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PARTIAL MIXING FLOWS 
A. Fieldsteel’ and N.A. Medman* 

Résumé 

Le but de cette note est de construire, par une modification de la cons- 

truction connue pour les transformations partiellement mélangeantes, des flots par- 

tiellement mélangeants. On obtient des flots a-mélangeants pour tout a 

(0 < a < 1) , En fait, pour a fixe, on obtient, par moyens des suites “éventuel- 

lement indépendantes”, une infinité non dénombrable de flots a-mélangeants dis- 

tincts. Chaque flot construit ici est d’entropie zéro. 

1. Introduction 

Partial mixing transformations were introduced in 133 and a continuum of 

non-isomorphic partial mixing transformations with zero entropy were constructed in 

c41 l  Our purpose is to make analogour constructions for flows. Preliminary defi- 

nitions are given in section 2. 

ing flow is given in section 3. 

A relatively simple construction of a partial mix- 

In section 4 we construct, for each 01 f (W) 3 

an o-mixing flow. In section 5 we fix 01 and use eventually independent sequences 

[2] to show th e existence of uncountably many pair-wise non-isomorphic cc-mixing 

flows. Al1 flows constructed have zero entropy. The constructions use ideas from 

c2, 3, 4, 51. 

’ Partially supported by NSF Grant no. MIS-8102670. 
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2. Preliminaries 

Let (X,&m) be a probability space isomorphic to the unit interval with 

Lebesgue measure. A measure preserving flow (Tt : SQ < t < a) defined on X is 

pahkiae mLtiq if there exists B > 0 such that 

(2.1) lim inf m(TtA n B) 2 Bm(A)m(B) , A,B C 8 . 
t-+00 

A partial mixing flow is a-miting if (2 .l) holds for $=a but (2.1) does not 

hold for 6 = a t E , &>O. 

Al1 flows constructed Will be flows built under a step function with an 

interval base. Thus the measure space Will be a subset of G of the plane consist- 

ing of rectangles with normalized Lebesgue measure. A transformation T is defined 

on the interval base. Under the flow, a point (~,y) moves upward at unit speed 

until it reaches the top of G and then jumps to the base at 
T(x) l  

Thus if 

h = h(x,y) denotes the height from (~,y) to the top of G , then 

Tt (X,Yl = (x,ytt) , 0 5 t < h , and Th(x,Y) = (T(x),01 . 

Al1 rectangles Will be left-bottom-closed and right-top-open. A RowW 

G is an ordered set of disjoint rectangles; hence 

The 6ti e 06 a necXang& R is an interval Ca,b) , which we denote by R. 
k 

The ~ti 06 R is W(R) = b - a , The 6~2~ 06 G is G = U Ri and the Wci& 

06 G is w(G) = E 0 
i=l 

i=l 
WRi l  Given two towers Gl and G2 , we let (Gl,G2) de- 

note the tower consisting of the rectangles of Gl followed by the rectangles 

of G* . 

Let R be a rectangle and 0 < p < 1 . A subrectangle pR is a rectangle 

whose base is a subinterval of R with w(pR) = pw(R) and the same height as R . 

Hence m(pR) = pm(R) , where m denotes planar Lebesgue measure. Given a positive 

integer k 2 2 , it is clear we cari divide a rectangle R into k disjoint rectan- 

gles Rj = R/k , 1 5 j 5 k . 



A. Fd&bteel and N.A. Ftiedman 141 

Given G = (R. : 1 I j 5 k) and 0 < p < 1 , define the ~u~XU~W pG as 
3 

pG =(pRj : 1 5 j 5 k) . 

We refer to pG as a p-Cze capy 06 G , or simply a capy ~6 G . Setting 

5 
= w(Rj)/w(G) , 1 2 j < k , we cari decompose G into two $-size copies Go and 

G1 and then decompose G1 further into k copies l,...,G1 where Gi G1 k is a 

pj-size copy of G1 , 1 I j 5 k . The width of Gi is then equal to the width of 

the j th . 
rectangle in Go ' SO we cari form a new tower S(G) by placing each Gi 

above the j th rectangle in Go ' Thus S(G) consists of a i-size copy Go of 

G and a copy of G above each rectangle in Go . 

Given a point (~,y) in a tower G , let k denote the height of (~,y) 

above g , and let h denote the height of the top of the rectangle of G contain- 

ing hY1 above (~,y) . We define T(G)t(~,y) = (x,y+t) for -k I t 5 h . Not- 

ing that T(S(G))t extends T(G)t , we obtain a measure-preserving flow T(G) on 

G by setting, k for t C R and (~,y) f G , Tt(G)(x,y) = lim T(S (G))t(x,y) which 
k+m 

limit is easily seen to exist. 

A rectangle A of height c is called an Wte&ang& in G is A is 

contained in a rectangle R in G and w(A) = w(R) . That is, A is a strip of 

height E in R with the same width as R . If the heights of the rectangles in 

G are not rationally related, then we refer to G as an M-Xatieh. It Will now be 

shown that if G is an M-tower, then Tt(G) is mixing on E-rectangles in G . 

lim m(T$G)(A) n B) = m(A)m(B)/m(G) . 
t* 

PROOF. The definition of the S operator implies S(G) consists of a 

Go of G and a copy of G above each rectangle in Go . We refer to 

level 1 copy of G in S(G) and the copies of G above the rectang 

as the level 2 copies of G in S(G) . In general, for k 2 1 , Sk 

bottom copy 

GO as the 

es in GO 

G) consists 



of a bottom copy k S (G)0 of Sk-l(G) and a COPY Sk(G) 1 j of SkM1(C) above 
¶ 

each rectangle R. 
3 

in Sk(G)O . We refer to the level i copies of G in 

skm~ as level i copies of G in k S (G) , and we refer to the level i copies 

of G in the Sk(G)l j aslevel it 2 k-l copies of G in Sk(G) . 
9 

NO~ let G consist of q rectangles R. of height h. , 1 5 j < q . 
J 3 

Let D. be the E-rectangle in R. whose base coincides with the ba.se of R. . 
J 9 J 3 

Thus D = U D. is a strip of height E on the base of G . 
j=l J 

Fix an E-rectangle 

B in G and define 

(2.3) 0) = m(Tt(G)Dn B)/m(D) . 

It Will be shown that satisfies 

(2 4 
z ( t )  = 

f  

j=l 
m(Dj) 'Ct -  hj)/m(D) ' 

TO verify (2.4), we shall consider Tt(G) replaced by T(Sk(G)), for k 

very large compared to t . The picture of Sk(Gl consisting of level i copies 

of G above rectangles in level i - 1 copies of G , k 11i<2 , implies that 

an &-rectangle D l  appears as k 
3 

E-rectangles in these copies of G in S (G) . 

Consider one such c-rectangle D, in a level i copy of G , i < 2 k . Now D, 

is in a rectangle in a level i copy of G and there is a level it 1 copy of 

G above this rectangle. Since D. is on the base of R. , D, Will be on the 
3 3 

base of a rectangle in a level i copy of G of height h. . Thus k 
J 

T(S (G))h D, 
i 

will have a base e,qual to the base of the level itl 

because of the way in which the level itl copies of 

copy of ’ G 

G are stacked, if 

D* l  

wkwl 1 p* is defined in k 
S (G) , then k T(S (G) QD, intersects B in the same 

proportion as the base D intersects B , except delayed by h. ; hence 
3 

(2 -5) m(T(Sk(G) 1 tD, n B) /mlD,) = z(t - hj) , 

(2*61 m(T(Sk(G)),o, fl B) = z(t - hj)m(D*) l  



A. Fk&kted and IV .A. Ftiecfmm 143 

Let D* denote the union of the sets D, for which k T(S (G&D, is defined in 

sk(G1 ; hence (2.6) implies 

WV m(T(Sk(G)),o*n B) = z(t - hj)m(D*) . 

Given n > 0 , one cari choose k SO large relative to t SO that m(D. - D*) < 0 . 
J 

Since q is arbitrary, we cari replace D* by D j in (2.7) and T(Sk(G)), is re- 

placed by its limit Tt(G) . Thus we have 

(2.8) m(Tt(G)Dj fl B) = z(t - hj)m(Dj) . 

Since D = U D. , (2.8) implies 
j=l ' 

(2.9) m(Tt(G)D n B) = z(t - 
j=l 

hj)m(Dj) l  

Dividing (2.9) by m(D) implies (2.4) , Since G is an M-tower, (2.4) and the 

Renewal Theorem imply lim z(t) exists, The ergodic theorem for flows now yields 
t-0 

lim z(t) = m(B)/m(G) . 
t+-- 

From (2.8) we now obtain 

(2.10) lim m(Tt(G)Dj n B) = m(Dj)m(B)/m(G) . 
te 

If A is an c-rectangle in G , then A is an c-strip in a rectangle R. in 
3 

G . Let h be the height of the base of A ; hence A = Th(G)D. . From (2.10) we 
3 

conclude 

(2 .ll) lim m(Tt(G)A n B) = m(A)m(B)/m(G) . 
t-too 

T~US Tt(G) is mixing on E-rectangles. 

E>O, Lemma 2.2 implies there exists N(G, El such that 

t 2 N(G,c) implies m(Tt(G)A fl B) 2 m(A)m(B)/Zm(G) . We Will say that miting 

G 
W&) l  



The proof of the following simple lemma is omitted. 

LEMMA 2.12. fat N > N(G,E) . Them eti& k = k(G,E:,N) auch ;thuLt i6 

Tt etienh T(Sk(G)), , Rhen 

m(TtA 0 8) 2 m(A)m(B)/2m(G) , N(G,c) 5 t 5 N , 

A and G . 

Suppose a towcr G = (Rl,R2,. . ., Rk) and X > 0 satisfy w(Ri) = nih , 

with ni 6 Z , l<k<i. 1 Then we cari subdivide each Ri into ni n -size 
i 

copies of Ri and stack a11 the resulting rectangles consecutively to obtain a 

single rectangle of width X . We denote this rectangle by V(R) . For definite- 

ness, we may assume that A is the largest number with the above property. 

If R is a rectangle of height h and n is a positive integer, we let 

1 S,(R) denote the rectangle obtaincd by subdividing R into n E -size copies of 

R and stacking them consecutively. We Will use the operations V and Sn to 

prevent mixing in the constructions to follow, Note that if the rectangle R has 

height h and A is an E-rectangle in R , and Tt extends T(S (R))t , then n 

(2.13) m(ThA n A) 2 (1 - . 

Similarly, if G is a tower as above, A is an E-rectangle in G , h is the 

height of V(G) , and it Tt extends T(Sn(V(G)))t , then again (2.13) holds. 

ed from 

tion a 

appears 

Suppose A is an E-rectangle in a G , and G1 is a ob tain- 

G by any combination of the above operations on towers, such that a frac- 

of A appears in G1 as a union of C-rectangles. Then we say that aA 

in (or is contained in) Gl . 

3. Partial Mixing 

We shall now construct a partial mixing flow with B = 1/8 in (2.1). 

informa1 description of the construction Will be presented first and then the de- 
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tails Will be given. At each stage in the construction a varying set of measure 0 

Will be mixed, Also, the use of the operations V and S2 at each stage Will 

force a fixed set A with m(A) < a to intersect itself infinitely often in a set 

with measure exceeding m(A)/4 . This guarantees that the flow is not mixing. 

We start with an 

the rectangles of GO 

M-tower GO 

being rationally relate& 

mq)) = 1 3 and with the widths of 

(In fact, we may as well take a11 

the widths to be equal.) Decompose Go into two equal copies Gl = .5G0 and 

Gi = .5Go?. Let Rl = V(Gf) . Note that m(G1) = m(R1) = 4 and if A is a rec- 

tangle in Go , then A/2 is contained in Gl and Rl . We shall first form an 

M-tower G2 = (.SGl,. 5Rl) for the second stage. There are .5Gl and .SRl 

remaining, each of measure $ . 

We now mix the remaining copy .5Gl of measure 1 . Choose a positive 

integer kl and mix .5Gl by forming Gl 1 = S kl 
9 

(.SGl) . There are two criteria 

for choosing kl . First kl must be SO large that certain rectangles in .5Gl 

start to mix, Second, kl must be SO large that this mixing continues in .5Gl 

Since Gl contains A/2 if A is a rectangle in Go , the mixing of 

.5Gl implies mixing of A/4 for certain rectangles A in Go . Another A/4 

Will continue to mix in .5G2 . 

After Gl 1 is formed, it is combined with the remaining .5Rl to obtain 9 
the rectangle Rl 1 = V((G1 l,.SRl)) . We then form R2 = S2(Rl 1) l  

9 t 3 
Now G2 is 

an M-tower and R2 is a rectangle with m(G2) = m(R2) = 1 . If A is a rectangle 

in either Go or Gl , then G2 and R2 each contain A/2 . 

The details of the first stage Will now be given. Let ~1 > 0 be less 

than the minimum height of the rectangles of Go , and for m 1 2 let Em = El/2 m-l , 

If A is an El-rectangle in Go , then A/4 is in .5Gl . Since .5Gl is a 



copy of Gl , El-rectangles in SGl start to mix at Nl = N(Gl,&l) . Also 

&2-rectangles in . 5G2 start to mix at N(G~,E~) . We want El-rectangles in 

. 5G1 to continue to mix until E2-rectangles in .5G2 start to mix. Choose 

N2 > max(Nl,N(G2&2)) and let kl = k(Gl,el,N2) . Denote Gl 1 = S kl (.SGl). Thus 
a 

if Tt extends T(G1 l)t and E and F are E; -rectangles in 
a 1 ,5Gl , then 

(3.1) m(TtE n FI 2 m(E)m(E)/2m(Gl 1) , a Nl 5 t 5 N2 . 

If A and B are cl-rectangles in GO , then E = A/4 and F = B/4 are 

Cl -rectangles in .5Gl . = ' Since m(Gl,l) 4 , (3.1) implies 

(3.2) m(TtAn B) 2 m(A)m(B)/8 , Nl a t I N2 . 

Let Rl 1 = V((G1 l,.SRl)) and R2 = S2(Rl 1) . s 9 a 

If A is a rectangle in GO , then A/2 is in Rl 1 . Let hl be the 
a 

height of Rl 1 . 
a The formation of R2 and (2.13) imply that if Tt extends 

T(R21t a then 

m(Th A n A) 2 m(A)/4 . 
1 

The general induction step in the construction Will now be described. At 

the nth stage of the construction we have M towers Gi and rectangles Ri , 

lii-<n , each of measure i , and increasing sequences of integers (Ni~~-l and 

Iki}r=: satisfying Ni+1 > max(Ni,N(Gi+l,&i+l)) and ki = k(Gi,Ei,Ni+l) . In 
k. 

addition, for 1 5 i 5 n - 1 , we have M-towers G. i,i = S '(.5Gi) such that if 

Tt extends T(Ci i)t 
a and E and F are Eirectangles in .5Gi , then 

(3.4) m(TtE n F) 2 m(EMV/2m(ci i> 3 a 
Ni < t < Ni+l . 

Let Gri+l = (.5G,,.5Rn) . Chose Nntl > max(Nn,N(Gn+l,cn+l)) . Let 
k 

kn = k(Gns~n,Nn+l) and G nsn 
= S '(.5Gn) . T~US, if E and F are E -rectangles n 

in .5Gn and Tt extends T(G, n)t , then 
a 

(3*5) m(T$ n F) 2 m(E>m(F)/2m(G, n) , 
S 

Nn s t 5 ~~~~ , 
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1 f A and B are E irectangles, l<i<n , then A/4 and B/4 are 

disjoint unions of en-rectangles in .5Gn . Hence (3.5) implies 

(3.61 m(TtA fl B) 2 m(A)m(B)/8 9 Nns tsNn+l. 

JJet Rl,n = V(u$,‘p’ SR,)) and Rn+l = S2(Rl n) . If A is a rectangle 
# 

in R. 
1' 

l<iin , then A/2 is in Rl n . 
3 

Let hn be the height of Rl n . 
9 

The formation of Rn+ 1 and (2.13) imply that if Tt extends T(Rn+l)t , then 

m(Th A fl A) 2 m(A)/4 . 
n 

It is easily seen that the class of En-rectangles in Gn and Rn , 

n2 1, generate the full o-algebra 8 . Hence an approximation argument and (3.6) 

imply that if B are measurable sets, then 

(3.8) lim inf m(TtA n B) 2 m(A)m(B)/8 . 
t+= 

Thus (2.1) is satisfied for B= 1/8 . 

TO see that the flow is not mixing, let A be a rectangle in Rl of 

measure less than i . Since h + 00 , (3.7) implies that the flow cannot be mixing. n 

4. Non-isomorphic Partial Mixing Flows 

We Will construct an a-mixing flow for 0 < a < 1 . Since a-mixing 

flows are not isomorphic for distinct a , we Will obtain a continuum of non-isomor- 

phic partial mixing flows. The flows Will also have zero entropy. 

An a-mixing flow is obtaincd by mixing an a part of the space and un- 

mixing a 1 - a part of the space at each stage in the construction. The l-a 

part is then mixed back in with the a part before proceeding to the next stage. 

This requires some additional definitions. 

Let G be a tower with q rectangles and let wj(G) and hj(G) denote 

.th the width and height of the j rectangle, 1 < j 5 q . Two towers Gl and G2 



with q columns are amcr/t if there exists a > 0 such that wj(Gl) = aw(G2) 

and hj(Gl) = hj(G2) , 1 5 j 5 q . A COPY of a tower G is similar to G . HOW- 

ever, a tower similar to G may not be a copy of G since it may not be contained 

in G . 

Let G be as above and let R be a rectangle disjoint from G with 

h and width w  . 

largest integer such that 

H= min(hj(G) : 1 5 j 2 q} 

Kh < H . Assume that K>O. 

and let K 

We shall use 

be the 

R to form 

a tower G(R) similar to ti . It may be necessary to use an additional amount of 

measure p , where 1-1 5 hw/K . Let n. 
J 

denote the largest positive integer such 

that njh<hj(G), lijsq. Thus nj>K, lrj sq. Define vj as 

(44 

From (4.1) we obtain 

(4 4 

2 = wwj(G)/ niWi(G) 9 1 s j 5 q . 
i=l 

i! j=l njvj = w ’ 

(4.31 Vilv' = wi(G)/wj(G) 9 15 i 
3 Ais. 

By (4.2) we cari divide R into 
j=l Y 

rectangles, where n. 
J 

rectangles 

havewidth v., 15 j sq. 
J 

Stack the rectangles of width vj to form one rec- 

tangle of height njh . If njh < hj(G) then add an additional rectangle of 

height hj(G) - njh and width V. 
J 

to obtain a rectangle r. 
3 

of height hj(G) and 

width v. . 
3 

Let G(R) = (rj : 1 I j 5 q) ; hence (4.3) implies G(R) is similar to G. 

Let bu be the additional measure needed to form G(R) . Since n l  2 K , (4.2) 
J 

implies 

(4.4) uch 7 
5 hw/K . 



Let G be a tower and let R be a rectangle. The minimum height of a 

rectangle in G’ = SP(G) increases without bound as p + 00 . Thus as p increases, 

K Will increase in the preceding construction to form G’(R) . Hence (4.4) implies 

that p cari be chosen large enough to insure that p is small when forming G'(R). 

Let G be an M-tower and let & > 0 . Since Tt(G) is mixing, there 

exists a positive integer t(G,&) such that 

(4.51 1 
m(Tt(A) n B) 

m(A)m(B) /m(G) - 
11 <E 3 t 2 t(G,c) 

where A and B E-rectangles in G . 

Let G and g be disjoint similar M-towers, where g = YG , 0 c Y < 1 . 

Let G* = (G,g) , and consider the flow Tt(G*) . A rectangle E in G Will move 

up and emerge from the top of 

a proportion Y 

G . The definition of the 

E Will move into G and a proportion 

operator implies that 

(1 - y) will move 

into g l  Since g and G are similar, this proportion of E in g and G Will 

be preserved for a.11 later timc t . Also, if F is a rectangle in G , then 

(4 4 m(Tt(GX) (El n FI 2 Ym&(G) (El n FI 9 t20. 

In fact, equality holds in (4.6) for t greater than the height of the highest 

rectangle in G . 

REMARK 4.7. Our construction of an a-mixing flow Will make repeated use 

of the following. Let c > 0 and 6 > 0 . Let G 1 be an M-tower and let r be 

a rectangle disjoint from Gl . Let tl = W~,d and choose t2 > t 1 l  

We cari 

choose a positive integer p = p(Gl,tz,t$ SO large that if G2 = Sp(Gl) and Tt 

extends T(G2)t , then 

cw I 
q(E) n FI 

mWm(F) /m(G1l - 11 <fz 9 t1 5 t L t 2 

E F c-rectangles in G1 l  

We cari also choose P SO large that 

if 1-i is the measure needed to form G2(r) , then J..I < cj . Let GJ = (G2,G2(r)) 



and let Y = m(G2)/m(G3) . From (4.6) we obtain 

(4.99 m&W39 CE9 n F9 2 Ym(Tt(G29 CE9 fl F9 y t2 0, 

where E and F are &-rectangles in G2 , Since an c-rectangle in Gl appears 

as a finite union of c-rectangles in G2 ’ (4.9) also holds for c-rectangles in 

G1 l  

Since Tt(Gl) = Tt(G2) , (4.9) and the choice of tl imply 

(4.10) QyGg) CE9 f-J F9 ’ w  - om9m(F9/m(G19 # t 2 t1 , 

E and F are & -rectangles in 

n > 0 , we cari choose 

G1 ’ 

t3 2 max(t2,t(G3A) such that 

(4.11) I 
wpg) CE9 f-l F 

m(E9m(F9 MG,9 - ll <rlP t 2 t3 

where E and F are q-rectangles in GJ . 

TO construct an a-mixing flow, we begin with an M-tower Gl whose rec- 

tangles have equal widths, a summable sequence 6n + 0 , and a sequence &n + 0 

where cl is less than the minimum height of the rectangles of Gl , and where 

= El/2 n-l The flow is obtained by an iterative construction, at whose k th 
% . 

stage we have an M-tower Gk and tk 0 > 0 . (We take tl o = 0 .) We divide 
3 3 

Gk into dis joint copies Gk,l = aGk and (1 - a)Gk . Let Rk,l = V((I - a)Gk) , 

and let hk 1 
9 

be the height Of %,1 . ChOOSe tk,l > max(Tk o,t(Gk,Ek)) , and 
f 

choose a positive integer ak SO that akhk,l ’ tk,l l  Let Rk,2 = %ik(Rk,19 and 

hk,2 = “khk,l l  

Choose a positive integer bk so that l/bk <‘&k , and let 

% 33 
= Sb (R k k,2) ’ Thus if Tt extends T(s,3) t and. R is a rectangle in 

% 92 a 
then 

(4.12) m(Th 
W 

(R) n R) 2 (1 - l/bk)m(R) . 

Since a rectangle in Rk 
91 

is a disjoint union of rectangles in \,2 9 PJ.129 

also holds for rectangles in % 
$1 l  



Now decompose 

$ 1 a 
> hk 2 and apply 

Y 

% ‘3 
into bk equal copies rk,i ' 11' i 5 bk . Choose 

Remark4.7with Gl= Gk 1 , r= rk 1 , tl= tkl , Y Y Y P,. 'I 

151 

t2 = yl, E=rpEk and 6 = 6k/ck . Then we get pk 1 and Gk 1 = SK"(Gk 1) Y Y Y 

such that if Tt extends T(G{ l)t , then Y 

(4.13) 1 
m&(E) n FI 

m(E)m(F)/m(GkT - 11 < Ek Y 
Y 

for Ek-rectangles in Gk 1 and tk 1 5 t I tk 1 . 
Y Y Y 

When k 2 2 , however, we must choose pk 1 a little more carefully. In Y 

this case, we have an M-tower Gk-l ,bk-l+l such that 

Gk =s 
pk-l ,bk-ltl 

(Gk-l,bk-ltl) 

where Pk-l,bk-ltl = p(Gk-l,bk ltl'Ek-l'tk,O) ' and tk,O ' t(Gk-l,bk ltl'Ek-l) l  

For k 2 2 , then, we also choose pk 1 2 p(Gk-1 b 
Y ' k-l+' 'Ek'tk,l) - 'k-l,bk-ltl ' 

T~US, since Gk 1 Y 
is an a-size copy of Gk , we see that if Tt extends 

T(Gg Y then for Ek-l-rectangles E and F in Gk-1,bk l+l and for 

tk,O 
s  t s  tk ’ l  l  

(4.14) m(Tt(E) n P) 2 a(1 - Ekul)m(E)m(F)/m(Gkul b  

’  k-p 

> l  

Our application of Remark 4.7 also gives us GL 1 = Gk l(rk 1) after add- 
Y Y Y 

ing a set of measure 'k,l < “k/bk l  
kt Gk,2 = (Gi,l,G;,l) and 

'k,l = m(Gk ,>/m(G, 2) l  Y 3 
By (4.10) we have that for Ek-rectangles E and F in 

Gk,l ' and t>t k,l ' 

(4.15) m(Tt(Gk 2) CE) n F) ’  y k  l c l  - Ek)m(E)m(F)/m(Gk 1) l  

Y Y Y 

Now choose tk 2 > max(tk l,t(Gk 2'Ek)) SO that for t 2 tk 2 and Y Y Y Y 

E -rectangles k E and F in Gk,2 ' 
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(4.16) I 
mut(E) n F) 

m(EMFl /mWk,,) 
-11 <Ek. 

Choose tk,2 > tk,2 and again apply Remark 4.7 where this time 

3 = Gk,2 , r = rk,2 , tl = tk,* , t2 = tk,2 , c = q = ck , and 6 = 6k/bk . 

We get ~k,~ and Gk,2 = S ‘k,2. (Gk 2) SO that conditions corresponding to (4.13) 
9 

and. (4.15) hold. This time, however, we choose pk 2 SO large that if Tt extends 
9 

w;,2) t 3 then (4.15) perseveres to give 

(4.17) m(Tt(E) n F) ’ yk ,(1 - Ek)m(E)m(F)/m(Gk 1) ) 9 9% 

fol' ck-rectmgles E and F in Gk 1 , and tk 1 5 t 5 tk 2 . 
s 5 9 

We now continue the construction in this manner until we have 
Gk,bk+l 

tk,bk ' %,b, < tk,bk+l ’ where tk,bk ’ t(Gk,bk’Ek) and tk,bk+l ’ t(Gk,bk+l>Ek) ’ 

We then choose tk b +l > tk b +l and pk b +l so that if 
’ k ’ k ’ k 

Gk b 

‘k ,bk+l 

tl = ’ ’ k 
(Gk,bktl) and Tt extends T(Gk,bk+l) , then for &k-remmgles 

E and F in Gk,bk and for tk,bk 2 t 2 tk,bk+l 9 

(4.18) m(Tt(E) n F) 2 yk b +$ 
’ k 

- Ek)mlE)mwuk b > 
’ k 

and for &k-rectangles E and F in Gk b t1 
’ k 

and tk b t1 5 t 2 tk b tl s 
’ k ’ k 

(4.19) I - m(E)m(F)/m(Gk b +l) 11 -k. 
’ k 

We then let Gk b t1 = Gktl and tk b tl = tktl O , and continue with the 
’ k ’ k 3 

(k t l)st stage of the construction. 

Note that the set added in the kth stage has measure 

bk 

i=l uk*i c ’ bk(“k/bk> = ‘k 9 
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SO that the total measure we add is finite. Let (X,&m,T) denote the flow obtain- 

ed by iterating the above construction, where the measure has been normalized SO 

that m(X) = 1 . 

We now show that T is a-mixing but not f3-mixing for any B > o . 

First suppose that A and B are ck-rectangles in Gk . We show that 

(4.20) lim m(Tt(A) fl B) 2 am(A)m(B) . 
G= 

For 1 I i i bk t 1 , a fraction B 2 a of both A and B appears as a 

disjoint union of &k-rectangles in Gk i . (In fact, f3 = m(Gk i)/m(Gk) .) 9 a 

Since Tt extends T(Gk i) , we have s 

(4.21) q(A) f-l Bl 2 m(Tt(E) n F) 2 (1 - ek)m(E)m(F)/m(Gk i) 3 

= BU - ~klm(OOVm(Gk) 2 a(1 - ~k)m(AMB) a 

for tk i 8 5 t s  %i  l  

Since Tt extends T(Gk i) , we have 
# 

(4.22) q(A) n B) 2 m(Tt(EI n FI 2 Yk i 1(1 a - - Ek)m(E)m(F)/m(Gk i 3 - 1> 

= Bv,,i-l(l - Ek)m(A)m(B) 2 aYk i l(1 - Ek)m(A)m(B) . 3 - 

Now since Gktl is an a-size copy of Gk+l , and since oA and aB 

appear as disjoint unions E and F of Ek-rectangles in Gk+l 1 , condition 
9 

(4.14) implies that for tk b +l I t 5 tk+l 1 ) 
'k # 

(4.23) q(A) n ~1 2 m&(E) n F) 2 (1 - &k)m(E)m(F)/m(Gktl 1) a 

= a(1 - &k)m(A)m(B)/m(Gktl) 2 a(1 - Ek)m(A)m(B) . 

For every l > k , both A and B appear as disjoint unions of cl-rec- 

tangles in G . Then since lim ck 
k+= 

= 0 and lim (min{Yk 1) = 1 , conditions 
k+= i 

(4.21), (4.22) and (4.23) imply (4.20). 



Since every set in 8 cari be arbitrarily well approximated by disjoint 

unions of E k -rectangles in Gk for sufficiently large k , (4.20) implies that T 

is a-mixing. 

However, if A and B are disjoint Es-rectangles in Gl , then 

(Vk>O), A=Ak ,l u Ak 2 where %,i c Gk l s m(\,l) = am(A) s Ak 2 c 
s s s 

Rk 3 s 
s 

2 
m(Ak 2) = (1 - a)m(A) , and m(T 

% 
(A) fl B) = 1 m(T 

s S2 i,i=l hk,2 
(Ai) (I Bj) . By (4.12) 

“cTh 
k,2 

(A2) n 9) < Ekm(A2) = Ek(l - a)m(A) , and SinCe hk 2/hk 3 = l/bk < Ek , s s 

m(Th 2(Al) n B2) C ckm(B2) = Ek(l - a)m(B) . But Since tk 1 5 hk 2 2 tk 1 , (4.13) 
s s s s 

implies that 

(Al) n Bl) 
1 kJ 
m(Al)m(B1) lrncGk 1) - 

S 

II = l 
“CTh 

k,2 
(Al) n ~1) 

11 CE . 

kl 

Thus lim m(Th 
kW W 

(A) fl B) = m(A)m(B) = lim m(Tt(A) n B) , SO that for a11 B > OG s 
F 

T is not fS-mixing. 

TO verify that the flow has zero entropy, we Will show that Tl has zero 

entropy. It suffices to construct, for each positive integer n s a generator Pn 

for Tl with H(P,) I i . The partition P n Will consist of a sequence of sets 

(Ai$ Oo together with the complement of their union, where Af 
1 

j i=l j=l Will be a Y - 
J 

rectangle in a suitably chosen Rk 
‘S 

1 . 
J 

TO begin, we choose kl 1 SO that if Al is the bottom l-rectangle of 

% 
1 1 lc 

1 1 
S then m(+ < $j mC% + s and the entropy of the partition p, = (Al’A ) 

S 

satisfies H(P$ < $ . 
1’ 

We proceed by the following iterative construction. Suppose 

we have disjoint sets {Ai}j ’ 
j i=l j=l s and integers kl < k 2 < . . . < ka. such that 

(4.24) for each j s the sets A?,. ..,Ai 1 
3 j 

are consecutive 7 - rectangles in 
3 % l s 1’ 

3 

(4.25) 
l j 

m( u U A;) < & s 
j=l i=l 
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and 

(4.26) the entropy of the partition 1 
j 

,...,AQ) satisfies H(P$ < i. 

For each j , let A. = U Af . 
3 i=l 

If kl+l > kl then each Aj intersects RkQ,l,l 

L 
in a disjoint union of l-rectangles and m(( U Aj) fl Rk > < 

1 
> 

j=l t++ 10 "CRk l+l'l ' 

since 5c e+l#l 
is obtained from a copy of G 

kR+l l 

Therefore, we may choose a 

l-rectangle Al+1 in Rk 
&Y1 

disjoint from Û Aj and subdivide it into conse- 
j=l 

1 1 le+1 cutive m -rectangles Al+l,...,Al+l . If kl+l is chosen sufficiently large, 

then conditions (4.25) and (4.26) cari be made to hold with 1 + 1 replacing 1 . 

Letting Pn denote the partitim obtained by iterating this construction, we see 

1 that H(P,) - F . 

Now let E be an E-rectangle in Gk , and fix 8 > 0 . We construct a 
00 

set F c v TwiP 
-00 l n 

such that m(E A F) < 6 l m(E) . Choose j SO that kj > k 

4 and ~C&*E. 
J 

Then a set El c E with m(E1) = (1 - @m(E) appears in Rk 
l > 

1 
1 

as a disjoint union of E-rectangles and cari therefore be approximated by 

1 Tl-translates of the sets A.,...,Aj 6 
J J 

to within 2 l m(E1) . Similarly, a set 

E2 = Wl with m(E2) = (1 - a)m(E\El) appears in Rk 1 as a union of 

6 jtl' 
E-rectangles and SO cari be approximated to within 7 l m(E2) by Tl-translates of 

the sets 1 A. 
v-1 a***9 Aj+l 6 

jtl l 

Continuing in this manner m times, where a < 7 , we 

obtain the desired approximation of E . This then implies that Pn is a generator 

for Tl . 

5. Eventually Independent Sequences 

T be a weak mixing transformation. An increasing sequence of posi- 

tive integers o = {Ci}~-1 is an eveti~ independeti aquence (e .i. s.) for T 

if for each finite partition P and E > 0 there exists a finite partition Q 

with the same number of sets as P and a positive integer N such that 

IP - QI < E and (TciQ : i > N) is an independent sequence of partitions. It is 



shown in C21 that every weak mixing transformation admits an 

is an isomorphism invariant. 

We now fix a 6 (091) 

e.i.s. e.i.s. 

and modify the construction in section 4 to show 

that there exist uncountably many pair-wise non-isomorphic c1 -mixing f lows . 

( 1 pose fS n IIe1 is a sequence of a-mixing flows. ( 1 Then each Sln is a-mixing 

and therefore weak mixing and SO admits an e.i,s. For each n 3 fix an e.i.s. 

( 1 ‘n = Ecin )09-l for Si”) . We Will construct an a-mixing flow T such that for 

a11 n , o is not an n e.i.s. for Tl and hence, S ( > n and T are not iso- 

morphic. ( 1 Since the sequence {S n ):-l is arbitrary, we Will have the desired 

resul t . 

We construct the flow T as in section 4 in such a way that the heights 

hk,2 of the rectangles Rk 2 form an increasing sequence of integers such that 
9 

h1,2 6 o1 ’ and if hk-l,2 C aj , then hk,2 C 01 if hk-l,2 is the firSt integer 

in this sequence chosen from o. , and h 
J k,2 ’ oj+l otherwise. This is accomplish- 

ed as follows. At the kth stage of the constru.ction of T , let oL be the 

e.i.s. frOm which we Want t0 choose hk 2 . Choose ak SO that wkhk l/ak < 1 
s 9 

C-e) (4 
7 

and SO that there is a 
3 f aa. satisfying 0 < c. 

3 
- akhk,l < $,l . Then we 

cari add a rectangle of height less than hk,l to Rk,2 to make Rk,z have height 

(4 
'j 9 and the total measure added in this way in the construction of T is finite. 

Now let A be a rectangle in G1 m(A) < (1 - a)/2 . 

chosen sufficiently large, we have, for each k 9 

Then if the bk 

“cTh 
W 

(A) n A) >$m(AfI Rk 3) >im(A)(l -a) >+m(A)2 . 
3 

Consequently, no subsequence of chk 23k-l is an e.i.s. 
3 - 

for Tl . 

Since, for every n , on n {hk 2]LBl is an infinite sequence, we see that an is 
* - 

not an e.i.s. for Tl . 
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