1 pk(nkl)p(n-l-k)p!Vrsk(Y) 
k=O 

= YPnLrsn(Y) -t (MpLrsn(r) 

= lrs,(y)[yp" t (n)pI = 
k=O 

k + (k)pl. 

In a similar manner, (d) follows from (c). 



COROLLARY 6.2 (Derangements). f.ti LRD n : = LRCn(Y) when y1 : = 0 and 

yi :=l &tL i>l. fatha, &X RLD 1. n := RLCn(Z) when z1 := 0 and zi := 1 GNZ 

i > 1. Then, 604 n 2 1, 

(a> LRD,+l = 
n-l k n 
klo p (k)p(n-k)p!LRDk = (n)pCLRD n + pnWILRDn 11 

w RLD,+l = f pk(;),(k) !RLDn k = 
k=l P - 

p(n) CRLD + RLD, 11 
Pn - 

(c) LRD(x) = n Cl + (1-p)x2p2k(l-xpk)-11 

(d) RLD(x) = I-I cl - (l-p)~~p~~+l(l-~p~+~)-~J-l 

tihtie LRDo := RLDo := 1, LRDl := RLDl := o, and LRD(X) and RLD(X) ahe the 

f~ehpeotivc) p-expanetiti g enemA%zg &ncitiu~ . 

COROLLARY 6.3 (Involutions). fa LRI := n LRCn(Y) tihen y1 := y2 := 1 

and yi := 0 @tt i L 3. &w, Rd RLI, := RLCn(Z) when z1 := z2 := 1 md 

z. := 
1 

0 dutr i23. Then, &‘t n 2 1, 

(a) LRIn+l = pnLRI + p"-'(n) LRI, 1 n P - 

uo RLI,+l = RLI, + p(n)pRLI, 1 

(c) LRI(x) = k 
n Cl + (1-p)xpk(l+xp )1 

kr0 

(d) RLI(x) = II Cl - (l-p)~p~(l+xp~+~)l-~ 

whem LRI 
0 

:= LRIl := RLIo:= RLIl := 1, ad, LRI(x) and NJ(x) me /the CO~U- 

jwnding p-exponeW& g eneAa&ing &4ntiunA. 

The ABC? Will only be described here for Corollary (6.2a). Setting 

y1 := 0 selects the ABC's satisfying the following property: If h is a vertex 

on the extreme left branch of such a tree, then the Upper right subtree attached to 

h must be non-empty. Such a tree is sketched in (6.4) below: 



226 The ABC’a 06 

An example of a tree that does not satisfy this condition is sketched in (4.1) : The 

right. Upper subtree attached to the vertex labeled 3 in (4.1) is empty. 

7. Generalized Hermite polynomials 

It is a well-known fact [8, 11, 141 that the Hermite polynomials have a 

combinatorial interpretation in terms of weighted involutions. TO be specific, a 

l-cycle (resp. 2-cycle) is given the weight y (resp. -1). Thus, by assigning the 

appropriate weights to minimum components, recurrences for the Hermite polynomials 

may be easily obtained from (3.3). 

Moreover, in leaving the parameters u, v, and p in the recurrence, se- 

veral q-analogs of the Hermite polynomials arise, including both types considered 

by Cigler [SI. In fact, the combinatorial setting used here provides several new 

interpretations of Cigler’s q-Hermite polynomials. The following corollary is an 

immediate consequence of Theorem (3.1) : 

COROLLARY 7.1 (Hermite polynomials) . f.ti LRHn(u,v,p;y) : = Ln(u,v,p;l,Y ,l) 

cohen y1 := y, y2 := -1, and yi := 0 Ba/r i 2 3. Ah, act 

RLHn(u,v,p;z) := Ln(u,v,p;l,l,Z) cohen zl := z, z2 := -1, ad z. := 0 f(utL i 2 3. 1 

(a) LNI,+l (Y) = pnyLRHn(y) - ~“-‘u~-‘(~)~LRH~ l(y) 

(b) RLHn+l(z) = zRLn(z) - pun-l(n)qRLHn l(z) 
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u, v, and P 

LRHj(u,v,p;y) and RLHj(u,v,p;z), and, WhUke LRHo := RLHo := 1, LRHl := y, . 

RLH~ := Z, and q := ~VI?. 

The recurrence relat ionships for LRHn(l,v,l;y) and RLHn(u,u,u;z), which 

may be obtained from Corollary (7.1), respectively define Cigler’s first and second 

q-Hermite polynomials. It is interesting to note that Cigler’s q-Hermite poly- 

nomials of the first kind arise in 3 other ways in this setting: The sequences 

LRHnCbLl;Y~ 9 Rqp,v,l;Yl, and RLHn(v,l,l;y) have the same recurrence as 

L~n(Lv,l;Y) l  

The exponential generating functions for the q-sequences of Corollary 

(7.1) may be derived in some cases. For instance, using calculations similar to the 

proof of (2.13), one obtains 

(7-l) ( > a LRH(x) = k 
I-I Cl + (1-p)xpk(y-xp )1 

k>O 

w RLH(x) = l-I cl - kk k ktl 
(l-pv)xp v (z-xv p )l 

-1 

kr0 

( > C RH(x) = Il Cl - (1-u)x2u2k+11cl - (l-u)xzukl-l 
k>O 

where LRH(x), RLH(x), and RH(x) are the respective q-exponential generating 

funct ions in x for LRHn(l,l,p;y) with q := p, RLHn(l,v,p;z) with q := pv, 

and RLHn(u,u,u;z) .- 9 u. .- 

The trees corresponding to Corollary (7. la) are the so-called ‘*combs” [35] 

as sketched below. That is, each Upper right subtree attached to a vertex on the 

extreme left branch has at most 1 vert ex. Of course, the ABC’s associated with 

Corollary (7. lb) are just the planar reflections of those of the form sketched in 

(7.2). 
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8. Double minimum component results 

In [7], Carlitz and Scoville studied a sequence of numbers that may be 

thought of as *'double*' Stirling numbers of the first kind. By simultaneously work- 

ing with Y and Z in (3.3), the result of Carlitz and Scoville may be extended in 

a number of directions. Corollary (8.1) provides a q-analog for the previously 

mentioned sequence of [7]. As Corollaries (8.1), (8.2), and (8.3) are immediate in 

light of Theorem (3.1), they are stated without further comment. 

COROLLARY 8.1 (Double Stirling numbers of the first kind). Lez 

DS,lYJ) := Ln(l,l,p;l,Y,Z) wherz yi := y a~cf zi := z &tL i r 1. Then 

DS = Y' ! pk(~)pLrsk(Y)rLsn k(z) 
k=O 

dzme DSo := 1, an& &s.(y) and r&.(z) CUM Xhe po&ynum&& de&ined in CO~U& 
J J 

&ny (6.1). 

COROLLARY 8.2 (Double derangements). f&t DD n := Ln(l,l,p;l,Y,Z) when 

y1 := z1 := 0 md yi := zi := 1 604 i 2 2. 7%en, 604 n 2 2, 

DD n-l k n 
n+l = C P (k)pLRDkRLDn-k 

k=l 

whme DD0 := 1, DD1 := DD2 := 0, and, LRD. and RLD. 
J J 

me de@wd in CutroUc~ry 

(6.2). 



COROLLARY 8.3 (Stirling derangements). Lez SDn(Y> := Ln(l,l,p;l,Y,Z) 

WhcW yi := y &L i 2 1, z1 := 0, and zi := 1 fjatt i 2 2. Tkn, f(utL n 2 1, . 

whe~e SDo := 1, SD1 := 0, ami, &s.(y) and RLD. 
J 3 

me de@ze.cf Lin Cotta@U 

(6.1) and (6.2). 

9. Set partition results 

By simultaneously specializing the parameters T. and Y (or T. 
J J 

and Z), 

Theorem (3.1) will yield the solution to the problem of zounting partitions of a 

set C by type. The focus of this section Will be on the derivation of q-ex- 

ponential generating functions for some analogs of the classic Bell polynomials as 

defined in [9J. 

There are two possibilities for obtaining a recurrence for the Bell poly- 

nomials from Theorem (3.1): 

(94 ( 1 a Extract the terms from (3.3) in which the degree with 

respect to T 
0 

is equal to the degree with respect 

to Y minus 1. 

( w Extract the terms in (3.3) in which the degree with 

respect to 

equal to (n+l). 
TO 

plus the degree with respect to Z 

However, the following combinatorial extractions are perhaps more illuminating. TO 

do this, it is important to keep in mind that a and f3 of (1.3) respectively give 

rise to the terms Lk and L n-k in (3.3). 

First, for D a fixed set of n integers, let LRTCDI denote the set of 

permutations of that have ABC*s that satisfy the following condition: 

(9.2) Every Upper right subtree attached to the extreme left branch 

looks like a line segment. 



For example, the permutation o = 568942317 E LE91 is an element of LRTCSI since 

the corresponding ABC sketched in (9.3) satisfies condition (9.2). 

Note that each CT E LRTCDI may be associated to a partition of D in the following 

natural way: Each right ‘?iltedl* line segment of the corresponding ARC may be view- 

ed as a subset in the partition of D. For instance, the tree in (9.3) corresponds 

to the partition {1,7), {2,3), 141, and {5,6,8,9) of {1,2 ,..., 9). Furthermore, 

note that the monomial TO 2 
= t4t5t7Y1Y2Y4 for o of (9.3) is of the 

type described in (9. la). 

Now consider the generating polynomial for weighted “left-to-right” parti- 

tions of the set D defined to be 

(94 LRPn(Tj ,Y) := 1 v 312(o)pinv(o)TDes(o)Y.&(o) 
j 

where the summation is over o E LRTCDI. TO extract a recurrence from Theorem (3.1) 

for this polynomial, begin by observing that LRPn(Tj ,Y) is equal to the sum of c 

the terms in Ln(l,v,p;Tj,Y,l) that correspond to permutations having ABC’S of the 

form sketched in (9.3). In this setting, ~ E L[B] in decomposition (1.3) is 

restricted to the unique increasing list of B. Thus, the only term to be extracted 

from L n-&19v,p;Tk,19 1,l) in (3.3) is 1. Theorem (3.1) then yields 
1 1 
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LRP n+l(To>Y) = 1 pktky, k+&qLRPk(To>y) 
k=Q - 

where LRPo := 1 and q := pv. Note that (9.5) is precisely the recurrence that is 

obtained when one extracts from (3.3) the terms that satisfy (9.la). 

On the other hand, consider the generating polynomial for weighted Vight- 

to-left" partitions of the set D defined to be 

(9*6) RLPn(T.,Z) := 1 v 
J 

312 (G)pinv(a)TDes(a)zr~(o) 
j 

where the summation is over CY E LCD] having ABC*s which are planar reflections of 

the type sketched in (9.3). In this case, a E LCAI in (1.3) is restricted to the 

unique decreasing list of A. Thus, extracting the appropriate terms from (3.3) 

yields 

(9.7) 
n 

RLP n+l(To'Z) = C pkZk+l(~)qtlt2~..tkRLPn k(Tk+l>Z) 
k=O 

where RLPo := 1 and q := pv. Note that the permutation corresponding to the 

planar reflection of (9.3) gives rise to a monomial of the form described in (9.lb). 

Recurrences for generalized Bell polynomials may now be obtained from (9.5) 

and (9.7) by setting TO := 1. This is done in the following corollary: 

COROLLARY 9.1. Lti LRBn(v,p;Y) := LRPn(l,Y) and RLBn(v,p;Z) := RLPn(l,Z).' 

Thon kecmencti (9.5) & (9.7) t~tipe~G.v&y rteduce ;to 

n 
ca) LRBntl(bP;Y) = 1 pky, ktl(;)qLRBk(V,p;Y) 

k=O - 

n 
cb) RLBntl(V'P;Z) = 1 pkzk+l (;)qRLBn-k(V'p;Z) 

k=O 

ccrhae LRBo := RLBo := 1 cwd q := pv. 

Note that the recurrences for LRBn(l,l;Y) and RLBn(l,l;Z) each define. 

the classic Bell polynomials. Further, observe that LRBn(v,p;Y) yi '= y 

for i 2 1 and that RLBn(v,p;Z) when zi := z for i 2 1 both provide q-analogs 



of the Stirling numbers of the second kind. 

As before, using calculations similar to those used in proving (2.13), some 

q-exponential generating functions may be obtained for the sequences in Corollary 

(9.1). Let LRB(x), LB(x), and RLB(x) denote the q-exponential generating func- 

tions in x respectively of LRBn(l,p;Y) with q := p9 LRBn(v,l;Y) with q := v, * 

and RLBn(v,p;Z) 

P*fu ( 1 a 

’ (bl 

( > C 

with 9 := pv. 

LRB(x) = 
k 

rI Cl t (1-p)xpkW(xp ;Y)1 ' 
kz0 

LB(x) = l-I Cl k - (1-v)xv W(xv ";Y) 1 -l 
kz0 

RLB(x) = II cl - (l-pv)xpkvkW(xvkpk+l;Z)l-l 
kz0 

where 

W(x;Y) := 1 
n20 

yn+pn/(n) ! l  

9 
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