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A SYNTHESIS OF BOCHNER AND RIESZ

TYPE REPRESENTATION THEOREMS'
J.-M. Belley and F. Lessard

Sommaire

Soit i) V wun treillis vectoriel de fonctions réelles bornées sur un en-
semble G, fermé sous les produits et contenant la fonction constante 1 et ii) A
l'algébre d'ensembles dans G engendrée par la classe Z des ensembles zéros (ou
bien par la classe 7€ des ensembles cozéros) des fonctions dans V. Alors, &tant
donné une fonctionnelle linéaire positive L sur V, il existe une fonction d'en-
sembles additive u: A - [0,9) qui est réguliére de 1'intérieur et de 1l'extérieur
par rapport respectivement 3 Z et Z° et qui satisfait la relation Lf = J f du
(f ¢ V). Ce résultat permet d'établir un lien entre un théoréme de Bochner es des
théorémes de représentations plus récents. Il permet €galement de généraliser en
partie une caractérisation des homomorphismes continus due & Sultan ainsi qu'un théo-
réme de représentation démontré par Pollard et Topsge pour les fonctionnelles liné-
aires positives ayant la propriété de Daniell, et de fournir une application aux me-
sures complexes, réguligre et boré€liennes définies sur les groupes ab&liens locale-

ment compacts.

1. Introduction and basic results

The following result was obtained by Bochner in 1939 (see [4, pp. 773-775]).
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THEOREM 1 (Bochner). Let UV be a real vector Lattice, consisting of bound-
ed (real-valued) functions on a set G, closed under products and containing the
constant function 1. 14 L 4s a positive Linearn functional on V and I, 4 the
class of (Jondan) sets E 4in G (with indicaton function IE) gon which

inf{L(f-g): g < Io<f; fge v =0
then

1) JL 44 an afgebra of sets,

2) for any given fe vV, {z: f(z) > r} Lies in I for a dense set of
reals r, and

3) the set function m, defined on Iy by

L

mL(E) = inf{Lf: I_. < f; f e V}

E

48 a positive finitely additive set function forn which

Lf = j f dm
G L

gor all f e V.

Here, the integral is taken in the sense of Riemann. It is unfortunate
that both the algebra JL of Jordan sets and the dense sets of reals depend on the
linear functional L. Our first result, which we now state, eliminates these weak-
nesses. For this theorem and the remainder of the paper, we refer the reader to
[6, pp. 101-125] for the theory of integration with respect to finitely additive set

functions. Some of our results were communicated without proof in [3].

THEOREM 2. Let i) V be a real vector Lattice consisting of bounded
(real-valued) functions on a set G, closed under products and containing the con-
stant function 1, ii) Z and I° be the class of zero and cozero sets nespectively
for all functions in V, and iii) A be the algebra of sets (in G) generated by
Z. Then, given a positive Linean functional L on V, there exists a positive
ginitely additive set function u on A such that

1) for all £ e V, the following integral exists (since £ s the uniform
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Limit of A-measurnable step functions) and is given by

Lf = J f du
G
and

2) p 4 reguwlan in the sense that, for all E € A,

U(E) = influ(V): E dn Vv, Ve %

sup{lu(z): Z 4in E, Ze Z}.

REMARK 1. a) Let Q be the class of all quotients f/(f+g) with f,ge V
positive and f+g > 0, and let UV* be the smallest real linear space, with uniform
norm, containing all products hq with he V and qe Q. Clearly V* 1is closed
under products and the zero set of any given function in V* 1lies in Z. Note that
if V is the set of all continuous real-valued almost periodic functions on the real
line, then it is a vector lattice properiy contained in V*, 1In fact, the function
(coszt)/(coszt + cosznt) which lies in‘ V*, is not uniformly continuous and so not

almost periodic.

b) Given any two disjoint sets Zl’ZZ € 7 and any two functions hl,h2 eV
such that 2, = hi'({0}) (i = 1,2), then the function £ given by hZ/(h>+hd)
lies in Q (and so in V*) and has the property that f = 0 on Z1 and f =1

on 22 (i.e., yY* separates disjoint sets in 7).

c) The use of a positive extension of L from V to V* in the proof of
Theorem 2 removes any possibility for uniqueness in general. In view of the follow-
ing corollary and the fact that V = ¢* when V consists of all bounded continuous
real-valued functions on a topological space G, we get that our result contains the
well-known representation theorem of Alexandroff [1]. It also generalizes part of a
theorem due to Kirk [8, p. 461] (see also [12, pp. 62,63]) since it is not assumed
that i) UV separates points of G, and ii) that ( separates disjoint sets in
Z. Theorem 2 can be proved from the very general results of Pollard and Tops¢e'(s¢e
[10] and [13]) by showing that the vector lattice generated by * has the same

class of zero sets 7 and that disjoint zero sets are separated by the functions



132 A synthesis of Bochner and Riesz type representation theoiems

in it. Since the proof of their result rests on previous work by Topsge, we provide
here a self contained proof of a more general theorem (see Theorem 3) which esta-

blishes a relationship between Theorem 2 and Theorem 1 of Bochner.

d) For the case when G is a locally compact abelian group, Theorem 2 is
applied in [3, p. 153] to obtain integral representations for i) positive linear
functionals on the space of almost periodic functions and ii) not necessarily con-

tinuous positive definite functions.

COROLLARY 1. Gdiven a positive Linear functional L* on U*, there exists
a unique positive finitely additive set function W on A  such that
1) for all £ e V*, the following integral exists (since £ 4is the uni-

gorm Limit of A-measurable step functions) and is given by

L*f = J f du
G
and

2) u 4s negulan in the sense that, forn all E € A,

U(E) = influ(V: E 4n V, Ve S}

= sup{u(z): Z in E, Z e},

Under the hypothesis of Theorem 2, there exists a (not necessarily unique)
positive linear functional L* which extends L from UV to u* (see [5, p. 1441).

Let U be the positive function defined on the class P of all subsets of G by

(V) = sup{L*f: 0 < f < I, fe V*}

for all V ¢ zc, and

Cu(E) = influ(V): E in V; ve %

for all E e P. Clearly,

H(E{) = u(Ey)

whenever E1 is contained in EZ' Let AL* denote the class of sets E € P for

which



J.-M. Belley and F. Lessarnd 133

W(E) = sup{u(z2): Z in E; Z e Z}.
Clearly Z lies in AL*'

Theorem 2 is contained in the following useful generalization of Theorem 1

that we prove in the next section.

THEOREM 3. A , 45 an algebra of sets in G containing both JL and A.
Furthermone, y = m on JL, all gunctions in V* are uniform Limits of AL*—mea—
surnable step functions and n 45 the unique positive finitely additive set function
on A, duch that

1) forn all £ e V*, we have

L*f = f f du
G
and

2) u 45 regular in the sense that, forn all

M(E) = influ(V): E 4n V; Ve 2%}

sup{u(2): Z 4n E; Z e Z7}.

"

We also have, for all Z e Z,

u(zZ) = inf{L*q: I,<4q; qe 0}

and, fon akl V € ZC,
u(v)y  sup{L*q: q < Iys qe Q.

REMARK 2. Let G be the real line, ¢ be the vector lattice consisting
of all continuous real-valued almost periodic functions on G, and L be the posi-
tive linear functional on (! given by

T
Lf = lim f f(t) dt.
Too /T

Note that L does not have the Daniell property and that all bounded subsets of G

lie in Jp- So this is an example where A (which is a subalgebra of the Borel sets
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in G) is properly contained in AL*' Hence, Theorem 3 cannot be deduced from the
results of Pollard and Topsge (see [10] and [13]). Nor can it be shown by Theorem 1
of Bochner since in some cases there are sets in 7 which are not in JL (see

(4, p. 7771).

We also have the following corollary which contains part of a result first

obtained by Pollard and Topsge [10, p. 181] (see also [13, p. 2431).

COROLLARY 2. If V be a Banach algebra (with unifonm nonm), then given a
positive Linean functional L on V with the Daniell property (4.e., Lf +0 gon
all sequences £ 40 4n V), there exists a unique positive Linear extension L* 0of
L %o V* with the same property. Furthermore, forn this extensdion, Alw i a
og-akgebra on which is defined a unique positive countably additive set function u
such that

1) for all £ e V, the following integnal exists in the sense of Lebesgue

and 44 given by

Lf = [ f dy
G
and

2) u 44 regulan in the sense that, for all E e A

W(E) = inf{u(V): E 4n V, Ve 7}

= sup{u(z): Z 4n E, Z e Z}.
We also have, for all V e 1%,

n(V) = sup{Lf: 0 < f<1,; fel}
and for all Z €2,
u(z) = inf{Lf: I, < £<1; feVl}.
REMARK 3. Note that Apx is not in general the same as the O-algebra S
generated by Z. For example, if ¢ is the class of all continuous real-valued

functions on the interval [0,1] and L be the positive linear functional on V

defined so that Lf 1is the Lebesgue integral of f on [0,1], then AL* consists
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of all Lebesgue sets in [0,1] (see for example [11, pp. 52-54]) while S consists
of all Borel sets. Hence S is properly contained in AL* and so Corollary 2 can-
not be proved by means of the results of Pollard and Topsge (see [10 , p. 181] and

[13, p. 243]). Furthermore our corollary cannot be deduced from the Daniell exten-
sion theorem (see for example [9, p. 35]) since, in the latter, the set function re-
presenting the linear functional is not necessarily unique and has regularity prop-
erties with respect to a class of sets generally much larger than the zero and co-

zero sets of functions in V.

Let H* denote the set of all continuous (i.e., positive) real-valued ho-
momorphisms defined on ¢*. Without assuming that Z is closed under countable
intersections, as is done in [12, pp. 59-61], we obtain the following characteriza-

tion of H*.

COROLLARY 3. For a Linear functional L* 2o be in H* it is necessary
and sufficient that there exist a unique finitely additive set function u: A~ {0,1}
which 44 innen and outer hegular with nespect to sets in Z and I nespectively,
and 448 such that

L*f = J f du
G

fon all £ e y*.

REMARK 4. As in [12], let us write IR(G) for the class of all set func-
tions defined on A as in Corollary 3. If we give IR(G) the vague topology (i.e.,
a sequence {ui} in IR(G) converges to u e IR(G) if and only if j f dui > f f dp
for all f e ®) and H* the weak star topology, then the bijection defined by the

correspondence in Corollary 3 is a homeomorphism.

2. Proof of our basic results

As will be evident from the proof, Theorem 2 is contained in Theorem 3 in
the sense that the set function in the first is the restriction on A of that in

the second. We now break up the proof of our results into a sequence of steps
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typical of such representation theorems (see, for example, the proof of Alexandroff's

representation theorem in [14, pp. 115-1171).

STEP I. Given Z e Z and Ve I°, and given f, ge U* with g2 1,

and f < IV, we have L*g > u(Z) and L*f < u(Vv).

PROOF. Given € > 0, put

v, o= {x € G: (1+e)g(x) > 1}.

Clearly Z 1is contained in VE. Furthermore, for all h e V* with 0 < h < IV
€
we have h < (l+e)g (and so L*h < (1l+g)L*g). Hence

u(Z) < u(Vy) < (l4e)Ll*g

and so u(Z) < L*g.

We now prove the second inequality. Note that 1-f 2 So, by above,

Te\v:
we have that L*(1-f) 2 y(G\V). Now, choose V' ¢ z¢ containing G\V, such that

u(vV') < u(G\V) + €. Then L*(1-f) > u(V') - €. Hence, L*f < L*1 - p(V') + €.

Thus, for all h e U* such that h <1, , we have L*f < L*(1-h) + €. Now,

Iow < v

0

IA

1-h < IV' Hence, it follows that L*f < u(V) + €. This completes the proof.
STEP II. Given Z e Z contained in V € Zc, we have
HWZ) < (V) - u(2).

PROOF. Note that W\Z e Z°. Hence, given € > 0, there exists h e V* such that

0<h<lI and

WZ

L*h > u(WZ) - €.

Let V' ¢ 7 denote the intersection of V with h—l([O,e)). Then V' contains

Z. By Remark 1b), there exists f e¢ U* such that I, < f < IV" Note that

f+h-e < Iv. So, by Step I and the above, we have
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u(V) = L*(£+h-€)

\"

L*f + L*h - eL*1

v

u(zZ) + uNZ) - e(l+L*1).

Hence,
V) 2 u(2) + u(\2).
The proof is complete.
STEP III. 7€ lies in A,.

PROOF. Given V ¢ 7% and € > 0, choose fe V¥ such that 0< f< I and

\'
L*€ > u(V) - e. Put Z = £3((e,1]). Then Z is contained in V and f-¢ < I,.
So, by Step I we get
L*f - eL*1 < inf{u(V"): 2 din V', V' e 2% = u(2).
Hence,
u(Z) < u(V) < L*€ + £ < u(Z) + e(1+L*1).
This completes the proof.
STEP IV. u(U Ei) < Z u(Ei) for all finite sequences El""’En e P.

PROOF. Given € > 0, there exist sets Vl,...,V

¢ 2% with E. in V. and
n i

1

u(Vi) < u(Ei) +e/n (i=1,...,n). Let 1) hi e ! be such that 0 < hi <1 and

"

Vi = h;l((o,l]), 2) v=U Vi’ and 3) fe V* be suchthat 0 =< f<1I There

v
also exists a set Z e¢Z with Z in V and u(V) < u(Z) + €. So, by Step II we
have u(V\Z) <e. Let hel be suchthat 0<h<1 and G\Z = h-l((o,lj). Then

the functions fi: G-»[0,1] (i=1,...,n) defined by
£, = fhi/(z hj + h)
and the function f': G+ [0,1] defined by

£' = fh/(] hj + h)
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lie in y*. Now f =} £, + £' and so

L*f

1"

I L*E; + L*f'
< ) uvy) + uN2)

} u(Ey) + 2.

A

This completes the proof.
STEP V. u(leJZZ) = u(Zl) + u(Zz) for all disjoint Zl’ZZ € Z.

PROOF. By Remark 1b) there exists f: G- [0,1] in ¢* such that f =1 on Z1

and £=0 on Z, Let V, = £1((1,1) and V, = £1(00,1)). Then vV , V, are

disjoint elements of Z° with Z.1 in Vi (i=1,2).

Given € > 0, choose V e Z¢ with 2)UZ, in V and w(V) < w(Z;UZ,) +

e/3. Also, choose fl,f2 e V¥ with 0 < fi < IViﬂ v and L*fi > U(Viﬂ V) - €/3

(i=1,2). Then O < fl+f2 < Iv and u(Zl) + u(Zz) < u(vl(1V) + u(Vzﬂ V) < L*fl +
L*f2 + 2e/3 = L*(f1+f2) + 26/3 < u(V) + 2€/3 < u(lejzz) + €. So, by Step IV, we

get u(Z1 UZZ) = u(Zl) + u(ZZ). This completes the proof.

STEP VI. A is an algebra of sets containing A on which u is addi-

L*
tive.
PROOF. a) AL* is closed under disjoint unions and u 1is additive. To see this,
let El’ E2 be two disjoint sets in AL* and choose € > 0. There exist Zi in

v

E; such that w(E;) < u(Zy) + le (i=1,2). Put Z = Z, UZ,. Then wu(E; UE,) >

u(2) = u(Zl) + u(Zz) > u(El) + u(Ez) - € and so, by Step IV, we have u(E1 UEZ)
u(El) + u(Ez). This shows that u(Z) > u(El UEZ) - €. Since Z lies in E1 UE2,

we have that AL* is closed under disjoint unions and so u is additive on AL*'

b) If El,E2 e A then El\E2 € AL* as we now show. Given € > 0,

L*’
choose Z. € Z and V. € ZC such that Z., 1lies in E., E. 1lies in V. and

i i i i i i

1 1 .o . .
u(Ei) - 3€ < u(Zi) < u(Vi) < u(Ei) + 38 (i =1,2). Then El\E2 lies in (Vl\Zl)
U (Zl\Vz) U (VZ\ZZ)’ and since u(Vi\Zi) = u(Vi) - u(Zi) < £, we have u(El\EZ) <

u(Zl\Vz) + 2¢  where Zl\V2 € Z and ZI\VZ lies in El\EZ'
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It now follows from the fact that AL* contains 7 and by parts a) and b)
that AL* is an algebra of sets containing A on which u is additive. The proof

is complete.
STEP VII. For all f e V* we have
L*f = J f du.
G

PROOF. Assume for the moment that £ > 0 and take b > 0 such that G = f_l((O,b)).
Given € > 0, let 0=y < Yp € eee <Y, T b be a partition of [0,b] such that

i -y, <€ (i=1,...,n). Clearly, the sets E; = f_l([yi_l,yi)) (i=1,...,n
lie in A, Let Vi € 7 (i=1,...,n) be such that Ei lies in Vi and u(Vi) <
u(Ei) +e/n and f < y; t€ on Vi' Now choose nonnegative functions g; € \'f
(i=1,...,n) such that V, = gil((o,w)) and let h, be those functions in V*

defined by

hy = g;/1 g

A
=

Clearly O < i < 1Vi and f = Z (fhi). Furthermore, fhi < (yi+€)hi and, on Ei’

Yio1 > YitE Hence, we have

v

we have f

L*f

[ L*(£h,)
z (yi+€)L*hi

I (ryreuvy

IA

IN

A

I (ryte)u(Ey) + [ (yy+e)e/n
I (v;-e)u(E) + 26 Ju(E) + e(f y;/n +€)
7 yi_qH(Ej) + 2€u(6) + e(b+e)

fdu + €(2u(G) + b + €)
G

n

A

In

and so

L*f < f £ du.
G

Now, any real-valued function f € VY* can be made strictly positive by ad-
ding a constant and so, since L* 1is linear, the above inequality also holds for

all real-valued f e (*. Substituting -f for f we get
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I f du < L*f
G
and so
j f du = L*f
G
for all f ¢ V*. This completes the proof.
It now follows that
Lf = J f du
G

for all f e V.
STEP VIII. u is unique on AL*'

PROOF. Suppose u' also satisfies Theorem 3. By regularity, it is sufficient to
show that u(Z)=u'(Z) for all Z e Z. Fix Z e Z and choose € > 0. There exists
Ve Zc such that Z 1lies in V and u'(V) < u'(Z) + €. By Remark 1b), there
exists f ¢ y* such that IZ < f < IV' So we have u(Z) < L*f < u'(V) < u'(2) + €.
Hence u(Z) < u'(Z). Interchanging u with p' we also have u'(Z) < u(Z). So

it follows that wu(Z) = u'(Z). This completes the proof.

STEP IX. J is a subalgebra of AL* on which pyu =m

L L-

PROOF. Suppose that E € JL‘ Then

inf{L(f-g): g < Ip < f; f,g e V} = 0.

So, given € > 0, there exists f ¢ I/ such that IE < f and Lf < u(E) + €. Hence

u(E) = mL(E) since

inf{Lf: I_ < f; f e ¢}

u(E) ES

mL(E).

Similarly, there exists g e U such that g < I and Lg > u(E) - €. Put

7= g_l([e,lj). Then u(E) = u(Z) = L(g-€) = Lg-eLl > p(E) - €(1+L1) and so

W(E) = sup{u(z): Z in E; Z e Z}.
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So E €A Hence, A contains J

L*’ L* L’

STEP X. L* is uniquely determined by its restriction on (. Furthermore,

for all z ¢ 7 we have

u(2)

inf{l*q: I, <q; qe 9}

and, for all V e 15,

u(vV) = sup{L*q: q < I;; qe 0}.

PROOF. By Remark 1b), given Z € Z and V e 7¢ such that Z is contained in V,
there exists q € Q with IZ <qs IV. So, it follows that u(Z) < L*q < u(V) and
so, by regularity, u is completely determined on A by the restriction of L* to

and consequently L* is uniquely determined by its restriction on . This
q quely

proves the step.

We have proved Theorem 3 (and so Theorem 2). To show Corollary 1, suppose
that u' is another positive regular finitely additive set function on A for
which L*f = J f du'. Then using the ideas in the proof of Step VIII we get our

G

result. We now prove Corollary 2 in three steps.

STEP XI. If L has the Daniell property, then there exists a unique L*

with the same property.

PROOF. Let U, be the class of all functions f: G » (-»,o] which are the limit

1

of increasing sequences {fn} in V, and put L f = lim Lf . Note that L, is a

well-defined additive extension of L to I, with the property that Llf 2L

1 18
for all f,g € vy with £ > g. Let v, be the class of all real-valued functions

h on G such that
inf{lig: g 2 h; ge Vl} = -inf{ng: -g<h; ge Vl} < o,

For all h e VZ’ put Lzh = inf{ng: g2h; ge Vl}. Since I 1is a vector lattice,
it follows that V, is also a vector lattice containing {feV:f<o; Lif<e}
and that L2 is a positive linear extension of L to V2 with the Daniell proper-

ty (see, for example, [9, pp. 29-341).
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Let us show that U* 1lies in V2. This we do by showing that hf/(f+g)
lies in v, whenever f,g,h e ! are positive and 1 > f+g > 0. Clearly, the se-

quence of functions fn given by
v k
£ = ] hf(l-f-g)
k=0

lies in V and increases to hf/(f+g). So hf/(f+g) lies in Vl and Lh = Llh =
Ll(hf/(f+g)) + Ll(hg/(f+g)) from which follows that Ll(hf/(f+g)) < ®_ Hence,
hf/(f+g) 1lies in vy and so * 1is contained in VZ' So taking for L* the res-

triction of L2 on U*, we obtain a positive linear functional on V* with the

Daniell property.

Let L** be another extension of L to VU* with the Daniell property.

Then, for all positive f,g,h € V such that 0 < f+g < 1, we get

n
lin § L(hE(1-£-2)%) = L*(hE/(£+g))
n k=0

L**(hf/(f+g))

and so L** = L* on U* (i.e., there is only one L* with the Daniell property).

STEP XII. If V is a Banach algebra and L has the Daniell property, then

fe U}

i

u(v) = sup{Lf: 0 < f < Iys

and

inf{Lf: I, < f<1; fe 1}

u(2) 7 <

for all Vez® and all Z e Z Also, for all sequences {Ei: i=1,2,...} in P
we. have

H(U E)) < ] u(E,).

PROOF. The first part of the step follows from

w(v)

u(z)

sup{L*q: q < I,;; q€Q},

1"

inf{L*q: I, <q; qe 0}

and the fact that, since L has the Daniell property, then L* can be chosen with

the same property and so



J.-M. Belley and F. Lessarnd 143

n
L*(£/(£rg)) = lim L(§ £(1-£-)%)
N> k O

for all positive f,g e I/ such that 0 < frg < 1.

We now prove the countable subadditivity of y on P. Given e > 0, let

{Vi: i=1,2,...} be a sequence in 7% such that, for each i, Vi contains Ei

and p(V,) < u(E;) + /2" ', Choose h, ¢ V such that 0 <hy <1/2™" and v, =

h;l((O,lj). Let V= U Vi and take f e ¥/ with 0< f<1I Since z hi e V and

v
Vv = (z hi)_l((o,l]), we have V e Z%. Choose a zero set Z contained in V such
that p(V) < u(Z) + €/2 (i.e., u(WZ) < %) and choose h e I such that

0<hs<l and G\Z = h((0,17).

A

Now the functions fi: G~ [0,1] given by
£, = fhi/(X hj + h)
and the function f': G-~ [0,1] defined by

f' = fh/(] hj + h)

are elements of (*. Furthermore, f = z fi + f£' and so, having chosen L* with

the Daniell property, we get

Lf = ] L*f, + L*f'

IN

I uvy) + u(n\z) < ] u(E) +e.

So

HCUEDs u(UVy) = u(V) = sup{Lf: 0 < £<1, fel}x ) u(Ey).
We have proved the step.

STEP XIII. If ¢ is a Banach algebra and L has the Daniell property
then choosing L* with the same property, we have that AL* is a o-algebra on

which u is countably additive and unique.

PROOF. Take El’EZ’ES"" a sequence of mutually disjoint sets in AL* and write

n
E for their union. By Step XII and the fact that u(E) 2 z u(Ei) for all
i=1
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n=1,2,3,... we have that W(E) = ] u(E;).

We now show that E 1lies in AL*' Given € > 0, for each i = 1,2,3,...

choose a zero set Zi in Ei such that u(Ei) < u(Zi) + e/21+1. Now choose n so
n (oo}

that | u(z,) > ) u(zy) - le and let Z denote the union of Zyseensly. Then
1 1

wz) > L uy) - 2e > L u(Ey) - e = uE - e
1 1
Hence, u(E) = sup{u(2): Zz in E; Z ¢ Z} and so E ¢ AL*'

Uniqueness follows from Step VIII and the fact that L* is the only posi-
tive linear extension of L to V* with the Daniell property. This completes the

proof.

Finally, we prove Corollary 3 in two steps. Let T be defined on IR(G)
by

T(Wf = J f du
G

for all f e V*.
STEP XIV. T: IR(G) = H*.

PROOF. Clearly if u = 0, then Tu € H*. We show that if u e€ IR(G) is such that
u 3+ 0, then Ty lies in the subset of H* consisting of the weak star closure, in
the topological dual of (*, of the class of all positive real-valued homomorphisms
L; on "* given by L;f = f(z) for all 2z € G. Choose functions fl""’fn in

v* such that, without loss of generality, 0 < fi <1 (i=1,...,n). Given an

integer m 2 0, put

E(i,m,k) = {z € G: k < mei(z) < k+1}

for all k = 0,...,2m—1, and let the step function Sim be given by
o 2"-1
27s, = kI . .
i,m kEO E(i,m,k)

Then
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m

Y =1im] s, du=sup § KI(E(i,m,K)) /2"
jG 1 me /G 1,m m k=0

1
Choose m' 1large enough so that ()™ < i and

2™

IJ £oau - T Ku(E(im', k) /2" | < e
¢ * k=0

'
for all i. Now, for each i, {E(i,m',k): 0< k < ™1} is a partition of G.

So, taking as partition of G, the common refinement of these n partitions (i.e.,

n
the class of all sets E(j,m',kj), for all sequences {kj: j =1,...,n} in the
' j=1

set {0,...,2m -1}) we get that there exists a finite sequence {ki: i=1,...,n}

n
1

in {0,...,2m -1} such that p( n E(i,m',ki)) = 1. Hence, for each i, we have

i=1

U(E(i,m',ki)) =1 and u(E(i,m',k)) = 0 for all k # ki' Choose z in
n
n E(i,m',ki). Then for all i= 1,...,n we have

i=1
™'
* 1 1 m'
|Lxf, - fc £, odul < [£,(2) - kZO ku(E(i,m', k) /2" |
™1 ,
| ] ku(E(im',k)/2" f £, dul
k=0 G

A

1
[£,(2) - ki/zm [ + le

STEP XV. T is bijective.

PROOF. Given L* ¢ H*, by Remark 1b) and Theorem 3, there exists a unique regular
finitely additive set function wu: pA-> [0,©) representing L*, and this u is such
that for any given set Z ¢ Z contained in a set V¢ Zc, there exists f ¢ VY* for
which IZ < f< IV and yu(Z) < L*f < p(V). Since L* is a homomorphism and since
IZ < < IV for all n= 1,2,..., we get by regularity that u(Z) is either 0

or 1 for all Ze Z. So, it follows that u € IR(G).
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3. Bounded linear functionals

Let i) FA(A) designate the class of all differences of two positive re-
gular finitely additive set functions on A, and ii) B(V*) denote the class of
all bounded linear functionals on (*. Given u e FA(A) and L* ¢ B(U*), let |l
denote the total variation of u and |[L*| the norm of L*. We now have the fol-

lowing result.
THEOREM 4. Let T be the Linear transgonmation defined on FA(A) by
T = [ f du
G

for all u 4in FA(A), and alf £ 4in U*. Then T 44 & noam preserving bijection

0of FA(A) onto B(V*).

PROOF. Clearly T maps FA(A) into B(V*) and [Tyl < |lu/|. We will prove that

T 1is bijective and that |[Tull > |jull for all u e FA(A).

Let us first show that T 1is surjective. Given L* ¢ B(V*), let L: and
L* be positive linear functionals on y* for which L* = L: - L* (see [9, p. 40]).
By Corollary 1, there exist positive set functions u+,u- e FA(A) such that Tu+ =

L* and Tu” = L*. So u' -y~ 1lies in FA(A) and T -p7) = L*,

Next, let us show that T 1is injective. Choose u e¢ FA(A) such that
Ty = 0 and choose positive set functions uI,u; e FA(A) such that p = uI - u;.

Then TuI = Tu; and so, by Corollary 1, we have that uI = u% (i.e., uw = 0).

We now show that ||Tull = |Jul|. Let L} and L% be positive linear func-
tionals on V* such that Ty = LI - L% and [Tyl = Li(l) + LE(I) (see for example

[9, p. 40]). Since T 1is surjective, there exist MpsHy € FA(A) such that Tul =
Lf and Tuz = L5. Hence, u = ny -, since T 1is injective, and so |Tu| =

T(ul)l + T(uz)l = ul(G) + uz(G) 2 ||y/l. This completes the proof.

REMARK 5. Clearly we can prove a similar result when FA(A) 1is the class

of all complex-valued set functions whose real and imaginary parts are each the



J.-M. Belley and F. Lessard 147

difference of two positive regular finitely additive set functions on A, and B(V*)

is the set of all bounded complex-valued linear functionals on V*.

4. Applications to Borel measures on groups

In this section, G will be a locally compact abelian group (written ad-
ditively) with identity O and dual group G~. Let <z,z”> denote the character
2" ¢ G evaluated at z ¢ G. Given m in the space M(G) consisting of all regu-

lar complex Borel measures on G, let m"~: G~ » C denote its Fourier-Stieltjes

transform given by

m~(z7) = I <z,z™> dm(z).
G
Let M(G)" designate the space {m”™: m ¢ M(G)} (which is closed under products).

Recall that a measure m ¢ M(G) is said to be continuous if m({z}) = 0
for all z ¢ G and it is said to be discrete if it is concentrated on a countable
subset of G. It is shown in [2, pp. 70-71] that the linear functional L on M(G)"
given by Lm™ = m({0}) 4is positive. By means of Theorem 3, we now obtain a measure
theoretic approach to Wiener's criteria for the continuity of a Borel measure on G

(see [15], [7]1, and [16, p. 108]) which extends part of the result obtained in [2].

THEOREM 5. Given a Locally compact abelian ghoup G with dual group G=,
Let Vv denote the neal vector Lattice, closed under products, generated by the space
of all rneal-valued functions in M(G)~. Then, there exists a positive finitely ad-
ditive set function yu: A~ [0,1]1 with the §ollowing properties.

D w6 =1.

2) u A8 dnnen and outer regular with respect to the zeno and cozeno sets
(nespectively) fon the functions in V.

3) For all m e M(G) and all z e G, we have

m({z}) = I <z,25>m™(27) du(z?)
o

and



148 A synthesis of Bochner and'muz type nepresentation theorems

ILKONERY WRLNCOIERMES

zeG

and 40 m 48 continuous if and only if
JG“ Im~(z)|? du(z™) = o.

4) 14 my,m, e M(G) are such that my/m] 44 the uniform Limit of A-mea-

is a discnete measure fon which m? > 0, then the

surnable step functions and m 1

1
bounded complex-valued function £ on G~ gdiven by

f(z) = J <z,z‘>(m5(z‘)/m1(z“)) du(z™)
G
A5 such that
mz({Z}) =I f(z-w) dml(w)
G

for all z e G.

PROOF. V 1is a vector lattice which is closed under products and contains the con-

stant function 1. There exists a (unique) linear functional on V  (which for ease
of notation we also denote by L) whose restriction to the real-valued functions

in M(G)~ 1is the given linear functional L. We can now apply Theorem 2 to obtain

a positive finitely additive set function u on A which is inner and outer regu-

lar with respect to the zero and cozero sets, respectively, for the functions in V,

and which satisfies the equation
Lf = f f du.
G

for all f ¢ V.

It is shown in [2, pp. 70-72] that the positive linear functional L has
the following properties.
1) Any given real-valued (and so complex-valued) function in M(G)" is
the uniform limit of JL-measurable step functions.
2) G = 1.
m, (6%

3) For all m™ ¢ M(G)” and all z ¢ G, we have

m({z}) = JG‘ <z,27>m"(27) dm; (27)
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and

) Im({z})] ? = IG~ Im~(z™)| 2 dm, (z7),

zeG

and so, m is continuous if and only if
apoay] 2 ~
[m~(z™)] © dm, (z7) = 0.
¢ L

Now m =y on JL N A (see Step IX) and any given function in V is the
uniform limit of JL N A-measurable step functions. So we get parts 1), 2) and 3)

of the Theorem. We now prove part 4).

Since m%/mi is the uniform limit of A-measurable step functions, the

function f given by
£(z) = [ <z,27> (m5(z") /m(27) du(z")
G~

exists for all z ¢ G. Hence

"

J £(z-w) dm, (w) ) f(z-w)ml({w})
G

weG

J <z,z2> [ ] <w,z*>m1({w})][ma(z*)/mi(z*)] du(z")
G~ weG

"

[ e ACOIECONCORECY

f Tromy(e") du(z)
-

m, ({z}).
This completes the proof.

REMARK 6. Note that mE/mI is the uniform limit of A-measurable step
functions whenever mI is bounded away from O on G~. When G is the set of all
integers (with discrete topology) and mI >0 on G° (i.e., on the unit circle in
the complex plane), then mi is bounded away from O and Wiener's lemma assures us

that f 1is a discrete measure on G.
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