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SOME INEQUALITIES FOR KOHN-NIRENBERG PSEUDO-DIFFERENTIAL OPERATORS
Samuel Zaidman

I. INTRODUCTION

An important class of pseudo-differential operators was introduced in the
fundamental paper of Kohn and Nirenberg [5]. They consider “"symbols" that are com-
plex-valued functions a(x,z) defined on the product space RLRN - {0} or on
RR", having specific properties, and they associate to these functions two ope-
rators A(x,D) and A(x,D), defined by formulas involving Fourier transforms, 1ike

oo
Al,D)u = F {alm,g) (Fu)(z) + (2n) ¢ 2 (g 2)itn)dn)
R

n
AD)u = F al=,2)i(2) + (2r) %7 &' (g-n.m)u(n)dn)
R"
where F'] js the inverse Fourier transform, Fu = u is the direct Fourier trans-
form, a'(x,£) = a(x,z) - a(=,2), and a'(x,z) is the Fourier transform of
a'(x,z) with respect to the x-variables.

Afterwards, Kohn and Nirenberg proved various very interesting properties of
these operators, most of them having counterparts in previous results of the theory
of singular integral operators (Mikhlin [6], Calderon-Zygmund [2], Seeley[7]).

The theory of pseudo-differential operators was the object of much study and
research, as in some works by H8rmander [4], Friedrichs [3] and several other
authors.

In this manuscript, we took as starting point a very nice presentation of
pseudo-differential operators in the Lecture Notes by A.Andreotti [1] where, in a

*) This research is supported through a grant of the National Research Council of
Canada.
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clear and detailed manner, a variant to Kohn-Nirenberg's theory is developed.

If we consider Sobolev's spaces H°(R"), where s is a real number, H™(R™)=

no R, HR™ = v, BERY, an operator L:H® ~ H™ has order = 0 if
seR] selR1
HHiLult g = CsHuH s holds ¥ real s; the order of L equals 0 if any inequality

H H

||Lul|HS = Cs“u”Hs~a’ Yu € H

is impossible when ¢ is » 0.

Gohberg's Lemma, as given in Andreotti's Lecture Notes, permits to deduce, as
a simple corollary, that a pseudo-differential operator associated to a regular
symbol a(x,£) so that a{x,tz) = a(x,£) Vvt >0, x ¢R", £ €R"-{0}, has exact-
1y the order 0, unless the symbol a(x,Z) 1s identical to zero. This Lemma can be
remembered as follows. Let a{x,%) be a symbol (regular and homogeneous of degree
0 with respect to &); Tlet Xy € R", £y € R", IEOI n =1 beagiven point; Tlet
S be a nonnegative real number and A a pseudo-d?fferential operator associated
to the symbol. Then, there exists a sequence of linear isometric operators {Pj}?,
H0 - K so that, for any u € S-space of C“irapid1y decreasing functions, there
is

(1) Pu-0 in H™% ve>0 as jow

(i1) P:].] 0

APju - a(xo,go)u, J - =, weakly in H".
The main purpose of this paper is to get a similar result (Theorems 3 and 4) for a
different class of symbols, such as that introduced in the Appendix of [3], follow-
ing discussions with I.M.Singer.

We apply the result to get (in Theorem 5) that a pseudo-differential operator
has again the order exactly equal to 0, unless max lim la(x,£)] = 0. As a

XR" g |
final remark: the definition of the operators PS » Q8 » Wwhich are used in
Xo:ij XO’gj

the case of non-regular and non-homogeneous symbols, is inspired by H8rmander (141,
page 158), with p=1,5=0, ¢ = Q%Q- = ; yet the class of symbols we will

consider looks quite different from H8rmander's various classes SZ 5
3

II.  To simplify matters, as in [5]-Appendix, we consider only bounded symbols:
a(x,&) = a(=,&)+a'(x,£), where a'(x,£) as function of x is convergent to 0 at
=, uniformly for £, [£] >R. If a'(n,z) is the Fourier transform of the func-
tion a' with respect to x, then

(a) IS'(n,g)l < kin) where k{n)(1+|n]) is integrable.
(b)  There exists a continuous function ¢(t) > 0, defined for t > 0, con-
vergent to 0 as t -+ », so that
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la{x,8) - alx,®) | = {(1+[z=<])el |£]).
Further
lg'(ﬂgi) - 5'(71,’5)'

where k(n) 1{s the function in (a).

IA

O+t ol |£])k(n)

Remark. Kohn-Nirenberg have also another condition: (c) which is not used
in the present paper.

Consider now the operator A defined on the S-space of C™(R") — rapidly de-
creasing functions by the formula

n
A)(x) = (20) 2 7 e Ma(x,midtn)en.
R"
This integral is absolutely convergent, because a(x,n) is a bounded symbol and
a(m) € SR"); consequently, the function (Au)(x) is well-defined for any x ¢ R".
In fact, the function (Au){x) is continuous and bounded over R". Bounded-
ness follows from the estimate

i n
A ()L = (20) 27 Jalxgn)[[d(m)|dn = sup lalx,m)|-(2m) 2 7 [G(n) |dn.
R" RR" R"
Continuity follows from the dominated convergence theorem:

if x_ ¢ R, xp > X, then e1xp'na(xp,n) - eix'na(i,n), ¥n € R"

p
due to the continuity of a{x,Z) with respect to x. This last fact follows be-
cause n
- "2 ixmz,
a(x,8) = al=,g) + (2n) 5 ™2 {n,&)tn
n
and R
1

|a'(n,g)| = kin) eL'.
Remark also the estimate
[0 Talxpo)itn) | = Clitm] e LT

The following result is an important tool for the study of the operator A:

Theorem 1. The operator A admits the representation formula:
n n
- 2. ix.k 7. a " ~
(Adu)(x) = (2n) “f e ™ >[(2n) © J @' (g-nmuln)dn + al=,)0()]de
R" R"

for x ¢R", u € SR").
Proofe Remark first the relations:
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n U )

(2r) 2 7 X Ma(x,mi(mydn = (2n) 27 e Mat(x,m) + alw,n) Jaln)dn
R" R"
_n _n

= (2m) 27 e Ma(mm)iln)dn + (20) 2 5 et (xym)(n)dn.

RR" R"
Hence it remains to prove only that equality
n 2

(2r) 27 e Mar(x,mii(n)dn = (2m) 2 7 e X-E[(2n)
R" :R" !Rn

N(:

3" (g-n,m)u(n)dnlde

holds, vx € R".

Here, the integral (2n) “ f a'(z-nm)u(n)dn is absolutely convergent be-
RN
cause the integrant is estimated Ey k(z-n)|u{n)|, where k ¢ L1; also, as a
function of £ , this is an L]GR") function too. Hence
_n i n
(2m) & 7 e™E(2m) 25 3t (gmum)i(n)dn]de
R" R"

is absolutely integrable; it equals

_n . . _n
(2n) 2 MM o002 b 2 i (m)dn]de
R" iR"

n n . .
=(2n) 25 [(2n) % s e’x'(5‘”)5'(a-n,n)dzle‘x'”ﬁ(n)dn

R" R"
_n _n
= (2 27 [2m) 2 5 ™5 nm)ange * M) dn
R" R"

n
= (2n) 27 ™Mt (k)i (n)an.
|R”
2@~
Cllull 2( ny for any u € S is satisfied and that the definition of the operator
L=(R

Once this formula is proved, it can be deduced that the estimate HAuH

can be extended to the whole of L GRn). (Remark that the Hypothesis {a) by itself
is enough to prove these results.)
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I111. Let us define now, for a given point (xo,go) ¢ R™R", an operator PXO’EO
acting on S{R") by the formula
n

] iX.g
@y e )0 - g Fullx-xg) Igg|2e  ©.

One can see that P maps SGRn) onto itself; the proof is standard. Let us

XO’ED
compute now the Fourier transform

% ¥ 2, x5
(Py £ u)a(g) = (2m) 2; e_1x'£|£0| ulx-xq) |55 “)e dx.
0°~0 lRn
1 _n s
If y= (x—xo)léolz, then dx = |€0l ?Hy, hence, we get, as x = xdqgof 2y, the
formuTa _%
& -ilxde, ] y).(z-,) 0
(P L wME) = (2n) % e 00 “uty) gyl ey
0°-0 n
R
E-E
C
Sy (—)
-ixg.(g-g,) @ D g, |*
= e U Vg Yen Y e TOLY
R"
n
X -1x0-(a-£0)' I-;-a(a-ao ).
o Vg

At this stage we can also compute, for u € S, the expression for AP given

*0°%o
by formula

- 2. ix.

(APXO’£OU)(X) = (an) éne1x na(x,n)(Pxo’gou)A(n)dn
7 -ixg. (n- L

= () 2 e Malx,m)e g (n-2p) 4 G(n I,

lg,
R" 0 Vlgol

We shall also consider the operator Qx £ on S, defined through the rela-
0°=0

)dn

tion n

n Bl
gl Wixgrlzgl e

“i(xg 2o ) 2
(0 2,V ) 00 0,

It is again a linear map of S into itself, as is easily seen and it is also a map-

ping of C_{R") into itself, where CwGRn) is the space of bounded continuous func-
tions on R".

Furthermore we have
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n 1 : -3
_ K3 7, xgrlg [ 7x) g
QXQ,EO(PXO:£OU)(X) - ]EOl (PxosEOU)(X0+|€0! X)e

n i(xp+ -4 . -i(x.+ -3 .
c g e futoe 0T R Tt R

so that Q is the inverse of P on the linear space S. Let us also
0250 o250 m
compute the expression (QX % AP u)(x), u € 8"/, which equals, by the above,

n . - n . - 1
A oi(xgr gy | 73). g -5 i{xpt]Ey ] L) -5
L O ony 2 e 00 -a(xy+ g | Zx,n).

=Y
0 n

R

e

. n

.1x0.(n’€0)|g l'z‘a(ﬂ'|£0|

) 0 Vg
i(xq* )-(n- &)

Y 0 -ixg lngg) B -l

2 0 X 0 0 2 0

(2v) €5 e alxg+ —==mle lggl = u(=")dn
R" ‘/Iiol Vigg|

)dn
that is

i— (n-&p)
Y PR -+ |z
= (2n) 2 f e | 0 a(X0+X|E;0| Iiol (n | 0,

R" Vigg|

)dn

3
g"

n
(equals, after substitution =g dn = |50|2dg):

aﬁl

(2m) 2fne”‘ Falxg |5 ,5\/ ol+5g) Ule)dz,
R

a continuous bounded function on R",
We shall also remark the equality

lip i ul 5 = lull Yu € S.
Xoggo L2 L2

ulf
XpoSp L2

In fact we have
n 1
FOe, ) Pax = s gy P lullexg) 51912 = 1 uly) Py
RN -"0°°0 R RR"

(1)
ues= P ueESs = AP ueC RN - 0 (AP u
Xosgo XO’EO hd XO’EO xosgo
€ C_RN).
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n L
£, w0 = oI5l Elulxgexlgg] Sl
U R"

(equals after substitution x0+x|£0]—% =y):

Ioluly) %y,
R"

IV. We are able by now to give the following

Theorem 2. Let us assume the symbol a(x,£) satisfies (a) and (b) with
Vi o(t) ~0 as t - =, and also that Tlim a(xo,gp) =Cpet exists for an x, €

—>0

R" and for a sequence gp ¢ R" so that |gp| + w. Then the relation

1im(Q AP wix) = Culx), w €S
proe xo,ép xo,ip 0
holds, for any x ¢R" and uniformly on bounded sets in R". ]
Proof. Using the obvious equality Cou(x) = (2n)'n/2f n C0e1x'nﬁ(n)dn,
IR

we have in fact the relation
1

no Al )
W) - Culx) = (2m) e Malxgex|g, | 2Ty ] +g)-Colutn)dn.

(Q A
Ep R"

P
Xg» XO’gp

We write now the decomposition
X _ X
a(xo*sz'JmV’Ep ) - Cp = a(xovrg;pnv Ey1+g,) - alxgsg) + alxgag,) - Co-

Then it is

|(zn)"f;neix-”[a(xo,gp)-co]a(n)dn| = (2n) 2|a(x0,gp)-co|lin)ﬁ(n)ldn

+0 as p =, uniformly for x €R".
Afterwards, we write also the equality

X e
a(xo"'m?p'rsn Ep +gp) = a(xosgp)
- X ]
= a("o*’vrp‘r:n EP +€p)'a(xoan‘/ gp +Ep) + a(XOmV Ep +E_.p) - a(xosgp)-
Let us remark that, from the equality

no
a'(x,2) = (2r) 2 7 e M3 (n,5)dn,
RN
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I
and because {1+n|)k(n) € L], we can deduce that partial derivatives 93—%%%51

J
] - Y
are continuous and bounded on Rn; precisely we have ég—éﬁigl = (2n) fne1x n
- J R
(1nj)a'(n,g)dn and the estimate
laalai((f‘E < (o) Inlk(n dn, ¥x €R", vz ¢R".
J

Also, using equalities:

a(x,8) = a'(x,&) + al=,8), aly,g) = a'ly,g) + al=,&), x,y,£ ¢ R",

we get:

(x5-¥3) yearlx.z)

n
aE)alye) = at(on-allng) = 3 oy 12

J
where Z € [x,y] (Z can depend on &, but this is not important here). Hence,
estimating, we see that

la(x,£) - aly,&)] = Ja'(x,g) - a'(y,&)| = Clx-y|,

where C s an absolute constant.
Applying this result to our particular case we get

+2) - alxps + < oxl
mmﬂ—'li a n\/T—TE)I C\/TE_T

The corresponding 1ntegra] is then estimated by (2n) n/2cv+ng_f [un)|dn; this

Ia(x

expression - 0 as p > =, uniformly for x in bounded sets of Rn

Finally, we have by the first condition in (b), the inequality
ot - 3
la(Xom |§p|+£p) a(XOsEP)I = (1""71“5’)' )‘D(Iip')

and the corresponding integral is then estimated by
n

(zn>7f (1 InVTES Dol [, ) [3n) e
n R

= (2) 2 o5, )3 fdn + (2m) \/—Ia ollg, m Inl 1360 e
ﬁ

as ¢(|gp|) -0 for p->w=, and also V|gp|¢(lgp]) -0 for p - =, this last
expression tends to 0, uniformly for x ¢ RN,

The above arguments conclude the proof of Theorem 2.

v. Let us remember the definition of Sobolev norms | ||, on SR"), s being
any real, which are given by the expression
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lul, = (7 Qelz)fate) Pan?t, woest)
,Rn

We shall prove first quite a simple result in form of

Proposition 1. If Xp ¢eR" and gj € Rn is convergent to «, then
lim P u=0 inthenormof H , Ve >0 and Y u € 8.
%00 -e
Proof. We have already seen that the formula
-ixg. (E-2s) R g,
= 0 3 4-
(Pxo,gju) A (&) e &5 | u(ng—r)

is satisfied so that

1+1212) 78 (P 2
fan( [EIF) K Xo’%u) A (&) |dx

n
AU ity e -
(after substitution ;%E;T = q):

J
I VIETg ) it
R

Remark now the simple estimate
EpVTET = gl - VTG = VigIWTGT - InD.

If we fix m €R", and let j = =, then lgj+nv gj | » = too, so that

-0 as jo=, ¥Ye>0, v eR", Applying the dominated

1
(e v TE; +5j|2)s

convergence theorem, we obtain henceforth that
vin 7 O /TETeE 1D i) P = 0, v e SR™),
J"“,Rn

which ends the proof.

Consider now the map Is’ which is defined for any real s; if u ¢ SOR"),
then u(&) € SRR™) and (1¥|£I2)S/zﬁ(g) € S too; then, Tet us define (I_u)(x) =
Flas e &) - (@)™ o012 0 € M. S

Then let take into consideration the operator I _P ; remark that,

=S X sg‘
Yu € S, we have 0"

(1) The Sobolev space H_ can be defined as the completion of the space S with
respect to the norm | |s.
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lh p

21\S-¢ 2
ull = 7 QO+l NP u) A (&) [de
~S XO’% Hs- n

13 R -s XO’%

= 5 RSB S e,  une) g = g (+leP)e I, , wae) e,

n 0°5 n 0°%j

R R
which >0 as j = 1if we keep the hypothesis of Proposition 1 (x0 EIRn, gﬁam).
Let us denote by ps the linear operator S -+ S given by pS =
XO,EJ- Xosgj
I Py z» and Tet us remark the equality
7

Pttty = TP sl = i g e
We can also consider the operator QXO,E-IS’ which maps SGR") into itself. For
any u of SR"), ”QXO,EJISUHHO = HISUIIHO = HuHHS. Denoting this operator by
Q g, We see that
0°~j
P’S‘O’%Q’S‘o’%u ) I'SPXO’%QXO’%ISU = IgIu = u, vues.

Further, we will be interested to consider the sequence of operators Qi ,g.APi ,g.;
as A does not map S(Rn) into itself, we must add a few supplementary regaris, ?n ’
order to give a meaning to these operators. Remember that the space S'GRn)-dual

to SGR") - is the space of temperate distributions on m"; for any real ¢, the
Hilbertian subspace H, 1is also defined as consisting of those T €s'(R") which

have Fourier transform T being a locally integrable function of £, so that

! n(1+l€I2)°lf(£)I2dg < =, Then the operator I, extends as an operator §'+s':
1§t us put (IST)(w) = T(Iso), Vu €S, T €3S' and let us remark that o~ I
is a linear continuous map on SOR").

The operator IS is important essentially because it is an isometric linear
map of HGORn) onto HO_SGRn), and this for any real o; in particular, I s
a linear isometry of H0 onto Hs‘
-sPxgt; Pio,gj’
HP:O’EjuHHS = HuHHO. Yu€ S, it extends by continuity from S to LZOR"), as a map

Consider again the operator I due to the relation

H0 - Hs’ which is linear and isometric.

The operator A, when applied to P°

U, u €S, gives a bounded continuous
Xoigj
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function; if we assume that the function k{n) 1in_section II verifies the supple-
mentary coné}t1on

(o5l - k) €]

then A extends to a linear continuous map: Hs - Hs' Hence A(Pi £ u) € Hs’

0’
Vu € S. The operator QS A(P ) = Q 1 APS
’Ej O’E xo’g XOBE

also extends as a 11near isometric map H - HO’ so that,

i is well de-

fined because QX0 g
altogether, the operator Q SAP® can be considered as a linear map H0 - HO'

We shall now look for an explicit representation of Q SapS u, for u belong-
ing to S.

We shall use Theorem 1; as we remarked that Av is continuous and bounded
on R", it results that Av defines a temperate distribution for v € S; hence,
its Fourier transform (in S'{R") sense) equals

n

(2m) 27 a'(g=m,m)Ptn)dn + al=B)ilE).
R"
In our case v =1_P, LH the Fourier transform v(&) is given by
0°%
n ; .
° - -s/2 . 2v-s/2,. B~ Ti%g(EEg)
v(E) (1+]212) Xo,ng) A (&) (1+]&1%) lg; | U(VT%T) e .

Consequently we have the formula

(4P u) A (2)
xo:ij
S n .
-3 -y E-Es -ixg.(E-E5)
=a(w,£)(1+|a!2)zlz-lxu(wg%)e 0 J
j” o-{ )
mn= E
e (2m) & A e (e nl?) 2 g5 1 U(V-’JT)E dn.
R"
Then we have to consider the expression
1 APS u;
S XO’gj
we see that s
2

(15<AP§0,£ju)) AE) = (elElD) (#} e ENC

ey

J

n S n
-n X 5 g, Ej -
+ (2n) 2(1+!£|2)2_£na'(E-nm)(1+Iﬂ|2) ?‘Iajl 4u(v:]|-gj)e

-i(&:a
< a0 e O s

ixp. (n-£.)
0 J dn
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Remark now that the formula

n n s
- a2y g, b B A
(QXO,%W) MR = (am Cr e Ry W(VT%"V Xgle 31 Jdx

R"
7 1x,.VE]
X EVI]E,
= lgle O I R/ )

YW € S is satisfied. If we denote by R the operator on S(Rg) given by

XO’gJ'
n
ix .gv E.
(R, e 208 = Jgylte O e/ Ty,
0°%]
we see that it maps S+ S; also Ry g, can be defined by the same formula di-
0°=3

rectly on L20Rn); we see also that, VZ ¢ L2, it follows that

n
2 . 2t /TE e ) 12 = 2
”R"o=%2”|_2 fanIEjl 2] | +&;) | “de ol P,

Hence we have
(Q W) A (g) = (R, W)(E), vwes. (*)
XO’EJ' Xoagj

Also the same formulas used to define Q £ and R g, oOn S permit to define
ik J 0’
these operators on L OR )» where they are linear 1sometr1c, it follows that (*)

is true for any w ¢ L2 too.

Continuing now our computation we arrive at the expression: (for any u ¢ §)

I APS ua) (&)

gt e 00 4 16 = (R, 085

-1x0-(5-£j) E-E,

el

n
- - 7T
RXO"EJ' [a( ag),EJl e

n S s
2 - 7 . s (n-£;)
+ (2n) 2(1+IEIZ)§fRna'(«E-nm)(1+ln|2 Zli l 4 (WJT "o dn]
7 1% 8VTE] -ix,.e/TE] n
= l5j|4e 0 J'e 0 JU(E) a(“sgqu-TT+§-)’§j| 4

DMy T
« o) Zgte O (1+;gv7"71g |2>7
=&, o+ {n- “E; )

. pF(BVTE Trs=nm) . (14 n |2 ) | | G(VTgiToe I
J
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1xq- &V Ej

= a(=,z/ £ +aj)ﬁ(£) + e (1+]/ 5 +\§J-|2)s/2

s

n )
w3 -, 2.7 "IXO-(T]'EJ-)- n-&s
(2m) fR"a (&VTE, +E5-n,m) (1+]n %) “e U(m%-()dﬂ

ixn.2VIE, s
e 01 (1+lz\/T€jr+aj|2)7-

'ixo- (5\/ g‘] I'U),_
u

= a(»,a\/'l'gJ'- |'+£j)ﬁ(£) +

n S
5 - ) ) 2,72 " __G
(2n) %5 ' (o, VTE T+5-0) (14 [&VTE; T+25-01 ) “e (g m——jr)“
= al=a/TE;T+5)ulx)
n 2 S .
a0 1+ | 8VTE, J+E. | 3 ixn.o.
+(2n) 2f na'(o,£V E. +£j-o) J 7 2 e 0 U(E-VT%fTQdU
R J 1+]eVTE; T+ J

= (¢ APS u) A ().
Xo9€j XO’Ej

Now, we can remark that the last obtained integral V& ¢ R" s an absolutely
convergent one. In fact, we have

3" (0se/TEjl+5-0) | = klo)s Yo €R".

Also, using Peetre's inequality we get

(1+|g\/]?j']'+gj % Yi Isl Is|

2 2, 2
<= 2° (+|g|7) s
]+|£\/ Ej +£j'°|2

and finally sup |u(z- VfZ-T)|= M < =, because U € S. Hence, the term under
OGRR gj

the jntegral sign is estimated by

T

2y 2 1
k(o) 2 © (1+}0|“) Mel',

Ist

because we have assumed that (1+|c|2) 2 k(c) € L1 for this part of our work.
Hence, the function (Q° APS u) A () 1is well-defined and finite, for any

n XO’EJ' XO’Ej
EeER.

Let us choose now {as in Th.2) Xp and . € R" in such a way that lgjl

- » and a(xo,gj) > CO ¢t as j - =; now, because a (xo,gj) = a(xo,gj) -
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a(=,€;), we can, as a(=,&) is bounded on R", consider a subsequence (gj )T -
«, 50 that a(w,Ej )~ bo € ¢. Then a(xo,gjk) - C0 too, so that

n
a'(xo,Ejk) - C0 - b0 = do € €. Let us also remark that for any £ of R",
Tim a(=,zV/ £ l+£j Jule) = boli(z), provided that Eo(t) ~0 as t -« We
ke k k
have in fact — letting x - = 1in (b) of section II —
h(mzﬂ%kh%k)-ahu%ﬁl < U+mhd%k)dl%kn-

So:

la(=,zv gjkhzjk)-bol = fa(e=,z/ 5 +£jk)-a(w,gjk)| * 'a(“'%k)'bol

n
= (1+|g|V gjk )¢(|gjk|) + |a(w,gjk)—b0j -0 as k -=, vz ¢R,
if we assume VEo(t) -0 as t -« (as we did in Theorem 2).
Let us now consider the expression
2
1 . .
+|€VI£Jk +£Jkl
q‘-T 2

appearing in the above given integral. It can be written in the form:

£ 2 E; 12
j 1 Ik
] 2 [T e ]
5 I o Ig,l Ik
, e, 2 2 1 Sy 2
1+ + - =2 [g; | +7T?1~+ S—
s Fa T T ST T T T
k k k k k k k
%
Remark that k is on the unit sphere in an; an infinite subsequence can be
E. ]
g Ej
chosen(]), so that TEEET-» €p On the unit sphere gf R".  as Iéj | » =
k I£g]
with k, the whole expression is convergent to ——9—7 =1, and this for any
n %o
o €R".

We wish now to find the limit of the expression:

N

(1 for which we keep the same notation (& .
k=1

3y
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=T B \S

n iXp.o
2 0
1.(8) = (2m) ¢/ a'{o,&viE E e
‘ R I 1 +|e/Te; T+ -of
ko Tk
'G(E' > )dG as k -+ o
We can write the obvious decomposition
n
() = (2n) &7 @' (oueVTE] Togy -0)-3' (ot )]
n ko Tk Ik
R
S
]+'£ g\]k +gjk[2 ‘ 1)(0 o
. e E
1""&\/ E"j +E . ‘O'|2 ; g
k' Jk
S
"ﬂ 1+]z «5 2 T'XO.G
+(2m) 2 [ 3o, e U(z- ) do
R 3 1¢|a\/T_|+5 -cy T

= gy lg) + L (&)

We can also write the obvious relation

-7 -~ 'iXO‘OA
L (g) = (2n) °5 alo,E; e u(g)do
k R" Ik
T--T 2 \<
-% 'iXO.O' ]+IE\/ gjk +£Jk| 2
+ (2n) 5 a'lo.E; e Y-u{z)|do
R" Ik 1+|gvT23;1+gjk-g|2 v gak

= MAE)Y + N ().

Actually, M {&) = U(z).a'(x,.&; ), so that
k 0 J

. - - n
llﬂ M (&) = (Cy-by) ulz), ve €R.

167

We will see that 1im Jk(g) Z 0. We estimate and obtain, without any difficulty,

the relation:



158 Some inequalities fon Kohn-Nirenberg pseudo-differential operatons

2 B B e
o (&) = (2m) 2 1+l£\/'l_'! 2 (1+1513) @ i) |do.
k - n J Vajk
g\/ EJk e
Denoting = W, we get
_VTEJ-":T_

(1+]&/ sjkl-ol) = T+ |ulV ajk = szkl(mul)

for k big enough as Iij | > . Hence we have

© O WVIE DI

= VI TO it = wIE T,

where M = sup (1+|n|}{U(n)] < =. Consequently it will follow that
e Isl
19 @1 = cVlz; Iw(!é 1), kc)(1+| 12)2do+0 as ko =
R"
(Again, remember that we assume v?w(t) ~0 as t - =) Hence ;im Jk(g) = Q.

Let us prove that for every & of Rn, Tim Nk(g) = 0. We shall apply Lebes-
gue's dominated convergence theorem; the expréssion under the integral sign is
estimated by:

B 31
A 2 -~ g ~ 2y 2
f8 (o:8g 12 = (1+1of%) * {ute- m-ngr)Mu(a)l) = M k(o) (1+]0]%) <,

where M = sup. la(x)]» so by an L'(R")-function. Also, when o €R" s fixed

(and = ¢R" too !) we have the inequality

2 \3
R ixg-of ' *1EV1E5, 1485, 17 )2
a (ng )e

) (e g ,)-G(c)l
]+|€V g‘jk +§jk‘0| Jy

rojn

k( )l e +€jk'2 Q(E - ) ‘(g)l
= g u - -y
1+ e Te *%‘k""? ;'k

which ~ 0 as k >« for all owhere k{o) <« (hence almost-everywhere) .,
s

S
and for all £ € R", this because (1+]&V £y, 15 {2)2(1+|gv £ T+E; -clz) 2
k k k k
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and u(&- VTZ_TU y > ulg) as k-~=, Yo eR".
Iy
Summing together the relations proven above, we get
lim 1,{g) = (Cy-bo)ulg), V& €R".
kv

It follows that

A s S _ - - - “
l1m (on,g. APX0=€' )a(g) = bo u(g) + (Cy-bo)u(e) = Cqu(e),
- k Ik

where Cn = T1im a{xn»&;) and (& ).., is a convenient second subsequence of
- 0 oo 0°7j 3y k=1
(gj)j=1'

We can summarize all the above arguments in the following:

Theorem 3. Let us have the symbol a{x,£) which satisfies (a) and (b) with

Vio(t) >0 as t - =, and (1+|n|2)'5|/2k(n) € L](Rn), and assume that

. : n n
s = € € s
112 a(x0 Ep) Co € C exists for an x, R" and for a sequence £y € R |gp|
-+ «, Then, there is a subsequence (gp ):=] so that
k

Tim (Q2 APS u) A (g) = cqulz),

Yu € SIR") and vE ¢R", where

S -
Q 11 -

Q I, P> = 1P .
XO’ . XO’EJ S X .

0’£j -S XO’EJ

VI. Here we shall firstly see the following:

Theorem 4. Under the conditions of Theorem 3, for any u of LzﬂRn) we have
Tim QS APS u = Cnu
k*“ xO’Epk XD’EPk 0
in the weak topology of LZORn).
Proof. Remember that Qi APi € L(LZ; L2), so that the sequence
0Pk *o°Px

ey = (@5, APy w)
= X . =
0%, 0%, K
is in LzﬂRn). It is also an uniformly bounded sequence in L2 because of the
estimates

vl , = 05 , (APS . wl, = JAPS _ w| <
k L2 XO’EPk Xosgpk L2 Xo:gpk HS
Al P2 ull = [l ull ,.
£(H5H5) *0°%p, K c(HS:HS) L2
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Let us prove first that

u = C.u

1im Q3 APS 0

R =N
in the weak topology of LZ(R"), W €S®R"); this means: vh{x) ¢ LZORn), it
should be

Tim/ (Tku)(x)ﬁ(x)dx = Cy/ u{x)h(x)dx,
k> - n n
R R

where T, = QF ApPS

X X or, according to Parseval's equality,
O’Epk O’Epk

Hin / (Tou) A (8) Rle)E = cpf G()R(e)dE, v h € L2RY).
k> n
R" R
Now, Tim (Tku) A(E) = COG(E) vE € R"  (Theorem 3). Moreover, H(Tku)AH 2 °
ke L
T ull = c¢_lul
k L2 S L2
Let us assume by contradiction that (T u)A  is not weakly convergent to
Coﬁ. Then, there exists at least one h (x) E L2 so that [ (Tku)A(g)ﬁo(g)dg
n

is_not convergent to / ncou(é)ho(i)dé. This last fact R implies the exis-
R

tence of an a« >0 and of a subsequence (Tk )T, so that
J
X ~ R
(T ARl - ;1 Cilah()dE] > o » 0, wi=1.2,...
k. 0 n-0 0
lRn J R

On the other hand, because of the estimate H(T U)A” 2 = Clull 2» We can
L

extract another subsequence Tk so that
3y
- 2 L2
Tim (Tk ur = v €L, weakly in LC.
e g
We get in this way

lim (T, uale) = Coﬁ(g) pointwise in R",
lm (Tk ur(e) = v(e) ¢ Lz, weakly in L2(Rn).

Jg
Then, we prove that Cou s v,

In fact, if we denote we(g) =(Tkj ulale) - v(z), then wl(g) + 0 weakly

. - 2
in L2 and wg(é) - Cou(é)-v(z) pointwise in R", Taking real and imaginary

parts we get (as is easily seen):

Re v,(€) -~ 0, L2-weak1y, Re v, (g) ~ Re(COG(g)—v(g)) pointwise,
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Im We(é) -0, L2-weak1y, Im we(g) - Im(coﬁ(g)-v(g)) pointwise.

Hence we shall prove (see [1]) the following:

Proposition. Let (¢n(g))T be a sequence of real-valued LZ(Rn)-functions,
so that

sn(E) 0, weakly in L%,
o (E) ~ o() € L2, pointwise in R".
Then (&) = 0 almost-everywhere.

In fact, if ¢(&) 94s not null almost-everywhere, we have meas{£,¢{&) # 0}
> 0. Let us denote:

B C {g6e(8) =4

S|— =|—

Foo® &.0(8) =1

Then {&,¢(%) # 0} = UE U UF.
1 1

If all Eh’Fn were null-sets we would have 0 < meas{g,¢(z) # 0} =

Z meas(En) + 2 meas(Fn) = 0, a contradiction.
1 1

Hence, at least one Eh or one Fn is not a null-set, and we can say that
there exists a set S cR", meas S >0, and &(2) >C >0 onS or ¢(z) <-C
< 0 onS.

Now the relation ¢n(E) ~ ¢{g) V& €S implies (in, say, the case where
#(E) >C >0) that v& €S, 3j = j(&), so that ¢j(g) >C for j > j(g). Let

then S © {g€ S, j{g) = k}. It follows that S = kﬁ Sk (easily seen). Hence
=1
3k so that meas(SE) > 0, and in this case it follows that

¢j(£) >C vjzk, v&es

v ()

Let now f(£) =1 on SE,= 0 outside S} Then f ¢ L% and

4 n¢j(5)f(g)dg = f ¢j(5)dg > C meas (Sg). a contradiction which proves the
R N
S-
k
proposition.

It follows that Coﬁ(g) = v(&) almost everywhere and that

19m (Tk_ u) = COG weakly in L2
] Jp

(1)  Where SE = {g €5, |[E] = N ; meas Sg is > 0 for N big enough.
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This, however, 1s a contradiction with the previous relation
lf‘Rn(Tkj u)r(€)hg(E)de - ﬁRncOG(g)ho(a)dgl >a>0, V£31,2,...

So, our initial assumption that (Tku)A is not weakly convegent to COG was
wrong; we have proved that

Tim (Tku)A = Coa weakly in L2, Yu € 8.

(]
Our final step consists in proving that

lim (T,u)” = Ci  weakly in L%, wu e L2

ke
This is obtained in the following way:

First, Tu - Cou weakly in L2 iff (Tku)A - COG weakly in L%. Hence
Tku *»Cou weakly in Lz, Yu € S. Now, for an arbitrary u ¢ L2, vh € L2, and
Ve > 0, let us take u, €S, so that Hue-uH 5 < - Then we have
L

(Tku—cou,h)L2 z (Tk (u-ua)-CO(u-us),h)L2 + (Tkue-coue,h)Lz

= Ccllu=u_ll LIl 5 + [Cqlftu-u_ll o Al o+ |{T,u_-C u_,h)
s € L2 L2 0 £ L2 L2 ks "0 s LZ'

= 8(CS”h”L2+ICOHIh”L2) + I(Tkue-coue’h>l‘2|'
Remark now, that when k - =, (T,u -C.u ,h) , —+ 0, because u ¢ S. Hence, for
ke “07¢ L2 €
k = ko(s), we get the inequality
](Tku'cou’h)Lzl = S(CS+,COI)“h”L2+])’
which proves our assertion and Theorem 4 too.

As a final application of the above results we shall demonstrate:

Yu € Hs is true for

Theorem &. If the inequality HAuHHS s Cs,s”u”Hs-e

some ¢ >0, then

x€R
Proof. In fact, Tet us assume that for an ¢ > 0, the inequality

max Tim [a(x,£)| = o.
|E |

HAuIIHS = CS’EHuHHS_e, Yu € H
is true. If mgﬁn lT?ﬁ' la{x,£)| >0, 3 an Xg €R" so that 1im la(xgg)| > 0
X g |-+e 0 ©
t . - oo 5 -
00. Hence, 3(€p) so that ;lT ]a(xo,gp)] dy > 0. Also, {a(xo,gp)}p=1

is a bounded sequence, hence a subsequence {a(xo,gp )};:] is convergent to Co€ C.
J
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Obviously, |COI = dy >0 sothat (g # 0. Consider now, vu € S, the sequence

PS _, u given by Theorems 3,4. ({g!)7 is a subsequence of (& )?!) Now,
XO,EP p ] pj

PS _, u ¢ H_; so we shall have the estimate

Xo,gp S

s
aPS ol o= . IPS ol .
Xosgp HS S,€ Xosgp HS €
As we saw previously, as a corollary to Proposition 1, the relation

Tim [P

o XO’Eﬁu”HS'E =0, VYue€s

is satisfied. We get consequently that

Tim HAPi wf o = 0, wes.
pre 0°2p H

This implies, as Q , € L(HS;HO), that

Xg» 5

Hm Q% . APS = 0, vues.
p-eo x0’€p XO’Ep Hy ’

Hence, Qi g APi gy 0 weakly in L2, Yu € S.
0*°p 0°~p
On the other hand, Theorem 4 gives
S S . 2
Q . AP > Cu  weakly in L%, vu € S.
Xosip XO’EP 0

So COu =0 VYu €3S, which contradicts C0 7 0.
This proves Theorem 5.
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