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ONAP-TYPEINTEGRAL 
Yoshiko Taguchi 

Résumé 

L’intégrale de Lebesgue fut généralisée par Titchmarsh c61, de l’école 

russe ‘(Kolmogorov C23, etc.), et Kunugi C 31. Elle fut appelée respectivement 

(Q) -intégrale, (A) -intégrale et (ER) -intégrale. Dans un article antérieur [SI, 

nous les avons étendues au cas de l’intégrale de Bochner. Dans cet article, nous 

les généralisons un peu plus (P-type intégrale) après avoir généralisé le théo- 

rème de Hahn-Banach et caractérisé l’espace des fonctions (ER) -intégrables comme 

la fermeture, dans notre espace des fonctions P-type intégrables, des fonctions 

intégrables de Bochner. 

Abstract 

Ordinary Lebesgue integral was generalized by Titchmarsh C6l, Russian 

School (Kolmogorov k-21, etc.) and Kunugi C3l called (Q) -integral, (A) -int egral 

and (ER) -integral respectively. In a previous paper El, we extended them to the 

case of Bochner integral. In this paper, we generalize them further (P-type 

integral) after generalizing Hahn-Banach theorem, and characterize the space of 

(ER)-integrable functions as a closure of the Bochner integrable functions in our 

space of P-type integrable functions. 
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0. Introduction ’ 

On a 

In 1929, E.C. Titchmarshgave a definition of the (Q) -integral only by the 

(QI in the following whenever it existed; 

(QI I(f) = lim /f(n) dx 
n+ 

where f ( > n 
was the truncated function of f by the number n (c61, p. 52). It 

was remarked ([SI, p. 77, Theorem 12) that this (Q) - int egrat ion does not always 

satisfy the peoperty 1 mg) = I(f) + I(g) . TO satisfy the linearity of the 

(Q) -integral, the following condition (P) was already considered (C61, p. 79, 

Theorem 14) ; 

(P) lim n l m{s c S ; If(s) 1 2 n1 = 0 . 
n- 

Using both (QI (P) as axiom the 

School (Kolmogorov, etc.) in 1933 [21. 

(A)-integral was defined by Russian 

Qn the other hand, Prof. K. Kunugi proposed 

the (ER) -integral by the method of ranked spaces in 1956 (C31) and Prof. 

1. Amemiya and T. Ando proved that the 

(A) -integrability in 1965 (Cil). 

(ER) -integrability coincided with the 

In this paper, we start with the condition (PI contrary to the 

Titchmarsh’ s case. In this position, the existence of integrals is not always 

guarant eed . We use the idea of the Banach limit and define our integral, called a 

P-type integral, to be linear and continuous operation. Then, the space (ER) 

which is a subspace of the space L1 of a11 P-type integrable functions is 

characterized as the closure w.r.t. a suitable quasi-norm (( .)) on L1’ of the 

totality of simple (or step) functions or that of bounded integrable functions. 

Moreover, this P-type integral cari be extended to the case where the range X of 

functions is a reflexive Banach space after generalizing the Hahn-Banach theorem. 

Our discussions proceed in the following order: In $1, we prepare for 

some terminologies and notations. In $2 and $3 , defining an admissible sequence 
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IA 9 the spaces K and a functional II[ .[II on K > some properties of them 

are proved and in particular, it is shown that III f([l = I(I(f)l( for any f c (ER) . 

In $4, defining the space L 
1 

of P-type integrable functions and the functional 

((J) on L1 , we show that E = F = (ER) where the closure is taken with respect 

to ((41 l  
In $5, we extend 1 on (ER) to L1 using a generalized Hahn-Banach 

theorem also proved there. At last, in $6, we consider possible continuous linear 

mappings on (ER) and obtain the essential uniqueness which generalizes a result 

of Amemiya-Ando in the real valued case (C 11, p. 138, Theorem 4) . 

1. Preliminaries on terminologies and notations (cl], [41, [SI) 

Let (S&u) be a non-atomic, finite measure space with p(S) = 1 and 

X be a Banach space with the norm 11 .)I . By functions we mean those defined on S 

and having values in x . E be the set of a11 X-valued simple funct ions 
n 

on S , i.e., every el ement f C E is denoted as f = 1 xi~(Si) for some number 
i=l 

n 9 some finite subset {x 1 , . . .,xn) of X and some disjoint subfamily 

1s 1 
,...,S,} of S . Let L” be the set of a11 measurable functions on S , i. e., 

those for which there exist some sequences in E converging almost everywhere to 

them. Moreover, by 8 , we denote the set of a11 bounded measurable functions 

on S . 

Let the truncated function of f C f” by any positive number r be 

denoted as f r , i.e., ( > 

f f(s) if Ilf(s 5 r , 

fr(S) = ( 1 

i 
f(s) 

rTmTr 
if Ilf(s)J( > r . 

Any function f C f0 is said to be E.R. type integrable if, for the sequence 

{f n } of truncated functions, ( 1 there exists the limit of the sequence 

dy) of their (Bochner) integrals with the following condition that 

~{Ilfll 2 n) = 0 L 
II n ’ 



where {Il fil 2 nl is the simplified notation of the set {S ; IIf(s)(l 2 n} . The 

above limit lim fn 
I 

( > du is said to be the E.R. type integral of the function 
Il?03 s 

f and denoted as I(f) . Let (ER) be the set of a11 E.R. type integrable 

functions. 

2. Subset K(A) of f" 

DEFINITION 1 (Admissible sequence A). Every sequence /A = {A,) in s 

is said to be &nti&&&e (hequence) if the following conditions (i) and (ii) are 

satisfied: 

(i) A1 3 A2 -) . . . -) A . . . n 

(ii) lim n l  V(A,) = 0 (Le., 
P(AJ = 0 + 1 l  

0  

DEFINITION 2 (K(A)). For any admissible sequence A , let 

set of a11 measurable functions satisfying the following condition: 

1 
sup ; IIfl/A ' 

n n 
where II fil An = ess sup IIfW II 

‘iAn 

WN be the 

(i.e., II fil 
An 

= O(n)). 

EXAMPLE 1. For any f c (ER) , there exists an admissible sequence /A 

such that f c K(j4) . In fact, let An = {s c S ; IlfIl 2 n) , then A = {A,) is 

admissible. 

EXAMPLE 2. 8 c K (Al for any A ; in fact, 

PROOF. 

We may now prove some properties about the set K(14) . 

THEOREM 1. K(a\) ti a finU apace. 

For any f,g c KW , there exist constants cz 0 satisfying 

that 11 fllA s Cn and /lgllA 5 Dn by the definition of K(A) . SO we have, for 
n n 

any real number a , f3 , 
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lb f + Bgl I An ' lalIt fli, + 
n 

that is, IIaf i- bg l l  A = ‘b> l  

n 

PROOF. 

TMEOREEI 2. k-t &uu admimibLe ~equenceh bl- A = {An} and IB = {B,) . 

(1) 16 An c Bn @h eweky n , khen K(A) c K(IB) . 

(2) 16 f c K(la) Il K(IB) , htn we bave 

lim 11 f du - f dpl( = 0 . 
Il+=) S\ An S\B, 

(1) From the following inequality 

II fil 
'n 

= ess sup (1 fil 5 ess sup II fil = 11 fllA 
"iAn n 

and the definition of K(A) and K(U3) , our conclusion follows. 

(2) For any f c K(A) n K(IB) , we have 

f dv - I f 441 = f dpi1 5 II fil &J 
S\ A.n 'S\AnUBn Bn'An Bn'An 

< 
z II fil 

An 
l p(B,) 5 Cl . nMBn) 

for some const. 5 > 0 and, in the same way, 

f d-p - f dulj s Il fil du 5 IlfllB l I-IIAn) 
S\B, S\A,UB, An'Bn 

n 

5 c 
2 

l np(A,) for some const. c2 > 0 l 

Since the last terms of these estimations converge to 0 as n +- 00 , we get our 

conclusion. 

COROLLARY. K(A) -t K(B) = K(A u 8) . 

87 

PROOF. By the Theorem 2(l), K(A) c K(A U B) and K(B) c K(19 U B) . Since 

K(14 U B) is a linear space (Th. l), we have K(A) + K(B) c K(A U B) . 
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3. Functional III III - . on K = U K(A) . 

Let K = U K(A) = {f ; 3 admissible sequence /A such that f C K(h)) . 
A 

K is a linear subspace of L" by the above mentioned properties. 

DEFINITION 3 (Functional i . II III on K). With every f C K , we associate 

an extended real number III *Ill ‘OY 

I/I Ill f = lim sup 11 f dd 
n S\An 

where f C K(/A) and /A = {A,} . This number l/flII is uniquely defined without 

regard to any choice of admissible sequences A for which f C K(/A) (Th. 2(2)). 

THEOREM 3. The &uwt.iond [II . I/I un K iA a bmi.-nottm, id?. , AdiA&ieA 

Xhe I)uUkktin~ (i) - (iii): 

(i) f = 0 a.e. => lllflll = 0 . 

(ii) fok any a C IR , lbflll = l4 Ill fIIl l  

(iii> Ijl f + slil 2 Ijl fIIl +, 1 jlglll . 

These are easily shown from the definition of III II l  I 
and Th. 2. 

THEOREM 4. la f c IER) 9 hw lllfll[ = IlI(f . 

PROOF. Since the sequence A = {A,} ; An = {IIfll 2 n} is admissible by the defi- 

nition of E.R. type integrability, we have f C K(A) and 

f du - 

S\An S 
fcn) dp(l 5 n ’ lJ(An) + o 

as n-tm. From the hypothesis, there exists I(f) = lim f @) dp . This 

implies the existence of lim f du and equalities 
n ‘S\A, 

lim f du = I(f) 
n S \P', 

and 
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COROLLARY. fm any f c (ER) , [I[fll[ = 0 <=> I(f) = 0 , 

Subspace and functional on 

DEFINITION 4 (L') . L1 = {f c K ; ]Ilflj < +m) . 

DEFINITION 5 ( ((.)) on L') . For every f 6 L 
1 

, associate the real 

in the following way: 

((f)) = Il fIlo + III flll where II fIlo = Il fl’ I A 1 dp . 
S 

By the properties of the functional ]Il .I)I (Th. 3), LI becomes a linear 

subspace of K . The functional ((.)) becomes a quasi-norm on L1 , that is, 

the following properties (1) - (4) are satisfied: 

(1) ((f)) = 0 <=> f = 0 a.e. 

(2) Uf + g>> 5 Uf>) + Ugl) ' 

13) U-f>) = Uf)) ' 

(4) a 
n 

+a in IR, ((f n 
- f)) -+ 0 => ((a f - af)) -+ 0 . 

nn 

In fact, (1) is shown since Uf)) = 0 implies II fil = 0 
0 

hence a.e., and 

the other implication is obvious. (2) - (4) are easily shown since both II II . o and 

Ill III . satisfy the same properties as (2) - (4) . 

topological vector space by the quasi-norm 
((*Il l  

L"-norm )l.)lo g ives the convergence in measure. 

THEOREM 5. Ë = & = (ER) . 

PROOF. We Will prove in three steps. 

Consequently, becomes a 

Let us remark that the 

(1) Ë=B. 

The fact f: c B implies that ËC8 is obvious. Conversely, let 

fCF. For any E > 0 , there exists a function g c Ë satisfying that 
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((f - g)) < E . Since g c. B , there exists some h f E satisfying that 

m - h)) < E . This implies that ((f - h)) < 2~ . 

(II) f f (ER) => f e B . 

From the hypothesis, there exists an admissible sequence /A = {A,) ; 

An = (IIfll 2 n and f c K(A)) . The truncated function f(n) of f is bounded 

and SO E.R. type integrable. By the linearity of the set (ER) and Theorem 4, 

we have I/I f - p I(I = III(f - f(n))ll. Since I(f) = lim I(f(n)) and 

I(f - f(n)) = I(f) - I(f(")) , we have III f - f n i -+Y ( 9'1 (n-t+=) . Moreover, 

f n -+ f a.e, hence 11f - f(n)I/o -+ 0 ( 1 (n -+ +m) . Consequently, f c B . 

(III) f f i3=> f c (ER) . 

From the hypothesis, for any E > 0 , there exists some g c 13 satisfying 

that ((f - g)) < E . Because ËC Ï? c K , there exists an admissible sequence 

A = {A,) such that f c K(A) . Since g c 8 c K(A) , we have f - g c K(A) . SO, 

we have 

III f - dll 

that is, 

3m ; 

lim sup 11 f dlJ. - g ddl < E , 
n S\A, S\A, 

sup II f dp - g ch-dl < E . 
n2m S\A, S\A, 

By the boundedness of g , 

ess sup Ilg(s)II = M i + . 
SG 

From this and the definition of the admissible sequence, 

g dCr - g dl-III 5 W-On1 + 0 (n -+ +) t 
S S\An 

i.e., there exists an R satisfying that, for n 1 1 , 
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For this n Z L , 

SO, for n,k Z f? , 

that is, there exists the limit lim 
l 

f du . It follows that f c (ER) . In 
n* S\An 

fact, we have 

f du - 
l 

f(n) dl_11 5 np(An) + 0 as n + +a 

S\An S 

5. Extension of 1 on (ER) to LI - - 

Having seen in previous sections, (ER) is a subspace of L1 , %I;l 

on L1 is a semi-norm and the func.tional 1 on (ER) ; I(f) = lim f f dv 
n S\An 

(= lim f f(n) du) is linear and 111 (f)ii = 111 fiil on (ER) . Additionally, we 
n S 

suppose that the Banach space X is reflexive. Then, applying the following 

generalized Hahn-Banach theorem, SO to speak, there exists a linear operation I 

on L1 extending 1 , i.e., satisfying 

y(f) = I(f) for f C (ER) 



The last representation means that the operation ? : L 
1 

-+ X is continuous on L1 

by the semi-norm II/ .Ijl . By the definition of the quasi-norm ((.)) , I is 

continuous on L 
1 

by the quasi-norm ((.)) . Hence, we have obtained the follow- 

ing theorem. 

THEOREM 6. Lti L1 be xhe quani-nomed Apuce WLth ;the quai-nam ( ( .) ) 

and I be XCte linem upQhaL&z on Xhe nubspace (ER) on L1 de&ined by 

I(f> = lim f du @tt f C (ER) . 14 ~%e Ranach hpace X in ke@kxiwe, Zhen, 
n S\A, 

Ï L1 f c @RI 9 

y(f) = lin! /f(n) dp 
n 

whme f n ( > LA X~C) tiuncated Ijunction ud f by n . 

COROLLARY. Undti Z/W QUW h.ypuZhe~ti u in Zhe Tkuttm 6, I on L1 ti 

a Linecrtt cov&kzuuti exkenCon. 06 I : E -+ x and I(f) = lim I ( fn) WGZCYL~ { fn} 

L4 cc dequence i.n E au& hb.x f +- f 
n 

by #ze quak-nom n((.)) . 

The proof is obvious. Bzfore giving an example which shows that (EV 1s 

a proper subset of Ll , that is, Ï is a proper extention of 1 , we prove the 

generalized Hahn-Banach theorem used for the above proof. 

Generalized Hahn-Banach theorem. Suppose the following conditions 

(1) - (4) . . 

(1) x is a reflexive Banach space, i.e., x -u x** , 

(2) L is a linear space and k! is a linear subspace of L , 

(3) 1 :M+-X is a linear operation, and 

(4) P : L”nx*+-, is a semi-norm on the tensor product L (3 X* , that 

is, the following (i) - (iii) are satisfied; (i) p(F) 2 0 for any F 6 L q X* , 

(ii) p(aF) = la[p(~) for any a 6 Q: and F c L k* X* , (iii) p(F t G) Z p(F) t 

p(G) for any F,G 6 L ~3 X* , and p is strongly continuous with respect to 

Cp C X* where f c L is arbitralily fixed. Moreover the following inequality is 
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satisfied: 

14 0 I(h)[ I p(h R 40 

for any h c M and any @ c X* . 

Then, there exists a linear extension ? of 1 on L such that 

I(h) = I(h) for any h E M and ($ 0 y(f)( 5 p(f (9 +) for any f c L and any 

ql c x* . 

PROOF. Define a linear functional J : Ma% X* + UZ by the composition of 1 and 

0 ; J(h % $) = $ 0 I(h) . Then we have 

, 

By the Hahn-Banach extension theorem in the complex case, there exists a linear 

extension 7 of J on L @ X* , i.e., 

and 

J(h % (p) = .J(h Q $) for h 30 $ c M ob X* 

Define I : L -+ X rlr X** by 

@ 0 I(f) = @(Y(f)) = I(f)(@) = J(f R 0) 

where f C L and 4 f X* . Since we have, for any fixed f 6 L , 

for some constant C > 0 , the linear operation I(f) on X* is continuous on 

X* , i.e., 'i(f) c X**%x. Moreover, for any h c M , we have 

<p 0 y(h) = m '2) 40 = J(h cib 4) 

hence y(h) = I(h) . 
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Application. We put L = L 
1 

, M =(ER) , I(h) = 
J 

h dp for 
S 

h C (ER) 

p 
( 

7 fi6+ $i 
i=l 1 

= lim sup 1 
. 

n I 
S,A lyl Oi( fi) 'WI 

= 
n 

for fi C K(A) and ei C X* (i = 1,2,...,m) . p 7 fi @ @ i is well defined 
i=l 

on L 53 X* to be a semi-norm on L M X* and satisfies 

PV Kb $1 = lim sup [ 
n I 

Nf> 4 S\A 

n 

< = II @II l lim sup 11 f a-dl = MI . Ill flll l  

n S\A, 

The above operation 1 : M + X satisfies that, for any @ C X* , 

l@ 0 I(h)1 = IJ WG dd = lim sup I] m) a-4 
S n S\A, 

By the preceeding extension theorem, there exists an extension I of 1 L 

satisfying that 

III(f) II = sup l$ O Qfg l 5 sup PV 64 $1 5 Ill flll l  

(vx  

Ml =; 
wx 

II44 =y 

EXAMPLE. Take an x C X ; Ilxll = 1 ; A = (A,) ; u(A,) = l/n2 SO that 

lim n l  u(An) = 0 and 
n- 

f(s) = 

22 4kt2 . x b ' A 

22 

4kiA 

22 

4k+2) 

-2 
24(k+l) 

. ' (' ' A124kt2 'Aq24(ktl)) 

0 (others) 
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(k = 1,2,...) . It is shown that f c L* but f $ (ER) . 

6. Continuous linear mappings on UN 

Here we Will consider the structure of continuous linear mappings on (ER) 

with values in X . At first, we introduce the following two notations: 

@RI o 
= {f c (ER) ; I(f) = 0) , 

E o = fg f E ; I(g) = 0) , 

hence, Uf)) = IlfIl + III(f)II = Il fIlo = IlfIl A 1 dy for any f c (ER) 
S 

0 l  

Next, 

we suppose that (s,Q-o is infinitely divisible in the following sense: 

DEFINITION 6 (Infinitely divisible). (S,s,p) is said to be ~fi&.n&& 

c&vtiib& if, for any integer N z 1 and any E c s , there exists a disjoint de- 

composition {El,E2,. . .> En} of E such that à = k F-I(E) (i = 1>2>***,N) l  

THEOREM 6. ht (s,S,p) be k&i.nLteLy div&ib&. 16 J : (ER) -+ X d 
0 

a continuou Linea& mapping, then w  have J:O. 

PROOF. For any E > 0 , put BX(O,E) = {x C X ; JIxIJ 5 d . If we prove that 

J-‘Bx(O,~) = (ERlo 9 then we have J((ER)o) c BX(O,s) for any E: > 0 , SO that. 

J((ER)o) = (0) , i.e., J E 0 identically. 

Let V = J-'Bx(O&) c (ER)o , then V is convex since BX(O,c) is convex - 

and J is linear. Because of continuity of J , there is a 8 > 0 satisfying 

that 

For any f c (ER) 
0 

and any fz>o, there exists a g c E. such that 
n 

llf - dl0 < E l  
g  is of the form g = 1 xs l  ai where {S1>**#,Sn) C S is a 

i=l i 

mutually disjoint set and {al,...,a,) c X . 
1 

Take an integer N 2 1 ; N < 6 . 
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From the hypothesis, there exist disjoint decompositions {S.. ; j = 1,2,...,N} 
iJ 

(i = 1,2,...,n) , i.e., 

N 

Si = U S*- 9 u(sij) = k ~(Si) where 
j=l lJ 

15isn and 15jsN. 

n 
Defining g. = 1 

3 
NXS l ai (1 s j I N) , we have 

i=l ij 

n n 
I(gj) = 1 N l r-l(Sij) 0 ai = 1 ~(Si) l ai = 0 9 

i= 1 i=l 

i.e., gj ' EO (1 I j 5 N) and 

llg II jo= s i 
llgjll A ’ dl-i ’ ~ ii(‘ij) = f 

i=l 
y P(‘il 

i=l 

i.e., 
gj ' B(FR) 

(0,8) c V (1 I j 5 N) . Since V is convex, we have 
A 

0 

1 IK g=i 1 gjw. 
j=l 

Moreover, since V is closed and E > 0 is arbitral, we conclude 

THEOREM 7. LeA (S,S,p) be &$GCZ&y ck.v&&k.. 16 J : (ER) -+ X k~ 

8 : x-+x 

The 

J=e01 

type integral 

1 mean.h Xhe E.R. 

1: (ER) -f X is always onto. In fact, for any 

aCX, Xs l a f E c (ER) and I(X, . a) = a . Let 0 : X -+ X be defined in 

the following way: For any x C X , choose an f C (ER) such that I(f) = x and 

let 0(x) = J(f) . 8 is well defined because, for another g C (ER) such that 



I(g) = x , we have I(f - g) = 0 , i.e., f - g C (ER)o SO J(f - g) q 0 by the 

previous Theorem 6, i.e., J(f) = J(g) . 8 : X + X is a linear mapping. In fact, 

for x,y < x ; I(f) = x Y I(g) = y and two scalars a and f3 , we have 

I(af t fig) = ax t By , then, 
,’ “ 

@(ax -t Py) = J(af + Bg) 

= aJ(f) t BJ(g) = a@(x) -t- @(y) . 

8 : x-t x i s cent inuous . -In fact, for any sequence Ix,) in X such that 

X + 0 
n 

in X and any E: : 0 < F, < 1 , there exists a number m satisfying that 

n 2 m ==> 11x 11 < E < 1 . 
n 

Since we have 

i.e., xs l xn -+ 0 in (ER) and since J is continuous on (ER) , it follows 

that J(X, l xn) = O(xn) -+- 0 in X . 

Appendix 

In a previous Pay?er GSI, it was erroneously stated that the semi-norm 

111 hj/l 3 = 111 (h) 11 defined on the space E of simple (or step) functions cari be 

extended automatically to a space of completion satisfying the condition (El 

stated in that paper. Actually, t.his i.s not the case and this paper gives an 

answer to this extension problem. Namely, the semi-norm (II II h; 3 cari be extended 

to the space L1 c K(A) by 

II III If = lim sup 11 f dd! 
n S\A, 

for any f C K(A) (above Theorem 4 and Definition 4) . The completion Ê 111 ,111 3 , 

as is seen from our Theorem 5, coinsides with the space W) of funct ions 
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satisfying the conditions (PI and (QI in the introduction which turns out to 

give another assurance to the maximality of the space 

by Amemiya-Ando (Cl], Theorem 2). 
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