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A SYNTHESIS OF BOCHNER AND RIESZ 
TYPE REPRESENTATION THEOREMS' 

J.-M. Belley and F. Lessard 

Sommaire 

Soit i) V un treillis vectoriel de fonctions réelles bornées sur un en- 

semble G, fermé sous les produits et contenant la fonction constante 1 et ii) A 

l’algèbre d’ensembles dans G engendrée par la classe Z des ensembles zéros (ou 

bien par la classe Zc des ensembles cozéros) des fonctions dans V. Alors, étant 

donné une fonctionnel le 1 inéaire positive L sur V, il existe une fonction d’en- 

sembles additive 1-1: A + CO,-) qui est régulière de l’intérieur et de l’extérieur 

par rapport respectivement à Z et Zc et qui satisfait la relation Lf = f 4-J 
G 

(f E V). Ce résultat permet d’établir un lien entre un théorème de Bochner et des 

théorèmes de représentations plus récents. Il permet également de généraliser en 

partie une caractérisation des homomorphismes continus due à Sultan ainsi qu’un théo- 

rème de représentation démontré par Pollard et Top&e pour les fonctionnelles liné- 

aires positives ayant la propriété de Daniell, et de fournir une application aux me- 

sures complexes, régulière et boréliennes définies sur les groupes abéliens locale- 

ment compacts . 

1. Introduction and basic results 

The following result was obtained by Bochner in 1939 (see [4, pp. 773-7751). 
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THEOREM 1 (Bochner). f& V be a mal vec.tatt kt&lce, cann&Xng 04 bound- 

ed (tteat-vtied) &msCkwz~ un a aeAF G, c.tuded undti puduc& and cuntabûng Xhe 

cun&tan.X &zcCLun 1. 76 L if a pu&Ckw Lin~ @nctiunaL un V and JL ti Xhe 

C&M 06 (3utrdan) ae& E in G (wtih kdd-.tutt @mtiun 1~1 @tr wkich 

inf{L(f-g): g < IE 2 f; f,g E VI = o 

1) JL i.~ an algebtra a6 mt~, 

2) Qurr cuzy given f E V, fz: f(z) 2 r) C~A in ‘TL &I a deme net u6 

Udh r, and 

3) the MA @xLLun mL de&ined un jL by 

mL (E) = inf(Lf: IE < f; f E VI 

ti a puative @~.itely acltive ati &nc.tiwz &L which 

Lf = 
G 

f dmL 

Here, the integral is taken in the sense of Riemann. It is unfortunate 

that both the algebra JL of Jordan sets and the dense sets of reals depend on the 

linear functional L. Our first result, which we now state, eliminates these weak- 

nesses. For this theorem and the remainder of the paper, we refer the reader to 

[6, pp. 101-1251 for the theory of integration with respect to finitely additive set 

functions. Some of our 'results were communicated without proof in C31. 

THEOREM 2. net i) v be a mat WCAVL .tMtice cum/inting ud baunded 

(~cuhm.hd 1 &nti um un a a& G, cRu4ed undet pmducti and cutitig .the cun- 

MmzX &ncCLun 1, ii) 2 and Zc be the &~a 06 zem and cuzem UI~ tte~pect.LveLy 

6utr ai2 6uncCium in V, and iii) A be the atgebtra 05 ati (in G) genemted by 

z. Then, g.iven a pus&Lve lZimx.4 &tncLLunal L un V, ;~~CYUZ exi~.12 a pu&iXive 

@zLte~y adtive ati &mtiun 1-1 un A aucCz khti 

1) dut ail f E V, Xhe &xUuting ~ntepa.t exdb (Lnce f d Xhe uni&m 
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A-meanuhab& akep &zc;tiaMn] and ih gA.wn by 

and 

Lf= fQr 
J G 

2) E E A, 

1-1 (El = inf(u(V): E in V, v E zC) 

= SU~(~(Z): Z /in E, z E a. 

REMARK 1. a) Let 0, be the class of a11 quotients f/(ftg) with f,g E V 

positive and ftg > 0, and let V* be the smallest real linear space, with uniform 

norm, containing a11 products hq with h E 'V and q E Q. Clearly V* is closed 

under products and the zero set of any given function in V* lies in Z. Note that 

if V is the set of a11 continuous real-valued almost periodic functions on the real 

line, then it is a vector lattice properly contained in V*. In fact, the function 

(COS 2 t)/(cos 2 t 2 + COS 7Tt) which lies in V*, is not uniformly continuous and SO not 

almost periodic. 

b) Given any two disjoint sets Zl,Z2 E ‘2 and any two functions hl,h2 E V 

-1 2 2 2 such that Zi = hi ((0)) (i = 1,2), then the function f given by hl/(hlth2) 

lies in 2 (and SO in V*) and has the property that f = 0 on Z1 and f = 1 

on z2 (i.e., V* separates disjoint sets in Z). 

c) The use of a positive extension of L from V to V* in the proof of 

Theorem 2 removes any possibility for uniqueness in general. In view of the follow- 

ing corollary and the fact that V = V* when V consists of a11 bounded continuous 

real-valued functions on a topological space G, we get that our result contains the 

well-known representation theorem of Alexandroff [ll. It also generalizes part of a 

theorem due to Kirk [8, p. 4611 (see also [12, pp. 62,631) since it is not assumed 

that i) V separates points of G, and ii) that V separates disjoint sets in 

Z. Theorem 2 cari be proved from the very general results of Pollard and Topsge (see 

Cl01 and C131) by showing that the vector lattice generated by V* has the same 

class of zero sets Z and that disjoint zero sets are separated by the functions 
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in it. Since the proof of their result rests on previous work by Tops4e, we provide 

here a self contained proof of a more general theorem (see Theorem 3) which esta- 

blishes a relationship between Theorem 2 and Theorem 1 of Bochner. 

d) For the case when G is a locally compact abelian group, Theorem 2 is 

applied in 13, p. 1531 to obtain integral representations for i) positive linear 

functionals on the space of almost periodic functions and ii) not necessarily con- 

tinuous positive definite functions. 

COROLLARY 1. 

A 

L* 

A -mea-lwtab& Hep &ntiOti 1 and LA given by 

and 

L*f = f dl-l 
G 

IN3 = inf{p(V) : E hz V, v E zcl 

= SU~{~(Z): Z in E, z E zl. 

Under the hypothesis of Theorem 2, there exists a (not necessarily unique) 

positive linear functional L* which ext ends L from V to V* (see CS, p. 1441). 

Let CI be the positive function defined on the class p of a11 subsets of G by 

P(V) = supEL*f: 0 5 f 5 Iv; f E v*) 

for a11 V E Zc, and 

W) = inf(U(V): E in V; V E Zc) 

for a11 E E P. Clearly, 

l-q) i P(E9 

whenever E 1 is contained in E2’ Let AL* denote the class of sets E E P for 

which 
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Fr (El = SU~(~(Z): Z in E; z E z}. 

Clearly 2 lies in A,,. 

Theorem 2 is contained in the following useful generalization of Theorem 1 

that we prove in the next section. 

L*f = 
f 

f dv 
G 

2) 

F-I(E) = inf{u(V): E hz V; V E 2') 

= SU~(~(Z): Z in E; Z E 2). 

CI GI = infCL*q: Iz 5 q; q E (1) 

and, &VL a.U v E z', 

lu) supCL*q: q 5 I 
l  V' 9 c QI* 

REMARK 2. be the real line, V be the vector lattice consisting 

of a11 continuous real-valued almost periodic functions on G, and L be the posi- 

tive linear functional on given by 

f(t) dt. 

Note that L does not have the Daniel1 property and that a11 bounded subsets of G 

lie in J,. SO this is an example where A (which is a subalgebra of the Bore1 sets 



. in G) is properly contained in A L** 
Hence, Theorem 3 cannot be deduced from the 

results of Pollard and Topsde (see Cl01 and c131). Nor cari it be shown by Theorem 1 

of Bochner since in some cases there are sets in Z which are not in _IL (see 

c4, p. 7771). 

We also have the following corollary which contains part of a result first 

obtained by Pollard and Top@e [lO, p. 1813 (see also 113, p. 2431). 

COROLLARY 2. 16 u be a Banach algeb/ta (wtih uni@m num) , Xhen gkven a 

puaLtive &.necut &mAXuncd L un v wtih khe Pan.dU ptrop~y LL. e., Lfn40 SU& 

aU 4quencU fn+O in V), ;thUut exihti a utique puaLtive fineah exhzGun L* U6 

L xta V* WLth xhe mme pmpehxy. ex.tenhiun, A L* 

a-altgebtta un wkich i.~ de&zed a utique pu~&Lve cuutiab.ty addi/tive ad 6unctiun 

1) 6uk al.t 

ad if given by 

Lf = f dv 
G 

E 6 A,,, 

I-I(E) = inf{p(V): E in V, V E Zc) 

= SU~(~(Z): Z /in E, z E zl. 

and 604 ti Z E Z a 

v (VI = sup(Lf: 0 5 f 5 Iv; f E VI 

1-I m = inf(Lf: Iz 5 f 5 1; f E V). 

REMARK 3. Note that A,, is not in general the same as the o-algebra S 

generated by Z . For example, if v is the class of a11 continuous real-valued 

functions on the interval CO,11 and L be the positive linear functional on V 

defined SO that Lf is the Lebesgue integral of f on CO,l], then AL* consists 
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of a11 Lebesgue sets in CO,13 (see for example Cil, pp. 52-541) while S consists 

of a11 Bore1 sets. Hence S is properly contained in A L* 
and SO Corollary 2 can- 

not be proved by means of the results of Pollard and Topsde (see Cl0 , p. 1811 and 

[13, p. 2431). Furthermore our corollary cannot be deduced from the Daniel1 exten- 

sion theorem (see for example [9, p. 351) since, in the latter, the set function re- 

presenting the linear functional is not necessarily unique and has regularity prop- 

erties with respect to a class of sets generally much larger than the zero and co- 

zero sets of functions in v. 

Let ff* denote the set of a11 continuous (i.e., positive) real-valued ho- 

momorphisms defined on V"O Without assuming that 2 is closed under countable 

intersections, as is done in [12, pp. 59-611, we obtain the following characteriza- 

tion of ff*. 

and ti auch tlzat 

6ouLi?lT f E v*. 

and 

REMARK 4. As in [12], let us Write IR(G) for the class of a11 set func- 

t ions defined on A as in Corollary 3. If we give IR(G) the vague topology (i.e., 

a sequence . {P,) in IR(G) converges to 1-1 E IR(G) if and only if 1 fd~i + ,/ fdIJ 

for a11 fE v*) and If* the weak star topology, then the bijection defined by the 

correspondence in Corollary 3 is a homeomorphism. 

2. Proof of our basic results 

As Will be evident from the proof, Theorem 2 is contained in Theorem 3 in 

the sense that the set function in the first is the restriction on A of that in 

the second. We now break up the proof of our results into a sequence of steps 
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typical of such representation theorems (see, for example, the proof of Alexandroff's 

representation theorem in C14, pp. 115-1171). 

STEP 1. Given Z E 2 and V E Zc, and given f, g E V* with g 2 Iz 

and f 5 1 V' we have L*g 2 p(Z) and L*f 2 U(V). 

PROOF. Given E > 0, put 

VE = {x E G: (l+Qg(x) > 1). 

Clearly Z is contained in V &* Furthermore, for a11 h E V* with 0 2 h 5 Iv 
E 

we have h 5 (lt&)g (and SO L*h I (l+E)L*g). Hence 

and SO p(Z) 2 L”g* 

We now prove the second inequality. Note that l-f 2 IG,v. SO, by above, 

we have that L*(l-f) 2 y(G\V). NO~, choose V' E Zc containing G\V, such that 

p(V) < p(G\V) + E. Then L*(l-f) > p(V*) - E. Hence, L*f < L*l - p(V') + E. 

Thus, for a11 h E V* such that IG,v 2 h 2 Iv,, we have L*f < L*(l-h) -t E. Now, 

0 < l-h 5 1 V' Hence, it follows that L*f < p(V) t E. This completes the proof. 

STEP II. Given Z E Z contained in V E Zc, we have 

PROOF. Note that V\Z e Zc. Hence, given E > 0, there exists h E V* such that 

O<h<1 nz and 

L*h > p(V\Z) - E. 

Let V1 E Zc denote the intersection of V with h-l([O,E)). Then V' contains 

z. By Remark lb), there exists f E V* such that Iz i f 5 Iv,. Note that 

fth-E < Iv. SO, by Step 1 and the above, we have 
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p(V) 2 L*(f+h-&) 

137 

= L*f + L*h - EL*~ 

> p(Z) t p(v\Z) - E(ltL*l). 

Hence, 

The proof is complete. 

STEP III. Zc lies in A,,. 

PROOF. Given V E Z C and E > 0, choose fE v* such that 0 I f 5 Iv and 

L*f > p(V) - E. Put z = f -1 ([&l-J). Then Z is contained in V and f-E < Iz. 

SO, by Step 1 we get 

L*f - &L*l 5 inf(p(V'): Z in V', V' E 2') = u(Z). 

Hence, 

p(Z) 2 p(V) < L*f t E I p(Z) t &(l+L*l). 

This completes the proof. 

STEP IV. P(U Ei) < 1 à for a11 finite sequences El,...,E, E P. 

PROOF. Given E > 0, there exist sets Vl,...,Vn E 2' with Ei in Vi and 

~(Vi) < p(Ei) t E/n (i = l,...,n). Let 1) hi E V be such that 0 5 hi 5 1 and 

'i = h~l((o,ll)) 2) v =u v i, and 3) fC v* be such that 0 5 f I Iv. There 

also exists a set zd Z in V and w9 < l-m + E* SO, by Step II we 

have p(V\Z) < E. Let h E V be such that 0 < h 5 1 and G\Z = h -1 ((0,ll). Then 

the functions f i: G j CO,11 Ci =l ,*.*,nl defined by 

fi = fui/(~ hj + h) 

and the function f': G -+ CO,11 defined by 

f' = fh/(c hj + h) 



lie in v*. NOW f = 1 fi + f' and SO 

< c I-I(Ei) t 2~. 

This completes the proof. 

STEP V. 1-I (zl u 31 = ~(2~) t p(Z2) for a11 disjoint Z1,Z2 E 2. 

PROOF. By Remark lb) there exists f: G -+ CO,l], in v* such that f = 1 on Z1 

and f= OonZ2. LetVl -' = f ((&,ll) and V2 = f-'([O,$)). Then Vl, V2 are 

disjoint elements of Zc with Z i in V i (i = 1,2). 

Given E > 0, choose V E Zc with ZllJ Z2 in V and p(v) < P(Z,U z2) + 

43. A~so, choose fl,f2 E V* with 0 < fi 2 Iv nv and L*fi > r.r(V,n V) - &/3 . 

(i = La ' Then 0 I fltf2 2 Iv and v(z,) + 11(i21 5 dVl n VI + u(v,n VI < L*f 1 + 

L*f2 t 2~/3 = L*(fltf2) t 2~/3 i p(V) t 2&/3 < ~(Zlu Z2) + E. SO, by Step IV, we 

get lJ(Z, u 3) = PCZ1) + dz9 This completes the proof. 

STEP VI. AL* is an algebra of sets containing A on which p is addi- 

tive. 

PROOF. a) A,, is closed under disjoint unions and ~-r is additive. TO see this, 

let El, E2 be two disjoint sets in A,, and choose E > 0. There exist Z. in 
1 

Ei such that u(Ei) < u(Zi) t $& (i = 1,2). Put Z = Zl UZ2. Then p(El UE2) 2 

la) = PU,> + IG,) > u(E1) t V(E~) - E and SO, by Step IV, we bave u(El UE2) = 

lql + l-e9 l  
This shows that u(Z) > p(El UE2) - E. Since Z lies in El UE2, 

we have that A,, is closed under disjoint unions and SO p is additive on A L** 

b) If El,E2 E A,,,, then El\E2 E A,, as we now show. Given E: > 0, 

choose Zi E Z and Vi E Zc such that Zi lies in Ei, Ei lies in Vi and 

P CEil - i& < u(Zi) < p(V.) < I-l(Ei) t ;C (i = 1,2). Then El\E2 lies in (Vl\Zl) 
1 

U (Z,\L’,) U (V2\Z2)9 and since p(Vi\Zi) = ~(Vi) - ll(Zi) < E, we have u(El\E2) < 

u(Zl\V,) t 2~ where Zl\V2 E Z and Zl\V2 lies in El\E2. 
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It now follows from the fact that A L* contains 2 and by parts a) and b) 

that AL* is an algebra of sets containing A on which 1-1 is additive. The proof 

is complete. 

STEP VII. For a11 f E v* we have 

L*f = f dp. 
G 

PROOF. Assume for the moment that f > 0 and take b > 0 such that G = f-'((0,b)). 

Given E > 0, let 0 = y, < y1 < . . . < y, = b be a partition of CO,bl such that 

yi - yi-1 < E (i = l,...,n). Clearly, the sets Ei = f -1 (Cyi-l,yi)) (i = l,...,n) 

lie in A. Let Vi E Zc (i = l,...,n) be such that Ei lies in Vi and p(Vi) < 

I-I(Ei) t E/n and f < yi t E: on Vi. NOW choose nonnegative functions gi E V 

Ci = 1 ,**.,n) 
-1 Such that Vi = gi ((0900)) and let hi be those functions in V* 

defined by 

h. 
1 = gi/l gj' 

Clearly 0 I hi I lv 
i 

and f = 1 (fh.). Furthermore, fhi I (Yi+&)h. and, on Ei, 
1 1 

we have f 2 yi-1 > yi-E. Hence, we have 

L*f = c L*(fhi) 

= 1 (Yi-E)U(Ei) + 2~ C 11(Ei) + ‘(1 Yi/n + E) 

< CY iwlVCEi> + 2EP(G) ’ ‘CbtE) 

5. f dp t E(~U(G) + b + E) 
G 

and SO 

L*f 5 
J 

f dp. 
G 

NOW, any real-valued function f E v* cari be made strictly positive by ad- 

ding a constant and SO, since L* is linear, the above inequality also holds for 

a11 real-valued f E V*. Substituting -f for f we get 
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and SO 

1 f du = L*f 
G 

for a11 f E V*. This completes the proof. 

It now follows that 

Lf = J f du G 
fora11 fE V. 

STEP VIII. IJ is unique on 
A,* l  

PROOF. Suppose p' also satisfies Theorem 3. By regularity, it is sufficient to 

show that ~(2) = p*(Z) for a11 Z E 2. Fix Z E 2 and choose E > 0. There exists 

Ve2 ' such that Z lies in V and p'(V) < p'(Z) t CC. By Remark lb), there 

exists f E v* such that 1, < f 5 I,,. SO we have u(Z) 5 L*f 2 p'(V) < p'(Z) -t E. 
L V 

Hence p(Z) 2 p'(Z). Interchanging p with 11' we also have p’(Z) 5 p(Z). SO 

it follows that l-dz> = p’(Z). This completes the proof. 

STEP IX. J, is a subalgebra of A,, on which p = mL. 

PROOF. Suppose that E E J,. Then 

inf{l(f-g): g i IE i f; f,g 6 VI = 0. 

So, given E > 0, there exists fdl such that IEc f and L£<u(E) +E. 

P(E) = JnL(El since 

WI = inf(Lf: IE 2 f; f E V) 

= mp. l  l  

Similarly, there exists gev such that g 2 lE and Lg > p(E) - E. Put 

z= -l 
g u-~,13 l  

Then p(E) 2 p(Z) 2 L(g-E) = Lg-EL1 > u(E) - &(l+Ll) and SO 

Hence 

WI = SU~{~(Z): Z in E; z E ZL 
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SO E E AL*. Hence, AL, contains JL. 

STEP X. L* is uniquely determined by its restriction on 2 . Furthermore, 

fora11 ZEZ wehave 

I 
la) = inf{L*q: Iz 5 q; q E QI 

and, for a11 V E Zc, 

l-w = sup(L*q: q 5 Iv; q E 2) l  

PROOF. By Remark lb), given Z E Z and V E Zc such that Z is contained in V, 

there exists ,vP with Iz < q 2 Iv. SO, it follows that p(Z) 5 L*q 5 p(V) and 

SO, by regularity, 1-r is completely determined on A by the restriction of L* to 

2 and consequent ly L* is uniquely determined by its restriction on 2 . 

proves the step. 

We have proved Theorem 3 (and SO Theorem 2). TO show Corollary 1, suppose 

that 

which 

result 

s another 1-1’ i 

L*f 

. We 
=I f dp’ 

G 

positive regula on A for 

Then using t 

r finitel 

he ideas 

three st 

y addit ive set function 

in the proof of Step VI 

eps . 

II we get our 

Corollary 2 in now prove 

STEP XI. If L has the Daniel1 property, then there exists a unique L* 

with the same property. 

PROOF. Let V1 be the class of a11 functions f: G -+ (-~,~l which are the limit 

of increasing sequences Ef,) in V, and put Llf = lim Lfn. Note that Ll is a 

well-defined additive extension of L to vl with the property that Llf 2 Llg 

for a11 f,g E ~1 with f 2 g. Let v2 be the class of a11 real-valued functions 

h on G such that 

inf(Llg: g 2 h; g E v,) = -inf{Llg: -g 5 h; g E Vl) < OO. 

For a11 h E y,, put L2h = inf{Llg: g 2 h; g E Ul). Since V is a vector lattis% 

it follows that V2 is also a vector lattice containing {f E V1: f < 00; Llf < 4 

and that L2 is a positive linear extension of L to V2 with the Daniel1 proper- 

ty (see, for example, C9, pp. 29-341). 



Let us show that il* lies in v’2. This we do by showing that hf/( ftg) 

lies in V2 whenever f,g,h E V are positive and 1 > ftg > 0. Clearly, the se- 

quence of functions fn given by 

fn = ,“, hf(l-f-g)k 

lies in V and increases to 
hf/(f+gl l  

SO hf/(ftg) lies in VI and Lh = Llh = 

Ll(hf/(ftg)) t Ll(hg/(ftg)) from which follows that Ll(hf/(ftg)) < 00. Hence, 

hf/(ftg) lies in v2 and SO V* is contained in V2. SO taking for L* the res- 

triction of L2 on V*, we obtain a positive linear functional on V* with the 

Daniel 1 property . 

Let L** be another extension of L to V* with the Daniel1 property. 

Then, for a11 positive f,g,h E v such that 0 < ftg < 1, we get 

L**w/(f+g)) = lim y L(hf(l-f-g)k) = L*(hf/(ftg)) 
n k=O 

and SO L** = L* on V* (i.e., there is only one L* with the Daniel1 property). 

STEP XII. If V is a Banach algebra and L has the Daniel1 property, then 

W) = sup{Lf: 0 5 f 5 Iv; f E fl 

l-01 = inf{Lf: Iz 5 f 5 1; f E V) 

for a11 V E Zc and a11 Z E Z. Also, for a11 sequences {E.: i = 1,2,...} in P 
1 

we have 

PROOF. The first part of the step follows from 

and the fact that, since 

the same property and SO 

lu> = sup{L*q: q 5 Iv; q E 21, 

P(Z) = inf(L*q: Iz I q; q E Q} 

L has the Daniel1 property, then L* cari be chosen with 
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L”W(f+g) 1 = lim L( f f(l-f-g)k) 
.r»oo k0 

for a11 positive f,g E V such that 0 < ftg < 1. 

We now prove the countable subadditivity of i- on P. Given E > 0, let 

IV .: i = 1,2,. ..) be a sequence in 2 C 

1 such that, for each i, V. contains E. 
1 1 . 

and p(Vi) < p(Ei) t c/21t1. Choose hi E V such that 0 5 hi 5 1/2 itl and Vi = 

hil((O,l]). Let V = U Vi and take f E V with 0 5 f I Iv. Since 1 hi E V and 

v= (1 hi)-'((O,l]), we have V E 2'. Choose a zero set Z contained in V such 

that p(V) < p(Z) t ~/2 (i.e., p(V\Z) < k) and choose h E V such that 

O<h<1 and G\Z = h -1 
((OJJ). 

NOW the functions fi: G + [O,l] given by 

fi = fni/(c hj + h) 

and the function f*: G -+ [O,l] defined hy 

f' = fh/(C hj ' hl 

are elements of v*. Furthermore, f = 1 fi t f' and SO, having chosen L* with 

the Daniel1 property, we get 

Lf = 1 L*fi t L*f' 5' 1 ~(Vi) t p(V\Z) < 1 à + E. 

P(UE)' JJ(UV) = p(V) = sup(Lf: 0 5 f 5 Iv, f E v) 2 1 I-I(E). 
1 

We have proved the step. 

STEP XIII. If v is a Banach algebra and L has the Daniel1 property 

then choosing L* with the same property, we have that AL* is a a-algebra on 

which JA is countably additive and unique. 

PROOF. Take El,E2,E3,... a sequence of mutually disjoint sets in A L* and Write 
n 

E for their union. By Step XII and the fact that p(E) 2 1 à for a11 
i=l 



n = 1,2,3,... we have that p(E) = 1 p(Ei)' 

We now show that E lies in AL,. Given E > 0, for each i = 1,2,3,... 

choose a zero set Zi in Ei Such that I-I(Ei) < ii(Zi) + ~/2~"* Now choose n SO 

that y u(Zi) > ~ à - LE and let Z denote the union of Then 
1 1 

Z ,...,Zn. 1 

p(z) > ; à - ;E > y I-r(Ei) - E = p(E) - E. 
1 1 

Hence, p(E) = SU~{~(Z): Z in E; Z E 2) and SO E E A,,. 

Uniqueness follows from Step VIII and the fact that L* is the only posi- 

tive linear extension of L to V* with the Daniel1 property. This completes the 

proof; 

Finally, we prove Corollary 3 in two steps. Let T be defined on IR(G) 

for a11 f E V*. 

STEP XIV. T: IR(G) + H*. 

PROOF. Clearly if 1-1 = 0, then m E f-/*. We show that if 1-1 E IR(G) is such that 

u # O,then TP lies in the subset of fi* consisting of the weak star closure, in 

the topological dual of V*, of the class of a11 positive real-valued homomorphisms 

Li on II* given by Lif = f(z) for a11 z E G. Choose functions fl,...,fn in 

V* such that, without loss of generality, 0 5 f. < 1 (i = l,...,n). Given an 
1 

integer m 2 0, put 

E(i,m,k) = {z E G: k i 2mfi(z) < ktl} 

for a11 k = 0 ,...,2'l-1, and let the step function si m be given by 
9 

2m-l 
2msi m = c k1 

9 k=O E(i,m,k)' 

Then 
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f f. dp 
JG ’ 

Choose m' large enough SO that ($)m' < 4~ and 

2 m'-l 
fi du - C kWXi,m' ,k)) Dm' 1 < ;& 

G k=O 

for a11 i. New, for each 

SO, taking as partition of 

i, fE( i,m',k): 0 5 k 5 2m'-l} is a partition of G. 

G, the common refinement of these n partitions (i.e., 
n 

the class of a11 sets fl E(j,m',kj), for a11 sequences (k.: 
j=l 

J j = l,...,nj in the 

set {0,...,2 m* -1)) we get that there exists a finite sequence (ki: i = l,...,n) 

in 10 9***9 2 m'-l] such that v( : E(i,m',k,)) = 1. Hence, for each i, we have 
i=l I 

p(E(i,m',k.)) = 1 1 and p(E(i,m',k)) = 0 for a11 k # ki. Choose z in 
n 
n E(i,m',k.). 

1 
Then for a11 i = l,...,n we have 

i= 1 

iL~fi - 
G 

fi du1 5 Ifi(Z) - ' 1-1 ku(E(i,m',k))/2m'[ 
k=O 

2 m'-l 

+I c kp(E(i,m',k))/2m' - 
k=O G 

fi du 1 

< Ifi(z) - ki/2m'I + LE 

PROOF. 

STEP XV. T is bijective. 

Given L* E l-f”, by Remark lb) and Theorem 3, there exists a unique regular 

finitely additive set function 1-1: A-) [O,a) representing L*, and this l.~ is such 

that for any given set ZE 2 contained in a set VE 2 ', there exists fE v* for 

which IZ 2 f 5 Iv and p(Z) 5 L*f 5 u(V). Since L* is a homomorphism and since 

Iz 5 f" 5 Iv for a11 n = 1,2,..., we get by regularity that p(Z) is either 0 

or 1 for a11 Z E 2. SO, it follows that p E IR(G). 
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3. Bounded 1 inear funct ional s 

Let i) FA(A) designate the class of a11 differences of two positive re 

gular finitely additive set functions on 

a11 bounded linear functionals on 

denote the total variation of 

v** 

A, and ii) NV”) 

Given 1-1 E WA) 

IIL II * the norm of. L*. 

denote the class of 

L* E B(V*), let 

We now have the fol- 

lowing result . 

THEOREM 4. f.et T be Xhe &nm ~an&amaLLon de&ined on FA(A) by 

W)f = J f du 
G 

&tl aLit p in FA(A), and aU f in v*. Then T ti a num pktimvkzg bij ectiun 

qj FA(A) utiu B(V*). 

PROOF. Clearly T maps FA(A) into g(V*) and IImJI 5 11~11. We Will prove that 

T is bijective and that I!mII 2 /I~l1 for a11 1-1 E FA(A). 

Let us first show that T is surjective. Given L* E E(V*), let LT and 

L* be positive linear functionals on v* for which L* = Lt - L* (see c9, p. 401). 

By Corollary 1, there exist positive set functions &Ï E FA(A) such that T$ = 

LT and m- = L*. SO p+ - y lies in FA(A) and T(&u-) = L*. 

Next, let us show that T is inj ective. Choose p E FA(A) such that 

Ty = 0 and choose positive set functions $.I; E FA(Aj such that 1-1 = U; - pi. 

Then TJI~ = Tu; and SO, by Corollary 1, we have that pi = $ (i.e., 1-I = 0). 

We now show that lITpI = ~~~~~. Let Lî and L2 be positive linear func- 

tionals on V* such that m = LT - Ls and II?~rll = L;(l) t L;(l) (see for example 

L-9, p. 401). Since T is surj ective, there exist +p2 E FA(A) such that Tpl = 

Lî and T+ = L;. Hence, u = pl - + since T is injective, and SO JIwII = 

T(U~)~ t T(+) 1 = +(G) t V~(G) 2 11~11. This completes the proof. 

REMARK 5. Clearly we cari prove a similar result when is the class 

of a11 complex-valued set functions whose real and imaginary parts are each the 
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difference of two positive regular finitely additive set functions on A, and B(V*) 

is the set of a11 bounded complex-valued linear functionals on U*. 

4. Applications to Bore1 measures on groups 

In this section, G Will be a locally compact abelian group (written ad- 

ditively) with identity 0 and dual group Gn. Let <z,z*> denote the character 

zA E G* evaluated at z E G. Given m in the space M(G) consisting of a11 regu- 

lar complex Bore1 measures on G, let mn: GA -f C denote its Fourier-Stieltj es 

transform given by 

m-(C) = <z,zY dm(z) . 
G 

Let M(G)̂  designate the space (mn: m E M(G)) (which is closed under products) . 

Recall that a measure m E M(G) is said to be continuous if m(iz)) = 0 

for a11 z E G and it is said to be discrete if it is concentrated on a countable 

subset of G. It is shown in [2, pp. 70-71-J that the linear functional L on M(G)̂  

given by Lm  ̂ = m({O)) is positive. By means of Theorem 3, we now obtain a measure 

theoretic approach to Wiener9 criteria for the continuity of a Bore1 measure on G 

(see [El, [7], and [16, p. 1081) which extends part of the result obtained in C2l. 

THEOREM 5. Gkven a LacaMy compact ab&iun gtcoup G wtih du& gkaup G*, 

&t v denoxe Xhe ~LU& vetiot iktZice, c&aaed undet puduc&, geneta.ted by Xhe apace 

2) p if inna and OLLWL tteguLatr wtih trtipect $0 ;the ZULO and COUJLO ~ti 

(tre~pectiv~y] &VL the 6unctiati in V. 

3) FO~L CL.&? m E M(G) and a+U z E G, we have 

m(W) = <z,z->m*(z*) dv(z^) 
GA 

and 



m 

1 lm(~z))~z = [m-w) I 2 dlJ(zA) 
ZEG 

G  ̂

41 16 mpm2 (5 M(G) c~h~ Auch /thd ms/mî .d Ithe uni@m Lima 06 A-mea- 

hLltLa6.k ~Xep 6undLanb ad ml if a dcin~~cte rnuucctte do& which mî > 0, ;then Xhe 

bounckd complex-valuuf @di.on f un GA @en by 

f(z) = - 
GA 

<z,~~>(m2(“~)/rnî(z*)) dp(z^) 

m,l(zH = 
G 

f (z-w) dml (w) 

PROOF. V is a vector lattice which is closed under products and contains the con- 

stant funct ion 1. There exists a (unique) linear functional on V (which for ease 

of notation we also denote by L) whose restriction to the real-valued functions 

in M(G) * is the given linear functional L. We cari now apply Theorem 2 to obtain 

a positive finitely additive set function 1-1 on A which is inner and outer regu- 

lar with respect to the zero and cozero sets, respectively, for the functions in V, 

and which satisfies the equation 

Lf = f dl-l. 
GA 

fora11 fE v. 

It is shown in [Z, pp. 70-721 that the positive linear functional 

the following properties. 

1) Any given real-valued (and SO complex-valued) function in 

the uniform limit of JL-measurable step functions. 

2) mL(G”) = 1. 

3) For a11 mA E M(G)̂  and a11 z E G, we have 

L has 

<z,z”>mA(z”) dmL(zA) 
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and so, m is continuous if and only if 

G^ 
NOW mL = p on J, n A 

uniform limit of .JL n A-measurab 

]rn^(z^)j 2 dmb(z*) = 0. 

(see Step IX) and any given function in U is the 

le step functions. SO we get parts l), 2) and 3) 

of the Theorem. We now prove part 4). 

Since rns/rnî is the uniform limit of A-measurable step functions, the 

function f given by 

f(z) = - 
G  ̂

<z,z->(mZ(z*)/mîc"^,, dp(z^) 

exists for a11 z E G. Hence 

1 G 
f(z-w) dml(w) = 1 f(z-w)m,({w)) 

w<G 

=i G  ̂
<z,z^> c 1 <w,zn>ml(~w~)l~m~(zn)/m~(z-)l dp(z^) 

WCG 

=I G* 
orné 4J W) 

= m,(M). 

This completes the proof. 

REMARK 6. Note that mg/mî is the uniform limit of A-measurable step 

functions whenever mî is bounded away from 0 on G*. When G is the set of a11 

integers (with discrete topology) and mî > 0 on G  ̂ (i.e., on the unit circle in 

the complex plane), then mî is bounded away from 0 and Wiener9 lemma assures us 

that f is a discrete measure on G. 
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