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ASYMPTOTIC EXPANSIONS OF LINEAR OPERATORS 
IN SOMEVECTOR SPACES' 

S. Zaidman 

Introduction 

This paper is a sequel to c31. We study, in the abstract setting of 

Lin(Em), see L-31, concepts of asymptotic expansions and of p-equivalence, esta- 

blishing some mutual relationships; the main ideas are borrowed from cl]. 

1. We consider linear operators acting on Em , the intersection of a convenient 

scale of Banach spaces E S , s C R (see c31). 

Let be (r.)03 
Jo 

a strictly decreasing sequence of real numbers, convergent 

00 
to -c0 if infinite, and let also be . 

(*J)O 
a sequence of operators in Lin(Ea) , 

such that t l o(Aj) = r. . 
J 

We say that an operator M c Lin(Em) has asymptotic 
cm 

expansion . -and Write M- (AJ) c ** 
j=o ' 

- if the following sequence of (strict) 

inequalities holds (see C2l): 

t . o(M - 5 A.) < rN , N 
j=O ' 

= 0,1,2,... (2. 1) 

The following is true: 

PROPOSITION 1. 76 M-f A. 
0 J 

,  khen t  l o(M) = t l o(Ao) = r. . 

First we get: M = M - A0 + A0 , which implies 

t l o(M) < sup{t l o(M - Ao),t . o(AO)} . 

' This research is supported by a grant of the NSERC of Canada and was also sup- 
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As t l o(M - Ao) < r0 and t l o(A& = r0 , => t l o(M) 5 r0 . Write 

nos the equality: A0 = (A0 - M) + M ; it results t l o(A9) 5 sup{t l o(AO - M) , 

t . 
NM)) l  

If we assume by contradiction that t l o(M) < r0 strictly, we derive 

t l 
OlAo) < ‘0 

strictly; therefore the proposition is proved. 

Let us remark now the following extension of Proposition 5 in 131: 

PROPOSITION 2. Futt any Ll,L2,...,Ln C Lin(Em) kx tir 

t 4 O(L1 t L2 t . . . t Ln) i sup{t . o(L1),t . o(L2),...,t . o(L,)) . 

The proof is by induction on n , in a simple manner. Precisely: 

t  l 
OUJl 

tL2t...tL tL n ntl ) 5 sup{t . o(L1 + . . . + Ln) ,t . O(Lnti)l 

5 sup(sup{t . o(L1),**.,t . o(Ln>),t . o((Lntl)} 

2 sup{t . o(LQ...t . O(Lntl)l l  

As a simple application, we obtain 

PROPOSITION 3. fti be AO,Al,..., An f Lin(Eoo) ad PC-I = A0 t Al t . . . t An 
n 

~hehe t  l o(Aj) = r. , r0 > rl > . . . > rn . 
3 

7hen Mw 1 A. . 
0 ' 

Infact,wehave M-Ao=Alt...tAn and 

t  l o(M - Ao) I sup{t l o(A1) 9-**9 t l o(A,))=rl<r . 
C 

AlSo t  l o(M - A0 - Al) = t . o(A2 t A3 t . . . t An) < r2 -c r1 , etc. 

Next we shall follow closely ideas in (Cl], pages 79-83), introducing the 

concept of p-equivalence of operators in Lin(Eco) , somehow' related to the above 

studied asymptotic expansion. We work for simplicity in the subalgebra Lin(E") , 
44 

denoted her by E . 

DEFINITION. Two operators A,B c E , 
P 

are said to be p-~~~tiv~&ti (A- B) 

iff t l o(A - B) < inf(t l o(A),t l o(B)) , the inequality being strict if a11 the 

true orders are finite. 
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We remark that A- pA , as t l o(0) = -a ; therefore the p-equivalence 

is a reflexive relation. P P 
Also, if A- B , then B - A (as 

t . o(A - B) = t l o(B - A)) . We give now 

PROPOSITION 4. 
P 

76 A,B c E and A- B , /thon t l o(A) = t l o(B) . 

In fact, from the equality A = (A - B) t B , we derive: 

t l o(A) I sup{t l o(A - B),t l o(B)} . As t l o(A - B) < t l o(B) b it follows 

that t l o(A) 5 t l o(B) . Using the above remarked symmetry of the p-equiva- 

lente, we find that t l o(B) < t l o(A) . We have also. 

PROPOSITION 5. The p-eqtiva&9zce b XhQ ~atiiaXvLty pfwpehty. 

P 
Let be A- B and B- pC ; from the equality A - C = (A - B) t (B - C) , 

we find that t l o(A - C) < sup{t l o(A - B),t l o(B - C)} . 

Also, from Prop. 4, we derive: t l o(A) = t l o(B) = t l o(C) . We have 

two cases: if t l o(A - B) < t l o(B - C) , we see that 

t . o(A - C) I  t  l o(B - C) which is < t l o(B) and < t l o(C) (with strict ine- 

quality in the finite case). Because of the equality of a11 three true orders, we 

find A- pc. The same method works in the other case. We have also 

PROPOSITION 6. Lti be A,B c E and t l o(A - B) < t l o(B) (amay 

). Thon A g B . 

ite again: Let us wr 

t . o(A) I sup{t l 

this inequality is 

A= (A - B) t B ; hence 

o(A - B),t . o(B)) = t . o(B) and t l o(A) I t . o(B) . If 

strict, from the decomposition B = (B - A) t A , we get 

t l o(B) I sup{t l o(B - A),t l o(A)) = sup{t l o(A - B),t l o(A)) . Staying in 

the finite case (when t l o(A - B) > -0) , we find t l o(B) < t l o(B) strictly, 

a contradiction. Hence, t l o(A) = t l o(B) and t l o(A - B) < t l o(A) too, 

SO A- pB . The case t l o(A - B) = -03 is trivial. 

P P Remark also that if A - B , then -A - -B , due to equality: 

t . o(-A t B) = t l o(B - A) = t . o(A - B) < inf{t l o(A),t l o(B)) as requested. 



Finally, we see that: 

P i) A- 0 <=> t e o(A) = -DO , 

ii) P 
if t l o(A) = t l o(B) = m , then A- B (as t l o(A - B) = -CO too), 

iii) 
P 

if A c E and t l o(B) = -00 , then A + B - A (obvious). 

2. In this paragraph, we establish some relations between concepts of asymptotic 

expansion and p-equivalence. First we state 

PROPOSITION 7. YE auchfhaf: Lti bek 1 c E and (Ak)* 
P 

t . o(A$ = rk > -00 and M - ( 1 Aj) - Ak , k = 1,2,... , M:AO. Thon ;thQ 
0 

tted &quence (rk)i if a&ictey deortetiing. 

From the equivalence 
P 

Ao- A1 3 it follows that 

t . o(A1) = t l o(M - Ao) . From the equivalence 

MP - Ao 
=> t  l o(M - A ) < t l o(A ) = 0 0 r 0 ; 

therefore, rl < r. . Let us assume to know already that r. > rl > . . . > rk . 

P 
Then use the equivalence M - (A0 + Al t . . . t Ak) - Aktl and derive that 

t  l o(A~+~) = t  l o(M - A0 - A1 - . . . - Akwi - Ak) . Use also 

M - (A0 t . . . + AI-l) r! Ak and find that t l o(M - (A +...+Al-1) 0 - A ) k < t l o(Ak). 

That is, we obtained: 'ktl < 'k ' as requested. The following is an obvious 

CO 

COROLLARY. baume /tti lim rk = -00 . 7hen M- 1 A. 
iM luL5 aympku- 

tic expatikun y A. ] . 
k+= 0 ' 

0 ' 

We have also the 

00 

PROPOSITION 8. f&t be, &z E , M- 1 A , Uhette {t . o(Ak)}; h a 
0 k 

k-l 
a~ctty decneahng ~quence. P P 

7hen M - ( 1 A.) - Ak , k = 1,2,... , and M- Ao. 
0 ' 

The proof is a consequence of Proposition 6. In fact, from the inequality: 

t . o(M - Ao) < t l o(Ao) one deduces: 
P 

M-A 0 ' From 

t . o(M - A0 - Al) < t l o(A1) we get M - A P o - A 1 ; from 



S. Zaidman 

t l o(M - AO - A1 - .., - Al) < t l o(Ak) , we find that 

207 

P 
M - A0 - Al - . . . - AI-l- Ak . Q.E.D. 

We shall now establish an uniqueness result for asymptotic expansions, mo- 

dulo operators of true order = -00 . Precisely, the following is true: 

THEOREM 1. ht be f c E havi.ng Xhe papQ/zky khat: A,B c F and 

AP - B => t l o(A - B) = m . hhurne Xhti M C E ha &u ti ympkotic expankati : 
cx3 CO 

M- c A. 
0 ' 

and M- 1 B. 
0 ’ 

W~UZ.C. Aj,Bj C F , j = O,l,... kn 

t . o(Aj) = t l O(Bj) 9 j = O,l,... and A. - Bj C f-m , j = 0,1,2,... 
3 

P P P 
PROOF. First we use Prop. 8 and find: M- A0 and M- BO ; therefore Ao- BO . 

P P Next, again by the above proposition, M - A0 - A1 and M - BO - B1 . Remark now 

that M - A P 
0 - M - B 0 as their difference is Bo - A0 C L,03 . Thus Al p B1 . For 

arbitrary n we use induction; assume the statement true for j = O,l,...,n . 
n P n P 

Then use the relations M - (1 A.) - An+1 , M - (1 B.) - Bn+l . Again, the 
0 ' 0 ' 

n 
difference in the left-hand side is 1 (B. - Aj) which belongs to L-w . 

0 ' 
Q.E.D. 

Remark also 

CO 

PROPOSITION 9. ha~~~kha.t M,N b&ngh E and M-l\, 
00 0 

N rv CA 
0 k’ (Ak)o Oo C E [AU AhCtt t  l o(Ak) + -m) . %3'l t . o(M - N) = -Oo . 

ion of asymptotic expansion, we get: In fact, from the defini 

t . o(M - (Ao+...tAn)) < t l o(A, 

t . o(M -  N) < t  l o(An) , Vn = 

9 t  l O(N - (AO+...tAn)) < t l o(A,) . Hence, 

,2,... As n-tm, we get the result. 1 

PROPOSITION 10. fut be n L M--C% and o i h c K (;tdz~ cumpkkx 
CO 0 

A. 

&Ld @tt Xhe Es). Then XM - 1 hAk . 
0 

N 
This follows from the equality: XM - 1 XAk = X(M - E 1 

0 Ak 
and from 

0 
Prop. 3 in C31. 



References 

Cl1 ANDREOTTI, A., @eJu&uti PA eudu-Vi.&@tenzia& Lecture Notes, Pisa, 1967 

(Notes by S. Spagnolo). 

c21 KOHN, J.J. and NIRENBERG, L., An atgebka ud peudu-c&@etial U~UUL&~, 

Comm. Pure Appl. Math., Vol. 18, 1965, 269-305. 

r-31 ZAIDMAN, S., OttdQtt and ;t;ttue utcdm uh Rineti up~~a$uti i.n aume vectutt 

djciacti, Research Report, no. 28, 1981, Université de Montréal. 

c43 ZAIDMAN, S., Un tiymptutic btie~ 06 dymbu.h and ud genemL pbeudu- 

d&$@w&& U~CYUI.&~A, Rend. Semin. Mat. Univ. Padova, Vol. 63, 1980, 

231-246. 

MantiChik tLeçu Re 23 mccrt-l 1962. 
Revi~Q’ tee 22 uctubtte 7962. 


