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PARTIAL MIXING FLOWS
A. Fieldsteel' and N.A. Friedman®

Résumé

Le but de cette note est de construire, par une modification de la cons-
truction connue pour les transformations partiellement mélangeantes, des flots par-
tiellement mélangeants. On obtient des flots o-mélangeants pour tout o
(0 <a < 1) . En fait, pour a fixe, on obtient, par moyens des suites "éventuel-
lement indépendantes', une infinité non dénombrable de flots a-mélangeants dis-

tincts. Chaque flot construit ici est d'entropie zéro.

1. Introduction

Partial mixing transformations were introduced in [3] and a continuum of
non-isomorphic partial mixing transformations with zero entropy were constructed in
[4]. Our purpose is to make analogour constructions for flows. Preliminary defi-
nitions are given in section 2. A relatively simple construction of a partial mix-
ing flow is given in section 3. In section 4 we construct, for each o € (0,1) ,
an o-mixing flow. In section 5 we fix o and use eventually independent sequences
[2] to show the existence of uncountably many pair-wise non-isomorphic a-mixing
flows. All flows constructed have zero entropy. The constructions use ideas from

(2, 3, 4, 5J.
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140 Partial Mixing FLows

2. Preliminaries

Let (X,B,m) be a probability space isomorphic to the unit interval with
Lebesgue measure. A measure preserving flow (Tt : o < t <») defined on X is
partial mixing if there exists B > 0 such that
(2.1) lim inf m(TtA N B) > Bm(A)m(B) , A,B€ B .
o0
A partial mixing flow is o-mixing if (2.1) holds for B = a but (2.1) does not

hold for B=a +€ , € >0 .

All flows constructed will be flows built under a step function with an
interval base. Thus the measure space will be a subset of G of the plane consist-
ing of rectangles with normalized Lebesgue measure. A transformation T 1is defined
on the interval base. Under the flow, a point (x,y) moves upward at unit speed
until it reaches the top of G and then jumps to the base at T(x) . Thus if
h = h(x,y) denotes the height from (x,y) to the top of G , then

Tt(x’ ) = (x,y+#t) , O0< t <h, and Th(x: ) = (T(x),0)

All rectangles R will be left-bottom-closed and right-top-open. A towen

G is an ordered set of disjoint rectangles; hence
G = (Rl’Rz""’Rk) .

The base of a nectangfe R is an interval [a,b) , which we denote by R.
k

The width o R is w(R) =b -a . The base of G is G= U R, and the width
k

i=1
o4 G is w(G) = 2 w(Ri) . Given two towers G1 and G2 , we let (Gl,Gz) de-
i=1
note the tower consisting of the rectangles of G1 followed by the rectangles
of G2 .

Let R be a rectangle and 0 < p <1 . A subrectangle pR is a rectangle
whose base is a subinterval of R with w(pR) = pw(R) and the same height as R .
Hence m(pR) = pm(R) , where m denotes planar Lebesgue measure. Given a positive
integer k 2 2 , it is clear we can divide a rectangle R into k disjoint rectan-

gles Rj =Rk, 1<j<k.
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Given G = (Rj :1< j<k) and 0< p< 1, define the subtower pG as
PC =(pRj : 1< j<KkK)

We refer to pG as a p-84ze copy of G , or simply a copy of G . Setting

pj = w(Rj)/w(G) , 1< 3j<k, wecan decompose G into two 3-size copies GO and
G1 and then decompose G1 further into k copies Gi,...,Gf where Gi is a
pj—size copy of G1 , 1< 3j< k. The width of Gi is then equal to the width of
the jth rectangle in G, , so we can form a new tower S(G) by placing each Gj

0

above the jth rectangle in G

1
0 ° Thus S(G) consists of a 3i-size copy G0 of
G and a copy of G above each rectangle in G0 .

Given a point (x,y) in a tower G , let k denote the height of (x,y)
above G , and let h denote the height of the top of the rectangle of G contain-
ing (x,y) above (x,y) . We define T(G)t(x,y) = (x,ytt) for -k < t<h . Not-
ing that T(S(G))t extends T(G)t , we obtain a measure-preserving flow T(G) on
G by setting, for t € R and (x,y) € G, Tt(G)(x,y) = iiz T(Sk(G))t(x,y) which

limit is easily seen to exist.

A rectangle A of height € is called an e-ftectangle 4n G is A is
contained in a rectangle R in G and w(A) = w(R) . That is, A 1is a strip of
height € in R with the same width as R . If the heights of the rectangles in
G are not rationally related, then we refer to G as an M-fowen. It will now be

shown that if G is an M-tower, then Tt(G) is mixing on e€-rectangles in G .

LEMMA 2.2, 14§ G 48 an M-tower, e > 0 A4 Less than the minimum height
of the hectangles in G, and A and B are e-nectangles in G, then
lim m(Tt(G)(A) N B) = m(A)m(B)/m(G)
-0
PROOF. The definition of the S operator implies S(G) consists of a bottom copy
G, of G and a copy of G above each rectangle in G

0 0 °
level 1 copy of G in S(G) and the copies of G above the rectangles in G

We refer to G0 as the

0
as the level 2 copies of G in S(C) . In general, for k >1, Sk(G) consists
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k-1

k-16) and a copy sk(G)lj of s71(c) above
2

of a bottom copy Sk(G)o of S
each rectangle Rj in Sk(G)0 . We refer to the level i copies of G in
Sk(G)0 as level i copies of G in Sk(G) , and we refer to the level i copies

k-1

of G in the Sk(G)lj as level i+ 251 copies of G in SY(G) .

Now let G consist of q rectangles Rj of height hj , 1<j=<q.
Let Dj be the e-rectangle in Rj whose base coincides with the base of Rj

q
Thus D= U D, is a strip of height € on the base of G . Fix an €-rectangle

j=1
B in G and define

(2.3 z(t) = m(Tt(G)D N1 B) /m(D)

It will be shown that z(t) satisfies

(2.4) z(t) = '21 m(Dj)z(t - hj)/m(D)
j=

To verify (2.4), we shall consider Tt(G) replaced by T(Sk(G))t for k
very large compared to t . The picture of Sk(G) consisting of level i copies
of G above rectangles in level i -1 copiesof G, 1< 1< Zk , implies that
an e-rectangle Dj appears as e€-rectangles in these copies of G in Sk(G) .
Consider one such e-rectangle D, in a level i copy of G, i < 2k . Now D,
is in a rectangle in a level i copy of G and there is a level i + 1 copy of
G above this rectangle. Since Dj is on the base of Rj » D, will be on the
base of a rectangle in a level i copy of G of height hj . Thus T(Sk(G))h‘D*
will have a base equal to the base of the level i + 1 copy of G above D, .J Now
because of the way in which the level i + 1 copies of G are stacked, if
T(Sk(G))tD* is defined in Sk(G) , then T(Sk(G)t)D* intersects B in the same

proportion as the base D intersects B , except delayed by hj ; hence
k

(2.5) m(T($7(6)) D, N B)/m(D,) = z(t - hj) s

or

(2.6) n(T(s(€),D, N B) = z(t - h,m(D,)
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Let D* denote the union of the sets D, for which T(Sk(G))tD* is defined in

Sk(G) ; hence (2.6) implies

2.7 m(T(Sk(G))tD*ﬂ B) = 2(t - hy)m(D*)
Given n > 0 , one can choose k so large relative to t so that m(Dj -D¥) <n .
Since n 1is arbitrary, we can repiace D* by ﬁj in (2.7) and T(Sk(G))t is re-

placed by its limit Tt(G) . Thus we have

(2.8) m(Tt(G)Dj N B) = z(t - hj)m(Dj)

q
Since D= U D. , (2.8) implies
j=1 !

(2.9) m(T,(G)D N B) = ? 2(t - h.)m(D.)
i1 37

Dividing (2.9) by m(D) implies (2.4) . Since G is an M-tower, (2.4) and the

Renewal Theorem imply 1lim z(t) exists, The ergodic theorem for flows now yields

>0
lim z(t) = m(B)/m(G) .
tao
From (2.8) we now obtain
(2.10) lim m(Tt(G)Dj n B) = m(Dj)m(B)/m(G)

£

If A is an e-rectangle in G, then A is an e-strip in a rectangle Rj in
G . Let h be the height of the base of A ; hence A = Th(G)Dj . From (2.10) we

conclude

(2.11) lim m(Tt(G)A N B) = m(A)m(B) /m(G)
Tt

Thus Tt(G) is mixing on e-rectangles.

Given € > 0 , Lemma 2.2 implies there exists N(G,e) such that
t > N(G,e) implies m(Tt(G)A N B) > m(A)m(B)/2m(G) . We will say that mixing

stants in G for e-nrectangles at N(G,e) .



144 Partial Mixing FlLows
The proof of the following simple lemma is omitted.

LEMMA 2.12. Let N > N(G,e) . There exists k = k(G,e,N) such that if

T, extends T(Sk(G))t , then

n(T,AN B) 2 m(A)m(B)/2m(G) ,  N(G,e)

A
t
IA
=z
-

where A and B are e-hectangles in G .

Suppose a tower G = (RI’RZ""’Rk) and A > 0 satisfy w(Ri) = nik ,
with n, € Z, 1<k<i, Then we can subdivide each Ri into n, ;%— -size
i
copies of Ri and stack all the resulting rectangles consecutively to obtain a

single rectangle of width X . We denote this rectangle by V(R) . For definite-

ness, we may assume that A 1is the largest number with the above property.

If R 1is a rectangle of height h and n is a positive integer, we let
Sn(R) denote the rectangle obtained by subdividing R into n %—-size copies of
R and stacking them consecutively. We will use the operations V and Sn to
prevent mixing in the constructions to follow. Note that if the rectangle R has

height h and A is an e€-rectangle in R , and Tt extends T(Sn(R))t , then
(2.13) D(T,ANA) 2 (1 - %—)m(A)

Similarly, if G 1is a tower as above, A 1is an e€-rectangle in G, h is the

height of V(G) , and it Tt extends T(Sn(V(G)))t , then again (2.13) holds.

Suppose A 1is an e€e-rectangle in a tower G , and G1 is a tower obtain-
ed from G by any combination of the above operations on towers, such that a frac-
tion o of A appears in G1 as a union of e-rectangles. Then we say that oA
appears in (or is contained in) G

1

3. Partial Mixing

We shall now construct a partial mixing flow with B = 1/8 in (2.1). An

informal description of the construction will be presented first and then the de-
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tails will be given. At each stage in the construction a varying set of measure }

will be mixed. Also, the use of the operations V and S2 at each stage will

force a fixed set A with m(A) < } to intersect itself infinitely often in a set

- v+ LI

with measure exceeding m{A)j/4 . This guarantees that the filow is not mixing.

We start with an M-tower G0 with m(GO) = 1, and with the widths of

the rectangles of G, being rationally related. (In fact, we may as well take all

0

the widths to be equal.) Decompose G0 into two equal copies G1 = .SG0 and

6] = .5G;.. Let Ry =V(G') . Note that m(G;) = m(R)) = 3 and if A is a rec-

tangle in G0 , then A/2 is contained in G, and R We shall first form an

1 1°
M-tower G2 = ('SGI"SRI) for the second stage. There are .5G1 and .SR1

remaining, each of measure § .

We now mix the remaining copy .SG1 of measure j . Choose a positive
k
integer k1 and mix .SG1 by forming G1 1° S 1(.5G1) . There are two criteria

for choosing kl . First kl must be so large that certain rectangles in .SG1

start to mix. Second, k1 must be so large that this mixing continues in .SG1

until mixing starts in .SGz . Note that mixing starts in .SG2 at the same time

as it would start in G2 since .562 is a copy of G2 . Also G2 is formed

before k; is chosen.

Since Gl contains A/2 if A 1is a rectangle in G0 , the mixing of

.5G; implies mixing of A/4 for certain rectangles A in G Another A/4

1 0

will continue to mix in .SG2 .

After G1 1 is formed, it is combined with the remaining .5R1 to obtain

the rectangle Rl,l = v((Gl,l"SRl)) . We then form R2 = SZ(Rl,l) . Now G2 is
an M-tower and R2 is a rectangle with m(Gz) = m(Rz) =3 . If A is a rectangle
in either G0 or G1 , then G2 and R2 each contain A/2 .

The details of the first stage will now be given. Let € > 0 be less

than the minimm height of the rectangles of G, , and for m 22 let ¢ = el/zm'l.

If A is an el-rectangle in G0 , then A/4 is in .SG1 . Since .SG1 is a
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copy of G, , €,-rectangles in ,5G, start to mix at N, = N(G,,e,) . Also
P 1 g 1 1 1°%1

1
ez-rectangles in .SG2 start to mix at N(Gz,ez) . We want sl-rectangles in
.SG1 to continue to mix until Ez-rectangles in .SG2 start to mix. Choose
k
- _ e 1
N2 > max(Nl,N(Gz,ez)) and let k1 = k(Gl,sl,Nz) . Denote Gl,l =8 (.SGl). Thus
if T, extends T(G, ,), and E and F are €. -rectangles in ,5G, , then
t 1,17t 1 1
(3.1) m(TtE neg = m(E)m(F)/Zm(Gl,l) , N1 <t< N2 .
If A and B are el—rectangles in G0 , then E = A/4 and F = 8/4 are

€,-rectangles in .56, . Since m(G, ;) = 1, (3.1) implies
E]

(3.2) m(T,AN B) 2 m(A)m(B)/8 , N, stsN

1 2"

Let Ry ;= V((G) },.5R))) and Ry =S,(R ) .

If A is a rectangle in G then A/2 is in R Let hl be the

0’ 1,1 °
height of R1 1 The formation of R2 and (2.13) imply that if Tt extends
T(Rz)t , then
(3.3) m(Th AN A 2m(A)/4 .

1

The general induction step in the construction will now be described. At

the nth stage of the construction we have M towers Gi and rectangles Ri s

. . . . n
1<3i<n, each of measure 1 , and increasing sequences of integers {Ni}i_1 and

n-1 . .
{ki}i=1 satisfying N, > max(N;,N(G In

i+1°€541)) is)

and ki ; k(Gi,ei,N.
addition, for 1 <i <n -1, we have M-towers Gi ic S 1(.SGi) such that if
E

Tt extends T(Gi,i)t and E and F are ei-rectangles in .SGi , then
(3.4) m(TtE nNF 2 m(E)m(F)/Zm(Gi,i) R Ni <t< Ni+1 .
Let Gn+1 = (.SGn,.SRn) Choose Nn+1 > max(Nn,N(Gn+1,en+1)) Let

k

- _en . _
kn = k(Gn,en,Nn+1) and Gn,n =S (.SGn) . Thus, if E and F are en rectangles

in .SGn and Tt extends T(Gn,n)t , then

(3.5) n(T,ENF) 2nEnF/2m@G ), N <tsN

n n n+l
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If A and B are ei—rectangles, l1<i<n, then A/4 and B/4 are

disjoint unions of en-rectangles in .SGn . Hence (3.5) implies

(3.6) m(T,AN B) = m(A)m(B)/8 , N < ts<N .

Let Rl,n = V((Gn,n"SRn)) and Rn+l = SZ(Rl,n) . If A is a rectangle

in Ri , 1l<i<n, then A/2 is in R1 n* Let hn be the height of R
i

The formation of Rn+1 and (2.13) imply that if Tt extends T(Rn+1)t , then

l,n°

(3.7 m(T, AN A) 2 m(A)/4 .
n

It is easily seen that the class of en-rectangles in Gn and Rn ,
n > 1, generate the full o¢-algebra B . Hence an approximation argument and (3.6)

imply that if A and B are measurable sets, then

(3.8) lim inf m(TtA N B) = m(A)m(B)/8 .

too0
Thus (2.1) is satisfied for B = 1/8 .

To see that the flow is not mixing, let A be a rectangle in R1 of

measure less than } . Since hn +~ o , (3,7) implies that the flow cannot be mixing.

4. Non-isomorphic Partial Mixing Flows

We will construct an oa-mixing flow for 0 < a < 1 ., Since o-mixing
flows are not isomorphic for distinct o , we will obtain a continuum of non-isomor-

phic partial mixing flows. The flows will also have zero entropy.

An o-mixing flow is obtained by mixing an o part of the space and un-
mixing a 1 - o part of the space at each stage in the construction. The 1 - o
part is then mixed back in with the o part before proceeding to the next stage.

This requires some additional definitioms.

Let G be a tower with q rectangles and let wj(G) and hj(G) denote

the width and height of the jth rectangle, 1 < j < q . Two towers G1 and G2
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with q columns are simifar if there exists a >0 such that wj(GI) = aw(Gz)
and hj(Gl) = hj(GZ) , 1< j<q. Acopy of atower G is similar to G . How-
ever, a tower similar to G may not be a copy of G since it may not be contained

in G .

Let G be as above and let R be a rectangle disjoint from G with
height h and width w . Let H = min{hj(G) :1<3j<q} and let K be the
largest integer such that Kh < H ., Assume that K > 0 . We shall use R to form
a tower G(R) similar to G . It may be necessary to use an additional amount of
measure U , where u < hw/K . Let nj denote the largest positive integer such

that njh < hj(G) , 1<3j<q. Thus nj 2K, 1< j <q . Define Vj as

(4.1) vj = wwj(G)/ig1 niwi(G) , 1<j<q.

From (4.1) we obtain

(4.2) ? n.v. = w,
je1 9

(4.3) vi/vj = wi(G)/wj(G) s 1<i, js<q.

By (4.2) we can divide R into ? nj rectangles, where nj rectangles
j=1
have width vj , 1 <3j<q . Stack the rectangles of width vj to form one rec-
tangle of height njh . If njh < hj(G) then add an additional rectangle of
height hj(G) - njh and width vj to obtain a rectangle T of height hj(G) and
width v,
J

Let G(R) = (rj

Let u be the additional measure needed to form G(R) . Since nj 2K, (4.2)

:1<j=<q ; hence (4.3) implies G(R) 1is similar to G.

implies

(4.4) p<h % v. < hw/K .
=1
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Let G be a tower and let R be a rectangle. The minimum height of a
rectangle in G' = SP(G) increases without bound as p -~ , Thus as p increases,
K will increase in the preceding construction to form G'(R) . Hence (4.4) implies

that p can be chosen large enough to insure that u is small when forming G'(R).

Let G be an M-tower and let € > 0 . Since Tt(G) is mixing, there

exists a positive integer t(G,e) such that

n(T, (A) N B)

(4.5) NONGIOGHE

1| <e, t > t(G,g)

where A and B are e-rectangles in G .

Let G and g be disjoint similar M-towers, where g =%YG6, 0 <Y <1,
Let G* = (G,g) , and consider the flow Tt(G*) . A rectangle E in G will move
up and emerge from the top of G . The definition of the S operator implies that
a proportion Y of E will move into G and a proportion (1 - Y) will move
into g . Since g and G are similar, this proportion of E in g and G will

be preserved for all later time t . Also, if F is a rectangle in G , then

v
o

(4.6) m(Tt(G*)(E) nFE = Ym(Tt(G)(E) neFE ., t

In fact, equality holds in (4.6) for t greater than the height of the highest

rectangle in G .

REMARK 4.7. Our construction of an «-mixing flow will make repeated use

of the following. Let € >0 and &§ >0 . Let G1 be an M-tower and let r be

a rectangle disjoint from G1 . Let tl = t(Gl,s) and choose t2 > tl . We can
choose a positive integer p = p(Gl,e,tz) so large that if G2 = Sp(Gl) and Tt

extends T(G then

e
n(T,(E) 0 F)

(4.5) R /ey " Y <

IA
ot
A
(ad

€ t

where E and F are e-rectangles in G1 . We can also choose p so large that

if p is the measure needed to form Gz(r) , then u<§ . Let G3 = (Gz,Gz(r))
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and let Y = m(Gz)/m(G From (4.6) we obtain

3)

(4.9) m(Tt(GS)(E) n F =2 Ym(Tt(Gz)(E) ne, t=20,

where E and F are e-rectangles in G2 . Since an €-rectangle in G1 appears
as a finite union of e€-rectangles in G2 s (4.9) also holds for €-rectangles in

G Since Tt(Gl) = Tt(Gz) > (4.9) and the choice of tl imply

1

(4.10) n(T,(6)(E) N F) > Y(1 - e)mE)m(F)/m(G) , t=t,

where E and F are e-rectangles in G1 .

Given n > 0 , we can choose t3 3 max(tz,t(Gs,n) such that

m(Tt(GSJ(E) nF
(4.11) [m(E)m(F) w(Cy) -1 <n, t>ty

where E and F are n-rectangles in 63 .

To construct an o-mixing flow, we begin with an M-tower G, whose rec-

1

tangles have equal widths, a summable sequence dn ¢+ 0 , and a sequence e, 0

where € is less than the minimum height of the rectangles of G » and where

€n = z:l/Zn-1 . The flow is obtained by an iterative construction, at whose kth

stage we have an M-tower G and t 20 . (We take t =0 .) We divide
k k,0 1,0

Gk into disjoint copies Gk,l = aGk and (1 - a)Gk . Let Rk,l = V((1 - a)Gk) ,

and let h be the height of Rk 1 Choose tk 1 max(Tk o,t(Gk,ek)) , and

k,1
choose a positive integer a, so that akhk,l >ty - let R o= Sak(Rk,l) and
hk’2 = akhk,l . Choose a positive integer bk so that l/bk <€ s and let

Rk,s = Sbk(Rk,Z) . Thus if Tt extends T(Rk’sjt and R is a rectangle in
Rk,2 , then

(4.12) m(Th (R)y NR =(1- l/bk)m(R)
2

Since a rectangle in Rk 1 is a disjoint union of rectangles in Rk 22 (4.12)
b b

also holds for rectangles in Rk 1
s
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Now decompose Rk 3 into bk equal copies T 1<1i bk . Choose
’ ’

i,l > hk,2 and apply Remark 4.7 with G1 = Gk,l , T = rk’1 st = tk,l ,

such that if Tt extends T(Gi,l)t , then

m(Tt(E) n F)

(419 R(EYR(F) /Gy 1)

- 1] < € »

- i 1
for €k rectangles in Gk,l and tk,l <ts tk,l .

When k > 2 , however, we must choose P 2 little more carefully,
2

this case, we have an M-tower Gk—l,bb_1+1 such that
Py.
Gk s k l,bk__l-rlcck-1 ) 1)
»P-1*
where P o1 T PChrb 1tk 0) 0 A B0 7 fGenh, et

For k > 2 , then, we also choose Pk,l > p(Gk-l,bk 1+1’€k’tk,l) - Pk-l,b

Pi,1
- - - = ' - »
t, = ti,l » =N =€ and § = ék/ek . Then we get Pyl and Gk,l S (Gk,l)

In

k_1+1

Thus, since Gk 1 is an o-size copy of Gk , we see that if Tt extends

T(Gﬂ,l) , then for ek_l-rectangles E and F in Gk—l,bk_1+1 and for
tk,O <t<c< tk,l .
(4.14) m(Tt(E) ngeE >al- ek-l)m(E)m(F)/m(Gk-l,bk_1+1) .

Our application of Remark 4.7 also gives us G . = G! .(r, ,) after add-
k,1 k,1%7k,1

ing a set of measure W g < Gk/bk . Let Gk 2 = (Gﬂ l,G; 1) and
E] £ 3 ’

Yk,l = m(Gk,l)/m(Gk,Z) . By (4.10) we have that for ¢,-rectangles E and F

k

,and t >t

Gx,1 k,1°

(4.15) m(Tt(Gk,Z)(E) NF =2 Yk,l(l - ek)m(E)m(F)/m(Gk’l) .

1
Now choose tk,2 > max(tk’l,t(Gk,z,sk)) so that for t = tk’2 and

€, ~rectangles E and F in G

k k,2 "’

in
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m(Tt(E) n F)

(4.16) m(E)m(F) /m(G

-1 <e

k,2) k-

\J
Choose tk,Z > tk,2

€ =G, T=T s t=t

and again apply Remark 4.7 where this time
- U - - -
K2 ° t, = tk,2 » E=N=¢g, and ¢ = Gk/bk .

P
s k,2

We get Py o and G (Gk 2) so that conditions corresponding to (4.13)
b 3

! =
k,2

and (4.15) hold. This time, however, we choose Py, SO large that if Tt extends
3

T(Gﬂ 2)t » then (4.15) perseveres to give
(4.17) n(T,(E) N F) >y 4 (1 - eImEn(R) /n(G 1),

- 1 ]
vfor Ek rectangles E and F in Gk,l , and tk,l <t < ’ck’2 .

We now continue the construction in this manner until we have Gk b.+1 and
’
k
t < t! <t where t > t(G €. ) and t > t(G €,)
k,bk k,bk k,bk+l ’ k,bk k,bk’ k k,bk+1 k,bk+1’ k
. .
We then choose tk,bk+1 > tk,bk+l and pk,bk+1 so that if
Pic,by+1

1 - g 1 - -
Gk,bk+1 =S (Gk,bk+1) and Tt extends T(Gk,bk+l) , then for €x rectangles
E and F in Gk,bk and for t]'(,bk <t< tk,bk+1 s

(4.18) m(Tt(E) nNF > Yk,bk+1(1 - ek)m(E)m(F)/m(Gk’bk)

and for ek—rectangles E and F in and t

Gy, b, +1 kb#l 5 F b 41

k k

m(Tt(E) n F)

(4.19) -1 <g .
HOLQIECRYRY k
We then let Gi,bk+1 = Gk+l and tﬂ,bk+1 = tk+1,0 , and continue with the

(k + I)St stage of the construction.

Note that the set added in the kth stage has measure

by
L oM b (8 /b)) =6

1
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so that the total measure we add is finite. Let (X,8,m,T) denote the flow obtain-
ed by iterating the above construction, where the measure has been normalized so

that m(X) = 1 .

We now show that T is a-mixing but not B-mixing for any B > o .

First suppose that A and B are ek-rectangles in Gk . We show that
(4.20) lim m(T,(A) N B) > am(A)m(B) .
>0

For 1<1ic< bk + 1, a fraction B 2o of both A and B appears as a

disjoint union of ek—rectangles in Gk .

i (In fact, B = m(Gk,i)/m(Gk) )

1 1
Since Tt extends T(Gk,i) , we have

(4.21) n(T,(A) N B) > m(T(E) N F) > (1 - e )n(E)m(F)/m(Gy ;)

B(1 - e )n(Am(B)/m(G) = a(l - € Im(A)m(B) ,

Since Tt extends T(Gi,i) , we have
(4.22)  m(T,(A) N B) 2m(T,(BYNF) 27y ; ,(1- gk)m(E)m(p)/m(Gk,i-l)
= BYk,i-I(]‘ - g Jn(An(B) 2 O‘Yk,i-l(l - € )m(A)m(B) .

Now since Gk+1 is an a-size copy of Gk+l , and since 0oA and OB
appear as disjoint unions E and F of Ek—rectangles in Gk+1 1 condition
t

(4.14) implies that for ti,bk+1 <

t < tk+l,l s

(4.23) m(T,(A) N B) 2 m(T,(E) N F) = (1 - e Im(E)m(F)/m(Gy,; ;)

a(l - sk)m(A)m(B)/m(G 2 a(l - ek)m(A)m(B) .

k1) 2

For every £ > k , both A and B appear as disjoint unions of €p-TeC-

tangles in G . Then since lime =0 and lim (min{Yk }) =1, conditions
koo ) S i

(4.21), (4.22) and (4.23) imply (4.20).
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Since every set in B can be arbitrarily well approximated by disjoint
unions of ek-—rectangles in Gk for sufficiently large k , (4.20) implies that T

is o-mixing.

However, if A and B are disjoint €. -rectangles in G1 , then

1
Vk> 0 , A=Ak1U Ak2 where Aklc le , m(Ak1)=am(A) , Akzc sz,
2
m(A, ) = (1 -a)m(A) , and m(T MNB= ) mT (A.) N B;) . By (4.12)
2 Px,2 ii=1 Pk P03
m(Th (Az) N B) <e m(Az) = ek(l - a)m(A) , and since h / K,3 = l/bk <EL s
k,2

>

m(Th,Z(Al) n Bz) < ekm(Bz) = ek(l - a)m(B) . But since tk 1 < hk,Z < t]'<,1 , (4.13)

b

implies that

m(Thk Z(Al) n Bl) m(Thk Z(Al) n Bl)
SR, )

1 <Ep -

* IEE Sne /ey .

Thus 1im m(T (A) N B) = om(A)m(B) = lim m(T
koo k,2 too
T is not B-mixing.

t(A) N B) , so that for all B > o ,

To verify that the flow has zero entropy, we will show that T1 has zero
entropy. It suffices to construct, for each positive integer n , a generator Pn
for T with H(Pn) < ;11- . The partition Pn will consist of a sequence of sets
{Al}J w=1 together with the complement of their union, where A; will be a Jl -

rectangle in a suitably chosen Rk 1

To begin, we choose k1 so that if Ai is the bottom 1l-rectangle of
1 1 s p3 1 _ 1 ,1c
Rkl’l , then m(Al) <10 m(Rkl,l) , and the entropy of the partition P, = (Al’Al )
satisfies H(Prl‘) < % . We proceed by the following iterative construction. Suppose

s j .
we have disjoint sets {A }1 1 J =1 * and integers k1 < k2 < L.l < kI_ such that

(4.24) for each j , the sets A;,...,A;.‘ are consecutive Ji— rectangles in Rk 1’

£ j 1
(4.25) m(U U A) 10 °
j=1 i=1
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and
(4.26) the entropy of the partition Pﬁ = {Ai,A;,Aé,...,Aﬁ} satisfies H(Pﬁ) < %n
j .
. _ i :
For each j , let Aj = '9 Aj . If k£+1 > k£ then each Aj intersects Rk 1
i=1 £+1
L 1
in a disjoint union of 1-rectangles and m(( U A;) N R ) < == m( ),
j=1 kpypol7 10 Rk/&+1’1
since Rk 1 is obtained from a copy of Gk Therefore, we may choose a
£+1° 2+1

ya
l-rectangle A in Rk disjoint from U A. and subdivide it into conse-
£ 217! 1 )

. 1 1 £+1 . s
cutive Yoy -rectangles A£+1""’A£+1 . If k£+1 is chosen sufficiently large,

then conditions (4.25) and (4.26) can be made to hold with £ + 1 vreplacing £ .
Letting Pn denote the partition obtained by iterating this construction, we see

L
that H(Pn) <y

Now let E be an e-rectangle in Gk , and fix 6 > 0 . We construct a
o .
set Fc vy Tian such that m(EA F) < § « m(E) . Choose j so that kj >k

and §-< § » ¢ . Then a set E1 ¢ E with m(El) = (1 - a)m(E) appears in Rk 1
i)

as a disjoint union of e-rectangles and can therefore be approximated by

Tl—translates of the sets Aé,...,A% to within %-- m(El) . Similarly, a set

E2 c E\E1 with m(Ez) = (1 - a)m(E\El) appears in Rkj+1’1 as a union of
e~-rectangles and so can be approximated to within %-- m(Ez) by Tl-translates of

the sets A; ..,A%Ii . Continuing in this manner m times, where o™ < %-, we

+1°
obtain the desired approximation of E . This then implies that Pn is a generator
for T1 .

5. Eventually Independent Sequences

Let T be a weak mixing transformation. An increasing sequence of posi-
tive integers o = {Ci}oi:l is an eventually independent sequence (e.i.s.) for T
if for each finite partition P and € > 0 there exists a finite partition Q
with the same number of sets as P and a positive integer N such that

c.
[P -Q <e and (T 1Q : i >N) is an independent sequence of partitions. It is
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shown in [2] that every weak mixing transformation admits an e.i.s. An e.i.s.

is an isomorphism invariant.

We now fix a € (0,1) and modify the construction in section 4 to show
that there exist wuncountably many pair-wise non-isomorphic a-mixing flows. Sup-
pose {S(n)}:=1 is a sequence of a-mixing flows. Then each Sgn) is o-mixing
and therefore weak mixing and so admits an e.i.s. For each n , fix an e.i.s.

©
Op = {cgn)}i=

1 for Sgn) . We will construct an o-mixing flow T such that for

all n , on is not an e.i.s. for T1 and hence, S(n) and T are not iso-

morphic. Since the sequence {S(n)}:=1 is arbitrary, we will have the desired

result.

We construct the flow T as in section 4 in such a way that the heights

h of the rectangles R form an increasing sequence of integers such that

k,2
h

k,2

1,2 € 0y s and if hk-l,z € Oj , then hk’2 €0

in this sequence chosen from oj , and h
h

if h is the first integer

1 k-1,2

X,2 € 0j+1 otherwise. This is accomplish-

ed as follows. At the kt stage of the construction of T , let Op be the

e.i.s. from which we want to choose h . Choose ak so that wkhk 1/ak < }F
’
2

k,2
and so that there is a c(z) € 0, satisfying 0 < c(z) - ah < Then we
3 JJ g j P < g

can add a rectangle of height less than h to Rk o to make R.k 2 have height
3 3

e

X,1

, and the total measure added in this way in the construction of T 1is finite.

Now let A be a rectangle in G, with m(A) < (1 - 0)/2 . Then if the bk are

1
chosen sufficiently large, we have, for each k ,

n(T, 2(A) na > %m(A N Ry ) >-§-m(A)(1 - > %m(A)z X

s

Consequently, no subsequence of {h, ,}

(o]
x,2° k=1 is an e.i.s. for T1 .

Since, for every n , o, N {h, ,} is an infinite sequence, we see that 0_ is

k,2°k=1

not an e.i.s. for T1 .
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