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ON THE LOWER ORDER OF ENTIRE FUNCTIONS
DEFINED BY L-DIRICHLETIAN ELEMENTS

Maurice Blambert et Rajagopalam Parvatham

RESUME

Les auteurs se proposent d'étendre & une classe de fonctions entiéres non
bornées dans chaque demi-plan P, = {se C|Re s>Re z} , pour z décrivant C ,
la notion d'ordre inférieur, au sens de Ritt-Rahman, des fonctions entidres dé-

finies par des &léments dirichletiens classiques. Ici, les séries de définition
des fonctions considérées sont du type z Pn(s)exp(—skn) ol les Pn(s) sont des

polyndSmes tayloriens et ol la suite (X)) est une D-suite. La méthode utilisée

est analogue, dans son principe, & celle utilisée par Maurice Blambert et Marcel

Berland pour définir 1'ordre-R de telles fonctions.

ABSTRACT
(-]
In this work, functions defined by the series 2 Pn(s) exp(-sxn) , where
1

m
n .
(Xn) is a D-sequence and Pn(s) = 2 anj s? are considered. As these func-
3=0

tions are not bounded in the half plane, it is not possible to define the lower
order (in the sense of Ritt-Rahman) directly. The purpose of this paper is to
define the lower order for these function, by making use of functions defined by
associated intermidiate series. In the particular case when the polynomial Pn(s)

reduces to a complex number, then we get the well known definition introduced by
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Q.I. Rahman for the lower-order of entire functions defined by Dirichlet series.

Let (kn) be a D-sequence, (Pn) be a sequence of complex valued poly-

nomials, that is

:’B

a. s’ with a 20

P :€>s > Pn(s) = nj m_

v
neN-{0} ™ j

ne~1

0

and s = o0 + it , (0,T) € mz , consider the L-dirichletian elements
[~}
{o} : ; P (s) exp (-s) )
and the space of elements of the type

{o,

o} : g Pn(0+ito) exp(—sxn)

indexed by T, on R . Let B = lim sup {mn/)\n/neN-{O}} ,
B* = sup {m /A /neN-{0}}, A = Max {lag;l/3 € (0,1,...,m)} and
L = lim ;EE—“/nem-{o}% .
A
n
Consider the associated dirichletian element
L=
{y} : ; A, exp(-} s)

whose coefficients are strictly positive and denote by 02 the abscissa of
convergence of {y} . We can easily show that if oﬁ = -o , then {wT } converges

o
absolutely on € for any arbitrary T, in R if B < o,

In what follows, we always assume that B <o , L <o , and cﬁ = -» ,
The fact that B < «» implies that B* < « and reciprocally that B* < « implies

that B < = ,

Let us define the following quantities. For each o € R
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LICHOM

sup {lng (s')|/Re s 20AT' €R} ,
0 0

m(ose, ) = sup {|q>,f (s")|/Re s' =oAT' eR} ,
o o

U(US‘DT ) = sup {[Pn(oiﬂo)l exp(-)\nc)/neiN-{O}}
0

n'-1

mn,(o;w_[o) = sup {|¢To(s) - % P (o+it)) exp(-A;s) |/t eR}

and
W (c;cp,[o) = sup { |Pn(o+i'ro) | exp (-0} ) /nzn'}

where o (s) denotes the sum of the series {cp_E } at the point s ¢ € . For
0 o
each o ¢ R , these quantities defined above are finite. Further, let

o log log M(oje. )
0 _ qi 0
>‘M = lim inf =
g+-
(p'ro ‘PTO q"rc. ‘p'ro
similarly A s A s A and A are defined with m(o3p_ ) , u(oe._ ) ,
n M n' Fn To %o

m (G;(p_[, )} and Lln,(O';(pT ) respectively in the place of M(cf;q)T ) . Also,
o o o

MWD, mlosw) , wlosw) » m, (@sw) , w,(osw) , A, Al LAY, Aﬁn' and Aﬁn'
are defined in a similar manner with ¢ in the place e - It is trivial that
o

LY LY

T T
[/ o) [¢]
>‘M = >‘m and )‘M 3 )\m
Remark 1. We have V¥ '] an(c+iTO)l exp(-0X ) < u(0se, ) , and hence
oeR neN-{0} o
O
u(c;(p_[ )+® as ¢ > -» , which shows that )\u °s0 .

0
Let us state a theorem due to M. Blambert and M. Berland [1], which we will

use later.

Theorem A. When oqé = - , we have

T
v v Pn(o+i'r°) exp(—)\no) = lim ;I—-f 2 0, (o+iT) exp(i-r)\n)dt
geR neN-{0} 2’1y o

=00

L)
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where T, is any arbitrary regl number.

1

Remank 2. From this theorem, we deduce immediately that

v v |P_(o+it )| exp(-o) ) < m(oje. )
oeR neN-{0} ™ ° n %o

Further, we can show that there exists no sequence (Uj) , oj negative and

lim cj = -o , such that the map R > ¢ > m(o;<pT ) is of exponential type on (oj)

) o
(that is we can show that there cannot exist a constant o > 0 such that

v m(oj;q;T ) < exp(-aoj)) . On the contrary, let us assume that there exists such
j o

a constant o associated to a certain sequence of the space precised, such that
the above condition is satisfied. Then we have

v v |P_(o.+it )| < exp 0. (A_-a) ,
neN-{0} j M) ° e

from which it follows that, for each n , with A, > @, lim |Pn(oj+iTo)| =0 .
jeo

But we know that ]Pn(c+iro)| +© as 0+« , which shows that our assumption

leads to a contradiction thus proving the validity of our assertion.

Also we need the following lemmas to prove our theorenms.
Pz

Lemma 7. ¥n' ¢ N - {0} we have A C =z 2
un'

®
TO

u

Proof. Put uﬁ,(cwT } = Max {[Pn(o+iro)| exp(-oA )/ne (1,...,n"-1)} .
o

log log o, (030, )

Then it is trivial that 1lim © -0 . Since the mapping for

O+~ -0

any n' e N - {0} ,
Reog~> un,(c;¢To) = sup {]Pn(o+iro)] exp(-A 0)/n' 2 n}
is not of exponential type for any sequence (cj) R Uj negative and

lim g, = -» , and also since
j-)oo
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. - . . o »
u(ose ) = Max {u, (U,wTo),un.(U,cpT ),

o o
‘P.[.o ‘PTO
we have Aun' = Au
‘PTO ‘pTo
Lemma 2. v¥Yn' ¢ N - {0} we have A = X
m o, m
Proof. Let 2° be a constant such that A° > Xn'-l . Since
n'-1
mn,(c;¢T°) = Max {]¢To(s) - ; P (o+iT ) exp(-skn)I/T'em} ,
o o
3 v m(o;cpT ) - exp(-oA7) < mn.(o;tpT ) < m(c;cpT ) + exp(~oX ) ; hence from
g,>0 o<-0 o o o
1 1
wTo wTo
Remark 2, we have Amn' = Am
Theorem 1. When oﬁ = -» ,B <o and L <« , we have
0
T
v osa %Vt
T R H H M
o
Mo o
Proof. We have v 3 ¥ =< A", and hence for n =2 n' ,

B'>R n'(= nB,) n>n' An

0 negative

1
|Pn(o+iro)l exp(-A 0) < A exp{-oA_ [1 +1%;T log(1+|ol+|t [} 5

for € > 0 there exists ce > 0 such that

] |Pn(c+iro)| exp(-A,0) < A exp{-ckn(1+8'€)}

< -
(o] GE

which gives

un.(o;wTo) <, (0(148%€) 54)

and
LPT
A%< ase .

W



204 On the Lowen Onder of Entire Functions Defined by L-Dirnichletian Efements

¢
T
As g 1is arbitrary, we have ) °< Aw . Using lemma 1, we have

nl un|

¢ [
T T

A %= < (1
H Hyr unv

Let L' > L . Then

nzvn' A, exp(-oX ) < ¥ ,(0) = jzzn' A exp{-(o-L')AJ.} exp{-L'Aj} )

and hence

Upe (059) < ¥, (0) < u, (o-L'59)C , (L") ,

oo

where C_,(L') = ) exp(-L'Aj) and Y ,(0) =

o«
Y A exp(-A o) , which gives
jine n n

n=n'
vt VN
v (0} Au = AM (when n' =1, Au = XM) . (2)
n'eN- n'

Yy
As it is trivial that A" = A}, we have from (1) and (2) that

thus proving the theorem.

Rematk 3. This theorem can also be proved in the following way. Since

B <o , we have B* < , Then for each n 21 and o < 0 we have
*
]Pn(o+iro)| exp(-oA;) < A exp{-ckn(l-ff%T log(1+|o|+|rol))}

and hence for ¢ < -O¢ » u(o;wT )} < u(o(l +eB*);Y) ; since € is arbitrary,
0

Py "
o
we have ) < AT .
U H
By an inequality, shown earlier, for n' =1 , we have

(oY) < ¢lo) < u(o-L';¢)C(L")
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where C(L') is the sum of Z exp(-L'An); we have Aﬁ < A% , thereby we get the
n
P

. . [o] Y
inequality Au < XM .

Conollany 1. If 03 =« , f and L are finite, and the function

A
log I
An+1
@:N-{O})n-r(b(n):i————_T— (3)
n+l n

is a non decreasing function of n for n > n, then

< 1lim inf

An log Xn}
T <R N
o

-1
log(A ™)

Under these conditions on L and ¢ , Q.I. Rahman [2] proved that

{A_ log A
A;ﬁ < lim inf ]-—“—_-Tﬂ} ,
N~ 1 log(An )

and hence the corollary follows immediately from theorem 1.

Let anj s J € (1,2,...,mn) be the m ~ zeros of Pn(s) with the order of
s-a .
multiplicity taken into account, and wnj(s) il 3 g for L' > L . Further,

nj
let 6 be any positive non zero real number and denote by En(e) the following

set indexed by n on N - {0} ,

E_(8) = {seC/ v lw_.(s)| <8
" je(1,2,.0my M

and E(0) =N En(e) , supposed to be non-empty. Let 6 ¢ 10,11 . If
n
(0+iTo) e E(6) , then

g ]Pn(c+iT°)] exp(-oX ) < u(o-L';wTo)C(L')

Let 6 eR' -[0,1] . If (o+iT)) € E(8) then
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v |P_(o+it )| exp(-A o) < u(o-L';p_ ) exp(-A_(L'-B*log 6))
neN-{0} ™ ° n To n

L'-L
B*
Z exp{-kn(L'-B*log 0) converges to C(L'-B*log 6) , (say) . Then

n

Choose L' such that 0 < log € < (This implies that L' > L .) Then

I [P_(o+iT )| exp(-A_0) < u(o-L';e_ )C(L'-B*log 6)
neN-{0} " ° n To

Hence in both cases, if (c+iT°) e E(8) , we have

m(o;9,_ ) < u(o-L';e_ )C
To To 1

where C1 = C(L') or C1 = C(L'-B*log 8) as the case may be. From Remark 2, we

have u(c;q>T ) < m(o;(pT } and hence
o o

u(ose, ) < m(ose, ) < u(o-L'e. )Gy .
o o] o

¢ ®
T T
Further supposing that 3 3 ¥ (c+iro) e E(B) , we have X 0= Am °
8eRT-{0} 0 _>0 o0<-0 H
o o
‘PT ‘PT
. (] o Y .
By virtue of theorem 1, we have Au = Am < AM . Hence we have established

Theorem 2. 1If O6.= - , B<w, L<w and

LPT (P_[_
33 ¥ (otit) € E(8) then A, - ° sxg .

m
>0 >0 -
5] g g<-g

Remark 4, We can prove this result by considering a certain @' > B in the

? ¢
T T
place of B* . In a similar manner, we can show that Au ° = Am ® where n' = n
n' n'
wTo wTo wTo ¢To
Also we have seen that Au = Au and Am = Am and hence the result
n' n'

follows immediately.

Theorem 3. 1If o‘g = -» and B < » then Y A

Proog. We have

g
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y |¢T ()] = ] A expl-o\ (1+B*€)] = Y(o(1+B*)) ,
(o} n

<-
(¢} Oe

@
T
and hence M(O’;cp_l_ } < Y(o(1+B*)) . As € 1is arbitrary, we have )\M ° < A.:{; .
o

Remark 5. It is possible to prove this theorem, by using a constant B' > B ;

in fact we have for n' = n

Bl
n'-1
Voolep (s) - E P (o+iT ) exp(-sA )|
o]

< -
o OE

IA

z An exp(—oln(1+8'€))
n2n'

v, (0(1+8€))

For 2° > >‘n'-1 » @ constant, we have

3 Vo M(o50, ) - exp(-2° o) < ¥ [o(1+8"€)]
o\)(>c€) 0<-0,, o
from which it £ h A¢T° <y
rom which it follows that M < Ay VIR

Th.e.o’lem4. If UI£=‘m’ B<°°, L<°°)Aw<°°:
sup {(An+1-)\n)/nelN- {0}} = A <= (€3]
and ¢ , defined by (3) in corollary 1, is a non-decreasing function of n for
@

o
n>n_, then v )\‘P <A .
o 'roelR M M

Proof§ by contradiction. Suppose that the theorem is false. Then

q"ro v v <p'ro v )\3-5
3 AM < )‘M . Let € e ]O,AM-AM [, €, € ]O,e/AM[ and A = Toc Then
ToeR 1
T
we have >‘M << Aﬂ . If L<® and & is a non decreasing function of n

for n 2 n o, Q.I. Rahman [2] proved that

A log A
AW < 1im inf ~2e— D ,
M -1
n-»o log An

hence we have
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1
3 -(—)x log A < log A_ .
o n;;' 3)%n 108 Ay < 108 Ay

From [1] we get the inequality

Vo3 VA < Mo-L'e ) exp{[ (B+e) log(6(1+|c|+|T°|))+c+A']An}

e>0 n. nZnE o
where A' 1is a constant lying in Rt - [0,1] . Also we have
v 3 v (B+e) logl6(l+|o|+|T D1 < g, l0]
(] 1
gl>0 08 >0 [d|>0€
1 1
and hence

v VoA < Mo-Me ) exp{(o(l-al)+x')xn}
n=n_ g<-o o

which gives that

1

v Vv exp -(—)A log A_ - (o(l-g;)+A")A } < M(o-2";0. )

nzmax(n',ne) o<-0 J An n 1 n T
1

Let us consider the mapping

Rt - {0} 3 x » exp{—oc1 x log x+0, x}

0,-0.
where o > 0 . This takes the maximum value at x = exp { 1 }. Choosing
1
o = 1/X and a, = -(a(l-el)+k') we have (where € € Jo,10)
0p=0g
exp = exp{-(o(l-g,)+\")A-1}
0q 1
which we denote by Xs Then Xy > ® as g ==, Put n = inf{ngN/Anzxc} .
Then kn 2 X, and 1lim )A_ = « ., Hence 3 v n, 2 max(n',ne) and
(o] 0>~ (o} Oé 20 o<-g!
1 &1 €1

- AT = 3
exp ( allnc log Anc+azxnc) < M(o-A ,¢TO) . Put Anc ecxc (i.e. eczl) . Then

< log M(o—k';«pT ) .

oy log e0
o

ecxU {-al log x0+a2} F.-ttaI—TEE—;;;a;T
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i - = - S UL
Since 0y log X, tay =0, aleoxo(l log ec) < log M(c-X ,wTo) . Let us

suppose that A = sup{(kn+1-xn)/new—{0}} is finite. Then 0 <X - x < A and
o

-1 _ '
By sl +Ax =1+ A exp{(c(1-e,)+) IA+1}
with 1im 6, =1 . The mapping R - {0} > x » x(1-log x) attains its maximum
g->-
at x = 1 and hence
v 3 v 12 x(1-log x) > 1 - ¢!
€'€10,1[ n(=n.,)>0 xel1-n,14n]

As ¥ 3 ¥ 6_e€e [1,14n] , we have
n>0 o(=on)>0 o<-on

- - ]
¥ 12 60(1 log ec) >1-¢€

and hence for o < —max(oé ,cn ) , we have
1 ¢!

et - H
a;x_(1-€') < log M(o l':wTo)

Hence we get for o »> -«

3t h
log x, log log M(o-A ,wTo) wTO
1im inf ( 5 ) < lim inf > = AM R
%27% ¢To

lim inf ( o0 ) = A(l-e*) =< AM , where A satisfies the inequality

1
wTo . 1 wTo
AM <A< AM . Thus we get a contradiction that AM < AM which proves,

under the stated conditions, that it is impossible to find a T, € R such that

¢ ¢
T T
AM ° < Ax . Hence we have AE < AM ° vhich completes the proof of the theorem.

From Theorem 3 and Theorem 4, we have

Theornem 5. Under the conditions stated in Theorem 4, we have

)
T
As a result of this theorem, we have an expression for XM ® in terms of

An and a, .
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Theonem 6. Under the conditions stated in Theorem 4, we have

cpTo A, log A
v A = lim inf { ————
M -1
T _eR neo log A
o n

Proof. As condition (4) in Theorem 4 implies that log An+1 ~ log An s We

have [2, Theorem 1] that

A log A
lim inf “——_1—“} S\
-0 log An

Also with the conditions imposed on ¢ and L , we have [2, Theorem 2] that

A log A

AW o< 1im inf% n n
M -1
log An

The two inequalities together with Theorem 5, give

1)

T v An log An
by =AY = 1lim inf { =T
M M -1

n->o log An

Let Bc be the demi-strip {se¢/0<-0o ,Te[Tl-l,T1+£]} where T, € R,
o

£ e R" - {0} are constants. Let

U] m(c;B0 ) = sup{m(o;¢To)/Toe[Tl—Z,T1+£]} ,

o<- (o]
UO

v mose:B ) = sup{|¢(c+ir)|/Te[11-£,11+£]}
o<-0, o

and

log log m(c;e; B0 )
0

A8y ) = lim inf

o o+>-o -o

A¢(Bc) is the lower order (in the sense of Ritt-Rahman) of ¢ in the demi-strip.
o

With the help of this let us define the lower order of ¢ in € (in the sense

of Ritt-Rahman).



Maurice Blambert and Rajagopalam Parvatham 211

P_(s)
P (s+L')|

Let 8 > 0 be a constant, en(e) = isem /, } be a set indexed

by n on N - {0} and e(8) =N en(e) . Let us suppose that

n

3 3 v (0+iTo) € e(eo) , and hence
eoe]O,ll 00>0 0<-0,

y y Pn(c+iro) n
S —
0<-0_ n Pn(c+L +1To)
=11
Choosing L' such that log 60 > LB& , (B*<®) , (this implies that L'>L) ,
we have
-m
E 8, = exp(-L' 1)) < g exp( -\ (L'+8* log 6)]

(this series is convergent).

Let us denote by Q(L') the space of sequences (Yn) of mappings from R
to € such that
3 v ] |Yn(c)| exp(-L' 1))
o'>0 o<-¢' n

2

is convergent. Let z = x + iy with (x,y) ¢ R From Theorem A we have for

(yn) e Q(L') and Re z =x 20 + L', with o0 < -0' ,

T
Z Pn(a+it°)yn(c) exp(-z An) = lim %; [12 ¢To(s) E Yn(c) exp(-An(z-s)) dTt, T,
1

The series in the left side is convergent, since Z yn(c) exp -Xn(z-s) is
n

absolutely convergent for x 2o + L' and ¢ < -¢'
Now let us consider a sequence (yn) of mappings from R to € such that

v v Yn(G)Pn(U+1To) L
1 3 - s
o<-0, n Pn(o+L +1To)

m
. : 1 n s —
since (o+it ) € e(8 ) we have |Yn(0)| 20 -2|Yn(0)| exp(-L' X)) is majorised
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by the convergent series z exp(-ln(L'+B* log 60)) and hence it is convergent for
o< -0, which shows that (yn) e Q(L') . Hence for o < -0,
3 2 . ' *
B P, (o+L'+it ) exp(-zkn)l < m(c,wTo)C(L +8* log 6_)
where C(L'+B* log 60) is the sum of the series z exp(—kn(L'+B* log 60)) and
Im z =y is arbitrary in R . Choosing Re z = x =0 + L' and y = T, Wwe have

|¢(0+L'+i'ro)| < m(ose, JC(L'+B* log 6) .
(o]

Let us suppose that 3 B0 c E(eo) . Then we have
0 6]031] [o}
o
m(G+L';¢p;B0 ) < m(U;B0 JC(L'+B* log 60)
o o
Further for € > 0

] Vo omose. ) < ) A expl-o A _+B* A log(l+|o|+[T [+|£]]
Toe[11-2,11+£] 0<-0, o

< Y(o(1+eB*)) ;

the last inequality is due to the fact that 3 v 10g(1+[0|+]T1|+£) < elo| .
0_>0 0<-0
£ €
Hence v m(c+L';q>;B0 ) < Ylo(1+eB*)IC(L'+R* log eo) from which it
c<-max(oo;cs) o)

follows that

A"’(BUO) < x‘&(nes*)

4

and as € 1is arbitrary, A¢(Bc S AM . On putting (if the above condition is
o
satisfied)

¢ _ [ - +
AP = sup{A®(B, )/Bo =B, (1,,£) AT  eRALeR" - {0}}
o o o
we have Ai < Aﬁ and let us define this Ai as the lower order of ¢ in (€

(in the sense of Ritt-Rahman).

We remark that when Pn(s) is a complex number then our definition co¥ncides
with that of Q.I. Rahman for the lower-order of entire functions defined by

classical Dirichlet series.
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